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Abstract

In this paper, we conduct a comprehensive study of neutrosophic subalgebras of various types within the
framework of Sheffer stroke UP-algebras (SUP-algebras). Specifically, we introduce and characterize (€, €),
(€, € Vvq), and (g, € Vq)-neutrosophic subalgebras based on neutrosophic €-subsets, g-subsets, and (€ Vq)-
subsets. Necessary and sufficient conditions are established for these subsets to form subalgebras under the
Sheffer stroke operation. Several theorems demonstrate how these types interrelate and differ in their structural
properties, with illustrative examples provided. Furthermore, we identify the conditions under which certain
canonical subsets, such as X} = {z € X | T(z) > 0,I(x) > 0, F(z) < 1}, form subalgebras across differ-
ent neutrosophic configurations. These results offer a unified perspective and deeper insight into the algebraic
behavior of neutrosophic systems in the context of SUP-algebras.

Keywords: Neutrosophic set; Neutrosophic €-subset; Neutrosophic g-subset; Neutrosophic € Vg-subset;
(€, €)-neutrosophic subalgebra; (&, ¢)-neutrosophic subalgebra; (g, €)-neutrosophic subalgebra; (¢, € Vq)-
neutrosophic subalgebra

1 Introduction

Zadeh'® introduced fuzzy sets by assigning a degree of membership ¢ € [0, 1], and Atanassov! extended this
idea by incorporating a nonmembership degree f € [0, 1], leading to the framework of intuitionistic fuzzy
sets. Smarandache further generalized this setting through the notion of neutrosophic sets 1 where truth,
indeterminacy, and falsity are treated as three independent components (¢, i, f), providing a richer platform
for uncertainty modeling.

To further generalize uncertainty modeling, Smarandache” introduced the concept of neutrosophic sets, extend-
ing the intuitionistic framework by incorporating a third independent component: the degree of indeterminacy
1 € [0, 1], alongside truth ¢ and falsehood f. This triplet (¢, ¢, f) allows for explicit representation of incom-
plete or contradictory information, surpassing the binary and intuitionistic paradigms in capturing neutrality
and ambiguity.
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Neutrosophic sets” generalize classical, fuzzy, and intuitionistic fuzzy sets by allowing independent specifica-
tion of truth (¢), indeterminacy (7), and falsehood (f) for each element. This unified framework has enabled
broad applications in logic, decision theory, and data-driven domains. For further developments, see the com-
prehensive repository.!

The Sheffer stroke (NAND), introduced by Sheffer,® is a functionally complete binary operation: any proposi-
tional formula or Boolean axiom can be expressed using only this operator. Its self-sufficiency offers structural
simplicity, making it an effective foundation for algebraic formulations of logic, including Boolean and UP-
algebraic systems

Recent studies have shown that Sheffer stroke UP-algebras admit a wide variety of structural and uncertainty-
based extensions. The algebraic foundations were strengthened in® through the investigation of ideals, while
hesitant fuzzy and fuzzy set approaches were incorporated in* to handle multi-valued uncertainty. Building
on this line, intuitionistic fuzzy structures were developed to capture dual membership and nonmembership
aspects” More recently, structural variations such as semidetached SUP-subalgebras were explored in® Col-
lectively, these contributions demonstrate both the algebraic richness and adaptability of Sheffer stroke UP-
algebras, motivating the present comparative investigation of neutrosophic subalgebras of several types.

This work establishes algebraic characterizations for (€, €) and (¢, € Vg)-neutrosophic subalgebras within
SUP-algebras. We investigate the structural conditions under which neutrosophic €, ¢, and (€ Vg)-subsets
induce valid subalgebras, and identify the necessary constraints for a neutrosophic set to qualify as a (g, € Vq)-
subalgebra.

2 Preliminaries

In this section, we recall the foundational concepts necessary for the development of neutrosophic subalgebras
in the context of SUP-algebras. We begin with the definition of the Sheffer operation and the algebraic structure
known as SUP-algebra. We then present the notions of neutrosophic sets and associated subsets, which serve
as the primary framework for defining and analyzing various types of neutrosophic subalgebras introduced
later in the paper.

Definition 2.1. ® Let X = (X |) be a groupoid. The operation | is said to be a Sheffer stroke operation if it
satisfies the following conditions: for all z,y, z € X,

Definition 2.2. °' A Sheffer stroke UP-algebra (briefly, SUP-algebra) is a structure (X, |, 0) of type (2, 0) such
that 0 is the fixed element in X and the following conditions are satisfied for all z,y, z € X,

(SUP-1) (((z[(x[2))|(z[(x]2))I(((y](z]x)) (=] (yly) DI ((y] (|2))|
(21 (wly)) DI ()| (2] (2 |2) DIyl (z]2) (2] (Y1)
((yl(2[x))[(=[(yl¥))))) = O

(SUP-2) x|z = (| \(|))

|
(SUP-3) (z[(yly)I(z[(yly)) = 0 and (y|(x|x))|(yl(z|z)) =0 =z = y.

Proposition 2.3. ®' Let X = (X, |,0) be an SUP-algebra. Then the binary relation x < vy if and only if
(y|(x)z))|(y|(z|x)) = 0 is a partial order on X.

Lemma 24. ' Let X = (X, |,0) be an SUP-algebra. Then for all x,y,z € X, we have

(1) z <y=yl(zlz) < |(2]2), 2|(z|z) < 2|(yly)
(2) z<yeyly <zl
3) yl(zlz) <=z
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(4) y < (yl(z]2)[(yl(z]z))

(5) x <y=x < (yl(2]2))|(yl(2]2))

(6) 2l(yly) < 2|(yl(x|x))

(1) (Il Yy)Ile) < 2[(yl(z|))
(

8) 2|((yl(z[)I(yl(2]2))) < (@[(yly)|((z](2]2))|(z](2]2)))-

Definition 2.5. ®' A nonempty subset G' of an SUP-algebra X = (X, |,0) is called a subalgebra of X if
([(yly)(z[(yly)) € G forall z,y € G.

Definition 2.6. ¥ A nonempty subset G of an SUP-algebra X = (X, |,0) is called an ideal of X if for all
‘r? y e X’

(1) y € G = (yl(zla)|(yl(ale)) € G
(2) (vl(ale))|(yl(ala) € Gandz € G =y € G.

Definition 2.7. 1! A neutrosophic set in a nonempty set X is defined to be a structure
A= {(z, Ar(z), A1 (z), Ap (7)) | © € X}, 2.1

where Ap : X — [0, 1] is a truth membership function, Ay : X — [0, 1] is an indeterminate membership
function, and Ap : X — [0, 1] is a false membership function. The neutrosophic set in (2.1)) is simply denoted
by A= (AT, Ab AF)

3 Comparative Analysis of Neutrosophic Subalgebras in SUP-Algebras

Building upon the notions introduced in the previous section, we now explore multiple classes of neutro-
sophic subalgebras within the framework of SUP-algebras. By employing the structure of neutrosophic
sets—characterized by independent truth, indeterminacy, and falsity degrees—we define and analyze the be-
havior of (€, €), (€, € Vq), and (g, € V¢)-neutrosophic subalgebras. Each class is examined through precise
algebraic conditions that determine when the corresponding neutrosophic subsets yield valid subalgebras. This
section presents a unified and comparative perspective, supported by theorems and illustrative examples.

Given a neutrosophic set A = (Ar, A;, Ap)inaset X, o, 8 € (0,1] and y € [0, 1), we consider the following
sets:

Tevg(A,a) ={x € X | Ap(z) > cvor Ap(z) + > 1}
Tevg(A,B) ={x € X | Ar(z) = Bor As(x) + B > 1}
Feua(A ) = {r € X | Ap(x) < or Ap(a) +7 < 1}

We say Uc(A, ), Ic(A, ), and Fe(A, ) are neutrosophic €-subsets of X, and Uy (4, «), I,(A4, 8), and
F,(A,~) are neutrosophic g-subsets of X, and Ucyq(A, @), Ievq(A, B), and Feyq(A,y) are neutrosophic
€ Vg-subsets of X. For ® € {€,q,q € Vq}, the element of To (A, @) (resp., Io (A, B), Fo(A, 7)) is called a
neutrosophic Tg-point (resp., neutrosophic Ig-point, neutrosophic Fg-point) with value « (resp., 5, v). It is
clear that

Tevg(A, o) =Te(A, ) UT(A, )

IGVq(Avﬂ) = IG(Aﬂﬂ) U Iq(A7ﬂ)
Fe\/q(Av’Y) FE(Av’Y)UFq(Av’Y)'
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Definition 3.1. Given &,V € {€,q,q € Vq}, a neutrosophic set A = (Ar, Ar, Ar) in an SUP-algebra
X is called an (@, ¥)-neutrosophic subalgebra of X if the following assertions are valid: for all 2,y € X,

O‘wvawawvﬁy € (O, 1], and Yz Vy € [Oa 1),

z € To(A ap),y € To(A, ay) = (z[(yly)|(z](yly)) € Tw(A, ax A ay)
z € Io(A, Br),y € To(A, By) = (z[(yly))|(z](yly)) € Tu (A, Bz A By) (3.1)
T € Fo(A,72),y € Fo(A,vy) = ((yly)(@[(yly) € Fu(A, vz V).

Theorem 3.2. A neutrosophic set A = (Ar, Ay, Ar) in an SUP-algebra X is an (€, €)-neutrosophic subal-
gebra of X if and only if it satisfies

Ar((zl(yly)I(zl(yly))) > Ar(z) A Ar(y)
(Va,y € X) | Ar((=[(yly)l(z[(yly))) > Ar(x) A Ar(y) : (3.2)
Ar((z](ylv)(=|(yly))) < Ar(z) V Ar(y)

Proof. Assume that A = (A, A;, Ap) is an (€, €)-neutrosophic subalgebra of X. If there exist x,y € X
such that A7 (2l (yly)|(zl(y]9))) < Ar(z) A Ar(y). then Az ((z|(yly)l(@l(ly)) < ar < Ar(z) A
Ar(y) for some oy € (0,1]. It follows that z,y € Te(A, oy) but (z|(y|y))|(x|(y|ly)) ¢ Te(A, o). Hence,
Ar((|(yly)I(z[(yly))) > Ar(z) A Ar(y) forall z,y € X. Similarly, we show that Ar((z|(y|y))|(z|(y|y)))
> Aj(x) AN Ar(y) for all z,y € X. Suppose that there exist a,b € X and 7, € [0, 1] be such that
Ar((al(b]))|(al(b]b))) > vs > Ar(a)V Ar(b). Then a,b € Fe(A,~s) and (a|(b]b))[(al(b]b)) ¢ Fe(A,vs)s
which is a contradiction. Therefore, A ((z|(y|y))|(z|(yly))) < Ap(z) V Ap(y) forall z,y € X.

Conversely, let A = (Ar, A;, Ar) be a neutrosophic set in X which satisfies the condition @) Letzx,y € X
be such that z € Te(A, ;) and y € Te(A, o). Then Ar(z) > o, and Ar(y) > «,, which imply that
Ar((e|(yly))| (@|(wly)) > Ar(2) A Ar(y) > ap Aay,. thatis, (@](yly) (2l (4y)) € Te (4, @y Ac,). Simi-
larly, if # € I (A, B,) and y € Ic(A, By), then (z((yly))|(z|(yly)) € Ie(A, BaABy). Now, letz € Fe(A, 7z)
andy € Fc(A,~,) forz,y € X. Then Ap(z) < v, and Ap(y) < 7y, and so Ap((z|(y|y))|(z](y]y))) <
Ap(z) V Ar(y) < vz V7. Hence, (z|(y|y))|(z|(yly)) € Fe(A,z V y). Therefore, A = (Ap, Ar, Ap) is an
(€, €)-neutrosophic subalgebra of X. O

Theorem 3.3. If A = (Ar, A;, Ar) is an (€, €)-neutrosophic subalgebra of an SUP-algebra X, then the
subsets Ty(A, ), 1,(A, ), and Fy(A,~) are subalgebras of X for all o, 8 € (0,1] and ~y € [0, 1) whenever
they are nonempty.

Proof. Letz,y € T,(A,«). Then Ap(z)+a > land Ap(y)+a > 1. It follows that A ((x|(y|y))|(x](y]y)))
+a > (Ar(z) AN Ar(y)) +a = (Ar(z) +a) A (Ar(y) +a) > 1 and so that (z|(y[y))|(z((yly)) € T, (A, ).
Hence, T,(A, «) is a subalgebra of X. Similarly, we can prove that I,(A, ) is a subalgebra of X. Now, let
x,y € Fy(A,B). Then Ap(x)+~ < land Ap(y) +~ < 1, which imply that Ap((z|(y|y))|(z|(y|y))) +~ <
(Ap(z) V Ap(y)) + v = (Ar(z) +7) V (Ar(y) + ) < 1. Hence, (|(yly))|(|(yly)) € Fy(A,7), and
F,(A,~) is a subalgebra of X. O

The converse of Theorem [3.3]is not true, as seen in the following example.

Example 3.4. Consider an SUP-algebra X = {0, a, b, c} with the following Cayley table:

o o O
Q2 2 g|o
0 O QR
0 0 Q|
Q2 Q|0

Let A = (Ar, Ar, Ar) be a neutrosophic set in X as follows:
If a € [0.4,0.6), b € [0.5,0.8), and v € (0.2,0.5], then T, (A, o), I4(A, B), and F(A, ) are subalgebras of
X.But A= (Ar, A;, AF) is not an (€, €)-neutrosophic subalgebra of X.

Theorem 3.5. If A = (Ar, A, Ar) is a (¢, € Vq)-neutrosophic subalgebra of an SUP-algebra X, then
neutrosophic g-subsets T,(A, a), 1,(A, B), and F,(A,~) are subalgebras of X for all o, 8 € (0.5,1] and
v € [0,0.5) whenever they are nonempty.
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X AT(LL') A[(LL‘) AF(:L‘)
0.6 0.8 0.2
0.4 0.5 0.7
0.4 0.5 0.6
0.4 0.5 0.5

o oRe O

Proof. Let 2,y € T,(A, ). Then (z/(y1y))|(z](1y)) € Tevq(A, @), and so (zl(sly))|(2|(31y)) € Te(4,)
or (z|(yly)|(z|(yly)) € Ty(A, o). I (z[(y|y)|(z[(y|y)) € Te(A, ), then Ar((z[(y[y))|(z|(yly))) = a >
1 — a since @ > 0.5. Hence, (z|(y|y))|(z|(y|y)) € T4(A, «). Therefore, T, (A, o) is a subalgebra of X.
Similarly, we prove that I,(A, ) is a subalgebra of X. Let z,y € F,(A,~). Then (z|(y|y))|(z|(yly)) €
Fevq(A,7), and so (z|(y[y))[(|(yly)) € Fe(A, o) or (z|(yly))|(x|(yly)) € Fy(A, ). If (x|(yly))|(x](yly))

€ Fe(A,7), then Ap((x|(yly))|(z[(yly))) < v <y — 1since v € [0,0.5). Hence, (x|(yly))|(z|(yly)) €
F,(A,~), and therefore Fy,(A,~) is a subalgebra of X. O

Theorem 3.6. A neutrosophic set A = (Ap, Ay, Ar) in an SUP-algebra X is an (€, € Vq)-neutrosophic
subalgebra of X if and only if it satisfies

Ar((2|(yly)|(2|(yly))) = A{Ar(z) A Ar(y), 0.5}
(Va,y € X) | Ar((2|(yly)|(=[(yly)) = A{Ar(2) A Ar(y), 0.5}
Ap(((yly)I(2l(yly)) < V{Ar(z) Vv Ar(y),0.5}

(3.3)

Proof. Suppose that A = (Ap, A7, Ar) is an (€, € Vg)-neutrosophic subalgebra of X and let z,y € X. If
Ar(z) A Ar(y) < 0.5, then Ar((z|(y|y)|(=|(y|y))) > Ar(x) A Ar(y). For, assume that
Ar((=|(yly)|(z[(yly))) < Ar(z) A Ar(y) and choose a such that Ar((z|(yly))|(z|(yly))) < ar <
Ar(z) AN Ap(y). Then ¢ € Te(A, o) and y € Te(A, ay) but (z|(y|y)|(z|(yly)) ¢ Te(A, o). Also
Ar((2|(yly)(z](yly))) + au < 1, that is, (z[(yly))|(z|(yly)) € T4(A, on). Thus, (2|(yly))|(z|(yly)) ¢
Tevq(A, au), a contradiction. Therefore, A7 ((z|(yly))|(z|(y]y))) = V{Ar(z), Ar(y),0.5} whenever
Ar(xz) AN Ar(y) < 0.5. Now suppose that Ar(z) A Ap(y) > 0.5. Then x € T¢(A,0.5) and y € Te(A4,0.5),
which imply that (z[(y|y))|(z|(yly)) € Tevq(A,0.5). Hence, Ar((z|(y[y))|(z((yly))) = 0.5. Otherwise,
Ap((z|(y|y)|(z|(y]y))) + 0.5 < 0.5+ 0.5 = 1, a contradiction. Consequently, Ar((z|(y|y)) (:c|(y|y))) >
V{Ar(x),Ar(y),0.5} for all z,y € X. Similarly, we know that A;((x|(y|y))|(z|(y|y))) > \/{AI(
Ar(y),0.5} for all z,y € X. Suppose that Ap(z)a V F(y) > 0.5. If Ap((z|(y|y))|( |y))) > Ap(z)
Yy

|(|(y
Ap(y) = 7s thenz,y € Fe(A,7s), not (z|(y[y))|(x|(yly)) ¢ Fe(A, ) and Ap((z[(yly))| (=[( )
2y > 1, that is, (z|(y|y))|(=|(y|y)) ¢ F4(A,~). This is a contradiction. Hence, Ap((z| y|E/)

x|
(y
|

y

(
|y
(
)
(

N{Ar(z), Ar(y),0.5} whenever Ap(x) V Ap(y) > 0.5. Now, assume that Ap(z) V Ap(y)
z,y € Fe(A,0.5) and so (z|(y|y))|(z|(yly)) € Fevq(A,0.5). Thus, Ap((z[(y|y))|(z|(yly

|
Ap((z(yly)|(x](yly))) +0.5 < 1. If Ap((z[(y|y))|(z[(yly))) > 0.5, then Ap((2|(yly))|(z|(y y)))+0- >
0.5+ 0.5 = 1, a contradiction. Thus, Ar((z|(yy))|(z|(yly))) < 0.5, and so Ax(( x\(yly)))l( |(y|y))z <
y

V{Ar(x), Ar(y),0.5} whenever Ap(z)V Ar(y) < 0.5. Therefore, Ar((x|(y|y))|(x|(y|y
Arp(y),0.5} forall z,y € X.

~—
~—

Conversely, let A = (Ar, A;, Ar) be a neutrosophic set in X which satisfies the condition (3.3). Let
z,y € X and ag, o, By, By Yoy vy € [0,1]. If 2 € Te(A, o) and y € Te(A, o), then Ap(z) > ay
and Ar(y) > By. If Ar((z|(y|y)|(z|(yly))) < au A oy, then Ap(x) A Ap(y) > 0.5. Otherwise, we have
Ar((z|(yly)|(z|(yly))) > N{Ar(z), Ar(y),0.5} = Ar(z) A Ar(y) > oy A oy, a contradiction. It fol-
tows that Az ((z](yly)) (2] (41))) + @ A 0y > 242 ((@](yly)) 2l (611)) = 2 A{Ar (@), Az(y),05} = 1
and so that (z|(y|y))|(z|(y|y)) € Tq(A, oz A ay) C Tevq(A, oz A o). Similarly, if @ € Ic(A, o) and
y € Ic(A, ay), then (z|(y|y))|(z|(yy)) € Ievq(A, oz A ay). Now, let z € Fc(A,a,) andy € Fe(A, ay).
Then Ap(z) < ay and Ap(y) < oy If Ap((z|(yly)|(z](yly))) > az V oy, then Ap(z) V Ap(y) <
0.5 because if not, then Ap((z|(y|y))|(z|(y|ly))) < V{Ar(z),Ar(y),0.5} < Ap(z)V Apr(y) < a, V
o, which is a contradiction. Hence, Ar((z|(y|y))|(z|(y]y))) + cz V oy < 248 ((z|(yly)|(z|(yly))) <
2\ {Ap(x), Ap(y),0.5} = 1; and so (2] (411) (2l (41)) € Fyl(A, 72 V' 7) C Fevg(A, 72 V 7). Therefore,
A= (Ap, A1, Ap) is an (€, € Vq)-neutrosophic subalgebra of X. O

Theorem 3.7. If A = (Ar, A;, Ap) is an (€, € Vq)-neutrosophic subalgebra of an SUP-algebra X, then
neutrosophic g-subsets T,(A, ), 1,(A, B), and F,(A,~) are subalgebras of X for all o, € (0.5,1] and
v € [0,0.5) whenever they are nonempty.
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Proof. Let #,y € Ty(A, ). Then Ar(z) + o > 1and Ap(y) + a > 1. It follows from Theorem [3.6] that
Ar((](yly)|(z[(yly))) + a = M{Ar(2), Ar(y), 0.5} + o = M Ar(z) + o, Ar(y) + @, 0.5+ a} > 1, that
is, (z|(yly)|(=|(yly)) € T,(A, ). Hence, T,(A, a) is a subalgebra of X. In a similar way, we can induce
that I, (A, () is a subalgebra of X. Now, let z,y € F,(A,~v). Then Ap(x)+~ < land Ap(y)+~ < 1. Using
Theorem[3.6] we have Ar((x|(yly))l(z|(yly))) +7 < V{Ar(2), Ar(y), 0.5} +7 = V{Ar () +7, Ar(y) +
~,0.5 +~} < 1, and so (z|(y|y))|(z|(yly)) € F,(A,~). Therefore, F,(A,~) is a subalgebra of X. O

Theorem 3.8. If A = (Ar, Ar, Ap) is an (€, € Vq)-neutrosophic subalgebra of an SUP-algebra X, then
neutrosophic €-subsets Te (A, a), Ic(A, B), and Fc(A,~) are subalgebras of X for all a, 8 € (0,0.5] and
v € [0.5,1) whenever they are nonempty.

Proof. Assume that A = (A, A;, Ar) is an (€, € Vq)-neutrosophic subalgebra of X. For any z,y € X,
let « € (0,0.5] be such that x,y € Te(A, ). Then Ar(z) > « and Ar(y) > «. It follows from (323)
that Az ((z|(yl))|(=l(sly)) > A Ar(2), Ar(y), 0.5} > a A 0.5 = a and so that (z](yly))|(z|(yly)) €
Te(A, ). Hence, T (A, ) is a subalgebra of X. By a similar way, we can induce that I (A, ) is a subalge-
bra of X forall € 8 € (0,0.5]. Now, let v € [0.5,1) be such that z,y € Tr € (A,7). Then Ap(z) <~ and
Ap(y) < 7. Tt follows from (B33) that Ap((z](y1y) (2] (41))) < V{Ar(z), Ap(y), 0.5} <7V 0.5 = 5 and
so that (z|(y|v))|(z|(yly)) € Fe(A,~). Hence, Fc(A, «) is a subalgebra of X. O

Theorem 3.9. For a neutrosophic set A = (Ar, Ar, Ar) in an SUP-algebra X, if the neutrosophic € Vq-
subsets Tevq(A, ), Ievq(A, B), and Feyq(A, ) are subalgebras of X for all o, 5 € (0,1] and v € [0,1),
then A = (Arp, A1, Ar) is an (€, € Vq)-neutrosophic subalgebra of X whenever they are nonempty.

Proof. Let Teyq(A,7y) be a subalgebra of X and assume that A ((x|(y|y))|(x|(y]y))) < AN{Ar(z), Ar(y),
0.5} for some x,y € X. Then there exists a € (0, 0.5] such that Ar((z|(y|v))|(z|(y|y))) < a < A{Ar(z),
Ar(y),0.5}. It follows that x,y € Te(A, @) C Tevqe(A4, ), and so that (z|(y|y))|(z|(y|y)) € Tevqe(4, a).
Hence, Ar((z|(y|v))|(z|(y|y))) > a or Ar((z|(yly))|(z|(y|ly))) + o > 1. This is a contradiction, and so
Ap((z|(y|u)|(x|(y|y))) > N{Ar(z), Ar(y),0.5} for all z,y € X. Similarly, we show that
Ar((z)(ylu))(z|(yly))) > N{A1(z), Ar(y),0.5} for all z,y € X. Now, let Feyq(A, o) be a subalgebra of
X and assume that Ap((z|(y|y))|(z|(yly))) > V{Ar(z), Ar(y),0.5} for some z,y € X. Then

Ar((2/(yly))(=l(yly) > 7 = \/{Ar (), Ar(y), 0.5}

for some v € [0.5,1), which implies that z,y € Fe(A,v) C Feyqe(A,v). Thus, (z|(yly))|(x|(y]y))
Fevq(A,7). From (3.4), we have (z|(y|y))|(z[(yly)) ¢ Fe(A,7) and Ap((z|(yly))|(|(yly))) + v > 2
1, that is, (z|(y|y))|(z|(yly)) ¢ F4(A,~y). This is a contradiction, and hence Ar((z|(y|y))|(z|(y|y)))
V{Ar(z),Ar(y),0.5} for all 2,y € X. Using Theorem [3.6] we know that A = (Ar, A, Ap) is an (€,
V¢)-neutrosophic subalgebra of X.

—~
w
N

~

OmIANIV M

Theorem 3.10. If A = (Arp, A;, Ar) is an (€, € Vq)-neutrosophic subalgebra of an SUP-algebra X, then
neutrosophic € Vq-subsets Teyq(A, o), Icyq(A, B), and Feyq(A,~) are subalgebras of X for all o, €
(0,0.5] and ~y € [0.5, 1) whenever they are nonempty.

Proof. Assume that Ty q(A, @), Ievqe(A, ), and Feyy(A, ) are nonempty for all o, 8 € (0,0.5] and v €
[0.5,1). Let z,y € Icyq(A,B). Thenz € Ic(A,B) orx € I,(A,B), and y € Ic(A,B) ory € I,(A4, D).
Hence, we have the following four cases:

1) z€lc(AB)andy € Ic(A, B
,B)and y € 1,(A, B)
:B)

and y € I,(A,B).

o

(
2) z el

(A
(A

N

3) x €1, andy € I¢

(1)
(2)
3) ,
(4)

(
(

X @

)
)

N

)

4) z €1,
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The first case implies that (z|(y|y))|(z|(yly)) € Ievq(A,B). For the second case, y € I,(A, ) induces
Ar(y) > 1— 8 > B, thatis, y € Ic(A, ). Thus, (z|(y|y))|(z|(yly)) € Ievq(A, 5). Similarly, the third case
implies (z|(y|y))|(z|(yly)) € Ievq(A, B). The last case induces A;(x) > 1—F > fand A;(y) >1—-5 > 3,
that is, x € Ic(A,B) and y € Ic(A, 3). Hence, (z|(y|y))|(z|(y|ly)) € Icvq(A, B). Therefore, Icyq(A, B)
is a subalgebra of X for all 5 € (0,0.5]. By the similar way, we show that T¢\4(A, ) is a subalgebra of
X forall @ € (0,0.5]. Let x,y € Feyg(A,7). Then Ap(z) < yor Ap(z) +v < 1, and Ap(y) < v or
Ap(y) +v < 1. If Ap(z) < yand Ap(y) < 7, then Ap((2|(y|y))(z|(yly))) < V{Ar(z), Ar(y),0.5} <
V{7,0.5} = ~ by Theorem [3.6] and so (z|(y|y))|(z[(yly)) € Fe(A,7) C Fevq(A,7). If Ap(x) < v and
Ap(y)+7 < 1, then Ap((xl(yly)|(z|(yly))) < VIAr(2), Ap(y),0.5} < V{7, 1-7, 5} = 7 by Theorem
Thus, (2|(y[y))|(z[(yly)) € Fe(A,7) C Fevq(A,~). Similarly, if Ap(z) +v < 1and Ap(y) < 7,
then (z|(y|y))|(«|(y|y)) € Fevq(A,~). Finally, assume that Ap(z) + v < 1 and Ap(y) + v < 1. Then
Ap((|(yly)I(#](yly)) < V{Ar(z), Ar(y),0.5} < V{1 —~,0.5} = 0.5 < v by Theorem[3.6| Hence,
@ (yluNl(x|(yly)) € Fe(A,v) C Fevq(A,~y). Consequently, Feyy(A,7) is a subalgebra of X for all
~v € 10.5,1). O

Theorem 3.11. If A = (Ar, A1, Ar) is an (g, € Vq)-neutrosophic subalgebra of an SUP-algebra X, then
neutrosophic € Vq-subsets Tevq(A, @), Ievq(A, B), and Feyy(A,v) are subalgebras of X for all o, €
(0,0.5] and v € [0.5, 1) whenever they are nonempty.

Proof. Let z,y € Teyq(A,a). Thenz € Te(A,a) orz € Ty(A,a), andy € Te(A,a) ory € T,(4,a).
If 2 € Ty(A,a) and y € T,(A, a), then obviously (z|(y|y))|(z|(y|ly)) € Tevq(A, ). Suppose that z €
Tec(A,a) and y € Ty(A, o). Then Ap(x) + o > 2 > 1, that is, © € T4(A, o). It follows that (z|(y|y))|
(@|(yly)) € Tevq(A, @). Similarly, if v € Ty (A, o) and y € Te (A, a), then (z[(y[y))[(z[(y]y)) € Tevq(4, ).
Now, let z,y € Feyq(A,v). Thenz € Fe(A,y) orx € Fe(A,v),andy € Fe(A,vy)ory € Fe(A,v). If
z € Fe(A,y) and y € Fe(A, ), then clearly (|(y(y))|(z[(yly)) € Fevq(A, 7). If z € Fe(A,7) andy €
Fe(A, ), then Ap(x)+v < 27y < 1, thatis, x € F,(A,~). It follows that (z|(y|y))|(z|(y|y)) € Fevq(4,7).
Similarly, if x € F,(A,v) and y € Fc(A,~), then (z|(y|y))|(z|(yly)) € Fevq(A,~). Finally, assume that
x € Fe(A,v)andy € Fe(A,~). Then Ap(x)+v <2y < land Ap(y)+v < 27y < 1, thatis, x € Fy(A4,7)
and y € F,(A,~). Therefore, (x|(y|y))|(z|(yly)) € Fevq(A, 7). Consequently, Tey, (A, ), Ievq(A, 5), and
Fevg(A, ) are subalgebras of X for all i, 8 € (0.5,1] and 7y € [0, 0.5). O

Given a neutrosophic set A = (A, A7, Ar) in a set X, we consider the following set:
Xi={r e X|Ar(z) >0,A;(z) >0, Ap(z) < 1}.

Theorem 3.12. If A = (Ar, A;, AF) is an (€, €)-neutrosophic subalgebra of an SUP-algebra X, then the
set X} is a subalgebra of X.

Proof. Proof. Let z,y € Xg. Then Ar(z) > 0, A;
and Ar(y) < 1. Suppose that Ar((x|(y|y))|(x|(y|y))) = 0. Note that z € T¢(A4, Ar(x)) and y €
Te(A, Ar(y). But (s|(yly) (2l (s1)) & Te(A, Az(x) A Ar(y)) because Ar((z|(yly))|(zl(yly))) = 0 <
Ap(z) A Ar(y). This is a contradiction, and thus A7 ((x|(y|y))|(x|(y|y))) > 0. In the similar way, we show
that A7 ((z|(y|y))|(z|(y|y))) > 0. Note that x € Fe(A, Ap(z)) andy € Fe(A, Ap(y)). If
Ap((z|(yly) (=] (yly))) = 1, then Ap((z|(y[y)(z|(yly))) = 1 > Ap(z) V Ap(y), and so (z|(y|y))|
(z|(yly)) & Fe(A, Ap(z) V Ar(y)). This is impossible. Hence, (z|(y|y))|(z|(yly)) € X¢, and hence X&iDs
a subalgebra of X.

g.’)L‘) > 0, AF( ) < 1, AT(y) > 0, A[(y) > 0,

Theorem 3.13. If A = (Ar, A1, Ar) is an (€, q)-neutrosophic subalgebra of an SUP-algebra X, then the
set X} is a subalgebra of X.

Proof. Letx,y € X}. Then Ap(x) > 0, Aj(x) > 0, Ap(x) < 1, Ar(y) > 0, A;(y) > 0,and Ap(y) < 1. If
Az ((z[(yly))|(z[(yly))) = 0, then Ap((z|(y[y))|(x[(yly)))+ Ar(z) AAr(y) = Ap(x)AAr(y) < 1. Hence,
(@|(yly)|(z|(yly)) ¢ Tq(A, Ar(z) A Ar(y)), which is a contradiction since € Tc(A, Ar(z)) and y €
Te(A, Ar(y)). Thus, Ar((z|(yly))|(z|(y|y))) > 0. Similarly, we get A;((x|(y|y))|(z|(y]y))) > 0. Assume
that A ((2[(yly))|(=[(yly))) = 1. Then Ar((z|(y[y))|(z[(yly))) + Ar(2)V Ar(y) = 1+ Ap(2) V Ar(y) >
1, thatis, (z|(y|y))|(z|(yly)) ¢ Fy(A, Ap(xz)V Ap(y)). This is a contradiction because of x € Fe (A, Ap(z))

and y € Fe(A, Ap(y)). Hence, Ap((x|(yly))|(z|(yly))) < 1. Consequently, (x|(y|y))|(z|(yly)) € X; and
X} is a subalgebra of X. O
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Theorem 3.14. If A = (Ar, A1, AFp) is a (q, €)-neutrosophic subalgebra of an SUP-algebra X, then the set
XU is a subalgebra of X.

x) < 1, Ar(y) > 0, A;(y) > 0,and Ap(y) < 1.
Y+1 > 1L, Ar(ly)+1 > 1, Ap(z) + 0 < 1,
Fo(A,0). If Ap((z|(yly))|(x[(yly))) = 0 or

Proof. Letz,y € X}. Then Ar(x) > 0, AI( ) > 0, Ap(
It follows that Ap(z) +1 > 1, Ar(y) +1 > 1, As(z
and Ap(y) +0 < 1. HencexyGT(Al) I,(A, 1) N
Ar((2l(y1) (2l (s1y))) = 0, then Ar((el(sly))|(l(319) < 1= 1AL or Ar((zl(yly))|(zl(yly)) < 1 =
1AL Thus, (z|(yly)|(z|(y|y)) & Ty(A, 1AL) or (z|(y|y))|(z|(y|ly)) ¢ I4(A, 1 A1) which is a contradiction.
Hence, Ar((z|(yly))|(z|(ly))) > 0 and Ay ((z](sly))] ] (5]))) > 0. T A ((z] (s15))] (x| (411))) = 1, then
(x| (yly)|(x|(yly)) ¢ Fy(A,0V 0) which is a contradiction. Thus, Ar((z|(y|y))|(z|(yly))) < 1. Therefore,
(@|(yly)(z|(yly)) € X(} and X is a subalgebra of X. O

Theorem 3.15. If A = (Ar, A1, Ar) is a (q, q)-neutrosophic subalgebra of an SUP-algebra X, then the set
X} is a subalgebra of X.

Proof. Letz,y € X}. Then Ar(z) > 0, Aj(z) > 0, Ap(z) < 1, Ar(y) > 0, A;(y) > 0and Ap(y) < 1.
Hence, Ar(xz)+1> 1, Ap(y)+1> 1, Ar(z)+1>1, Ar(y)+1 > 1, AF (x)+0<land Ap(y)+0< 1.
Hence, .y € T,(A, )NI4(A, 1)NF, (A, 0). TF Ar((zl(yly)) (2l (y1))) = O or Ar((zl(yly))| I (4]))) = O
them Ar (el + AT = 01 = T or Ar (el + 1AL 2 0t = 1
and so (z[(y[y))[(=[(yy)) & To(A,1 A1) or (2|(yly)|(z[(yly)) ¢ I4(A,1 A 1). This is impossible, and
thus Ar((z/(y[y)) (2l (yly))) > 0 and A;((al(yly)](@|(51y) > 0. IF Ar((&](yly)|(zl(yly)) = 1, then
Ap((z|(yly)|(x|(yly))) + 0V 0 =1, that is, (z|(y|y))|(=|(y|y)) ¢ F,(A,0V0). This is a contradiction, and
so Ar((x|(y|y)|(z|(y|y))) < 1. Therefore, (z|(y|y))|(z|(y|y)) € X3 and X¢ is a subalgebra of X. O

Theorem 3.16. For a subalgebra S of an SUP-algebra X, let A = (Ar, A1, Ar) be a neutrosophic set in X
such that

(Vz € S)(Ar(z) > 0.5, Ar(z) > 0.5, Ap(z) < 0.5) (3.5)
(Ve € X\S)(Ar(z) = 0, Ar(z ) 0,Ap(z) =1). (3.6)

Then it is a (q, € Vq)-neutrosophic subalgebra of X.

Proof. Assume that x € I;(A,az) and y € I,(A4, ) forall z,y € X and o, oy € [0,1]. Then A;(x) +
ag > land Ar(y) + ay > 1. If (z|(y|y))|(z|(y|y)) ¢ S, thenz € X\S ory € X\S since S is a subalgebra
of X. Hence, A;(z) = 0 or A;(y) = 0, which imply that o, > 1 or o, > 1. This is a contradiction,
and so (& (y1y)|(z](yly) € S. I a, Ay > 0.5, then A;((al(yly)] (@|(y19) + a0 A @y > 1, that is
) € N|(x
x

(@[ (Y[ (Yly)) € 1g(As oz Aay). T ag A ey < 0.5, then Ar((z](yly))[(2|(y]y))) = 0.5 > az A ay,
that is, (2] (4])|(z](yly)) € Ta(A, @ A ay). Hence, (a(yly)|(zl(yly)) € Tevy(A,au A ay). Similarly,
if v € Ty(A,op) and y € T4(A, o) for all z,y € X and oy, € [0,1], then (z|(y|y))|(z|(yly)) €
Tevq(A, oz A ay). Now, let 2,y € X and ,,7, € [0,1] be such that z € F;(A,v,) and y € Fy(A,v,).
Then Ap(z) + v, < 1 and Ap(y) + v, < 1. It follows that (z|(y|y))|(z|(y|ly)) € S. In fact, if not then
x € X\Sory € X\S since S is a subalgebra of X. Hence, Ap(z) = 1 or Ap(y) = 1, which imply
that 7, < 0 or v, < 0. This is a contradiction, and so (z|(y|y))|(z|(y|ly)) € S. If 75 V v, > 0.5, then
Ar (@) @l (619)) < 0.5 < 70 V . that is, (@l @lGly) € Fe(Ar V). 17V 3, <
0.5, then Ap((z[(yly))|(=(yly))) + 7= V vy < 1, thatis, (z|(y[y))[(z](yly)) € Fy(A, 7 V 7). Hence,
(@|(y)(z|(yly)) € Fevq(A,vz V vy), and consequently A = (Ar, A, Ar) is a (¢, € Vg)-neutrosophic
subalgebra of X. [

Combining Theorems [3.5]and [3.16] we have the following corollary.

Corollary 3.17. For a subalgebra S of X, if A = (Ar, Ar, Ar) is a neutrosophic set in X satisfying condi-
tions (3.3) and (3.6), then T, (A, «), I,(A, B), and F,(A,~) are subalgebras of X for all o, 8 € (0.5,1] and
v € [0,0.5) whenever they are nonempty.
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4 Conclusion

In this paper, we presented a comparative study of neutrosophic subalgebras in SUP-algebras, focusing on the
(€,€), (€, € Vvq), and (g, € Vq)-cases. By employing the framework of neutrosophic subsets, we established
necessary and sufficient conditions under which these subsets form valid subalgebras, and we clarified the
structural relationships among different classes. Illustrative examples further demonstrated how these condi-
tions operate in practice, highlighting the distinctions between various neutrosophic configurations.

The results provide not only explicit characterizations but also a unified algebraic perspective on neutrosophic
substructures within SUP-algebras. This contributes to a deeper understanding of how truth, indeterminacy,
and falsity interact in algebraic systems, and suggests avenues for further exploration in related logical algebras
and generalized uncertainty models.
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