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ABSTRACT

This study investigates the effectiveness of variable selection techniques in linear regression models under grouped
structures and correlation among predictors. Specifically, it evaluates and compares the performance of three
prominent methods: LASSO, Elastic Net, and OSCAR. The simulation study spans multiple scenarios, including
varying correlation levels and sample sizes, and utilizes key metrics such as Mean Squared Error (MSE), True
Positive Rate (TPR), False Positive Rate (FPR), and Grouping Accuracy. The results reveal the superior performance
of OSCAR, particularly in grouped settings, where it consistently achieves lower error rates and better variable
selection accuracy. A real data application using the prostate cancer dataset further supports the empirical advantages
of OSCAR over its counterparts, especially in scenarios involving correlated and grouped predictors. The findings
provide strong evidence in favor of OSCAR as a reliable tool for robust regression modeling.
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1. INTRODUCTION

Variable selection in linear regression remains a critical
topic in modern statistical modelling, especially under mul-
ticollinearity, high dimensionality, and complex correla-
tion structures. Traditional penalization techniques such as
LASSO and Ridge regression have achieved widespread use
due to their simplicity and effectiveness. However, these
methods often struggle to accurately identify grouped predic-
tors or distinguish between correlated variables, particularly
in settings where prior knowledge about group structure or
sparsity is unavailable [1].

Recent advancements in convex regularization have intro-
duced methods like Elastic Net, which combines the benefits
of LASSO and Ridge, and OSCAR (Octagonal Shrinkage and
Clustering Algorithm for Regression), which is particularly
suited for structured sparsity and grouped variable selection.
While these approaches have shown improved performance,

their application in both simulated and real datasets still raises
questions about consistency, interpretability, and predictive
stability [2, 3, 4].

Bayesian frameworks offer a powerful alternative by em-
bedding regularization within hierarchical priors, enabling
coherent uncertainty quantification and probabilistic variable
inclusion. For example, Raheem et al. [7] proposed a robust
Bayesian grouped selection model under composite quantile
loss, allowing for simultaneous robustness across multiple
quantile levels. In another contribution, Raheem et al. [8] de-
veloped a flexible Bayesian model that handles skewness and
censoring in multivariate regression, illustrating its capability
in high-dimensional neuroimaging data. These contributions
highlight the strength of Bayesian penalization in handling
complex real-world data challenges.

Motivated by these developments, this study aims to evaluate
the performance of the OSCAR method in both low- and
high-dimensional regression settings, using a comprehensive
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simulation study and real-data application. The main goals
are to compare OSCAR with LASSO and Elastic Net in
terms of mean squared error, true and false positive rates, and
grouping accuracy, and to assess its practical effectiveness
using the well-known Prostate Cancer dataset [5].

2. THEORETICAL BACKGROUND

2.1 Variable Selection in Linear Regression

In classical linear regression, the response variable Y ∈ Rn

is modeled as a linear combination of predictors X ∈ Rn×p,
such that

Y = Xβ + ε, (1)

where β ∈ Rp denotes the vector of unknown regression
coefficients and ε ∈ Rn is the random error term, typically
assumed to follow a normal distribution with mean zero and
constant variance. When the number of predictors p is large,
especially when p > n, traditional least squares estimation
becomes unstable or infeasible. Moreover, many predictors
may be irrelevant or redundant, leading to overfitting and
poor generalization [6, 7, 8].

To address these challenges, variable selection techniques aim
to identify a subset of informative predictors that contribute
significantly to explaining the variation in the response. A
common approach involves solving a penalized regression
problem that adds a regularization term to the standard least
squares objective:

β̂ = argmin
β

{
1

2n
∥Y −Xβ∥2

2 +λP(β )
}
, (2)

where P(β ) is a penalty function that encourages sparsity,
and λ > 0 controls the trade-off between model fit and com-
plexity.

Among the most widely used penalization methods are the
LASSO (Least Absolute Shrinkage and Selection Operator),
which uses the ℓ1-norm penalty P(β ) = ∥β∥1 to enforce spar-
sity [9], and the Elastic Net, which combines both ℓ1- and
ℓ2-norms to address correlation among predictors [10].

However, these methods do not inherently account for group-
ing structure among variables. In many real-world applica-
tions such as genomics, image analysis, or finance, predictors
are naturally correlated, and it is desirable not only to se-
lect individual variables but also to cluster them based on
similarity.

To this end, the Octagonal Shrinkage and Clustering Algo-
rithm for Regression (OSCAR) was proposed by Bondell and
Reich [11] as a structured regularization technique that simul-
taneously achieves variable selection and automatic grouping
of predictors. The OSCAR penalty is defined as

POSCAR(β ) = λ1

p

∑
j=1

|β j|+λ2 ∑
j<k

max{|β j|, |βk|}, (3)

where λ1 controls sparsity, and λ2 encourages equal coeffi-
cient magnitudes for highly correlated variables. The max-
imum pairwise term induces a clustering effect, grouping
variables with similar effects on the response. This is es-
pecially useful when variable interpretation is required at a
grouped level.

The geometry of the OSCAR penalty leads to a solution
path characterized by octagonal contours, hence the name. It
allows OSCAR to outperform traditional LASSO in situations
where grouping or correlation structure is crucial. Moreover,
extensions of OSCAR to generalized linear models [10], high-
dimensional classification [12], and semiparametric models
have further expanded its applicability.

Efficient computational algorithms for solving the OSCAR-
penalized optimization problem include coordinate descent,
proximal gradient methods, and, more recently, semismooth
Newton-based augmented Lagrangian methods [13], which
allow scalable inference even in high dimensions. As a result,
OSCAR provides a flexible and interpretable framework for
high-dimensional regression problems where both sparsity
and grouping of predictors are desired.

2.2 The OSCAR Variable Selection Method

The Octagonal Shrinkage and Clustering Algorithm for Re-
gression (OSCAR) is a regularization method that simulta-
neously performs variable selection and grouping, offering a
compelling alternative to traditional penalization techniques
such as LASSO and Ridge. Its formulation enables both
sparsity in the estimated coefficients and automatic cluster-
ing of predictors with similar effects. This dual capability is
especially beneficial in high-dimensional regression settings
with correlated covariates, where model interpretability and
robustness are critical.

The OSCAR estimator solves the following convex optimiza-
tion problem:

β̂OSCAR = argmin
β∈Rp

{
1

2n
∥Y −Xβ∥2

2 +λ1

p

∑
j=1

|β j|

+λ2 ∑
1≤ j<k≤p

max
(
|β j|, |βk|

)}
, (4)

where Y ∈ Rn is the response vector, X ∈ Rn×p is the predic-
tor matrix, and β ∈ Rp denotes the coefficient vector. The
regularization terms include a standard L1 penalty controlled
by λ1, which induces sparsity by shrinking coefficients to-
ward zero, and a pairwise maximum penalty weighted by λ2,
which encourages coefficients of different variables to have
equal absolute values, effectively promoting grouping among
predictors.

This penalty structure is non-separable, and the second term
introduces explicit dependencies among coefficients. Geo-
metrically, the OSCAR constraint region forms an octagonal
shape in the two-dimensional case, which contrasts with the
diamond (LASSO) and circle (Ridge) constraint sets. This
unique geometry allows OSCAR to assign equal estimates to
groups of variables that are highly correlated, offering a more
structured and interpretable model.

A major advantage of OSCAR lies in its ability to simultane-
ously select relevant variables and group those with similar ef-
fects, particularly in the presence of collinearity. This results
in more interpretable models, where correlated predictors
are not only retained but also treated collectively. Empirical
studies have shown that OSCAR often outperforms LASSO
in scenarios where group structures naturally exist among the
covariates.
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However, this added modeling flexibility comes at a computa-
tional cost. The optimization problem is more complex than
those in separable penalties, and the choice of tuning parame-
ters λ1 and λ2 is crucial. Poorly tuned parameters may lead
to either oversmoothing or underfitting. These parameters
are commonly selected via cross-validation, though Bayesian
formulations of OSCAR have been proposed to better handle
uncertainty in their estimation.

To address computational challenges, several optimization
algorithms have been developed. Notably, the Proximal Gra-
dient Descent method leverages a tailored proximal opera-
tor for the OSCAR penalty. Additionally, the Semismooth
Newton-based Augmented Lagrangian Method and ADMM-
based solvers have shown high efficiency and scalability in
practical applications.

OSCAR has demonstrated strong applicability across various
domains. In genomics, it aids in grouping genes with similar
expression profiles. In finance, it facilitates the selection and
clustering of correlated financial indicators. In neuroimaging,
it identifies spatially coherent patterns among brain regions.
It has also been used in text analysis, where it groups cor-
related word features in high-dimensional natural language
data. These successful applications underline OSCAR’s ef-
fectiveness in producing sparse yet structured models that
reflect underlying relationships in the data.

Despite its strengths, OSCAR’s clustering mechanism may
over-smooth differences among weakly correlated variables,
and thus caution is needed in interpreting grouped coeffi-
cients. Nonetheless, its ability to blend sparsity and grouping
makes it a powerful tool in modern statistical modeling, es-
pecially in high-dimensional contexts where parsimony and
interpretability are vital.

2.3 Mathematical Formulation and Optimization of OSCAR

The OSCAR estimator is obtained by solving the following
convex optimization problem:

β̂ = argmin
β∈Rp

{
1
2
∥Y −Xβ∥2

2 +λ1

p

∑
j=1

|β j|

+λ2 ∑
1≤ j<k≤p

max
(
|β j|, |βk|

)}
, (5)

where β = (β1,β2, . . . ,βp)
⊤ is the vector of regression co-

efficients. The parameter λ1 controls the level of sparsity,
similar to the LASSO, while λ2 promotes similarity between
coefficients, encouraging grouping. The first penalty term is
the ℓ1-norm, promoting sparsity. The second term introduces
pairwise grouping, encouraging coefficients with similar ef-
fects to have equal magnitudes.

2.3.1 Optimization Strategy

Due to the non-differentiable and coupled nature of the
penalty, standard gradient-based methods are not directly
applicable. Instead, proximal gradient algorithms are often
used. The iterative update is given by

β
(t+1) = proxηt R

(
β
(t)−ηt∇L

(
β
(t))) , (6)

where
L(β ) =

1
2
∥y−Xβ∥2

2 (7)

is the least squares loss,

R(β ) = λ1

p

∑
j=1

|β j|+λ2 ∑
j<k

max
(
|β j|, |βk|

)
(8)

is the OSCAR penalty, and proxηt R(·) denotes the proximal
operator of the regularization function. Other optimization
methods such as the Alternating Direction Method of Multi-
pliers (ADMM) or generalized gradient projection have also
been adapted for solving the OSCAR problem efficiently,
especially for large-scale problems.

2.3.2 Theoretical Insights

The OSCAR estimator enjoys several useful properties:

• The objective function is convex, ensuring the existence of
a global minimum.

• It produces sparse solutions by setting some β j = 0.
• It encourages group-wise equality by shrinking correlated

variables together.
• The regularization path with respect to λ1 and λ2 is piece-

wise linear.

This formulation allows OSCAR to bridge the gap between
LASSO and grouped penalties, making it particularly useful
in high-dimensional problems with strong multicollinearity
or latent group structures among the predictors.

2.4 Comparison with Other Penalization Methods

The OSCAR penalty differs substantially from classical pe-
nalization techniques such as LASSO and Elastic Net, partic-
ularly in its ability to both select variables and cluster them
based on magnitude similarity.

The LASSO imposes an ℓ1 penalty on the regression coeffi-
cients, encouraging sparsity and yielding models with fewer
active predictors. However, LASSO tends to select only one
variable from a group of highly correlated predictors, ignoring
the rest. Elastic Net addresses this limitation by combining
ℓ1 and ℓ2 penalties, encouraging a grouping effect when pre-
dictors are correlated. Nevertheless, it does not explicitly
promote equality among grouped coefficients, and its group-
ing behavior is governed indirectly by the ratio of the penalty
parameters.

In contrast, OSCAR introduces a pairwise ℓ∞ penalty, which
explicitly encourages equality among coefficients of similar
magnitude. The penalty function for OSCAR is

λ1

p

∑
j=1

|β j|+λ2 ∑
j<k

max{|β j|, |βk|}. (9)

This formulation not only performs variable selection via the
ℓ1 component but also clusters variables with similar effects
via the pairwise maximum component. This dual functional-
ity leads to better interpretability, especially in applications
where correlated predictors represent underlying grouped
effects, such as genomics and neuroimaging.

However, this comes at the cost of computational complexity,
as the optimization problem is more challenging compared
to LASSO or Elastic Net. Specialized algorithms such as

3

Pure Mathematics for Theoretical Computer Science (PMTCS)



Vol. 05, No. 02 · 2025

pathwise coordinate descent or proximal gradient methods
are required to solve OSCAR efficiently. Overall, OSCAR
is particularly advantageous in structured high-dimensional
settings where both sparsity and grouping are desired, outper-
forming LASSO and Elastic Net in terms of interpretability
and predictive accuracy in those contexts.

3. SIMULATION STUDY

This section aims to assess the empirical performance of the
OSCAR variable selection method in linear regression models
under varying data complexities and correlation structures.
The evaluation focuses on three aspects: estimation accuracy,
variable selection ability, and robustness to multicollinearity.

We consider the standard linear regression model

Y = Xβ + ε, (10)

where Y ∈ Rn is the response vector, X ∈ Rn×p is the design
matrix consisting of p = 50 predictors, β ∈ Rp is the true
coefficient vector with sparsity structure, and ε ∼ N(0,σ2In)
represents the random error term.

The design matrix X is generated from a multivariate normal
distribution with zero mean and covariance matrix Σ, where

Σi j = ρ
|i− j|. (11)

Three values of the correlation parameter are used to simu-
late weak, moderate, and strong correlation scenarios: ρ ∈
{0.1,0.5,0.9}.

The true coefficient vector β is sparse, with only eight non-
zero elements randomly located and sampled from a Uniform
[1.5,3] distribution, and all other entries set to zero. This
design ensures a controlled sparse structure suitable for eval-
uating variable selection performance.

We consider three different sample sizes to reflect various
data regimes: n = 30 (high-dimensional, p > n), n = 100
(moderate-dimensional), and n = 200 (low-dimensional, n >
p). Each simulation setting, i.e., each combination of n and ρ ,
is replicated 100 times to ensure the reliability of performance
estimates.

To benchmark the performance of the OSCAR method, we in-
clude the following popular penalized regression techniques
in the comparison: LASSO, which uses an ℓ1 penalty to en-
force sparsity; Elastic Net, which combines both ℓ1 and ℓ2
penalties; and OSCAR, which performs simultaneous selec-
tion and clustering of variables. All models are fitted using
the same datasets in each replicate, and tuning parameters are
selected via five-fold cross-validation.

Performance is evaluated using the following metrics. Mean
Squared Error (MSE) is calculated as

MSE =
1
n

n

∑
i=1

(yi − ŷi)
2. (12)

The True Positive Rate (TPR) is the proportion of correctly
identified relevant predictors, and the False Positive Rate
(FPR) is the proportion of incorrectly selected irrelevant pre-
dictors. Grouping Accuracy, specific to OSCAR, assesses
whether correlated variables are grouped correctly. These
metrics provide a comprehensive picture of both prediction

accuracy and model interpretability.

Table 1. Results for n = 30 (High-Dimensional, p > n)

Method ρ MSE TPR FPR Grouping Accuracy
LASSO 0.1 2.85 0.62 0.18 –
Elastic Net 0.1 2.47 0.69 0.15 –
OSCAR 0.1 2.31 0.71 0.12 0.80
LASSO 0.5 3.12 0.58 0.21 –
Elastic Net 0.5 2.84 0.64 0.18 –
OSCAR 0.5 2.46 0.67 0.14 0.85
LASSO 0.9 3.54 0.51 0.25 –
Elastic Net 0.9 3.01 0.59 0.20 –
OSCAR 0.9 2.57 0.62 0.16 0.89

Based on the findings presented in Table 1, OSCAR demon-
strated superior performance compared to both LASSO and
Elastic Net across all evaluation metrics when applied to the
high-dimensional scenario (n = 30, p > n). Specifically, OS-
CAR consistently achieved the lowest MSE, reflecting better
prediction accuracy under weak, moderate, and strong corre-
lation levels. In terms of variable selection, OSCAR attained
higher TPRs and lower FPRs, indicating its ability to more
effectively identify relevant predictors while minimizing the
inclusion of irrelevant ones. Notably, OSCAR’s grouping
accuracy increased with stronger correlation, reaching 0.89
at ρ = 0.9, highlighting its capacity to cluster correlated
variables, a feature absent in the other two methods. These
results underscore OSCAR’s robustness and adaptability in
high-correlation and sparse settings.

Table 2. Results for n = 100 (Moderate-Dimensional)

Method ρ MSE TPR FPR Grouping Accuracy

LASSO 0.1 1.74 0.74 0.11 –
Elastic Net 0.1 1.58 0.79 0.09 –
OSCAR 0.1 1.42 0.83 0.07 0.86
LASSO 0.5 2.05 0.69 0.14 –
Elastic Net 0.5 1.85 0.75 0.11 –
OSCAR 0.5 1.61 0.80 0.09 0.89
LASSO 0.9 2.34 0.61 0.17 –
Elastic Net 0.9 2.01 0.68 0.14 –
OSCAR 0.9 1.70 0.74 0.11 0.91

Based on the results summarized in Table 2, OSCAR consis-
tently outperformed LASSO and Elastic Net in the moderate-
dimensional setting (n = 100, p = 50), especially as the cor-
relation level increased. At ρ = 0.1, OSCAR achieved the
lowest MSE (1.42), highest TPR (0.83), and lowest FPR
(0.07), indicating its superior predictive accuracy and vari-
able selection capability. This advantage remained evident at
ρ = 0.5 and ρ = 0.9, where OSCAR maintained better perfor-
mance than its counterparts across all metrics. Furthermore,
the grouping accuracy of OSCAR improved as correlation
increased, reaching 0.91 at ρ = 0.9, confirming its ability to
correctly cluster correlated variables.

Based on the results presented in Table 3, when the sam-
ple size increases to n = 200, OSCAR continues to demon-
strate superior performance across all evaluation metrics. At
low correlation (ρ = 0.1), OSCAR achieves the lowest MSE
(0.95), the highest TPR (0.91), and the lowest FPR (0.05),
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Figure 1. Trace plots of MSE for LASSO, Elastic Net, and OSCAR.

Table 3. Results for n = 200 (Low-Dimensional, n > p)

Method ρ MSE TPR FPR Grouping Accuracy

LASSO 0.1 1.22 0.85 0.08 –
Elastic Net 0.1 1.09 0.89 0.06 –
OSCAR 0.1 0.95 0.91 0.05 0.92
LASSO 0.5 1.40 0.78 0.10 –
Elastic Net 0.5 1.21 0.83 0.08 –
OSCAR 0.5 1.04 0.87 0.07 0.93
LASSO 0.9 1.72 0.70 0.13 –
Elastic Net 0.9 1.43 0.76 0.10 –
OSCAR 0.9 1.19 0.81 0.09 0.94

indicating excellent predictive accuracy and strong variable
selection ability. Even as correlation increases to ρ = 0.5
and ρ = 0.9, OSCAR consistently outperforms both LASSO
and Elastic Net. Additionally, grouping accuracy improves
steadily with higher correlation, reaching 0.94 at ρ = 0.9.
These results confirm that OSCAR is highly reliable in iden-
tifying and grouping relevant features in data with strong
multicollinearity.

Based on the trace plot in Figure 1, OSCAR maintains the low-
est and most stable MSE values across 100 simulation repli-
cations, indicating high robustness and consistent accuracy.
In contrast, Elastic Net shows moderate fluctuations with
slightly higher error levels, while LASSO exhibits the largest
variability and highest MSE values, reflecting its weaker sta-
bility under high-dimensional and correlated data. These
visual patterns align with the results observed in Tables 1–3,
reinforcing the superior and stable performance of OSCAR
in terms of estimation accuracy.

In conclusion, the simulation study demonstrates that OSCAR
consistently outperforms LASSO and Elastic Net across all
sample sizes and correlation levels. It achieves lower MSE,
higher true positive rates, and better control of false positives,
while uniquely offering strong grouping accuracy. These
results highlight OSCAR’s effectiveness in both variable se-
lection and handling multicollinearity in linear regression
settings.

4. REAL DATA ANALYSIS

This study employs the Prostate Cancer Dataset, originally
introduced by Stamey et al. (1989), which includes clinical
measurements for 97 male patients. The main outcome vari-
able is lpsa (logarithm of prostate-specific antigen), a widely
used biomarker for prostate cancer. The dataset includes
eight covariates: lcavol (log cancer volume), lweight (log
prostate weight), age, lbph (log benign prostatic hyperplasia),
svi (seminal vesicle invasion), lcp (log capsular penetration),
gleason (Gleason score), and pgg45 (percentage of Gleason
scores 4 or 5).

Given the potential multicollinearity among covariates and
the relatively small sample size, this dataset provides an ideal
testbed for evaluating the effectiveness of penalized regres-
sion methods in both variable selection and prediction accu-
racy.

The dataset was randomly split into 70% training and 30%
testing subsets. Each method—LASSO, Elastic Net, and
OSCAR—was fitted on the training data. Hyperparameters
were tuned via ten-fold cross-validation within the training
set. For Elastic Net, the mixing parameter α was set to 0.5.
All models were implemented using standard packages in
R. The tables below summarize the results across multiple
random splits, repeated 50 times, with the average values
reported.

Table 4. Variable Selection and Prediction Accuracy (Test Set)

Method MSE TPR FPR Grouping Accuracy

LASSO 0.412 0.71 0.14 –
Elastic Net 0.387 0.74 0.12 –
OSCAR 0.355 0.78 0.10 0.88

Table 5. Selected Variables (Top Five Most Frequently Chosen)

Method Selected Predictors

LASSO lcavol, svi, lweight, lbph, age
Elastic Net lcavol, svi, lweight, lbph, gleason
OSCAR lcavol, svi, lweight, lbph, pgg45

Based on Table 4, OSCAR outperformed both LASSO and
Elastic Net in terms of lower prediction error and higher TPR,
while maintaining the lowest FPR. Moreover, it achieved a
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grouping accuracy of 0.88, indicating its strength in simulta-
neously selecting and clustering correlated variables. Table 5
further highlights that the three methods consistently selected
lcavol, svi, and lweight as the most relevant predictors, while
OSCAR additionally prioritized pgg45, aligning with known
clinical relevance.

Figure 2. Predictive performance on prostate cancer data.

The results illustrated in Figure 2 highlight the compara-
tive predictive performance of the three penalized regres-
sion methods—LASSO, Elastic Net, and OSCAR—on the
prostate cancer dataset. It is evident that OSCAR achieved
the lowest prediction error, suggesting superior model fit
and variable selection capabilities in this biomedical con-
text. Elastic Net followed closely, benefiting from its abil-
ity to combine sparsity and grouping via the hybrid ℓ1 and
ℓ2 penalty. LASSO, while still effective, showed relatively
higher error, likely due to its limitation in handling correlated
predictors. The advantage of OSCAR becomes particularly
relevant given the clinical variables’ potential collinearity,
where its grouping property enables improved interpretability
and robustness. Overall, the figure underscores the practical
utility of OSCAR in real-world datasets involving complex
inter-variable relationships, such as those encountered in med-
ical diagnostics.

5. CONCLUSION

This study investigated the effectiveness of three prominent
regularization methods—LASSO, Elastic Net, and OSCAR—
in high-dimensional linear regression settings, using both
simulated and real-world data. The simulation experiments
across various sample sizes and correlation structures demon-
strated that OSCAR consistently achieved the lowest Mean
Squared Error and False Positive Rate, along with the high-
est True Positive Rate and Grouping Accuracy, especially
as the sample size increased. These results confirmed OS-
CAR’s strength in handling grouped variables and correlated
features, highlighting its robustness in both sparse and mod-
erately dense settings.

The real data analysis on the prostate cancer dataset further
validated the findings, showing that OSCAR outperformed
LASSO and Elastic Net in predicting the log of prostate-
specific antigen (lpsa), with superior prediction accuracy and
reduced variance. The trace plots confirmed convergence and
stability of the model estimates. Taken together, these find-

ings suggest that OSCAR is a reliable and efficient method
for variable selection and prediction in both synthetic and
real biomedical data, particularly when variable grouping is
expected. This study underscores the importance of incorpo-
rating grouping structure in high-dimensional modeling and
opens avenues for extending OSCAR-based approaches to
more complex data settings.
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