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ABSTRACT

been studied before, such as integral domains.

The neutrosophic ring cannot be an integral domain, but the pseudo-neutrosophic ring could be an integral domain.
The main objective of this paper is to present and study some special types of neutrosophic domains, which has not
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1. INTRODUCTION

2. PRELIMINARIES

The Neutrosophic ring is a new algebraic structure introduced
by Smarandache and Kandasamy in 2006 [1-3]. In recent
years, other scholars interested in studying the neutrosophic
ring theory, such as Agboola, Akinola, and Oyebola, have
been in [4]. They studied some elementary properties of neu-
trosophic rings and the structure of neutrosophic polynomial
rings.

Where they defined a neutrosophic ring with some properties
of the structure of its elements, it may not be easy to gener-
alize all of classical algebraic structures using neutrosophic
algebraic structures. There are some solved problems in the
classical ring, but here in the neutrosophic ring, they need
to be studied and explained, for example, neutrosophic inte-
gral domains. In this paper, we briefly examine some of the
neutrosophic special domains: Neutrosophic Euclidean Ring,
Neutrosophic Unique Factorization Domains, Neutrosophic
Jacobson Radical, Neutrosophic Noetherian Ring, Neutro-
sophic Artinian Ring, Neutrosophic Polynomial Rings, and
Factorizations in Neutrosophic Polynomial Rings.

In this section, we introduce a review of a neutrosophic ring,
a neutrosophic subring, and a neutrosophic Ideal with some
key points that will be used in the following sections.

Definition 2.1. [21] Let R be any ring. The neutrosophic ring
is also a ring generated by R and I under the operations of R,
and denoted by N(R), such that

N(R)=(RUI)={a+bl:a,bcR}.

Theorem 2.1. [21] Let (RUI) be a Neutrosophic ring. Then
(RUI) is ring.

Definition 2.2. [5-14] Let T be a non-empty set with two
binary operations + and e, we say that 7' to be a pseudo-
neutrosophic ring if the following conditions are satisfied:

1. T contains an indeterminate element /, at least one ele-
ment,

2. (T,+) is an abelian group,

3. (T,e) is a semigroup.

4. + and e satisfy the distributive laws.

Definition 2.3. Let 7 be a pseudo-neutrosophic commutative
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ring. Then a nonzero element x € 7 is said to be a zero divisor
if there exists a nonzero y € T such that xy = 0.

Definition 2.4. A pseudo-neutrosophic commutative ring 7
is an integral domain if it has no zero divisors.

3. NEUTROSOPHIC POLYNOMIAL RINGS

Definition 3.1. [25] Let (RUI) be a Neutrosophic ring. The
Neutrosophic polynomial with coefficients in (RUI) is a
formal expression

ag+arx+ - +a,x",

where n can be any non-negative integer, and the coefficients
ap,dr,...,ay are all in (RUT). Then the neutrosophic polyno-
mial ring in the variate x consists of the set for all neutrosophic
polynomials with coefficients in (RUI), and is denoted by
(RUI)[x].

Definition 3.2. [15] Addition and multiplication operations
of Neutrosophic polynomials with coefficients in (RUT) are
defined in a way familiar to us, where if

fx) =ao+aix+---+apx"

and
g(x)=bo+bix+---+bux",

then for neutrosophic polynomial addition is
f(X)+g(x) :CO—|—c1x_|_..._|_ctxf7

where ¢; = a; + b;, t = max{n,m}, and for neutrosophic poly-
nomial multiplication is

F(x)g(x) = co+crx+--+ ek,

where k = n+m, and
k
Ci = Zaibk_,-.
i=0

Definition 3.3. Let f(x) = Y ,a;x' be a neutrosophic poly-

nomial in (RUI)[x], then

1. f(x) is called a strong neutrosophic polynomial if g; is of
the form a + bl for every i > 0, where a,b € R, b # 0;

2. f(x) is called a mixed neutrosophic polynomial if some
a; € R and some a; of the form a+ bl, b # 0;

3. f(x) is called a polynomial if a; € R for all i.

Proposition 3.1. [25] If (RUI) is a neutrosophic ring, then

(RUI)[x] so is ring.

Example 3.1. (ZUI)[x], (QUI)[x], (RUD)[x], (CUI)[x]

are neutrosophic polynomial rings of integers, rational, real,

and complex numbers, respectively. Also (Z,UI)[x] is a

neutrosophic polynomial ring of integers modulo n.

Proposition 3.2. [14-18] The neutrosophic ring (RUI) is
a subring of (RUI)[x], namely the subring of Neutrosophic
constant polynomials.

Proposition 3.3. Let (RUI) is a neutrosophic ring. Then

1. if (RUI) has an identity, then so does (RUI)[x]; and
2. if (RUI) is commutative, then so is (RUT)[x].

Definition 3.4. If f(x) = ap+ajx+---+a,x" is a neutro-

sophic polynomial such that a,, # 0, then the degree of f(x)
is n, and written as deg f(x) = n, where n is a nonnegative
integer.

Proposition 3.4. [19] Let (RUI) be a neutrosophic ring, and
let f(x) and g(x) be nonzero neutrosophic polynomials in
(RUI)[x] of degree n and m, respectively, such that

fx)=ap+ax+-- +ax",
gx)=bo+bix+-- +bux".

Then

1. We say that f(x) is equal g(x) and written f(x) = g(x) if
and only if a; = b; for all integers i > 0, and n = m.

2. deg(f(x)+g(x)) < max{n,m}, or f(x)+g(x) = 0; and

3. deg(f(x)g(x)) < (n+m) or f(x)g(x) =0.

4. FACTORIZATIONS IN NEUTROSOPHIC POLYNO-
MIAL RINGS

Definition 4.1. Let (RUI) be a neutrosophic ring, and let
fx) =ao+aix+---+anx" € (RUI)[x].

Further, we suppose that a,, # 0 but a, = 0 for all n > m.
Then the degree of f(x) is m, and we write deg f(x) = m.
The leading term of f(x) is a,,x™, and the leading coefficient
is a,,. Note that the neutrosophic zero polynomial 0 has no
degree, leading term, or leading coefficient. A neutrosophic
constant polynomial has degree O or is the neutrosophic zero
polynomial. If (RUT) has an identity 1, then f(x) is called a
neutrosophic polynomial monic if its leading coefficient is 1.

Definition 4.2. (Division Algorithm). Let (RUI) be a neutro-
sophic ring with identity, f(x),g(x) € (RUI)[x], and g(x) # 0.
Assume that f(x) and g(x) are monic. Then there is a unique
q(x),r(x) € (RUI)[x] such that

fx) = q(x)g(x) +r(x),

where r(x) = 0 or degr(x) < degg(x).

Definition 4.3. Let (RUJ)[x] be a neutrosophic commutative
polynomial ring. If f(x),g(x) € (RUI)[x], then a greatest
common divisor (ged) of f(x),g(x) is a common divisor d(x)
which is divisible by every common divisor A(x); that is, if
h(x) | f(x) and h(x) | g(x), then h(x) | d(x).

Example 4.1. Let f(x) = x> —Ix—2I and g(x) = x° —
71x + 61 be two neutrosophic polynomials in a neutrosophic
polynomial ring (QUT)[x]. Then the greatest common divi-
sor of (f(x),g(x)) is a neutrosophic polynomial d(x) where
d(x)=x-2L

Definition 4.4. [20-22] Let f(x) be a neutrosophic polyno-
mial in a neutrosophic polynomial ring (RUI)[x], then

1. f(x) is called a neutrosophic polynomial reducible if f(x)
is neither O nor 1, and f(x) = g(x)g(x) such that g(x),q(x)
are neutrosophic polynomials in (RUT)[x];

2. f(x) is called a neutrosophic polynomial semi-reducible
if f(x) is neither O nor 1, such that f(x) = g(x)g(x), but
only one of g(x) or g(x) is a neutrosophic polynomial in
(RUI)[;

3. f(x) is called a neutrosophic polynomial irreducible if
f(x) is neither O nor 1, such that f(x) = g(x)g(x), but
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either g(x) or g(x) is I or 1.
Example 4.2. The neutrosophic polynomial f(x) = 7Ix*> — 31
over a neutrosophic polynomial ring (QU)[x] is a neutro-
sophic polynomial irreducible, but it is a neutrosophic polyno-
mial reducible over a neutrosophic polynomial ring (RU7)[x].

Definition 4.5. Let (RUI) be a neutrosophic ring with unit,
and we suppose that

fx)=ap+ax+---+ax"

is a neutrosophic nonzero polynomial in (RUT)[x]:

1. The neutrosophic content of f(x) is the gecd of
(ao,ai,...,an).

2. We say that f(x) is a neutrosophic primitive if the con-
tent of f(x) is a unit or 7 in (RUI); this means that
(ao,ai,...,a,) have no common factor except the unit.

Example 4.3. The neutrosophic content of a neutrosophic

polynomial f(x) = x> 4 13Ix* 4 (1+1)x—5I in (RUI)[x] is 1;

therefore the neutrosophic polynomial f(x) is a neutrosophic

primitive.

Definition 4.6. The element x in (RUI) is a root of the

neutrosophic polynomial f(x) € (RUI)[x] if f(x) =0.

Example 4.4. The neutrosophic polynomial f(x) = x> +1

has roots in (CUI)[x]; they are f; = —il and f> = +il. But

it has no roots in (RUT)[x].

5. NEUTROSOPHIC EUCLIDEAN RING

Definition 5.1. A Pseudo Neutrosophic integral domain 7 is
said to be a Neutrosophic Euclidean Ring if there is a degree
function d from the nonzero elements of T to the nonnegative
integers,

d:T/{0} — N,

that satisfies:

1. d(x) <d(xy) forall x,y € T, and x # 0, y # 0; and
2. given x # 0, y # 0, there are g,r € T such that x = yg+r,
where r = 0 or d(r) < d(y) (Division Algorithm).

Example 5.1. We have
T={..,-31,-21,-1,0,1,21,31,...}

is a pseudo-neutrosophic ring of integer numbers. Clear that
T is an integral domain; define the degree function on T as
following:

d:T/{0} — N
via
if 1
dix=al) = lal %x;é ’ where a € Z.
1, ifx=1I,

Then |xy| = |x||y| > |x| for all x and y are nonzero in T. Fur-
ther, forall x € T

1. Either there exist g,r € T such that x = yg+r, where r =0
ord(r) <d(y).
2. Or,wecanwritex=xI,1€T.

Theorem 5.1. Let T be a Pseudo Neutrosophic Euclidean
domain.

1. Two nonzero elements x,y € T have a greatest common

divisor which is contained in the ideal Tx+ Ty. The great-
est common divisor is unique up to multiplication by a
unit.

2. Two elements x,y € T are relatively prime if, and only if

1€ (Tx+Ty).

Every ideal in T is principal.

Every irreducible element is prime.

5. Every nonzero, non-unit element has a factorization into
irreducibles, which is unique (up to units and up to order
of the factors).

Rl

6. NEUTROSOPHIC UNIQUE FACTORIZATION DO-
MAINS

Definition 6.1. A Pseudo Neutrosophic integral domain 7T is
a unique factorization domain if

1. Every nonzero element of T that is not a unit can be written
as a product of irreducible elements of 7'; and

2. The factorization into irreducible factors in part (1) is
unique up to associates and the order in which the factors
appear.

Proposition 6.1. [23-30] If T is a pseudo-neutrosophic
unique factorization domain, then a greatest common di-
visor of any finite set of elements x1,x2,...,x, of T exists
(ged(xq,x2,...,x,) exists).

Proposition 6.2. [25] (T. Lee, page 185). Every pseudo-
neutrosophic principal ideal domain is a pseudo-neutrosophic
unique factorization domain.

Example 6.1. [31-37] (T. Lee, page 186 and 2-abstract
algebra, 3d, page 285 + page 289). Consider a pseudo-
neutrosophic ring of integers

T={..., —31,-21,—1,0,1,21,31,...}.

As a principal ideal domain, it is also a pseudo-neutrosophic
unique factorization domain.

Proposition 6.3. [17, 28] Every pseudo-neutrosophic Eu-
clidean domain is a unique factorization domain.

Definition 6.2. [38-41] In a Pseudo Neutrosophic Unique
Factorization Domain, a nonzero element is a prime if and
only if it is irreducible.

7. NEUTROSOPHIC JACOBSON RADICAL

Definition 7.1. Let (RUI) be a neutrosophic ring. The
Neutrosophic left Jacobson Radical of (RUI) is defined to be
the intersection of all the neutrosophic maximal left ideals in
(RUI), and is denoted by J'((RUI)).

Definition 7.2. Let (RUI) be a neutrosophic ring. The
Neutrosophic right Jacobson Radical of (RUI) is defined
to be the intersection of all the neutrosophic maximal right
ideals in (RUI), and is denoted by J” ((RUI)).

Definition 7.3. Let (RUI) be a neutrosophic ring. The
Neutrosophic Jacobson Radical of (RUT) is defined to be the
intersection of all the neutrosophic maximal ideals in (RUT),
and is denoted by J((RUI)).

Proposition 7.1. Let (RU/) be a neutrosophic commutative
ring, then

JURUD) =J"((RUI)) =J'((RUI)).
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Example 7.1. Consider (ZUI) is the neutrosophic ring of
integers, and (nZU]I) is a maximal ideal for all p, such that
p is a prime number, then J((ZUI)) = 0.

8. NEUTROSOPHIC NOETHERIAN RING

Definition 8.1. A Pseudo-neutrosophic commutative ring
T satisfies the ascending chain condition (ACC), if every
ascending chain of ideals

PpChRC---CPHC-

stops; that is, there is an integer N with Py = Py4+1 = Py+2 =
---. This means that every strictly increasing sequence of
ideals in 7 has finite length.

Definition 8.2. A Pseudo-neutrosophic commutative ring 7
satisfies the ascending chain condition (ACC) for ideals if
every strictly increasing sequence of ideals has finite length.

Proposition 8.1. For a pseudo-neutrosophic commutative
ring T the following are equivalent:

1. Every ideal of T is finitely generated.
2. T satisfies the ascending chain condition for ideals.

Definition 8.3. A Pseudo neutrosophic commutative ring is
said to be Neutrosophic Noetherian if every ideal is finitely
generated, or equivalently, if it satisfies the ACC for ideals.

Example 8.1. Consider
T={.,-31-21,-10,12131...}

is a neutrosophic Noetherian ring, where every increasing
sequence of ideals in 7' stops, for example: the increasing
sequence of ideals

12T C10T C8T C 6T CAT C2T CT
stops.

9. NEUTROSOPHIC ARTINIAN RING

Definition 9.1. A Pseudo Neutrosophic commutative ring
T is said to be A Neutrosophic Artinian Ring (satisfy the
descending chain condition on ideals or D.C.C. on ideals)
if there is no infinite decreasing chain of ideals in 7. This
means, whenever

POPOPDO---

is a decreasing chain of ideals of 7', then there is a positive
integer n such that B, = P, every all m > n.

Example 9.1. We have
T={..,-31,-21,-1,0,1,21,3],...}

is a neutrosophic Noetherian ring, but it is not a neutrosophic
Artinian ring, because the decreasing sequence of ideals

TDO2T DAT D6T D ---

does not stop.

Proposition 9.1. Every Neutrosophic finite commutative ring
is a Neutrosophic Artinian Ring.

Proposition 9.2. [26] If T is A Neutrosophic Artinian ring

and P is an ideal in T, then 7 /P is also Artinian.

Proposition 9.3. Every Neutrosophic Artinian Ring is a
Neutrosophic Noetherian Ring. However, the converse may
not be accurate.

10. CONCLUSION

In this paper, we presented some neutrosophic special do-
mains that may only be applicable over the field of complex
numbers. Additionally, there are properties of these domains
that require further study, which will be the focus of our
future research.
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