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Abstract

In this paper we give a comprehensive presentation of the notions of filter base, filter and ultrafilter on single
valued neutrosophic set and we investigate some of their properties and relationships. More precisely, we
discuss properties related to filter completion, the image of neutrosophic filter base by a neutrosophic induced
mapping and the infimum and supremum of two neutrosophic filter bases.
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1 Introduction

The notion of neutrosophic set was introduced in 1999 by Smarandache [20] as a generalization of both the
notions of fuzzy set introduced by Zadeh in 1965 [22] and intuitionistic fuzzy set introduced by Atanassov in
1983 [2].

In 2012, Salama and Alblowi [[17] introduced the notion of neutrosophic topological space which gen-
eralizes both fuzzy topological spaces given by Chang [8] and that of intuitionistic fuzzy topological spaces
given by Coker [9]]. Further contributions to Neutrosophic Sets Theory, which also involve many fields of
theoretical and applied mathematics were recently given by numerous authors (see, for example, [|6], [3]], [4],
[15], [1], [13], [14] and [16]). In particular, in [[18]] Salama and Alagamy introduced and studied the notion of
neutrosophic filter and they gave some applications to neutrosophic topological space.

In General Topology, filter bases, filters and ultrafilters are widely known notions and very popular tools

for proving many properties and characterizations (see, for example [5.[7,/10]).
Rather surprisingly, despite the fact that the class of single valued neutrosophic sets, is more versatile and
has a particular aptitude for application purposes and resolution of practical real-world problems than that of
neutrosophic sets, the authors of this article were not able to find any generalizations of such notions respect
on single valued neutrosophic sets, in known scientific literature.

In this paper, we introduce the notions of filter base, filter and ultrafilter on single valued neutrosophic sets,
and we prove some of their fundamental properties and relationships which may be useful for further studies
and applications in the class of single valued neutrosophic topological spaces.

2 Preliminaries

In this section we present some basic definitions and results on neutrosophic sets and suitably exemplify them.
Terms and undefined concepts are used as in [[10] and [[11]].

The original definition of neutrosophic set, given in 1999 by Smarandache [20]], refers to the interval
J0~, 1] of the nonstandard real numbers and although it is consistent from a philosophical point of view,
unfortunately, it is not suitable to be used for approaching real-world problems. For such a reason, in 2010,
the same author, jointly with Wang, Zhang and Sunderraman [21]], also introduced the notion of single valued
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neutrosophic set which, referring instead to the [0, 1] unit range of the usual R set of real numbers, can be
usefully used in scientific and engineering applications.

Notation 2.1. Let U be a set, I = [0, 1] be the unit interval of the real numbers, for every r € I, with r we
denote the constant mapping v : U — I that, for every u € U is defined by r(u) = r.
For every family { f;},.; of mappings f; : U — I, we denote by:

o Nic; fi the infimum mapping \;c; fi : U — I that, for every u € U is defined by (\,c; fi) (u) =
Nier fi(u) = inf { f;(u) : i € I}, and by

® Viey fi the supremum mapping \/;c; fi - U — I that, for every u € U is defined by (V¢ fi) (u) =
Vier filu) = sup{fi(u) : i € I}.

In particular, if f and g are two mappings from U to I, we denote their infimum (which is the minimum) by
f A g and their supremum (which is the maximum) by f V g.

Definition 2.2. [21] Let U be an initial universe set and A C U, a single valued neutrosophic set over U
(SVN-set for short), denoted by A = (U, pia,04,wa), is a set of the form

A= {(u,pa(u),04(u),wa(u): uel}

where pg : U = 1,04 : U — Iand wy : U — I are the membership function, the indeterminacy function
and the nonmembership function of A, respectively. For every u € U, 14 (u), 04 (u) and w4 (u) are said the
degree of membership, the degree of indeterminacy and the degree of nonmembership of u, respectively.

Since I = [0, 1], it clearly results 0 < p4 (u) + 04 (u) + wa (u) < 3, for every u € U.
Notation 2.3. The set of all the single valued neutrosophic sets over a universe U will be denoted by SYN (U).

Definition 2.4. [20,]21] Let A = (U, pa,04,wa) and B = (U, MB7UBaWB> be two SVN-sets over the
universe set U, we say that Aisa neutrosophic subset (or simply a subset) of B and we write A € B if,  for
every u € U, it results g4 (u) < pg (u), 04 (u) < op (u) and wa (1) > wp (u). We also say that A is
contained in B or that B contains A.

It is worth noting that the relation € satisfies the reflexive, antisymmetrical and transitive properties and
so that (SVN(U), €) forms a partial ordered set (poset) but not a totally ordered set (loset) as shown in the
following example.

Example 2.5. Let U = {a, b, ¢} be a finite universe set and A= (U, ppa,0a,wa) B = (U,up,0p,wp) be
two SVN-sets on SVAN (U) respectively defined by the following tabular representations:

Al pa | oa | wa B|uB|oB|ws

U U
a 05103102 a 0210202
0602103 b 04 (01|06
c 04102107 c 0.8 | 03| 0.1

Then A & B because 14 (a) = 0.5 > 0.2 = pup (a) and B € A because wp (¢) = 0.1 < 0.7 = wy (c) and
so the SVN-sets A and B are not comparable.

Definition 2.6. [20,]21] Let A= (U, ppa,04,wa) and B = (U, up,0p,wp) be two SVN-sets over the

universe set U, we say that Aisa neutrosophically equal (or simply equal) to B and we write A = B if
A€ Band B € A.

Definition 2.7. [21] The SVN-set (U, 0,0, 1) is said to be the neutrosophic empty set over U and it is denoted
by 0, or more precisely by (y in case it is necessary to specify the corresponding universe set.

Definition 2.8. [21] The SVN-set (U, 1,1,0) is said to be the neutrosophic absolute set over U and it is
denoted by U.

Evidently, for every A € SVN/(U), it results ) € A € U.
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Definition 2.9. [20,21]] Let A= (U, ua,04,w4) be a SVN-set over the universe set U, the neutrosophic
complement (or, simply, the complement) of A, denoted by AE, is the SVN-set AL = (U,wa,1l —04,pa) that
is A= {(u,wa (u),1 —04(u),pa(u)):ue U}

- L
It is a simple matter to verify that for every A = (U, pua,04,wa) € SYN(U), it results (AE> = A and,
in particular, that U = 6 and @E =U

Remark 2.10. It is important to point out that, unlike in the crisp sets theory, the neutrosophic intersection of
a SVN-set with its complement is not always the neutrosophic empty set, and the neutrosophic intersection of
a SVN-set with its complement is not always the neutrosophic absolute set. In fact, if we consider the universe
set U = {a, b} and the SVN-set on SVA/(U) defined by the following tabular representations:

A| HAa | 04 | wa
U

a 02106038
b 1 {05] 0

we can easily verify that the neutrosophic intersection, Am ACand the neutrosophic union, Au AL are,
respectively, given by the following tabular representations:

AmAY| pzaze | Oaaat | Winat
U
a 02 04 08
b 0 05 1
and
Au Al | pzyze | oFuat | Wivat
U
a 08 06 02
b 1 05 0

and so that A @ gmi@and Au /Nlm;é U.

Proposition 2.11. [21] For every pair A = (U, ppa,04,wa) and B = (U, up,0pB,wp) of SVN-sets in

SVN(U), we have that A € B iff Bt e AL

Definition 2.12. [18] Let {fL} be a family of SVN-sets A, = (U, p14,,04,,wa,) Over a common
iel

universe set U, its neutrosophic union (or simply union), denoted by Uiel A;, is the neutrosophic set

= (U, pua,04,wa) where pa = \;cpppa,, 04 = \V,croa,andwa = A\, o wa,.
In particular, the neutrosophic union of two single SVN-sets A= (U, pta,04,wa) and B= (U,up,oB,wn),
denoted by A U B, is the neutrosophic set defined by (U, s V up,04 Vop,wa Awp).

Definition 2.13. [18] Let {XL} , be a family of SVN-sets A; = (U, p1a,;,04,,wa,) OVer acommon universe
i€

set U, its neutrosophic intersection (or simply intersection), denoted by ﬂ,ej A;, is the neutrosophic set
?

A= (U, pta,04,wa) wWhere g = /\zeI/‘An oa = Nicyoa,, and wa =V, ;wa,. In particular, the
neutrosophlc intersection of two SVN-sets A = (U, ppa,04,wa) and B = (U, up,0p,wp), denoted by
A M B, is the neutrosophic set defined by (U, pia A pp, 04 Ao, wa V wp).

Definition 2.14. [21] Let A = (U, ua,04,w4) and B = ([U LB,0p,wp) be two SVN-sets over U, we say

that A and B are neutrosophically disjoint if AmB = 0. On the contrary, if A m B # 0 we say that A
neutrosophically meets B (or that A and B neutrosophically meet each other).

Doi :10.5281/zenodo.3830930 10
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Definition 2.15. [[18] Let A, B C SVAN(U) be two nonempty families of SVN-sets over U, we say that A
neutrosophically meets BB (or that A and B neutrosophically meet each other) if every member of~.A neutro-

sophically meets any member of B, that is if for every Ae Aand every B € Bitresults An B Z 0.
In particular, if C = (U, ue, 0¢,we) is a SVN-set over U which neutrosophically meets each member of the

family A, we say that C' neutrosophically meets .A.

The neutrosophic operators of union, intersection and complement satisfy many relations similar to those
of crisp set theory, which are summarized in the following propositions.

Proposition 2.16. [21]] For every SVN-set A= (U, ppa,04,wa) € SVN(U), we have:
(1) AUA=A

Q) Aup=A
3) AuU=U
@) AmA=A
) And =0
6 AnU=4A

Proposition 2.17. [21] For every pair A = (U, pa,0a,wa) and B = (U, up,0pB,wp) of SVN-sets in
SVN (U), we have:

(1) AUB=BUA
2) AnB=BmA

Proposition 2.18. [21] For every tripletg = (U, pa,04,wa), B= (U,up,05,wps) and C = (U, pe,oc,we)
of SVN-sets in SVN (U), we have:

a)ﬁ@(émé)z(ﬁmé)@é
Q)ﬁw(éwé)z(ﬁ@é)@é

Proposition 2.19. [21] Let A = (U, pia,04,w4), B = (U, up,05,ws) € SVN(U) be two SVN-sets over
a universe U, then:

(1) A€SBiff AmB=A

(2) A€ Bif AUB=B
Proposition 2.20. [21] For every pair A= (U, pa,04,wa) and B = (U, up,0B,wp) of SVN-sets in
SVYN(U), we have:

(1) Z@(Z@E)

A
A

2) A (Zuu E)
Proposition 2.21. [21] Let A = (U, pa,04,wa), B = (U, up,08,ws), C = (U, pe, o0, we) and D =
(U, up,op,wp) be SVN-sets in SYN (U) such that A € B and C € D, then:

(1) AuCE€BuUD

2) AnCE€BAD
Proposition 2.22. [21] Let {ZZ} , be a family of SVN-sets sz = (U, pa,,04,,wa,) over a common

i€

universe set U, then, for every i € I, we have that ﬂ_g ﬁz S ﬁl S U - ﬁl
K 1

iel
SVYN (U) be a family of SVN-sets B; = (U, up,,0p,,ws,) over a common universe set U, then we have:

M A (U.., B) = U, (A0 B)
@ Av(0,B)=N,, (AvE)

Doi :10.5281/zenodo.3830930 11
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Proposition 2.24. [21]] Let {ﬁl}

common universe set U, it results:

(1 (Uiel /L) E ﬂie[ ZP
@ (ﬂiel Zi) m U.e: A}

Definition 2.25. [12}|19] Let f : U — V be a mapping between two universe sets U and V, and A=

(U, 14,04,w4) be a SVN-set over U. The neutrosophic image of A by f, denoted by f (ﬁ), is the SVN-set
over V defined by:

, C SVYN(U) be a family of SVN-sets A; = (U, 1a,,04,,wa,) over a
ic

F(A) = (V£ (1a) . £ (04) ] (@)
where the mappings f (14) :V = I, f(04) : V — Tand f (wa) : V — I are defined respectively by:

inf  pa(u) if [~ ({v}) #0

F () (v) = uef~t({v}) ’
0 otherwise
PRTRNE e L S
opA)\V) = )

0 otherwise

sup wa(u) AEFT (o)) £0
fwa) (v) = uef~1({v})
1 otherwise

for every v € V.

Definition 2.26. [12}[19] Let f : U — V be a mapping between two universe sets U and V, and B =
(V,up,0p,wp) be a SVN-set over V. The neutrosophic inverse image of B by f, denoted by ]?_1 (E), is
the SVN-set over U defined by:

FH(B) = (U, (up) F o) S (wn))

where the mappings f~!(ug) : U — I, f~Y(o0p) : U — I and f~*(wp) : U — I are defined respectively
by:

[ (uB) (u) = pp (f(w) ,

[~ oB) (w) = o5 (f(u)) ,

fHws) (v) = wp (f(u))
for every u € U.

Remark 2.27. Let us note that the notation used to denote neutrosophic images and neutrosophic inverse
images implicitly underlines the fact that they are not real images or counterimages since the mapping f is
defined between the universe sets U and V while the definition refers to the sets SVA/(U) and SVN (V)
of all the SVN-sets of that respective universe sets. More properly, this means that we consider a mapping
f:SVN (U) — SYN (V) induced by f : U — V over the corresponding sets of all SVN-sets.

Example 2.28. Let U = {a,b,c} and V = {«, 3,7, 0} be two finite universe sets, f : U — V be a mapping
defined by f(a) = f(c) = Band f(b) = a. Letus considera SVN-set A = (U, a,04,wa) on SVN(U) and

aSVN-set B = (U, up,0p,wgr) on SVN (V) respectively defined by the following tabular representations:

Al pa| oa | wa B| kB | oB|ws

U Vv
a 051]103 |02 « 0.1 | 07|09
0.6 02103 I} 05103 0.1
041021 0.7 ¥ 0.8 04|02
1) 04 | 06| 0.8
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Then the neutrosophic image f(/Nl) =V, f(ua),f(0a), [ (wa)) of Aby f and the neutrosophic inverse
image [~ (B) = (U, f " (ug) [ ~(08) , f " (wn)) of B by f are given by:

F(A) | Fma) | F(oa) | f(wa)

\Y
@ 0.6 0.2 0.3
Ié] 0.4 0.2 0.7
~y 0 0 1
) 0 0 1
and:
FH(B) | £ ) | £7MeB) | S ()
U
a 0.5 0.3 0.1
0.1 0.7 0.9
0.5 0.3 0.1
respectively.

Proposition 2.29. [[19] Let f : U — V be a mapping between two universe sets U and V, A= (U, ppa,0a,wa)
be a SVN-set over U and B = (V, up,op,wp) be a SVN-set over V, then the following hold:

U
@ Aef! (f (21)) and the identity holds if f is injective
) F(F(B)
0 7 (3%) - (3
Proposition 2.30. [[19] Ler f : U — V bf a mapping between two universe sets U and V, ;11 = (U, pna,,04,,wa,)

(with i = 1,2) be SVN-sets over U and B; = (V, up,,0p,,wp,) (with i = 1,2) be SVN-sets over V, then the
following hold:

(1) if A, € Ay then f(L) € }’(AQ)

) € B and the identity holds if fis surjective

(2) if By € By then f~ (El) € f! (Ez)

Proposition 2.31. [19] Let f : U — V be a mapping between two universe sets U and V, {/L} .
1€

of SVN-sets A; = (U, pa,,04,,wa,) over U and {El} be a family of SVN-sets B; = (V,up,,08,,ws,)
il
over V , then the following hold:

0 F (U, ) )

@ f(ﬂiel gﬁ) = ﬂielf )

3) f! (Uiel Ai) = Uie[ I (Zl)
) (

; be a family

[

(-

5
~

@ 7N, A

1
D)
2
~
jﬁe
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3 Single Valued Neutrosophic Filters

In [18], A.A. Salama and H. Alagamy introduced the notion of filter on neutrosophic set. That study, unfortu-
nately, is rather incomplete and certainly not exhaustive because it does not cover the neutrosophic equivalent
of many fundamental notions and properties such as those concerning the lower or upper bound of two filter
bases, the proof of the ultrafilter’s existence, etc. For this reason, together with the fact that — as already men-
tioned — the class of the single valued neutrosophic sets lends itself with greater ductility to resolution of real
life problems and applications, we give here a comprehensive presentation about theory of filters on SVN-sets
which includes new notions and properties that are not present in that article.

Definition 3.1. Let A C SVA/(U) be a nonempty family of SVN-sets over the universe set U, we say
that F is a single valued neutrosophic filter subbase (SVN-filter subbase for short, or simply a filter sub-
base) on SVAN/(U) if it has the finite intersection property, i.e. if for every A1,... A, € A (with 4; =

(U,pa,,04,,wa,) foreveryi = 1,...n,and n € N*), it results ﬂé_l ﬁi * 6

Definition 3.2. A nonempty family 7 C SVN(U) of SVN-sets over the universe set U is single valued
neutrosophic filter base (SVN-filter base for short, or simply a filter base) on SVA/(U) if the following two
conditions hold:

() 0 ¢ F
@i1) for every F , G € T there exists some H € F such that H € F A G.

Definition 3.3. A nonempty family 7 C SVAN(U) of SVN-sets over the universe set U is single valued
neutrosophic filter (SVN-filter for short or simply a filter) on SVN (U) if:

(i) F is a SVN-filter base, and
(ii) for every F = (U, up,op,wrp) € F and every A= (U, ppa,04,wa) € SVN(U) such that FeAit
follows that A € F.
An equivalent definition of SVN-filter is given by the following proposition.

Proposition 3.4. A nonempty family F C SVN (U) of SVN-sets over the universe set U is a SVN-filter on
SVN (U) if and only if the following three conditions hold:

W 0¢F
(ii) for every ﬁ, GeF it follows that FaGeF

(iii) for every F' € F and every A € SVN (U) such that F € A we have that A € F.
Proof. Let F be a SVN-filter over U. Evidently, conditions (i) and (iii) are satisfied. Let . F , Gj € F. By
condition (ii) of the definition of SVN-filter base, there exists some H € Fsuchthat H € F M G and so, by
the peculiar condition of SVN-filter, it also follows that ' m G € F.
Conversely, if F is a nonempty family of SVN-sets over the universe set U satisfying conditions (i), (ii)

and (iii), it is enough to note that (ii) implies condition (ii) of Definition [3.2]and so that F is SVN-filter over
U. O

It is a simple routine to show that the condition (ii) of the Proposition [3.4] can be generalized to any finite
neutrosophic intersection as it is pointed out in the following corollary.

Corollary 3.5. A nonempty family F C SVN(U) of SVN-sets over the universe set U is a SVN-filter on
SVN (U) if and only if the following three conditions hold:

M 0¢F
(ii) forevery Fy,...F, € F, it follows that ﬂz’el F,eF
(iii) for every F € F and every A € SVN(U) such that F' € A we have that A € F.
Remark 3.6. Evidently every SVN-filter is a SVN-filter base and every SVN-filter base is a SVN-filter sub-
base. It is also trivial to note that every SVN-filter on SVA(U) contains U.
Example 3.7. Let U = {a,b, c} be a finite universe set and let F = {f, G, H, [U} C SVYN(U) be a set

of the SVN-sets ﬁ = <[U7 HF, UF7wF> 76 = <[U>/1'Ga O'G,UJG> 7ﬁ = <U7MH3 O—H>WH> and [D = <Ualyl79>
respectively defined by the following tabular representations:

Doi :10.5281/zenodo.3830930 14
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f HF | OF | WF é HG | O | WG
U U
a 0410302 a 0701103
08 02| 0.1 b 09102102
06| 05|04 c 02|06 | 05
H | pe | on | we [D Hu | Ou | Wu
U U
a 0 04 | 0.8 a 1 1 0
b 05 1] 03] 0.6 b 1 1 0
0.1 | 0.8 | 0.5 c 1 1 0

It is easy to check that F is a SVN-filter base on SVA/(U). However, by using Proposition we have that

F is not a SVN-filter since, for example, the neutrosophic intersection W = F'm G of F', G € F computated
as shown in the following tabular representation:

W | bw | Ow | Ww

U
a 04 | 03|03
08 | 02| 02
02| 06 | 05

is a SVN-set over U which does not belong to the family F.

Notation 3.8. The set of all the single valued neutrosophic filters over the universe set U will be denoted by

3(U).
Definition 3.9. Let F and G be two SVN-filter bases on SVA (U), we say that G is finer than F if F C G.
We also say that F is coarser than G.

Let us note that the set F(U) equipped with the finess relation C forms a poset although it is not a loset.
Proposition 3.10. Ler S be a SVN-filter subbase on SVN (U) and let

S* = {ﬂl E: <[U7,UA,”O'A“WAZ.> ES,nEN*}

i=1
be the set of all finite neutrosophic intersections of S. Then 8* is a SVN-filter base on SVN (U) containing S,
ie. S CS*

Proof. Let S be a SVN-filter subbase over U. Since, by Definition &S has the finite intersection property,
it is evident that S* satisfies the condition (i) of Definition Furthermore, for every A, B € §*, there exist

some m,n € N*, :47 = (U, ua,,04,,wa,) € S (withi = 1,...m) and B; = <U.J,u3j,o*Bj,ij> eS
. ) ~ m o~ ~ n - .. P

(ﬁmthz = 1,...n) such that A = ﬂi:l A;and B = ﬂj:1 B; and so, by definition of §*, it is clear that

AmMB € §* Thus, S* also satisfies condition (ii) of Definition and it is a SVN-filter base. Finally,

for every A € S, since by Proposition (4) it results Am A = A, we have that A € S* and hence that
S C S O

Definition 3.11. Let S be a SVN-filter subbase on SVA (U) , the SVN-filter base S* defined in the proposition
above is called the neutrosophic filter base generated by its neutrosophic filter subbase S.

Proposition 3.12. Let F be a SVN-filter base on SVN (U) and let

(F) = {A = (U, jia, 04, wa) € SYN(U) : 3F = (U, pup,0p,wr) € F, F € Zx}

be the set of all neutrosophic supersets of members of F, then (F) is a SVN-filter on SYN (U) containing F,
ie. F C(F).

Doi :10.5281/zenodo.3830930 15
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Proof Let F be a SVN-filter base over U. EV1dent1y, every | member of (F) is nonempty and for every
ABe (F). there exist some F,G € Fsuchthat F € Aand G € B. So, by Proposition “(2) it follows
that F M G € Am B and, by condition (ii) of Deﬁmtlon , we have that there exists some H € F such that
H € FmG which implies that H € Am B and hence that ANB e (F). Furthermore, for every Ae (F)and
B e SYN(U (U) such that A € B, we have that there exists some F € F such that F' € A and, consequently,
F € B which means that B € (F). Thus, (F) satisfies all the conditions of Proposition and so it is a
SVN-filter on SYN (U ( ). Furthemore, we have that 7 C (F) since it is clear that for every A € F, it results
A € Aand hence A € (F). O

Definition 3.13. Let 7 be a SVN-filter base on SVA (U), the SVN-filter (F) defined in the proposition above
is called the neutrosophic filter completion of F. Additionally, we say that F is a neutrosophic filter base for
the SVN-filter (F).

Proposition 3.14. If F and G are two SVN-filter bases on SVN (U) such that F C G then (F) C (G).

Proof. In fact, for r every Ac (F) we have that there exists some F € F such that F € A and since F C G it
also follows that ' € G and hence that A € (G). O

Definition 3.15. Let F and G be two SVN-filter bases on SVAN (U). We say that F and G are equivalent if
they are both neutrosophic filter base for the same SVN-filter, that is if (F) = (G).

Remark 3.16. It is a simple matter to verify that:
(1) if S is a SVN-filter base on SVN'(U) then S* = S,
(2) if F is a SVN-filter on SVN (U) then 7* = F and (F) = F.

Proposition 3.17. If S is a SVN-filter subbase on SVN (U) then (S*) is the coarsest SVN-filter on SYN (U)

containing S, i.e. such that:
(i) S C(S*), and
(ii) for every SVN-filter H on SVN (U) such that S C H it follows that (S*) C H.

Proof. Let S be a SVN-filter subbase over U. Condition (i) is trivially verified since by Propositions [3.10[and
3.12] we immediately have that S C §* C (S*). Now, suppose that H is a SVN-filter on SVN (U ( ) such that

S CHandlet A € (S*). Then, for some n € N*, there exist By, ... B, € S such that ﬂ B; € A. Since
S C H, it follows that every R € H (fori = 1,...n) and, by Corollary , we obtain that ﬂ_il B, eH

and therefore that A € 7 which proves condition (ii) and concludes our proof. O

Definition 3.18. Let S be a SVN-filter subbase on SVAN (U), the SVN-filter (S*) defined in the proposition
above is called the neutrosophic filter generated by its neutrosophic filter subbase S.

In particular, if A = (U, 14,04,w4) is a nonempty SVN-set over the universe set U, the SVN-filter
(S8*) generated by the singleton S = { } being the coarser (smallest) SVN-set containing S, coincides
with the family of all single valued neutrosophic superset of A, is denoted simply with <A> and is called the
SVN-principal filter generated by A.

Proposition 3.19. If F is a finite SVN-filter base on SYN (U), then the neutrosophic filter completion (F) is
a SVN-principal filter over U.

Proof. Let F = {ﬁl, ...F, } (with ﬁ = (U, pup,,0p,,wr,), i = 1,...n) be a finite SVN-filter base and let
G= ﬂ F;. We will show that G = {l ; is an equivalent SVN-filter base for the SVN-filter (F). In fact,

since F is a SVN-filter base, by Remark[3.16|(1), we have that G € F* = F. Thus G C F and by Proposition
it follows that (G) C (F). On the other hand, for every A € (F), we have that there exists some

7 =1,...nsuch that ﬁj € A and since by Proposition [2.22{we know that G = ﬂn ) E S ﬁj, it follows that
1=

G € A and so that A € (G). This proves that (F) C (G) and consequently that (F) = (G) = <é>, i.e. that

(F) is a SVN-principal filter generated by G. O
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Proposition 3.20. Let F and G be two SVN-filter bases on SVN (U) and let
FAG= {ﬁ@é: F= (U, up,0p,wr) € F, G= (U, ug, 06, wa) € g}

be the set of all neutrosophic unions of the members of F and G, then F A\ G is a SVN-filter base on SYN (U).
Additionally, if F and G are SVN-filter over U then F A G is a SVN-filter on SVN (U) which is coarser than
both F and G, i.e. FANG C Fand FANG C G.

Proof. If F and G are two SVN-filter bases on SVN (U), for every FecFandG ¢ g, it is evident that
Fud =3 E) and so that F A G verifies the condition (i) of Deﬁnition Moreover, for every ﬁl, /ng EFA g,
we have that there exist some F1, F2 € F and Gh Gg € Gsuchthat A; = F1 v G1 and Ay = LU G2 Since
F and G are SVN-filter bases, there exist Fg € F and Gg € @G such that Fg S F1 M F2 and G3 S G1 m G2
So, Fg ] Gg € F A G and, by using Proposition [2.23| it results F3 w G3 S (F1 m Fg) <G1 m G2> =
(ﬁl Y (él ﬂég)) (ﬁz Y (él ﬂég S (ﬁl Uél)ﬁ(ﬁgUég) fgl ﬂgg and this means that F A G
also verifies condition (ii) of Definition [3.2|and hence that it is a SVN-filter base on SVN (U).

Now, suppose that F and G are are SVN- ﬁlters andlet F € F, Ge G and Ac SVN (U) such that FUuG € A.
Since F is a SVN-filter and FEFUGE A we have that A € F. Analogously, by the fact that G is a SVN-
filterand G € FUG € A, wehave that A € G. Thus A = AU A € F A G and this proves that F A G is a
SVN-filter over U.

In such a situation, for every FUGe FAG withF € FandG € G, being F € F UG, we have that
Fudg € F and so that F A G C F. In a similar way, one can also proves that F A G C G. O

Proposition 3.21. Let F and G be two SVN-filter bases on SVN (U) such that F nuetrosophically meets G
and let L _
FVG= {F@G: F=(U,pr,or,wr) € F, G=(U,ug, 06,wa) € g}

be the set of all neutrosophic intersections of the members of F and G, then F NV G is a SVN-filter base on
SVN(U).

Additionally, if F and G are SVN-filters over U then F V G is a SVN-filter on SVN (U) which is finer than
both F and G, i.e. F CFNVGandG C FVG.

Proof. Since F neutrosophically meets G, g is clear that 0 ¢ FVG,ie. that FV G Veriﬁgs the condition
(i) of Definition Moreover, for every Ay, Ay € F V G, we have that there exist some F, F; € F and
G1,G2 € G such that Ay = F1 @ Gy and A2 = G2 Since F and G are SVN-filter bases, there exist
F3 € F and G3 € G such that F3 S Fl m FQ and G3 S G1 ) G2 So, F3 G3 € F V G and it results

ﬁg m ég S (ﬁl m ﬁg) m <C~¥1 m ég) iFl m Gl> m (ﬁg m ég) = A1 m A2 and this means that 7V G also
verifies the condition (ii) of Definition [3.2]is verified and hence that it is a SVN-filter base on SVA/ (U )

Now, suppose that F and G are SVN-filters and let Fe F, G e G and Ac SVN (U) such that FaG € A.
Since F = F U ( m G) S FuAand Fisa SVN-filter, we have that FUA ¢ F. Inasimilar way, since

G S G U Aand G is a SVN-filter, it follows that GUA ¢ G and hence that (ﬁ @J ﬁ) m (é ] Z) e FVG.
By Proposition|2.23|(2) and Proposition|2.19|(2) we have that (ﬁ U] 21) m (é w ﬁ) = (ﬁ m é) WA= Aand

so that A € F V G which proves that 7V G is a SVN-filter over U.
In such a situation, for every I € F and for any fixed GeG, wehavethat FmG € Fwith FmG e FVG
and so that also F' € F V G which proves that F C F V G. In a similar way, one can also proves that

GCFVG. O
Proposition 3.22. Let F be a SVN-filter base on SVN (U) and A= (U, ppa,04,wa) be a SVN-set over U
which neutrosophically meets F, then the set F \V A= {ﬁ MA: FeF } of all neutrosophic intersections

ofg with the members of F is a SVN-filter base over U. Additionally, if F is a SVN-filter then F Aisa
SVN-filter on SVN (U) which is finer than F, i.e. F C F V A.

Proof. Since by hypothesis J neutrosophically meets A= (U ,pa,o 4,wa) it is evident that 0 ¢ FvA.
Moreover, for every Gl, G2 EFVA there exist Fl, F2 € F such that G1 F1 m A and G2 F2 m A. Since
F is a SVN-filter base, there exists some F3 € F such that such that F3 € F1 m F2 So, let G3 = F3 m A we
note that G5 € FV A and it results G5 € G il G4 which proves that F V A is a SVN-filter base on SVN( ).
Now, suppose that F is a SVN-filter over U and let ' € F and B € SVN(U (U) such that FmA € B, with
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B S A. Since F = Fu (ﬁ m A) S FuBand Fisa SVN-filter, we have that F U B € F and hence that

(ﬁ w E) MAeFVA. Moreover, by Proposition [2.23|(2) and Proposition [2.19|(2), BeAand FRAAEB
imply that (ﬁ@é) mA= (ﬁrmﬁ) U (Ermﬁ) = (ﬁrmﬁ) U B = B and hence that B € F \VV A which

proves that F V Aisa SVN-filter over U. o _ L _
In such a situation, for every F' € F, we have that Fm A € 7V Aandsince FMAE Fand FV Aisa
SVN-filter, it follows that also ' € F V A and hence that ¥ C F V A. O

Proposition 3.23. Let f : U — V be a mapping between two universe sets U and V and let F be a SVN-filter
base on SYN (U). Then, the family f(]—") = {f(ﬁ) . Fe f} of all neutrosophic images on SVN (U) by
the mapping f is a neutrosophic filter base on SVN (V).

Proof. Let us consider a mapping f : U — V and a SVN-filter base F over U. Evidently, for every Ac F,
being A # (y, by Proposition [2.29|(1), we also have that f(ﬁ) # ()y and this means that f(}" ) satisfies

the condition (i) of Definition lﬂl Moreover, for every (~¥1, éz € f(]—' ), there are some F 1 ﬁg € F such
that C:‘l = f(ﬁl) and ég = f(ﬁg) Since F is a SVN-filter base, there exists some ﬁg € F such that

Fy € F) @ Fy. Hence, said G5 = f<ﬁ3) we have that G5 € f(}") while by Proposition [2.30](1) and

Proposition [2.31{(2), we obtain that éd =f (155> € f(ﬁl m ﬁg) S f(ﬁl) m f(ﬁg) = 51 M ég. This
shows that f (F) satisfies also the condition (ii) of Deﬁnitionand concludes our proof. O

4 Single Valued Neutrosophic Ultrafilters

In this section we consider the class of SVN-ultrafilters, first proving that it is not empty and then establishing
some characterizations and properties that we think may be useful for further investigations.

Definition 4.1. Let U/ be a SVN-filter base on SVA (U), we say that it is a SVN-ultrafilter if it is maximal in
the partial ordered set (F(U), C) of all SVN-filters over U, that is if there is no SVN-filter on SVA (U) strictly
finer than U/, or, equivalently, if any other SVN-filter containing ¢/ coincides with /.

Proposition 4.2. Every SVN-filter base on SVN (U) is contained in some SVN-ultrafilter over U.

Proof. Let F be a SVN-filter base over U and let us consider the set & = {G € F(U) : F C G} of all SVN-
filters on SVN (U) containing F. Obviously & is a nonempty subset of the poset (F(U), C) because (F) € .
Now, let ¢ be a nonempty chain of S and define M = Ug ce G as the union of all SVN-filters of €. Now, we
have that M is a SVN-filter over U because it satisfies all the conditions of Definitions [3.3|and[3.2] that is:
(1) For every G € M, we have that there exists some G € € such that G € G and since G is a SVN-filter,
we immediately have that G % ().
(ii) For every 6’1, ég € M, there are some G1,Go € € such that él € Gy and C~¥2 € G». Since € is a chain,
i.e. a totally ordered subset of (&, C), G; and G» must be comparable and, without loss of generality, we

can suppose that G; C Gy. Thus, G 1, G2 € G5 and since G, is a SVN-filter, there exists some G3 € Go
such that G3 € G1 M G4 with G5 € Gy C Ug€¢ g=M.

(iii) For every G € M, and A € SVN (U) such that G € %, there exists some G € € such that G e Gand
since G is a SVN-filter, we immediately have that also A € G and hence that A € G C Ugec g =M.
Moreover, being F C G, for every G € €, we have that F C Ugee G = M and so that M € & is an upper

bound for €. Hence, by the Zorn’s Lemma (see [[11])), it follows that (&, C) has a maximal element, that is a
SVN-ultrafilter U containing F. O

Proposition 4.3. Let U be a SVN-filter base on SYN (U). Then U is a SVN-ultrafilter over U if and only if
Jorevery A = (U, pa,04,wa) € SVN(U) which neutrosophically meets U we have that A € U.

Proof. Suppose that I is a SVN-ultrafilter and consider a SVN-set A = (U, 14,04, w4) € SVN(U) which

neutrosophically meets U/, By Proposition , we have that U/ Vv Aisa SVN-filter such that/ C U V A but,
being U a SVN-ultrafilter, it must necessarily follow that if V A = U and so that A € U.
Conversely, suppose that every SVN-set which neutrosophically meets the SVN-filter base I/ belongs to I/. In
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order to prove first that ¢/ is a SVN-filter over U, let Uecland A e SYN(U (U) such that U € A. We claim
that A meets U. In fact, for each V €U, sinceld is a SVN filter base, we have that there exist some Weu
suchthat W € UmV € U € A and, by Proposmon (2) we have that W m V € A @ V. On the other
hand, bemg alsoW €UnV €V,b Proposition|2. (1) we have WAV = W and hence that W € A@V,
with W € U. Thus, by Deﬁmtlon | it follows that A @ V ES 0 and, by hypothesis, we obtain that Aecl,
which proves that { is a SVN-filter on SVN (U).

Moreover, in order to prove that I/ is SVN-ultrafilter over U, suppose, | by contradiction, that there is some
SVN-filter M over U such that i/ C M and so that there exists some M € M such that M ¢ U. Hence, by
hypothesis, we have that M does not meet I, i.e. that there exists some U € U such that U m M = ] but,
being MeMandU el C M, this contradicts the fact that M is a SVN-filter and concludes our proof. [

Corollary 4.4. If U is a SVN-ultraffilter on SVN (U), then for every A = (U, pia,04,wa) € SVN(U) it

results A € U or A'EG U.

Proof. Let A = (U, pa,0a,wa) € SVN(U ) an suppose, by contradiction, that A ¢ U and At ¢ U. By
Proposmon | we should have that neither A does not neutrosophlcally meet U nor AL does not neutrosoph-
ically meet U/, i.e. that there are some U1, Ug € U such that U1 m A= (D and U2 M Am = (Z) Since U is a
SVN-filter base, it follows that there exists some Us € U such that U3 S U 1M U2 Hence, by Proposition _2_21
we have that U3 c U1 and U3 S U2 and, by Proposmon “(2) it also follows that U3 mAE U; mAand
UgﬂAE S UQDAE Hence, UsMA = () and UgﬂAE— (). Thus, by Pr0p0s1t10ns|2 16| 4), |2 20|and|2 23|(1) we

have that Us = Us @ Us = (U3 u (U3 m A)) (U3 u (U3 m AE)) Us ((U3 M A) (U3 M A“T)) =
(73 m (@ W @) = @ which is a contradiction to the fact that U3 € U and U is a SVN-filter.

O

Remark 4.5. In the classical filter’s theory on crisp sets, the condition of Corollary [4.4]is a ultrafilters charac-
terization, but in the case of filters on single valued neutrosophic sets the converse does not hold. This is due
to the fact that, as pointed out in Remark [2.10] in general, the neutrosophic intersection of a SVN-set with its
neutrosophic complement is not the neutrosophic empty set, and it can be confirmed by the following example.

Example 4.6. Let U = {a,b,c} be a finite universe set and consider the SVN-principal filter F = </~1> =
{Z,E,é’, @} generated by A, where the SVN-sets A = (U, ppa,04,wa) B = (U,up,0B,wn) .C =

(U, pe,0c,we) and U= (U, 1,1, 0) are respectively defined by the following tabular representations:

Al pa| oa | wa B | kB | oB | ws
U
a 0.8 | 04 0 a 09 | 0.5 0
b 0 0.1 | 09 b 0.8 06| 0.1
b 0 0 1 0 02103
C | ke | oc | we U | | ou | wu
U
a 1 0.5 0 a 1 1 0
b 0 02| 0.8 b 1 1 0
c 07106 | 0.5 1 1 0

After observing that A€ Band A € C, one can easily check that </T> is a SVN-ultrafilter on SVAN (U).

However, if we consider the SVN-set 7 =

it is a trivial matter to verify that neither Z nor its complement A belong to <X>
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Z |z | oz | wz
U
a 0 0 1
b 07103105
0.8 04| 0.6

(U, uz,0z,wz) defined by the following tabular representation:
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S Conclusions and Perspectives

In this paper we have introduced the notions of SVN-filter base, SVN-filter and SVN-ultrafilter on the set
SVN (U) of all the single valued neutrosophic sets and we have investigated some of their fundamental prop-
erties and relationships concerning, in particular, the SVN-filter and SVN-filter base generated by some neu-
trosophic filter subbase, the neutrosophic filter completion, the principal SVN-filters, the infimum and the
supremum of two SVN-filter bases, the image of a SVN-filter base by a neutrosophic induced mapping be-
tween two universe sets, the existence of SVN-ultrafilters and some their characterizations.

We expect to continue the research on these topics by investigating supplementary features and properties
related to SVN-filters and we hope that this comprehensive study will stimulate further developments in the
theory of Neutrosophic Sets and will provide useful tools to demonstrate in an elegant and concise way new
properties for the class of single valued neutrosophic topological spaces.
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