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Abstract

Concepts such as the Fuzzy Set, Neutrosophic Set, and Soft Set are known for handling uncertainty. As
extensions of Fuzzy Sets, Neutrosophic Sets, and Soft Sets, concepts such as Bipolar Fuzzy Sets, Bipolar Neu-
trosophic Sets, and Bipolar Soft Sets have been introduced. In this paper, we further extend these notions and
explore Hyperpolar Fuzzy Sets, Hyperpolar Neutrosophic Sets, and Hyperpolar Soft Sets. These structures in-
tegrate multi-perspective or multi-agent evaluations into a unified framework by leveraging higher-dimensional
mappings and hypercubic representations. This work lays a theoretical foundation for advanced uncertainty
modeling in complex, multi-source environments.

Keywords: Soft Set; Fuzzy Set; Neutrosophic Set; Hyperpolar Fuzzy Set; Hyperpolar Neutrosophic Set;
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1 Preliminaries

This section provides an introduction to the foundational concepts and definitions required for the discussions
in this paper. All concepts considered in this work are assumed to be finite.

1.1 Fuzzy Set and Bipolar Fuzzy Set

The concept of the Fuzzy Set is a foundational tool for addressing uncertainty in set theory. Its definition is
provided below.!' As extensions of the Fuzzy Set, Bipolar Fuzzy Set? and Multipolar Fuzzy Set** are well
known. The definitions are presented below.

Definition 1.1 (Fuzzy Set). ' A fuzzy set T in a non-empty universe Y is a mapping 7 : Y — [0, 1]. A fuzzy
relation on Y is a fuzzy subset § in Y x Y. If 7 is a fuzzy set in Y and ¢ is a fuzzy relation on Y, then ¢ is
called a fuzzy relation on T if

0(y,z) <min{r(y),7(z)} forally,z €Y.

Example 1.2 (Movie Recommendation Based on Viewer Preferences Using a Fuzzy Set). Consider a set of
movies
Y = {Inception, Titanic, The Matrix}
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and the property “preferred by a given viewer.” We define a fuzzy set 7 : Y — [0, 1], where 7(y) represents
the degree of preference the viewer assigns to each movie, based on ratings, interest, and viewing history.

Suppose the data yields:

7(Inception) = 0.95, 7(Titanic) = 0.70, 7(The Matrix) = 0.85.
Here:

* A value close to 1 indicates strong preference (e.g., Inception with 0.95).
* A medium value (e.g., 0.70 for Titanic) suggests moderate interest.

* A high but not maximal value (0.85 for The Matrix) shows strong but not top preference.

This fuzzy representation enables a recommendation system to prioritize movies according to degrees of pref-
erence rather than binary like/dislike, supporting more personalized suggestions.

Definition 1.3 (Bipolar Fuzzy Set). 2 Let X be a non-empty universe. A bipolar fuzzy set B in X is a pair
of functions:

B=(u",n),
where:
e ut : X — [0,1] is the positive membership function, representing the degree to which an element
belongs positively.
e 1~ : X — [—1,0] is the negative membership function, representing the degree to which an element

belongs negatively.

For any element z € X, we have pt () indicating the degree of satisfaction of a property, and p~ () indicat-
ing the degree of contradiction to that property.

The set of all bipolar fuzzy sets over X is denoted as BF'(X).
Example 1.4 (Restaurant Review Analysis Using a Bipolar Fuzzy Set). Consider a set of restaurants
X ={R1,R2,Rs}
and the property “serves healthy and tasty food.” We define a bipolar fuzzy set
B=(u"u)

where:

1T (z) represents the degree to which a restaurant positively meets this property (healthy and tasty).

* 1~ (x) represents the degree to which it contradicts the property (unhealthy or tasteless), given in the
range [—1,0].

Suppose customer survey data yields:

pt(R1) =0.85,  p~(R1) = —0.10,
pt(Re) =0.60,  u (Rg) = —0.30,
pt(R3) =040,  p (Rg) = —0.50.

Here, R; is rated highly for both taste and health with minimal contradiction, while Rg has low positive satis-
faction and strong negative perception. This bipolar fuzzy representation enables decision-makers to evaluate
both positive and negative aspects simultaneously, offering a balanced perspective in restaurant selection.
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Definition 1.5 (Multipolar Fuzzy Set).  Let X be a non-empty universe. An m-polar fuzzy set M over X is
a mapping:
M: X —[0,1]™,

where each element x € X is assigned an m-tuple:
M(J)) = (,ul(x)v M2($)7 s aﬂm(x))
Each p;(x) represents the degree of membership of 2 according to the i-th perspective, attribute, or agent.

Example 1.6 (Multipolar Fuzzy Set for Multi-Attribute Smartphone Evaluation). Smartphone evaluation as-
sesses devices based on features like performance, battery life, camera quality, usability, and overall user
satisfaction. Let

X = {Phone A, Phone B, Phone C}

be the set of smartphone models to be evaluated, and let m = 3 correspond to three quality attributes:
w1 (x) : battery life,  ug(x) : camera quality, ps(x) : durability.

Define the multipolar fuzzy set
M:X — [0,1)3

by assigning each phone an ordered triple of membership degrees:

M (Phone A) = (0.85, 0.65, 0.90),
M (Phone B) = (0.70, 0.80, 0.75),
M (Phone C) = (0.60, 0.55, 0.85).

Here:

* 0.85 for Phone A’s battery life indicates very high endurance relative to competitors.
* 0.65 for Phone A’s camera quality denotes moderate imaging performance.

* 0.90 for Phone A’s durability reflects strong build robustness.

Similarly, Phone B and Phone C receive fuzzy evaluations on the same three criteria. Thus M is a 3-polar fuzzy
set capturing multi-attribute user satisfaction in a single framework, facilitating aggregate decision-making or
ranking by techniques such as weighted averaging or fuzzy TOPSIS.

1.2 Neutrosophic Set and Bipolar Neutrosophic Set

Neutrosophic Sets extend Fuzzy Sets by introducing the concept of indeterminacy, enabling the modeling
of information that is not entirely true or false. This framework provides a richer and more adaptable rep-
resentation of uncertainty and ambiguity.®” Neutrosophic Sets and their related structures have been studied
extensively across diverse fields, including artificial intelligence, decision-making, and linear programming.®
A Bipolar Neutrosophic Set models both positive and negative degrees of truth, indeterminacy, and falsity for
each element 191!

Definition 1.7 (Neutrosophic Set). 1% Let X be a non-empty set. A Neutrosophic Set (NS) A on X is charac-
terized by three membership functions:

TA:X—)[O,l], IA:X—>[0,1], F‘A:XV—>[O,1}7

where for each z € X, the values T'4 (), I4(x), and F4 (x) represent the degrees of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0<Ty(x)+ Ia(z)+ Fa(z) <3.
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Example 1.8 (Medical Symptom Assessment Using a Neutrosophic Set). Consider the problem of assessing
whether a patient has influenza based on observed symptoms. Let

X = {Fever, Cough, Fatigue}

represent the set of observed symptoms. Define the neutrosophic set A = “Symptoms indicating influenza” by:

Ta(Fever) =0.9, I4(Fever)=0.05, Fy4(Fever)=0.05,
Ta(Cough) = 0.7, Ia(Cough)=0.2, F4(Cough)=0.1,
T4 (Fatigue) = 0.6, I (Fatigue) =0.3, Fa(Fatigue) =0.1.

Here:

o The truth degree T4 (x) quantifies how strongly the symptom suggests influenza.

* The indeterminacy degree 14 (x) represents diagnostic uncertainty (e.g., due to overlapping symptoms
with other illnesses).

o The falsity degree F4(x) measures how strongly the symptom suggests absence of influenza.

For example, “Fever” has a high truth degree (0.9) and very low indeterminacy and falsity, indicating strong
evidence for influenza, whereas “Fatigue” has higher indeterminacy due to its occurrence in many unrelated
conditions. This representation supports nuanced medical decision-making by accounting for truth, uncer-
tainty, and counter-evidence simultaneously.

Definition 1.9 (Bipolar Neutrosophic Set). W T et X be a non-empty universe. A Bipolar Neutrosophic Set
A in X is defined as:

A= {(z,T"(2),I"(z), F*(2), T (),I (z),F (z)):z € X},

where the mappings
TH I FT: X —[0,1], T, ,F :X —[-1,0]

represent the degrees of truth, indeterminacy, and falsehood associated with both positive and negative
perspectives of an element z € X.

Example 1.10 (Online Product Review Sentiment Analysis). Let
X = {Usery4, Userp, Userc}

be the set of reviewers evaluating a new smartphone. We model their sentiments with a Bipolar Neutrosophic
Set
A={(z, T (x),I"(2), F*(z), T (z),I (z),F (2)): x € X},

where
TH 1T Ft: X — 0,1, 7-,I",F :X —[-1,0].

Assign the following values:

A = {(User4, 0.80, 0.10, 0.10, —0.10, —0.05, —0.05),
(Userg, 0.60, 0.30, 0.10, —0.20, —0.10, 0.00),
(Usere, 0.40, 0.20, 0.40, —0.30, —0.10, 0.00)}.

For example, for User 4:

¢ T = 0.80 indicates strong positive satisfaction (e.g. likes performance).

e It =0.10 indicates slight uncertainty (e.g. neutral on battery life).
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e F* = (.10 indicates low positive falsity.

e T~ = —0.10 indicates slight negative sentiment (e.g. minor frustration).
e [~ = —0.05 indicates slight negative uncertainty.
e '~ = —0.05 indicates low negative falsity.

This bipolar neutrosophic model captures both positive and negative aspects, along with indeterminacy, pro-
viding a nuanced analysis of online review sentiment.

1.3 Soft Set and Bipolar Soft Set

A Soft Set (F, F) associates each parameter in a set E with a subset of a universal set U. This provides a
flexible framework for approximating objects within U 12

Definition 1.11 (Soft Set). 3 Let U be a universal set and E a set of parameters. A soft set over U is defined
as an ordered pair (F, E'), where F' is a mapping from F to the power set P(U):

F:E—PQ).

For each parameter e € E, F'(e) C U represents the set of e-approximate elements in U, with (F, E') forming
a parameterized family of subsets of U.

Definition 1.12 (Bipolar Soft Set). 13/ A Bipolar Soft Set over a universal set U is a triple (F, G, A), where:

o F: A— P(U) is the positive membership mapping,
* G: A — P(U) is the negative membership mapping,

« ACE,-A=FE\ A, where F is a set of parameters.

The mappings satisfy the consistency constraint:

Fe)NG(—e) =0, Vee A

A Bipolar Soft Set is represented as:
(F,G,A) ={(e,F(e),G(—e)) | e € A, F(e) N G(—e) = 0}.

Example 1.13 (Job Candidate Selection Using a Bipolar Soft Set). A job candidate is an individual applying
for a specific position, evaluated based on qualifications, skills, and experience. Let

U = {Alice, Bob, Carol, Dave}
be the set of job candidates, and let the parameter set be
E = {Experienced, Skilled, Inexperienced, Unskilled}.
Choose the positive parameter subset
A = {Experienced, Skilled}, —-A = E\ A = {Inexperienced, Unskilled}.
Define the positive membership mapping
F:A — P({U), F(Experienced)= {Alice, Bob}, F(Skilled) = {Alice, Carol},
and the negative membership mapping
G:-A — P(U), G(Inexperienced) = {Carol, Dave}, G(Unskilled) = {Bob, Dave}.
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The bipolar soft set is then
(F, G, A) = {(Experienced, {Alice, Bob}, G(—Experienced)), (Skilled, {Alice, Carol}, G(— Skilled))},

where — Experienced = Inexperienced and — Skilled = Unskilled.

Consistency Check:
F(Experienced) N G(Inexperienced) = {Alice, Bob} N {Carol, Dave} = 0),
F(Skilled) N G(Unskilled) = {Alice, Carol} N {Bob, Dave} = 0.
Thus the positive and negative memberships are disjoint for each parameter.

This bipolar soft set framework allows recruiters to capture both desirable qualifications (experience, skill) and
undesirable traits (inexperience, lack of skill) in a single, parameterized model.

1.4 Hyperstructures

A hyperstructure extends classical algebraic structures by allowing the “product” of two elements to be a set
of outcomes rather than a single value.

Definition 1.14 (Base Set). A base set S is any nonempty set whose elements are the primitive objects of
interest.

Definition 1.15 (Powerset). The powerset of S, denoted P(.S), is the set of all subsets of S:
P(S) = {A|ACS}.

Definition 1.16 (Classical Structure). A classical structure is a pair (H, {*; };c1) where:

e H is a nonempty set.

 For each 7, x;: H™ — H is an m;-ary operation on H, satisfying specified axioms (e.g. associativity,
identity).

Definition 1.17 (Hyperoperation). A hyperoperation on a set S is a map
0: Sx 8 — P(S), (a,b)—aob,
assigning to each pair (a,b) asubsetaob C S.

Definition 1.18 (Hyperstructure). 1% A hyperstructure is a pair (S, 0) where S is a base set and o is a hyper-
operation on S. Equivalently, one may extend o to subsets of .S by

AoB= U LJ(aob)7 A BCS,
a€AbeEB

yielding an induced operation P(S) x P(S) — P(S5).

Example 1.19 (Resistor Tolerance Hyperstructure). Resistor tolerance indicates the allowable deviation from
its nominal resistance value, typically expressed as a percentage (cf). Let

S ={1009Q + 5%, 220Q + 5%, 330Q + 5%}
be the set of nominal resistor values with +5% tolerance. Define a hyperoperation
®:8%x S — PR
by
Ri®Ry={ri+r | r1 € [Ri(1—0.05), Ri(1+0.05)], 2 € [R2(1 — 0.05), Ro(1+0.05)]}.
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Extend ® to subsets A, B C S by
AeB= ] |J (RioR)).
R;€cAR;eB

Then
H=(S, ®)

is a hyperstructure. For example,
(10092 + 5%) ® (2202 + 5%) = [95 + 209, 105 + 231] = [304 2, 336 2.

Thus ‘H models all possible series-combination resistances within tolerance.

2 Results in This Paper

The results derived in this paper are presented below.

2.1 Review: Hyperpolar Fuzzy Set

A Hyperpolar Fuzzy Set is a generalized fuzzy set with multiple polarities, each assigning independent mem-
bership degrees in the unit interval [0, 1] to capture multidimensional truth. The definition of the Hyperpolar
Fuzzy Set is provided below (cf!1%).

Definition 2.1 (Hyperpolar Fuzzy Set'®). Let X # () and n € N>; be the number of polarities. For each
ke {1,...,n}, fix an integer 05, € N> (the dimension of the k-th polarity) and set

A = H[O, 1}5k = [0, 1]51 x -+ x [0, 1}6,".
k=1

A hyperpolar fuzzy set on X is a mapping

H:X — A, H(z) = (h'(2), K*(2), ..., h"(z)),
where each block k¥ () € [0, 1]°F records §; membership degrees for the k-th group of criteria. For conve-
nience, write Hy, () := h*(x).

Example 2.2 (Medical Diagnosis Using a Hyperpolar Fuzzy Set). We evaluate three patients on three groups
of clinical attributes (cf.12:20):
01 = 2 : {Glucose, Cholesterol},

02 = 3 : {Temperature, Heart Rate, Blood Pressure},
d3 = 2 : {Stress, Sleep}.

Thus
H : X = {Patient;, Patienty, Patients} — [0,1]% x [0, 1]* x [0, 1]?,

H(z) = (Hl(x),Hg(x),Hg(x)),
with the following evaluations:
H (Patient;) = ((0.80,0.50), (0.70,0.90,0.60), (0.40,0.50)),
H (Patienty) = ((0.60,0.70), (0.80,0.60,0.50), (0.30,0.70)),
H (Patients) = ((0.50,0.40), (0.90,0.80,0.70), (0.60,0.80)).

For instance,
H(Patient;) = ( (0.80,0.50) ,(0.70,0.90,0.60),
Glucose, Cholesterol Temp, HR, BP

(0.40,0.50)).
N———

Stress, Sleep
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Example 2.3 (Student Performance Assessment Using a Hyperpolar Fuzzy Set). We evaluate three students
on the categories
91 = 3 : {Mathematics, Science, Literature},

02 = 2 : {Sports, Arts},
93 = 3 : {Communication, Teamwork, Leadership}.
Define H : X — [0,1]3 x [0,1]2 x [0,1]3 by
H (Student; ) = ((0.90,0.70,0.80), (0.60,0.70), (0.80,0.90,0.70)),
H (Studenty) = ((0.80,0.90,0.70), (0.50,0.60), (0.90,0.70,0.60)),
H (Studentz) = ((0.70,0.60, 0.90), (0.80,0.90), (0.60,0.80,0.90)).
For example,
H(Student;) = ((0.90,0.70,0.80),
—_———
Math, Sci, Lit
(0.60,0.70), (0.80,0.90, O.70)>.

Sports, Arts  Comm, Team, Lead

Example 2.4 (Urban District Evaluation with a Hyperpolar Fuzzy Set). We assess three districts (cf.“!) on
01 = 2 : {Employment, GDP per Capita},
02 = 3 : {Air, Green, Water},
63 = 2 : {Crime ™!, Education}.
Let H : X — [0,1] x [0,1]3 x [0, 1]? be given by
H (District;) = ((0.70,0.80), (0.60,0.90,0.50), (0.40,0.80)),

H(Districty) = ((0.90,0.60), (0.70,0.80,0.90), (0.50,0.70)),
H(Districtz) = ((0.60,0.70), (0.90,0.50,0.60), (0.80,0.90)).

For instance,

H(Districtl):( (0.70,0.80) , (0.60,0.90,0.50),  (0.40,0.80) )

Employment, GDP  Air, Green, Water Crime~—!, Education

Theorem 2.5 (Hyperpolar Fuzzy Sets Generalize Multipolar and Bipolar Fuzzy Sets). Let X # ().

1. Any m-polar fuzzy set M : X — [0, 1]™ is a hyperpolar fuzzy set withn = 1 and 6; = m.

2. Any bipolar fuzzy set B = (ut,u~) with p* : X — [0,1] and p~ : X — [—1,0] can be encoded as a
hyperpolar fuzzy set withmn = 2, 61 = 69 = 1, via

H(z) = (,u+(x), —M_(.%')) € [0,1] x [0, 1].

Proof. (1)Putn =1, 6; = m. Then A = [0,1]™ and H := M is hyperpolar by definition.

(2) Withn = 2,6, = d = 1 we have A = [0,1] x [0,1]. Since p*(z) € [0,1] and —p~(x) € [0,1],
the map H(x) = (u*(z), —p~ (z)) takes values in A. Conversely, given H(z) = (hq, ha), one reconstructs
ut(z) = hyand p=(x) = —hs. O

Theorem 2.6 (Closure under Componentwise Union and Intersection). Let H,G : X — A = [[;_,[0,1]%
be hyperpolar fuzzy sets. Define, for each x € X,

(HVG)(z) := (H1(z)VG1(z), ..., Hy(z)VGy(z)), (HAG)(z) := (Hi(2)A\G1(2), ..., Hy(2)AGy(2)),

where \V/, \ act componentwise on [0, 1]‘”6 as max and min, respectively. Then HV G, H NG : X — A are
hyperpolar fuzzy sets.
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Proof. Fixx € X,k € {1,...,n}, and a coordinate j € {1,...,d;}. Since Hy, ;(z), Gy ;(x) € [0, 1],

0 < min{Hj, ;(z), Gi,;(x)} < max{Hj ;j(z),Gr ;(z)} < 1.
Thus the coordinatewise max and min remain in [0, 1], hence (H V G)(z), (H A G)(x) € A. O
Theorem 2.7 (Closure under Complement). Let H : X — A. Define H¢ : X — A by

He(z) = (1, — Hi (), 15, — Ha(2), ..., 15, — Hu(z)),

where 15, € [0, 1]‘5’c is the all-ones vector and subtraction is componentwise. Then H€ is hyperpolar.

Proof. Each coordinate Hy, j(x) € [0,1] implies 1 — Hy j(x) € [0,1]. Hence H¢(z) € Aforallz € X. O

Theorem 2.8 (Projection to Individual Polarities). Let H : X — A = [[;_,[0,1]%. For each k, let T, :

A — [0,1]% be the projection T (v1, ... ,v,) = vg. Then H®) := 1,0 H : X — [0,1]% is a §p-polar
(multipolar) fuzzy set.
Proof. By construction, H*) (x) = Hy(z) € [0,1]% forall 2 € X. O

Theorem 2.9 (Hyperpolar Fuzzy Sets Form a Hyperstructure). Let H = {H : X — A}. Define a hyperoper-
ation * : H x H — P(H) by

H+G:={K:X > A|Voe X, K(z) € {H(z),G(z)} }.

Then (H,x) is a hyperstructure.

Proof. If K € H % G, then for each z, K(z) € A, so K € H. Thus H x G C H, i.e., x maps into P(H).
Extending x to subsets by A B = {Jyc 4 ges(H * G) yields a bona fide hyperoperation on P(H). O

2.2 Hyperpolar Neutrosophic Set

A Hyperpolar Neutrosophic Set extends hyperpolar fuzzy sets by incorporating multidimensional truth, inde-
terminacy, and falsity degrees, enabling richer and more flexible modeling of uncertainty. The definition and
concrete examples of the Hyperpolar Neutrosophic Set are presented as follows.

Definition 2.10 (Hyperpolar Neutrosophic Set). Let X # () and n € N>q. For each k € {1,...,n}, fix
integers (5?, 6%, 6,’: € N> (the respective dimensions of the true, indeterminate, and false blocks at polarity
k). Define the product hypercubes

AT = ﬁ[o, 1%, Al= f[[o, 1%, AF .= ﬁ[o, 1)°%.
k=1 k=1 k=1
A Hyperpolar Neutrosophic Set (HPNS) on X is a mapping
H:X — AT x AT x AT, H(z) = (T(z), I(z), F(z)),
where T'(x) € AT, I(z) € A, and F(z) € AF. We write
T(z) = (T (x),...,Ta(x)), I(x)=(L(z),...,I,(z)), F(z)=(Fi(z),...,Fu(z)),

with T (z) € [0,1]% , I;(z) € [0, 1]5£, Fi(z) € [0,1)%. (When some 0y = 0, the corresponding factor is
[0,1]° = {()}, a singleton.)
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Example 2.11 (Multi-Sensor Object Detection in Autonomous Vehicles). Multi-sensor object detection fuses
heterogeneous sensors to identify and classify objects with improved reliability (cf.22). Let

X = {Pedestrian, Car}, n=2,

corresponding to LiDAR (k = 1) and camera (k = 2). Take 67 = 6{ = 6 = 67 = 61 = 6F =1, s0
AT = AT = AF =10,1]. Define H : X — AT x AT x AF by

T(x) = (Ti(x), Ta(x)), I(z) = (I(2), L(x)), F(z)= (Fi(z), F2(z)).
Numerical assessments:
T'(Pedestrian) = (0.95,0.85), I(Pedestrian) = (0.03,0.10), F(Pedestrian) = (0.02,0.05);

T(Car) = (0.90,0.98), I(Car) = (0.05,0.02), F(Car) = (0.05,0.00).

Thus,
H (Pedestrian) = ((0.95,0.85), (0.03,0.10), (0.02, 0.05)),

H(Car) = ((0.90,0.98), (0.05,0.02), (0.05,0.00)).
Each object is represented by sensor-wise degrees of truth, indeterminacy, and falsity.

Example 2.12 (Smart Home Intrusion Detection via HPNS). Consider three modalities (cf.2¥2%): motion
(k = 1), door (k = 2), and camera (k = 3). Let

X = {Event;, Eventsy}, n =3,
o =6l=6F=1 (k=1,2,3),
so AT = AT = AF = [0,1]3. Foreach z € X,
T(2) = (Ty(2), To(2), Ty(@),  I(x) = (L(2), Bo(2), (), F(x) = (Fi(2), Fala), Fy(a).
Numerical assessments:
H(Event,) = ((0.90, 0.75,0.60), (0.05,0.15,0.25), (0.05,0.10, 0.15)),

H(Events) = ((0.20,0.85,0.95), (0.30,0.10,0.03), (0.50, 0.05,0.02)).

Interpretation (for Event;): motion 77 = 0.90, I; = 0.05, F; = 0.05 (high confidence, low uncertainty/false
alarm); door 75 = 0.75, I, = 0.15, F5, = 0.10; camera T35 = 0.60, I3 = 0.25, F53 = 0.15.

Theorem 2.13 (HPNS Generalizes Hyperpolar Fuzzy and Classical Neutrosophic Sets). Let X # (.

1. Ifall 61 = 6F = 0, then A and AT are singletons and any HPNS H(z) = (T(x),I(x), F(z))
canonically identifies with the hyperpolar fuzzy set HT : X — AT, HT (z) = T(x).

2. Ifn =1and 6T = 6 = 6F = 1, then H(x) = (T(x),I(x), F(x)) € [0,1]3 is precisely a classical
neutrosophic set on X.

Proof. (1) With 6] = 6 = 0, we have [0, 1]° = {()}; hence A, AT are singletons and carry no information,
so H reduces to T : X — AT. (2) Immediate from the definitions when n = 1 and each block is one-
dimensional. O

Theorem 2.14 (HPNSs Form a Hyperstructure). Let H = { H : X — AT x Al x AT}, Define
Hyx Hy = { K € ‘ Vo € X, K(2) € {Hi(), Ha(2)} .
Then (H,x) is a hyperstructure.
Proof. If K € Hy x Hy, then K (z) € AT x AT x AT forall z, so K € H. Hence H; x Hy C H, i.e.  maps
into P(H). Extending * to subsets by A * B := (Jyc 4 gep(H * &) yields a bona fide hyperoperation. [
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Theorem 2.15 (Closure under Componentwise Union and Intersection). Let H,G : X — AT x Al x AF
with H(x) = (T (x), 1" (z), F*(z)), G(x) = (T (x), 1%(x), F9(x)). Define

(HVG)(x) := (max(TH(x),TG(x)), max(I (), 19 (x)), maX(FH(x),FG(x))),

(H A G)(x) := (min(T" (2), T%(2)), min(I" (2), 1°(x)), min(F (z), F9(2))),
where max, min act blockwise and coordinatewise on [0, 1). Then HV G, H A G are HPNSs.

Proof. Fixx € X,k € {1,...,n}, and a coordinate j. Since T, (2), T () € [0,1],
0< min{T,fj(x),T,gj ()} < max{T,fj (2), T,CGJ(:U)} <1,
and similarly for I and F. Hence (H V G)(x), (H A G)(z) € AT x Al x AT, O
Theorem 2.16 (Closure under Complement). Let H : X — AT x AT x AF. Define
He(z) := (1 —T(x),1—1I(x), 1 — F(x)),
where 1 denotes the all-ones vector in the appropriate block. Then H€ is an HPNS.

Proof. Each coordinate v € {T,1, F'} satisfies uy ;(x) € [0,1] = 1 — uy ;(x) € [0,1]. Hence H¢(z) €
AT x AT x AF for all z. O

Theorem 2.17 (Projection to a Single Polarity). Fix p € {T,I,F} and k € {1,...,n}. Let mp) : AT x
AT 5 AF — 0,1 extract the k-th block of polarity p. Then H, y := 7, 0 H : X — [0,1]% is a 6%-polar
component (a multipolar vector of order 1).

Proof. By definition, H,, x(x) is exactly the k-th block u? (z) € [0, 1]%. O
Theorem 2.18 (Commutativity). For HPNSs H, G,

HvG=GVH, HANG=GANH.

Proof. Coordinatewise on [0, 1], max(a, b) = max(b, a) and min(a, b) = min(b, a). O
Theorem 2.19 (Associativity). For HPNSs H, G, K,

(HVG)VK =HV (GVK), (HANG)ANK =HA(GAK).
Proof. Coordinatewise on [0, 1], max and min are associative: max(max(a, b),c) = max(a, max(b,c)) and
min(min(a, b), ¢) = min(a, min(b, c)). O
Theorem 2.20 (Distributivity). For HPNSs H, G, K,

HV(GANK)=(HVG)AN(HVK), HAGVEK)=(HAG)V(HAK).

Proof. Coordinatewise on [0, 1] one has, for all a, b, ¢ € [0, 1],
max(a, min(b, ¢)) = min(max(a, b), max(a,c)), min(a, max(b,c)) = max(min(a,b), min(a, c)),

i.e. the distributive laws in the lattice ([0, 1], min, max). Applying these identities to every coordinate yields
the claim. O
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2.3 Hyperpolar Soft Set

A Hyperpolar Soft Set is a soft set with multiple polarities, each mapping parameters to subsets of the universe,
thus providing multidimensional qualitative assessment. The definition of the Hyperpolar Soft Set is provided
below.

Definition 2.21 (Hyperpolar Soft Set). Let U # () be a universe and E # () a set of parameters. Fix an integer
n > 1. A hyperpolar soft set over (U, E) with n polarities is an (n + 1)-tuple

H = (F,...,F,, E),
where, foreach k € {1,...,n},
F,: E— PU) (P(U) denotes the powerset of U).
Equivalently, H can be viewed as a single map

H: E—PU)x---xPU) = PU)", H(e) = (Fi(e),...,Fu(e)).

n factors
When n = 1, the pair (Fy, F) is precisely an (ordinary) soft set.
Example 2.22 (Candidate Shortlisting with a Hyperpolar Soft Set). Consider candidate selection (cf.2220)
with
U = {Alice, Bob, Carol, Dave}, E = {Experience, Skill, Education}, n = 3.

Interpret the three polarities as qualification tiers, for each e € E:
Fy(e) : highly qualified, F5(e) : moderately qualified, F3(e) : needs improvement.
Specify the component mappings Fy, : E — P(U) by

Experience: F'(Experience) = {Alice, Bob}, Fy(Experience) = {Carol}, F5(Experience) = {Dave};
Skill:  F (Skill) = {Alice, Carol}, F5(Skill) = {Bob}, F3(Skill) = {Dave};
Education: Fj(Education) = {Alice, Dave}, Fy(Education) = {Bob}, F3(Education) = {Carol}.

Equivalently,
H: E— PU)3, H(e) = (Fi(e), F2(e), Fs(e)),

so, for instance,
H(Skill) = ({Alice, Carol}, {Bob}, {Dave}).

This representation displays each parameter at three qualification levels, aiding nuanced shortlisting.
Example 2.23 (Electric Vehicle Selection with a Hyperpolar Soft Set). Consider EV choice (cf.2228) with
U = {Tesla Model 3, Nissan Leaf, Chevy Bolt, BMW i3},
E = {Range, Price, Charging Speed},
n=3.

Interpret the three polarities as buyer-preference tiers:

Fi(e) : top choice,

Fy(e) : acceptable,

Fs(e) : least preferred.
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Define Fy, : E — P(U) by

Range (miles): F(Range) = {Tesla Model 3},
F5(Range) = {Chevy Bolt},
F;(Range) = {Nissan Leaf, BMW i3};

Price (USD): (Price) = {Nissan Leaf, BMW i3},
(Price) = {Chevy Bolt},

(Price) = {Tesla Model 3};

oo

Charging Speed (kW): F(Charging Speed) = {Tesla Model 3, Chevy Bolt},
F5(Charging Speed) = {BMW i3},
F5(Charging Speed) = {Nissan Leaf}.

Equivalently, ‘
H: E— PU)3, H(e) = (Fi(e), Fa(e), Fs(e)),

so, for example,
H (Charging Speed) = ({Tesla Model 3, Chevy Bolt}, {BMW i3}, {Nissan Leaf}).

Theorem 2.24 (Generalization of Soft Sets). Ler H = (Fy,..., Fy,, E) be a hyperpolar soft set on (U, E).

1. If n =1, then H = (F}, E) is exactly an ordinary soft set.

2. Ifn =2and Fy(e) = U\ Fy(e) forall e € E, then H specializes to a (complementary) bipolar soft
structure.

Proof. (1) Immediate from Definition 2.21]  (2) Under n = 2, with F; positive and F5 negative (taken
as the complement), the pair encodes a bipolar arrangement, with disjointness F)(e) N Fy(e) = () holding
automatically. O

Theorem 2.25 (Hyperstructure of Hyperpolar Soft Sets). Let H be the collection of all hyperpolar soft sets
(F1,...,F,, E)on (U, E). Define a hyperoperation

wi HxH—PH), HyxHy:= {K cH ] Ve € B, K(e) € {Hy(e), Hg(e)}},
where H;(e) = (Fi(e),...,Fi(e)). Then (H,x) is a hyperstructure.
Proof. If K € Hy x Hs, then for each e, K(e) € P(U)", so K € H. Thus Hy x Hy C H. Closure under the
induced union on subsets yields a valid hyperoperation on P(H). O

Theorem 2.26 (Closure under Componentwise Union and Intersection). Let H = (F,...,F,,E) and G =
(G1,...,Gy, E) be hyperpolar soft sets on (U, E). Define, for all e € E,

(H\/G)(e) = (Fl(e) UGl(e)v R Fn(e) UGn(e))7

(HAG)(e) == (Fi(e)NGile), ..., Fule) NGy(e)).
Then H NV G and H N G are hyperpolar soft sets on (U, E).

Proof. For each e and k, Fj(e) U Gy(e) C U and Fi(e) N Gr(e) C U. Hence the resulting n-tuples lie in
PU)". O

Theorem 2.27 (Complement). Let H = (Fy,...,F,, E) be a hyperpolar soft set on (U, E). Define its
complement H® = (Ff,...,F¢, E) by

Fy(e) :==U\ Fy(e) (k=1,...,n; e € E).
Then H€ is a hyperpolar soft set on (U, E).
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Proof. Bach Ff(e) C U; thus (Fi(e),...,F5(e)) € P(U)" for all e. O
Theorem 2.28 (Projection to a Single Polarity). Let H = (F1, ..., F,, E) be a hyperpolar soft set. For any
fixed k € {1,...,n}, the pair (Fy, E) is an ordinary soft set on (U, E).

Proof. By definition, Fj, : E — P(U) associates to each e the subset Fj,(e) C U. O

Theorem 2.29 (Partial Order). Let H be the set of all hyperpolar soft sets on (U, E). Define, for H =
(Fl,...,Fn,E) and G = (Gl,...,Gn,E),

H<G < Vee E,Vke{l,...,n}, Fr(e) C Gi(e).

Then (H, <) is a partially ordered set.

Proof. Reflexivity is immediate. If H < G and G < H, then Fj(e) = Gi(e) for all e, k, hence H = G
(antisymmetry). Transitivity follows from transitivity of C on P(U). O

Theorem 2.30 (Lattice Structure). Under <, (H, <) is a lattice. For any H,G € H, the join H V G and meet
HAG of Theoremare, respectively, the least upper bound and greatest lower bound of { H,G}.

Proof. By construction H < HV G and G < H V G; minimality of H V G among upper bounds is by compo-
nentwise inclusion. Dually, H AG < H, G and maximality among lower bounds follows componentwise. [

Theorem 2.31 (Absorption Laws). Forany H,G € H,
HvVv(HANG)=H, HANHVG)=H.
Proof. Componentwise in P(U), AU(ANB) = Aand AN (AU B) = A. Apply to each polarity and
parameter. O
Theorem 2.32 (De Morgan’s Laws). For H, G € H with complement defined in Theorem[2.27)
(HV Q)= HAG", (HANG) = H°VG°.

Proof. Componentwise in P(U), (AU B)® = A°N B®and (AN B) = A°U B°. O

3 Conclusion

In this paper, we have further extended these notions and explored Hyperpolar Fuzzy Sets, Hyperpolar Neutro-
sophic Sets, and Hyperpolar Soft Sets. In the future, we expect further research on extended systems of these
concepts, studies on newly defined operations, and the design of algorithms related to these frameworks.
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