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Abstract

The main goal of this article is to study the division of symbolic n-plithogenic numbers using the identifica-
tion method and n-plithogenic AH-isometry. In particular, we discuss the division of symbolic 2-plithogenic
numbers and 3-plithogenic numbers, and we generalize these divisions. Additionally, we prove the validity of
the formulas using AH-isometry and provide four worked examples to enhance understanding.
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1 Introduction

Several researchers have explored the idea of refined neutrosophic structures™™ Smarandache introduced
symbolic plithogenic algebraic structures, which closely resemble refined neutrosophic structures, though they
differ somewhat in the way the multiplication operation is defined '

In? the algebraic characteristics of symbolic 2-plithogenic rings formed by combining symbolic plithogenic
sets with algebraic rings are examined, including foundational properties and substructures such as AH-ideals,
AH-homomorphisms, and AHS-isomorphisms. Subsequently, various researchers have introduced and inves-
tigated symbolic 3-plithogenic algebraic structures, including symbolic 3-plithogenic rings, vector spaces, and
modules 2%

Recently, Alhasan et, al”Z studied the division of 3-Refined neutrosophic numbers by using the identification
method and the 3-refined AH-isometry. Motivated by this work, in this article we studied the algorithm for
finding the division of symbolic 2-plithogenic numbers, 3-plithogenic numbers and n-plithogenic numbers
using the identification method and AH-isometry. Further, we proved that the results by all of these methods
remains same through examples.
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2 Division of Symbolic 2-Plithogenic Numbers using Identification Method

Letly = a1 + b1 Py + c1 P> and ls = as + ba Py + c2 P; be any two Symbolic 2-plithogenic numbers.
To find %
Let % =z + yP; + 2 P; (say), where z, y, z real unknowns. Then

a1+ 0P+ caPs
=z +yP + zP.
as + b2P1 + CQPQ y51 2

=a+bPi+aP = (x4+yP+2zP)(ag+baPy + caPy)
asx + asyP + agzPs + box Py + bgyPl2 + baz P Py + co Pox
+coPoy Py + CQZPQQ
asx + asy Py + a0z Po + box Py + boyPy + bozPo + cox Py + coyPo + co2Ps
asx + (agy + bax + bay) Py + (a2z + baz + cox + coy + c22) Py

a1 + 0P+ 1P

Equating the coefficients of 2-plithogenic numbers, we get

Aok = ay (D)
box + (a2 + bg)y = b 2
cox + ey + (a2 + b +c2)z =1 (3)

The system of equations (1), (2), (3) has a unique solution if A # 0

ag O 0
by az+ by 0 £0
Co Co as + by + co

ag(az + bz)(az + by + CQ) #0

az # 0,a2 + b2 # 0,a2 + by + 2 # 0

Equation (1) implies
aj

8
I
|

a2
Substituting the value of x in Equation (2), we get
a
ba (1) + (az +bo)y = by
as

a2b1 — a1 b2
a9 (a2 + b2)
Substituting the value of x and y in Equation (3), we get

=y=

cox 4 coy + (a2 + b2 + c2)z = 1

a1 a2b1 7@11)2
_— —_— b =
2 <az)+62<L12((12—|-b2))+(a2Jr 2t a)i=c

C1(CL2 + bg) — CQ(CL1 + bl)
(ag + b2)(az + b2 + c2)
Hence the algorithm for the division of two symbolic 2-plithogenic numbers is

= 2=

CL1+b1P1 +01P2 o ﬂ a2b1 —albgp cl(a2+b2)—62(a1+b1)
as+baPr+coPy  ax  az(as+ba) ! (a2 + b2)(az + by + c2)

exists only if ag #£ 0,as + by # 0,a2 + by + o # 0

2
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3 Division of Symbolic 3-Plithogenic Numbers using Identification Method

Letly = a1 +b1Pr+ 1Py +diPsand ls = as + ba Py + co P> + do P3 be any two Symbolic 3-plithogenic
numbers.

To find %:

Let % =z + yP, + 2P, + wP;5 (say), where x, y, z, w real unknowns. Then

a1—|—b1P1—|—61P2—|—d1P3
=z+yP + 2P+ wP:
ag + bo Py + coPy + do P v ? 3

This implies that

a1 +biPL+ciPo+diPs = asx + (agy + baw + boy) Py + (azz + baz + cox + coy + c22) P
+(agw + bow + cow + dox + doy + doz + dow) Ps

Equating the coefficients of 3-plithogenic numbers, we get

asT = aj “)

bax + (ag + bo)y = by )

cox + ey + (ag +ba +c2)z =1 (6)

dox + doy + doz + (ag + ba + co + do)w = d 7

The system of equations (4), (5), (6)&(7) has a unique solution if A = 0

as 0 0 0

by as + by 0 0 £0
C2 C2 as + by + co 0

do do do as + by +ca +do

ag(az+b2)(a2+bg+62)(a2+b2+02+d2) #0
CL2#O,CLQ—FbQ#O,CLQ—FbQ—FCQ#O,a2+b2+02+d27&0

Equation (4) implies

Substituting the value of z in Equation (5), we get

a
bo (al> + (az + bg)y =b

2
azby — a1by

 as(ag + ba)
Substituting the value of x and y in Equation (6), we get

cox + coy + (a2 + b2 + c2)z =
ai asby — aibs
2| — |+l —F——= )+ (a2 +bs+c2)z=c
2<a2) 2<a2(a2+b2)) ( 2 2 2) 1
C201 02(a251 - a1b2)

b =c1 — —
(ag+by+c2)z=01 s az(as + b2)

craz(as + b2) — caaq(az + b2) — caasby + c2a1bo
az(as + ba)
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a%cl + agbacy — asaica — ajboca — asbics + ajbacs
az(az + ba)
azcy + bacy — ayca — bicy
as + by
_ci(ag +bo) — ca(ay + by)
— (ag +bo)(ag + by + o)

Substituting the value of z, y and z in Equation (7), we get

(0,2 + b2 + CQ)Z =

(CLQ + b2 + CQ)Z =

dox + doy + doz + (a2 4+ by + co +d2)w =d;

(ag + by + co2 + do)w dy — dox — doy — daz

— 4 —d (611) _d (azb1 —a1b2> 4 (01(a2+b2) —ca(ay +b1)>
= a 2 2| —————~ 2
az az(az + ba) (az +b2)(az2 + ba + c2)
dlag[a% + 2a9by + b% + asco + bQCQ} — dg[a%(al + b1 + Cl) + ajasbs + asboby + agbgcl]
az(az + ba)(az + by + c2)
di[(ag + b2)? + ca(ag + b2)] — dafas(ay + by + c1) + ba(ay + by + ¢1)]
(@ + b2)(as + by + ¢2)
dl(ag + bz)(ag + by + CQ) — dg(al + by + Cl)(ag + bg)
(C(,Q + bQ)(CLQ + by + Cg)
di(as + by + ¢c2) — da(ar + b1 +¢1)
ag + by + co
dq(ag + ba + o) — da(ag + b1 + 1)
(a2 + by + c2)(az + ba + c2 + da)

Hence the algorithm for the division of two symbolic 3-plithogenic numbers is

at+bhPi+abP+diPs a1 asb —aiby c1(ag + b2) — ca(ar + b1) di(ag + by + c2) —da(as + b1 + 1)

(l2+b2P1 +CgP2+d2P3 - a2 az(a2+b2) ! (a2+b2)(a2+b2+62) 2 (a2+bz+02)(a2+b2+02+d2)

3
exists only if

az#0, as+by#0, as+ba+c2#0, ax+ba+co+dy#0

4 Division of Symbolic n-Plithogenic Numbers using Identification Method

From the division algorithm of symbolic 2-plithogenic and 3-plithogenic, we can generalize the division algo-
rithm for symbolic n-plithogenic numbers.

Letly =ag+a1 Py +asPs+asPs+ ...+ a, P, and lo = by + b1 Py + ba P54+ b3 Ps + ... + b, P,, be any two
Symbolic n-plithogenic numbers.Then the division algorithm for two n-plithogenic numbers is defined by

ll o (10+CL1P1 —|—a2P2+a3P3—|—...—|—anP,L Qo bodl —aobl ag(bo—Fbl) —b2(a0+a1)
lo ~ bo+bi1P+boPy+b3Py+ ..+ b,y by bo(bo+01) " (bo+br)(bo + b1 + o)
az(bg + by + b2) — bs3(ap + a1 + az) a4(bo + by + ba + b3) — ba(ao + a1 + az + as)
(bo + b1 + b2)(bo + by + by + b3) 3 (bo+b1+b2+b3)(bo+b1+bz+b3+b4)
an(bo +b1+b2 +b3+ ... + by1) —bplao + a1 +ag +az + ... + ... + ap—1)

(bo +b1+bs+0b3+ ...+ bn—l)(bO +b1+by+b3+bs+ ...+ bn)

2

4

+o+

Py,

exists only if
bo#0, bop+b1 #0, bo+b1+ba#0, bop+b1+ba+0b3#0, bo+b1+ba+bs+bs#0,...., bo+b1+
b2+b3+...+bn_17é0, bo+b1+b2+b3+...+bn7é0
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Proof. We prove this result by mathematical induction method.
Let £ = Q= Qly = Iy,
where Q =qo + Q1P1 + q2P2 + Q3P3 + ...+ QnPn is aquotient.
g = ao o = boay — apby 0 = as(bo + b1) — ba(ap + a1)
* 7 by bo(bo + b1) (bo + b1)(bo + b1 + ba)
Step 1: (Base case n = 2)
lh=ag+a1Pr+axPs,lp =bg+ b1 P +baPrand Q = qo + 1 P1 + 2. P»
Qly = (qo+qaPr+ qP2)(bo + b1 P+ baPy)
= boqo + (b1go + bogq1 + b1q1) P1 + (baqo + b2q1 + bogz + b1g2 + b2q2) P2
agp ao boa1 — agby
= by | — b1 | — b b —_— P,
0 <b0> * < ! <50) (o +b) <b0(b0+b1)>> !
ag bpai — agby as(bo + b1) — ba(ag + ay) ))
+ (b2 — ) +ba| ———~ |+ (bg+b +0 P,
(2(b0> 2<b0(b0+b1)> (bo + b1 2>< (b + b1)(bo + by + b2) 2
= ap+ a1 P+ a P
Iy

Hence, the base case is true.
Step 2: Assume the formula is true for n = k.

k k
W= ar, "= up,
=0 =0

i k Rk _ k)
Z(T):Q():>Q()l2 =10
2

we have:

k
where Q%) = 3 ¢; P;
i=0
Step 3: We have to prove the formula holds for n = k + 1.
ZEHU = li’“) + ap41Pri1
lékH) = lé‘“) + b1 Prg
QU = Q™ + g1 Pt

‘We have to show that

Q(k+1)lék+1) _ ZYH_U

QU+ lgkﬂ) = (Q(k) + Qk+1Pk+1) (lék) + bkﬂpk“)
= Q(‘“)lék) + 0 1QW Py + Qk+1l§k)Pk+1 + G101 Prr ®)
1D — 9 gy Py ©)

Equating the coefficients of Py in (8) and (9)

aps1 = brp1QW + Qk+1l§k) + qrr1brt1
akt1 — b1 QW)
l;k) + brt1

dk+1 =

Which matches the recursive structure in the general formula. Thus, assuming the formula holds for £, it also
holds for & + 1 under the conditions that lgk) + br41 # 0.

O
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5 Division of Symbolic 2-Plithogenic numbers using 2-Plithogenic AH-Isometry

Let f : R[P1, P3] X R[Py, P2] — R[P1, P»] be a literal 2-Plithogenic function of two variables. Then

flar + 1P+ 1Py a0+ bo Py + coP2) = f(ar,a2) + [f(az + ba,a1 +b1) — f(az,a1)] Py
+(f(az + b2 +c2,a1 + b1+ 1) — flag + b2, a1 + b1)]| P>
(11+|:(11+b1 a1:|P |:a1+b1+61 a1+b1

— P
az+by  ao 2

as+by+co  az+bo

az

Proof. Here, we derive the division algorithm of 2-plithogenic AH-isometry from identification method. From
the division algorithm of two 2-plithogenic numbers by identification method, we have

at+bPi+alP, ar | abi —aiby ci(az +b2) — ca(ar + b1)
as + ba Py + ca Py as ag(az + bg) ! ((12 + bg)(az + by + Cz) 2
_ ﬂ 4 a261 “+ asaq1 — asay — a1b2 P1
as az(az + b2)

L G102 + c1ba 4 aza; + agby + a1by + biby — caar — caby — azar — azby — a1by — b1by

(ag + b2)(az + bz + c2)
_ ﬂ+a2(a1+b1)—a1(a2+b2)Pl
az as(az + ba)
+a2(a1 +bi+c1) +ba(ar + b1 + 1) —ar((ag + ba + c2) — bi(az + ba + ¢2)

(ag + b2)(az + b2 + c2)

P,

ay az(al +b1) —a1(a2+b2)

(a1 4+ b1+ c1)(az + ba) — (az + ba + c2) (a1 + by)

= + P+
ag az(az + b2) ! (a2 + b2)(as + ba + c2)

b b b
_ CL1+[¢11+1 al]pl [CL1+ 1t+c ar+0

as as + bs ao as + by + co as + by 2
= flai,a2) + [f(az + b2, a1 + b1) — f(az,a1)] Py
“r[f(ag 4+ by +co,a1 + b1 + 01) - f(ag + by, a1 + bl)]Pg

6 Division of Symbolic 3-Plithogenic numbers using 3-Plithogenic AH-Isometry

Let f : R[P1, Py, P3| X R[Py, P2, P3s] — R[Py, P2, Ps] be a literal 3-Plithogenic function of three variables.
Then

fla1 + 01 Py + c1 Py + dyP3,az + ba Py + co Py + da P3)

= f(a1,a2) + [f(az + ba,a1 + b1) — f(az,a1)]P1r + [f(az + b2 + c2,a1 + b1 + ¢1) — f(az + b2, a1 + b1)] P2

+[f(a2+b2+02+d2,a1 + b1+ +d1) —f(a2+b2+027a1 + by +C1)]P3
al_'_{al—&—bl al}P {a1+b1+01_a1+51}P2 [al—i—bl—&—cl—i—dl a1 +b+c P

a2+b2_;2 as + by + o as + by

as + by + co + da as + by + o

ag

Proof. Let
a1 +b1Py+c1 P+ di Ps

a2 + ba Py + coPo + da P

Here, we derive the division algorithm of 3-plithogenic AH-isometry from identification method. From the
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division algorithm of two 3-plithogenic numbers by identification method, we have

ﬂ agbl 70,11)2 ) 01(a2+b2) 762(&14’1)1) X dl(a2+b2+02) 7d2(a1 +b1 +Cl)
as a2(a2+bg) (az +b2)(a2 + by -‘rCz) (a2+b2 +Cg)(a2 + by +02+d2)
- aq |:a1+b1 a1:| |:(11+b1+01 a1+b1]P |:a1+b1+01+d1 a1+b1+01
- 1 2

X =

3

- — — — P
as + by ao ag + by + o as + by as + by + co + do as + by + co 3

= fla1,a2) + [f(az + b2, a1 + b1) — f(az,a1)|P1 + [f(az + b2 + c2,a1 + b1 +c1) — f(ag + b2, a1 + b1)] Po
+[f(ag + by + ca +da,a1 + b1 +c1+di) — flag + b2 + c2,a1 + b1 + ¢1)] P

as

O

7 Division of Symbolic n-Plithogenic Numbers using n-Plithogenic AH-Isometry

From the division of symbolic 2-plithogenic and 3-plithogenic numbers using AH-Isometry, we can generalize
the division algorithm for symbolic n-plithogenic AH-Isometry.
Let ll =ap+ a1P1 + CLQPQ + ang + ...+ anPn and l2 = bo + b1P1 + b2P2 + b3P3 + ...+ bnpn be any two
Symbolic n-plithogenic numbers.Then the division algorithm for two n-plithogenic numbers is defined by
Let f : R[Py, Py, Ps, ..., P,]| X R[Py, P2, Ps, ..., P,] = R[Py, P2, Ps, ..., P,] be a literal n-Plithogenic func-
tion of n-variables. Then
f(ao +a1P1 +asPy +az3P;+ ... + anPn,bo + b1 Py +byPy +b3Ps+ ...+ bnpn)
= f(ag,bo) + [f(bo + b1,a0 + a1) — f(bo, ao)|P1 + [f(bo + b1 + b2, a0 + a1 + a2) — f(by + b1, a0 + a1)] Pe
+[f(bo + b1 + b2 + bz, a0 + ar +az + az) — f(bo + by + b2, a0 + a1 + az)|Ps
+oo+[f(bo+ by +ba+bs+ ...+ bp,a0+ a1 +as+az+ ... + ay)
—f(bo +b1 +ba+ ... +by_1,a0 +ar +az+ ...+ an_1)]Pn
_ Qo ap+ar ap ap+ai+az ap+ap ap+aiy+ax+az ap+air+as
=— —— | P — P, Ps+ ...
bo bo+0b1+b2  bo+b1

bo+b1 by bo+0b1+bo+bs  bo+bi+by| °
[ao—i—al—i-ag—l—a;;—l—...—&—an a0+a1+a2+...+an1}P

bo+b1 +by+bsg+ ...+ b, bo+by+bs+...+b,_1

8 Examples

In this section, we discuss some examples regarding division of two n-plithogenic numbers using Inversion
method, Identification method and AH-Isometry function and to prove that the value remains same in all meth-
ods.

Example 8.1. Let

X = 1-3P + P,
10— P, TP,
Inversion method:
1 1 1 1 1
X = 1-3P+P)|— - — — | P ——— | P
(1-3P + 2)<10+<9 10) 1+<2 9> 2>

11 7
— (1-3P,+P)|(—+—-P +--P
(1-3P + 2)(10+90 1+18 2)
11 7 3 3 21 1 1 7
- — 4 P +--P-"P-2P-ZPt—Pt—P+ P
TR T R T e TR R TR TRk

_ i_|_ i i i P_|_ l §+i+i+l P
~ 10 " \90 10 90/ 18 18 10 90 ' 18) 2

1 [(1-27-3 7 1
= —+(—==\p+(=+-)P
10+< 90 ) 1+(18+9) ?
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Identification method:

AH-Isometry method:

Hence,

Example 8.2. Let

Inversion method:

X

-
3

Identification method:

X

AH-Isometry method:

X

Hence,

DOI: https://doi.org/10.54216/1JNS.270228

(=54 4P, + P, — 2P3) (

(=5 + 4P + Py — 2Ps) (

1 —30+1
0 ( 10(9)
129 5

10 9 ' 18

iy
o

1(9) + 7(—2)
9(2)

s

2

)

| —

—2
9
~20 -9

90

S
10

)

 —54+4P, + P, — 2P
© 342P +P,—P;

(e

2
Zp_1p P.
15 2+30 3)

1 1 1

5 3

1 1

6 5

1 1

5 6)%)

3
1

S_Zp
3 1

30
8
15

)

Py + BPS

2
15

1 2 4
a2t =P — P+ P+ —

30 30 3 15
11 ~1

)H+(_+§g+(6+_

6 30 3 30

15—-1-8 *5*20+12+1
+ 30 P+

1 4

PP —

63+31
1

2 1

P+ Zp, —
+3 1+62
2

P, —
1

15
2,
37

Ps

6

15
1

>p

(

5

(5 (2
5

22 1 2
—+ =P+ =P, — =P
+151+52 543
5

+<_51+3>P1+(
(

3425
22
— P,
+ 5 +

12+ 10
3(5)

>&+(

0 -1 -2

a2

6 5

1 -2
P — | P — | P.
)1+<5) 2+<5)3
1 2
-
52 5°

Wl ot Wl ot W ot

)

_|_

15
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Example 8.3. Let
1—2P, +3P,+4P; — 5P,

X:
3_P, 2P, P+ 4P,

Inversion method:

1 1 1 1 1 1 1 1 1
X = (1—2P1+3P2+4P3—5P4) <3+(2—3>P1+<4—2>P2+<3—4>P5+<7—3>P4>
1 1 1 1

4
= (1 — 2P1 + 3P2 +4P3 — 5P4) (3 + Epl — ZPQ + Epg — 21P4)

1 /1 2 1 -1 1 1 3 -1 3 7 —4 15 10
= —+(=-2-2 Pt —4=414--" )P+ (—-2 Pt |——-—4—)P
3+<6 3 3) 1+(4+2+ T3 4) 2+(12 4+3) +(21 6+12> :
1 5 3 13
= P +P+-P——P
3 6 Ty

Identification method:

x - L. (—6—1—1) Pt (3(2)2—(2(—1)> P+ (4(4)+1(2))P3+ (—5(3)—4(6)) P,

3 3(2) 1) 4(3) 3(7)
1 5 3 13
= — - 2pP+P+opP - 2P
376 1+ 2+2 3 7 4
AH-Isometry method:
1 (- 2 -1 6 2 1 6
X =3 (2 ) <4‘2)P2+(3‘4)P3+(7‘3)P4
1 5 3 13
= -2 P+oP— 2P
376 P+ 2+2 3 7 4
Hence,
1 5 3 13
X = --2P+P+2P— P
376 1+ 2+2 3 - 4
Example 8.4. Let
3P, — APy + 11Py — P + TP; + 2P; — Py
N 15— P, + 3Py, — Ps + 6Ps + 2P
Inversion method:
X = (3P, —4P;+11Py — P5 + TPs + 2P — P) Lo lp 3 p i tp 3p_ 1p
B ! 3 P 6 T 815 2100 ' 23872 " 272°° 176" ° 264 °
3 9 4 11 7 1 29
= PP P P Pt Pt 1P e
Identification method:
0 45+0 0(14) — 3(3) —4(17) = 0(3) 11(17) — 0(—1)
X = — P+ —L N\ pyp (— L N\ pyp (L )\ p
15+<15(14)> 1+< 14(17) 2 17(17) st 17(17) *
—1(17) + 1(10) 7(16) — 6(9) 2(22) — 0(16) —1(22) — 2(18)
T )\ ([ e (2 P py (22 2 p
+( 17(16) "\ T T6(22) 6t 22(22) (i 22(24) 8
3 9 4 11 7 29 1 29
= ul gt gt e e Tt g
AH-Isometry method:
0 30 3 3 -1 3 10 1
X = —+(=-=2)P+(=-2 )P+ (—=—-2 )P+ (—=+—=)P
15+<14 15) 1+<17 14) 2+<17 17) 3+<17+17) :

9 10 16 9 18 16 17 18
Z_ )P —_Z)\p e | AT (i I
+(16 17) 5+<22 16) 6+<22 22) +(24 22) s
3 9 4 11 7 29 1 29
- p- " P——Py+—P— P+ pP+—P— P
VR TR T R T TR R TR TR TR
Hence,

3 9 4 11 7 29 1 29
X = 2P -2 Pp— —Py+—-P—— P4 P+ —P—
W Tt Tt T T a5 T g s T 1T T om
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9 Conclusion

This article presents a comprehensive study on the division of symbolic n-plithogenic numbers through the
identification method and AH-isometry. We specifically focused on the division of symbolic 2-plithogenic
and 3-plithogenic numbers. The validity of the formulas was rigorously proven using AH-isometry, and four
worked examples were provided to facilitate a deeper understanding of the topic. The findings contribute to
the advancement of mathematical theories related to symbolic n-plithogenic numbers.
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