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Abstract

Our study addresses the intuitionistic fuzzy system of linear Volterra-integro-differential equations of the sec-
ond kind. Intuitionistic fuzzy General Transform (I-F-G-transform) method has been used to find the exact
solution of these systems. We present two numerical examples for illustrating the applicability of the Intu-
itionistic fuzzy General integral transform method.
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1 introduction

The field of intuitionistic fuzzy integro-differential equations has grown rapidly. It is one of the most important
topics in research due to its applicability in mathematics, physics, and other science as well as engineering
subjects. The concept of fuzzy sets, was originally introduced by Zadeh!? Later, Chang and Zadeh* introduced
the concept of fuzzy numbers in 1972. The generalization of fuzzy sets is the intuitionistic fuzzy set (IFS).
This concept was first introduced by Atanassov® This theory plays a major key role in diferent domains
such as industry, audiovisual systems, robotics. A fuzzy number plays an important role in representation of
such unknown quantity. Following this concept, the generalized concept of intuitionistic Fuzzy Number (IFN)
introduced by Grzegrorzewski® in 2003.

The study of analytical and numerical methods for solving intuitionistic fuzzy integro-fifferentiel equations
has been rapidly growing in recent years. Some researchers for solving systems of Volterra integro-differential
equations have used several techniques. Integral transforms in the class of Laplace tansform such as (Sumudu,
Elzaki, Natural, Aboodh, Pourreza, Mohand, G-transform, Sawi and Kamal transforms ¢/Z 2141811y Haye
been applied to determined exact solutions of fuzzy integral equations, fuzzy ordinary differential equations
(ODEs), and fuzzy integro-differential equations. Hossein Jafari inl” gives a new General integral transform
which is covered all class of integral transform in the class of Laplace transform and he applied it to solve
integral equations.

The objective of this research is to detremine exact solutions to Intuitionistic fuzzy system of Volterra integro-
differential equations by using Intuitionistic fuzzy General integral transform.

The structure of this paper is organized as follows: Section 2 introduces some basic definitions and theorems
about Intuitionistic fuzzy sets, Intuitionistic fuzzy numbers, Intuitionistic fuzzy integral and differentiation
and Intuitionistic fuzzy systems of Volterra-integro differential equations. Section 3 is dedicated to present the
New Intuitionistic fuzzy General integral transform with its properties. Section 4 gives the New Intuitionistic
fuzzy General integral transform method for solving Intuitionistic fuzzy system of Volterra integro-differential
equations and illustrates examples to demonstrate the effectiveness of this method. Finally, Section 5 is a brief
conclusion.
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2 Basic concepts

Definition 2.1 ( Intuitionistic fuzzy set®). Let a set X be fixed. An intuitionistic fuzzy set (IFS) A C X is
defined by

A= {(@,pa(®),va(@) 7 € X},

where the functions 4 : X — [0,1] and v4 : X — [0, 1] respectively represent the degrees of membership
and non-membership of the element x € X to the set A suchthat 0 < pas +v4 < 1.

Let X = R, we denote by

IF; =TF(R) = {{u,v) : R = [0,1],0 < g +v4 <1}
Definition 2.2 ( Intuitionistic fuzzy number(IFN)}!%). An element (i, v/) € IF; is called an intuitionistic fuzzy
number if it satisfies the following conditions:

* (i, V) is normal i.e there exist a real number =y € R such that, u(xg) = 1, and v(zg) = 1,

* the membership function y is convex, i.e, p(Ax1 + (1 — N)a2) > min(u(zq), pa(ze)) : Voi, 20 €
R, A €[0,1],

* the non-membership function v is concave, i.e, v(Az1 + (1 — A)z2) < max(v(z1),va(z2)) : V1,22 €
R, X €[0,1],

* /i is upper semi-continuous and v is lower semi-continuous,

o Supp(u,v) = {z € R:va(zx) < 1} is bounded.

The set of all intuitionistic fuzzy number is denoted by IIF;.

Definition 2.3 (a—cute™). For all o € [0,1] and {(u,v) € IFy, the upper and lower a—cuts of {u,v) are
defined by

()] ={z eR:v(x) <1-a}
and

()], = {z €R: v(2) > .

We define 0(¢ 1) € IF; as
(1,0) «f t=0,
0¢0,1)(t) =
(0,1) if t#0.

Let (i1, v), (1, ') € IF; and A € R, we define the following operations by
[ ) @ (', 0] = [, )] @ [, )],
Al{p )] = [Mp, )],
[ ) @ (1,1 o = [, )™ @ [, )]s
Aps v)]a = Mp, v)]a-

Definition 2.4. Let (i1, ) € IF; and « € [0, 1], we define the following sets:
[, )] (@) = inf{z € R : p(z) > a},

({1, V)] (@) = sup{z € R : p(z) > a},
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Remark 2.5.
(ks v)]a = [[{1s )]} (@), [, )] ()]

and

({1 = [ )] (@), [{, )] (@)

Definition 2.6. The parameric form of an intuitionistic fuzzy number is a pair of functions

+

() = ()™ () ), ()™ () )

wich satisfy the following statements:

(i) (u,v)" (a) is a bounded monotonic increasing continuous function in the interval [0, 1],

() is a bounded monotonic decreasing continuous function in the interval [0, 1],

,v)" (o) is a bounded monotonic increasing continuous function in the interval [0, 1],

(iv) (i,v) () is a bounded monotonic decreasing continuous function in the interval [0, 1],

(v) M+(a) < WJr(a) and (i1,v) " (o) < (,v) (a)forall a € [0,1].

We denote by W™ the set of intouitionistic fuzzy numbers in R” and E™ the set of fuzzy numbers in R™.
On the space IF;, we will consider the following metric for 1 < p < ool

(0o W) = G [ Tl @)~ 0 @
[ @ - @
+ 3 / e (@) — [ )5 (@)Pda
b [ 07 @) - ) (@

and
doo (20 ) = 5 sup [l (@) = [ ) (@)
n %o?ﬁgl [, )] () = [, )] (@)
g s [l (@) = v (@)
N iup [ )7 () = [, )]i()

Proposition 2.7. (IFy,d,) is metric space.

Proof. 13
From the definition of d,, and intuitionistic fuzzy numbers we conclude that d, ((,u, vy, V/>> < oo and

supp({u1, 1)), supp({;i’,v/")) are bounded for all (u, v, (', v') € IF.
To prove that dj, is an intuitionistic fuzzy metric on IF, it suffices to prove that for all (u, v), (1 ,v ), {(n ,v ) €
I,

Lody (), (1 0)) 20,
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2 dy (0, ) =0, i () = o)
3. dy (), ') ) = do (W), (o)

4o dy (o) " 0")) < dy (), ) )+ (000 07 0)

From the defintion of d,, we find that

«dy (v} (') 20

« Ifd, ((u, v, (ul,z/>> = 0, implies

«

()l = [ 2] and [Gu)® = [0 0)]

So (u,v) = <,u'/ayl>

* It is easy to verify the triangle inequality and symmetry of d,.
So (IFy, d,) is an intuitionistic fuzzy metric space.

Definition 2.8. Let (11, v), (', v') € IF,

1. If there exists (¥, x) € IF; such that

(w,v) = (u,v) + (@, x)
then (¥, x) is called Hukuhara difference of (1, ) and (i, ') denote by (¥, x) ©p (' ,v")
2. The generalized Hukuhara difierence of two fuzzy numbers (1, ), (i', ') € IF; is defined by
</,L,V> 6QH <:U/al/> = <Lan>
<,LL, V> = <‘u’, V/> + <W7 X>7
or (', v) = () + (=), x).

Definition 2.9. ® Let f : [a,b] — IF; be an intuitionistic fuzzy valued mapping and tq € [a,b]. Then f is
called intuitionistic fuzzy continuous in ¢ if an only if:

Ve>0 3050 V€ [a,b] : |t — to] < 6 = dy(f(2), f(to) < e.

Definition 2.10. 1 f is called intuitionistic fuzzy continuous iff f is intuitionistic fuzzy continuous in every
point of [a, b].

Definition 2.11. # Let f : [a,b] — IF; and z¢ € [a,b]. f is called strongly generalized differentiable on
if 3(f*) (zo) € E, such that:

(i) forall h>0 sufficiently small, 3f T (zo + k) Ogn [T (z0), fT(x0) Ogn fT (20 — h) and the limits (in the
metric D)

lim JT(xo+ h) Ogn [T (o) _ lim
h—0 h h—0

F200) O w0 =) (pry (),

(ii) for all h>0 sufficiently small, 3f*(x) Ogn [T (z0 + h), fH(xo — h) Ogn fT(x0), and the limits (in
the metric D)

fim R Ry = S 0 1
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(iii) for all A>0 sufficiently small, 3f (2o + h) Ogn [T (x0), [T (20 — k) Ogn [T (z0) and the limits (in the

metric D)
. [t (zo+h)Ogn ST (20) s [T (zo—h) Ogh T (zo) iy
}LILI%) h = }ILIL% _ = (f ) (‘TO)J
Or
(iv) for all >0 sufficiently small, 3f (x¢) Ogn [ (xo + k), fT(20) Ogn T (z0 — ) and the limits (in the
metric D)
+ + h + Fzn—h ,
lim J(x0) Ogn [T (x0+ h) ~ lim fH(x0) Ogn fH(xo — h) — (£ (o),
h—0 —h h—0 h

where, h and (—h) at denominators mean %@ and —%@ , respectively

Results similar to (i) to (iv) can be defined to the function (f~ )/ (mo) € EL.

Theorem 2.12. /7 Let f(x) be an intuitionistic fuzzy-valued function on [a, 00) represented by (f (z, o), f(z, ),
Sz, ), f(z,a)) forall a € [0,1]. Assume that f(z, ), f(z, ), ( a), f(x, a) are Riemann integrabl on
);

[a, b] for every b > a, and assume that there are four positive constant N (c), N (), N (a),ﬁ(a) satisfying

| it aie < v
| ai < W)
| It a <y
| Fayie < W)

Then f(x,t) is an improper intuitionistic fuzzy Riemann—integrable on [a, 00) and the improper intuitionistic
fuzzy Riemann integrale is an intuitionistic fuzzy number and Furthermore, we have for all o € [0, 1]

/:O f(z,a)dt = (/:Of(x,a)dt, /;Of(x,a)dt,/:of(x,a)dt,me(x,a)dt).

Definition 2.13. (Intuitionistic Fuzzy system of linear Volterra integro-differential equations)
Let f be an intuitionistic fuzzy valued finction. For all 7 = 1, 2, .., n, the linear intuitionistic fuzzy system of
Volterra integro-differential equations of the second kind (IFSVIDE-2) is defined by

A = a1(®) + X Xy Jy kgt = 2)fy(w)da

F3(0) = 92(8) + 22 Nay Jy oyt = ) (o), "

Fu(t) = gn(t) + EAM Jo kaj(t = ) f;(x)da

With initial conditions

fi(to) = B,
fa(to) = Ba,
:f7l(t0) = 5n

Where g;(t) are intuitionistic fuzzy valued functions, k;;(¢, ) are crisp Kernels, and X;; # 0, §; are real
constant.
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The parametric form of the IFSVIDE-2 (I)) is given by

=n

and

n

With initial conditions

(in(th Oé), fn(th Ck),

3 Intuitionistic fuzzy General integral transform (I-F-G transform)

J (o) =g (o) + 3 Ao fy byt — )
g,(t:0) + 3

[t a)=g (t,a)+ i Naj [y ooy (t — )
g &

L’n(t,a) =g (t,a)+ anl Anj fol kpj(t —
Ea i= EF A hat)

Fult0) = Gu(t0) + 3 hay fy byt = )],
p2

F(ta) =g (ta) + z Ay Ji by (t = @) fy (2, @)da,
£

[t a) = g,(t,a) + _21 Noj [ kaj(t — ) f; (x, @)da,
£ Ll @)

£ (ta) =g (ta)+ il Mnj S b (£ — 2) (2, @)z,
P 1t @)

?;(tv a) = gl(taa) + f:l )‘U fot klj(t - :E)fj(x,a)dx,
£

Fo(t,a) =gy(t,0) + 2 Aaj Jy bt = @), o),
Z

Fo(t:0) = G(.0) + 35 Ay [ gt = ) (o @)
£

fi(z,a)dx,

fi(z, a)dz,

Fot,a) =Fu(ta) + z M [ s (t— 2)F; (2, ),
p

Fat;0) = Golt: @) + 32 Naj fy ks (t = ) (. @),

fu(to, @), Fa(to: @)) = (Bus BuBus Bu).

Definition 3.1. Let f(¢) be a continuous intutionistic fuzzy valued function and let g(s), p(s) # 0 be two
positive real functions. Suppose that f (t)e_‘I(*"')t is improper intuitionistic fuzzy Rimann-integrable on [0, c0).
Then New intutionstic fuzzy General integral transforms of f denoted by (I-F-G-transform) is defined by:

G5) = 6(£(0):5)=p(e) [~ e ar

Remark 3.2. For all « € [0, 1], we can present the definition of I-F-G-transform based on the a—cut of the

intuitionistic fuzzy valued function by

G(Sva) = g(f(tvo‘)75)

_ (p(s) /O”f(w)e—q(s)tdt,p(s) /Ooof(t,a)e—q<5>tdt,p(s) /Ooof(t,a)e‘q(s)tdtp(S) /Ooof
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Theorem 3.3. '/’ Let f be an integrable intuitionistic fuzzy valued function, such that its derivatives are up to
(n — 1)th order are continuous for all t > 0 and f™ exits. Then

1. If f is (1)—differentiable, we have
* G(f /(t), s) =q(s)G(f(t), s) © p(s) f(0).
< G (1), 5) = *(5)G(f(t), ) © q(s)p(s) £(0) & p(s) f (0).
© G (1)) = " (5)G(£(£), 8) © p(s) Xopzg 4"~ 7H(5) £5(0).
Definition 3.4. (Intuitionistic fuzzy convolution)

Let f1, fo are two peice-wise continuous intuitionistic fuzzy-valued functions. Then the intuitionistic fuzzy
Convolution of f7 and f5 is defined by

(f1* f2)(t / J1(s) fo(t —v)d

Theorem 3.5. Let f1, fo are two piece-wise continuous intuitionistic fuzzy valued functions on [0, 0o and of
exponential order. If G(f1(t),s) = G1(s) and G(f2(t), s) = Ga(s) then the new intuitionistic fuzzy General
integral transform of the Convolution of f, and fs is

G((f1 = f2)( (/ Ji(t) fo(t —v)d >_(pz§)2(8)

4 I-F-G transform method for solving intuitionistic fuzzy system of linear Volterra integro-differential
equations

By applying I-F-G-transform on system [I] we obtain
G(fi(t),s) = G(g1(t),s) + Z A1 G (k1 (t, s) = f(t, ),

G(f2(t),s) = G(g2(t), s )+;Aza‘ ((ka; (t, ) * (f5(t, 5)), .

G(fa(t),s) =G(gn(t),s) + i:l AniG((knj(t,s) * (f;(t, ).

By using Convolution theorem 3.5] of I-F-G-transform and theorem [3.3]in system[2} we have

A($)G(1(0).5) — p()f1(t0) = Glar (1), ) + | 3 Ay G (k1 (1), $)G(f; (1), 5)) x 1] ;

j=1 p(s)
a(s)G(f2(t),s) — p(s)f2(to) = G(g2(t),s) + Zn: A2;G(k;(t),5)G(f;(1),s) % L )
= p(s) 3)

Q(S)g(fn(t)> S) - P(S)fn(to) = g(gn(t)7 S) +

The parametric form of the fuzzy system 3]is

()9 ([, (t, @), 5) = p(s)(f, (to, @) = G(g, (¢, @), 8) +

EH: A1 G (k1 (t, @), )G (f5(t, @), 5) x 11 :

j=1 ——— p(s)

()G ([, (t, @), 8) = p(s)(f,(to, @) = G(g,(t, @), 8) +

ﬁ: )‘ng(k?j(t?O‘)’s)g(fj(tao‘)?S) X 1] 5
j=1 p(s

9(s)9(f, (8 @), 5) = p(s)([, (to, @) = G(g, (, @), 8) +

n

3 1
£ttt 90 00 ¢
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So

A($)G(F1(1,0).5) — ()T (t0, @) = G(@ (), 8) + | 32 AyGlkuy (t,0), )G (F, @), 8) x 1] ;

j=1 p(s)

Q(S)g(72(tv a)v S) _p(5)72(t07a) = g(§2(t7a)7 5) + Xz:l >‘2jg(k2j(t7a)7 S)Q(fj(t’ a)a S) X (1S)‘| s

S|

Q(S)g(?n(tv a)a 5) - P(S)fn(toa a) = g(gn(tv a)v 5) =+ i:l )‘njg(knj (t’ O‘)v S)g(fj (ta O‘), 8) X (15‘| .

bS]

Zn: )‘Ug(klj(t OL) ) (fj(tva)as) X (Z] )

~

<
Il
—_
!

50 Aoy Glks (), $)G(f; (#,0), 5) ] ,

B - - i=1 = )
a(5)9(fu(t:):5) = p(5) (fulto, @) = G(ga(t:):5) + | X2 AnyGlhns(t:0). 9)G s (t:) )Xp(18)1.
a(5)9(Fi(t.0).5) = p(5) it 0)) = G@T(t.0).5) + | 3 Myl (1.0, 5)G(F5 (), )p(l)]

4(5)G(f (1, @), 5) = p(s)(f, (o, ) + G(g, (@), 5) + | 32 MG (ks (8, ), $)G (S (1, @), 5) 1] ,

=1 ——— p(s

Q(S)g(iQ(t7 a)v 5) = p(s)(iQ(th a)) + g(g2(t7 a)a 5) + i )‘ng(ij (tv a)a S)Q(f] (ta a)? 'S) X ;] 3

j=1 —— p(s

q(s)9(f,, (&, @), 8) = p(s) (£, (to, @) + G(g, (£, ), 5) +

3 MG (st 0), )G fs (1) >><1].

Q(S)g<?1(tva)as) = p(s)?l(t(ho‘) + g(gl(tva)as) + éjl Aljg(klj(tva) ) f] t a p(lsl
Q(S)Q(TQ(t’a)’s) = p(s)fz(toﬂ) + g(§2(t704),8) + i:l )‘ng(ij(tva) ) f] t 0& 73(1‘9]

4(5)G(f(t, @), 5) = p(s) [ (to, @) + G(Gn (¢, ), 5) +

3 IR EAY 1
3 ni g (), 51577 ) 5) p(s)] .
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4(5)G(fi(t, ), 5) = p(s)(f(to, @) + G(ga(t, ), 5) + éAuguﬁj(t,a>,s>g<fj<t,a>, 5) p(l)] :

q(S)g(Q(t,OL),S) :p(S)(é(to,a)) +g(£(tao‘)75) + i:l Ang(ij(taa)75)g(fj(tva)vs) X p(ls)‘| s

4()G(fult, @), 8) = p(s)(falto, @) + Glgn(t, @), 5) + g AnjG(knj(t, @), $)G(f;(t, @), 5) x p(l)] .
and

a(5)9(F1 (). ) = p(s)(Filt0: ) + GF (1), 5) + | = Myl (t.0). 9T (E0) 5) x p(l)] ,

4()G(fa(t, ), s) = p(s)(fato, @) + G(Fa(t, ), 8) + ; oGk (1, @), 5)G(f; (L, ), ) % p(l)] :

4()G(Fu(t, ), 5) = p(5)(fu(to, @) + G(Galt, ), 5) + g AnjGlknj(t, @), $)G(f; (¢, ), 5) x p(l)] .
After simplification, we have

(g(s) = ATERLRNG ([ (1,0, 5) — 3], HEBLLDG(f (1,0),5) = p(s)B1 +G(g, (1 ), 9),

Sy, G DG (f (1), s) + (gls) — 222nlbdD)G( £ (1,a),5) = p(s) B + G

(g(s) — 2L 2ENNG(F (1) ) = Sy MEGEEDG(F (k). 5) = p(s)Br + (G (¢,
(g(s) — 220022 LN\G(F, (t,a), ) = S,y 228LEDAG(F (t,0), 5) = p(s)Ba + G(Ga(t, @), 5),

<q<s>—%)%(t,am—23;1,#2%““”90( ), 8) = p(s)B2 + G(g,(t. ). 5),

g, (t a),s).

“)
a), s),

sy 2l G (1 a), ) + (q(s) — 2eefEmnlDG(F (1), 5) = p(5)Bn + G(Gn(t ), 5).

p(s) )
(g(s) — 2flalbadahyG (£, (¢, ), 5) — 327, AIELLAG(£ (¢, a), 5) = p(s)B1 + G(r(t, @), ),
(a(s) = 229022 LD)G(fy (1, 0), 5) = Ty 5 g 220G (1), 5) = pls)B2 + Glga(t, ), 9),
Sy, ATl NG (1 ), ) + (q(s) — 22 ICanlbdD)G( (1, ), 5) = p(s)Bu + Glgu(t, ), 5).
B (6)
(g(s) — 2Elalbal))G(F (1, a), 5) — S0, IELDAG(Fi(t, a), ) = p(s)F1 + G(@r(t @), 5),
(g(s) — 22292 N\G(F (1, a), 5) = T, |, 2200 G(F(1, a), 5) = p(s)Ba + G(@(E @), 9),

S, Al b)) GO o), 5) + (q(s) — 2e2fenb)D\G(F (1 0), 5) = p(s)Bn + G(Fnlt, ), 5).

p(s)

Matrix visualization of systems ] 5] [6] and[7]respectively are

PF=G,PF=G,PE=G,PF=G
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Where
5\ g%(t a).) ang@?i?,a),s) (a(s) - A,m'gU;,E:)(t,a),s))

G, (L a),s) p()B1 +G(g, (@), 5) G(F(t,0).5) p($)Br + 67, (t,0), )
I O R CERR ORI I AU S DR (RGO
| G/ (), s) P($)Ba + G(g, (1), ) G(F,(t, ), ) p($)n + (7, (1, ), )
[ 9(Ai(ta)s) p(s)f1 +G(gi(t, @), 5) G(fi(t, ), s p(s)B1 + 6T (1, @), 5)
| 9L 5 R IR R 9_@(1% o) | =_ I(Rt.0)s) | & _ | Pe)B+ Gt 0). )
G(faft.).5) p(s)fs + G(ga(t.0).) 6T (t.0).5) o6V + 6T (1,00, )

Using Cramer rule, the solutions of systems [@A5]i6]and [7)are given by

p()B1 + G(g, (t, ), 5)

—A12G(k1n(t, @), s)

—)\mg(kln(t, 0[), S)

o+ Glg s (a60)

p(s) p(s)
_ /\22Q(k22(f7a)78)> —)\Qng(k‘gn(t a) S)
p(s)

)\n2g(kn2(ta Oé)7 S)

Bn+6(g,(ta),s)

— p(s) p(s)
G(f,(t,a),s) = <q(s) B /\Hg(ku(t,a),s)> — 126G (kra(t, @), 5) MG (ki (t, @), 5)
p(s) p(s) p(s)
—A21G(ka1(t, @), s) ( /\22g(/€22(t,06)78)> —X2nG(kan(t, @), s)
q(s) —
p(s) p(s)

p(s)
Ak (£, ), )
p(s)

_ )\Hg(kll(t, 04), S)
<Q(s) p(s)

)

—)\ng(kgl (t, a), 8)
p(s)

_)‘nlg(knl (ta Oé), 5)

—An2G (kna(t, @), s)
p(s)

)\lng(kln(ta Oé), S)
p(s)
_)\an(an(ta a)’ S)
p(s)

(q(s) B AnG (knn (t, @), )

Bi+6G(g,(t,@),s) ..

Ba+G(g,(t,a),s) ..

B2 +G(g, (t,a)s) ..

)

_ p(s) p(s)
Gyt a).s) = (q(s) B /\llg(kll(taa)vs)> —A12G(k12(t, @), 5) —A1nG(kin(t, @), 5) ’
p(s) p(s) p(s)
—A21G (ka1 (t, @), 5) os) — A22G (ka2 (t, @), 5) —AanG(kan(t, @), 5)
p(s) p(s)

p(s)
_/\nlg(kw;l (t, ), s)
p(s)
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7)\n1g(kn1(t7 Ol), S)

7)\n2g(kn2(t7 a)v 5)

) &+g(g1(t,o¢)78)

. &‘f‘g(gl(tva)vs)

. Bt g(gl(t,a),s)

o). s) = p(s) p(s)
G(f, (t,@),s) (q(s) = Augku(t, o), 8)) —A12G(k12(t, @), s) A (kin(t, ), 5)
p(s) p(s) o(s)
_)‘21g(E21(t, Oé), S) _ a). s —)\Qng(kgn (t, Oé)7 S)
o(s) q(8) — Aa2G(kao(t, ), s) ... )
—An1 Gk (t, @), 5) ~An2Gka(t, @), 5) (q<s> - A"ng<’</‘;&<;za>,s))
and

p(S)E +G(5:(t, @), s)

B+ G(Gn(t, ), 5)

g(fl(tv OL), 5) =

B2 + 6@t a).5) (q<s>

—Alzg(kln(tu Oé), S)
p(s)

_ Ang(k22 (t» O‘)? 5) )
p(s)

_/\n2g(kn2(ta Oé), S)

—Alng(kln(ta CY), S)
p(s)

—A2nG (kan(t, @), s)
p(s)

7)\nlg(k7.7,l (ta Oé), S)
p(s)

Mgkt a),s)
<Q(5) p(s)

—X21G (k21 (t, @), 5)
p(s)

*)\nlg(knl (t, O‘), S)

)

7/\77,2g<kn2 (ta Oé), S)
p(s)

B1+G(@G,(ta),s) ..

Ba + G(gy(t,),s) ...

B2+ G(g,(t, @), s) ...

<q (s) — AnnGkun(t, ), s)>

ArnG (knn (t, @) s))
p(s) p(s)
(q(s) _ )\11G(/€11(t,a)78)> —A12G(k12(t, @), 5) AimG (Kim (2, ), 5)
2(5) p(s) p(s)
—A21G (ka1 (t, @), s) A22G (kaa(t, ), 5) —AanG(kan(t, @), 5)
»(o) (009 p(s) p(s)

Anng(knn (t7 Oc), S)

<Q(5) -

Alng(kln(ta Oé), 8)
p(s)
_)\Qng(an(ta Oé), S)
p(s)

p(s)

< _ p(s) p(s)
G(f2(t,a),s) = (q(s) 3 A11Q(/€11(t,0¢)75)> —A12G (k12(t, @), 5) —A1nG(k1n(t, @), 5)
p(s) p(s) p(s)
—)\ng(kgl(t,a),s) q(s) _ )\Qgg(k‘gg(t,a),s) —)\gng(kgn(t,a),s)
p(s) p(s) p(s)
*)\nlg(k;l(taa)vs) *AnQQ(kHQ(taa)as) )\nng(knn(taa) S)
70 (s (o9 )
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*)\nlg(knl(h a)v S)

. E + g(gl(tva)v S)

7)\n2g(kn2 (t, oz), S)
p(s)

. E + g(gl(t7a)7 S)

. m"’ g(gl(tvo‘)75)

—A12G(k12(t, @), 5)

p(s)
Mgkt a),s)
(q(s) p(s) )
_)‘21g(k21(tv Oé), S)
p(s)

—)\nlg(knl (t7 a), S)

and

p(s)B1 +G(g1(t, ), 5)

o+ Olaalt)s) (o

p(s)

q(8) — Aa2G(kaa(t, ), 8) ...

—)\ngg(k’ng (t, Ot), S)

—Alzg(kln(t7 04)7 S)
p(s)

A2 (kaa(t, o), s)
p(s)

)

(s)

_)\n2g(kn2 (ta Oé), S)

Alng(kln (t, Ol), S)
p(s)

—)\Qng(E}n (ta a)? S)

p(‘S)
(q<s> -

—Alng(kln(t7 a)? S)
p(s)

—A2n G (kan(t, @), s)
p(s)

A Gk (1, @), )
p(s)

)

g(fl (t7 O‘)’ 5)

p(s)

7>\nlg(knl (t7 0[), 5)

p(s)
<Q(S)

—/\ng(km (t, 04)7 S)
p(s)

~ AuG(ku(ta),s)
p(s)

7>\n1g(knl(t7 Oé), S)

7>\n29(kn2 (ta a)? 5)
p(s)

) 514-9(9:1(7,‘,@),3)

&—’_g(g:Z(t’a)?S)

&+g(g:"(t7a)75)

Bn +G(gn(t, @), ) () »(s) 7
_ )\ug(k‘u(t,a),s) —)\mg(klg(t7a)78) Almg(klm(t70z),8)
q(S) p(S) p(s) p(S)
7)\219(]{321(15,0[),5) ( )\Qgg(k’gg(t,a),s)) 7)\2ng(k2n(t Oé),S)
q(s) —
p(s)

)\lng(kln(tv a)v 8)
p(s)

_)\Qng(an (t7 Oé), S)

p(s)
<CI(5) -

)\nng(knn (tv Oé), s)

)

p(s)

7>\nlg(knl (ta a)? 5)
p(s)
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p(s) p(s) P(s)
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*Anlg(knl(tv Oé), 5)

. é‘f’ g(&(t, a)vs)

*>\n2g(kn2(t7 a)a 5)

. é—i— g(gzl(t,a),s)

) ﬂ:n—l— g(gzl(t,a),s)

Q). s) = p(s) p(s)
G(fu(t, @), 5) (q(s) "Gk (t a), s)> —A12G (k12 (t, ), 5) AMnG(k1n(t, @), s)
p(s) p(s) p(s)
_>‘21g(k21(tva)’3) _ a). s _AQTLQ(E%L(tva)’S)
p(s) q(s) )\Qgg(kQQ(t, ), ) p(s)
A1 G (k1 (t, @), s) ~M2G (kna(t, @), s) (q(s) — )\mg(k;é()t,a)7s)>
= — —A12G(k1n(t, @) —A1nG (k1n (t, @)
= — MG (ka(t, o)) —A2nG (kan(t, o))
Bt 0@ (o - 22l s
_ B4,y melela) () - 2l
(Rt = o) o)
’ (q(s) _ /\11g(k’11(f,06))) —A12G (k12(t, ) AmG(kim(t, @)
p(s) p(s) p(s)
—A21G (ka1 (t, @) ~ A22G (ka2 (t, o)) —A21G (ka1 (t, )
(o) (o1 - 2=02) (o)
_)\nlg(k:jnl(t;a» _)\n2g(kn2(t»a>) o )\nng(k'nn(taa))
po) (o) (st 202
(st - 20D 5 65, Qi o)
—X21G (ka1 (t, @) = = =2, G (kan(t, a))
(o) O ()
_ Pl GG ) e (ats) - RSl
G(fa(t, ) = (q(s) ~ MGk, a))> ~M2G (k1o (t, ) ~MnG ki, (t, @)
p(s) p(s) p(s)
—A21G (ka1 (t, ) ols) - A22G (koo (t, @) —A2nG(kan(t, @)
e

p(s)

A1 Gl (£, 1)
p(s)
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B A11G(k11(t, @) —A12G(k12(t, @) = = (o
(e - 2t fe ERNA)
—X21G (k21 (t, @) ~ A2G(kaa(t, ) = = 4 o
e (ate - 22D}, 4 67, 1,00)
AnGha(ta) ~An2G (kua(t, @) =
6 00,9 - o 0 e
e (q(s) A11G (k11 (¢, a))) —A12G (k12(t, @) AnG(k1n(t, @)
p(s) p(s) p(s)
—X21G (k21 (t, @) 5 — A22G (ko (t, ) —X20, G (kan(t, a))
(o) (000 - 222 o
_Anlg(];nl(tya)) _>\n2g(kn2(t7a)) < nng nn t Oé)))
p(s) p(s)
The inverse of I-F-G-transform of these functions give the required values (f (¢, @), f(t, a), i (t, ), 7 (t, ).

To illustrate the effectiveness of this method we give the following examples.

Example 4.1. Consider the following Intuitionistic Fuzzy system of linear Volterra integro-differential equa-
tions

filt,a) =(a+1,3—a,q, +f0 dsc—|—f0 7)? fo(x)dx
(®)
t7

/ _ 1.3 — . 43
f2(taa) (a+ 53 a, «, a)( t 210

—|—f0 (t—2)fi(z dm—fg(t—x)Qfg(x)dx

With,
{ f1(0,0) = (a+1,3 — o, a,—aq),

f2(0,0) = (a+1,3 — o, 0, —a).

For all o € [0, 1].
Operating the I-F-G-transform in system [§| and using theorem [3.3| with [3.5] we get

2 2 :
(469 = —525) 60, 1.0 9) = 250(£,)0) = (ot ) (14 2.

2 6 24
61, 1.9+ (4l9) + o5 ) 00, (1)) = (a+ 1pte) (1 0= 2L,

(1)
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(469 o555 ) 60.0).5) = 55 0Tatna).s) = =an(s) (14 < ).

12)

. g(fl(t7a)a5)+<Q(5)+ 2 >g(fg(t,a),s):—ap(s) (1— 6 _ A )

7°(s) ¢>(s) ¢'(s)  a*(s)

Using Cramer rule, the solutions of systems (9)), (I0), (IT) and (12) are given by

(s o) (14 ) -

q*(s)

G, (bae) = (a4 1)p(s) (1 —~ q3i(5) —~ qf&) (q(S) - q32(8)> I ( . 6 > |

(q(s) - q3?8)) - q?jS)

2 2
q(s) — 2 (a+1)p(s) (1 + q4(s))
2 6 24
_ (a+1)p(s) (1 - —
a),s) = 7*(s) ( 7°(s) q8(8)> = (« s BN
G(f,(t,a),s) = o) 5 > ~ 2 = (a+1)p(s) (q(s) q(5)5>
a3(s) 7*(s)
2 2
()
2 2
(3 —a)p(s) (1+ q4(s)> T80
6 24 2
B-aple) (1- o= 20 (a0 + 05
f a),s) = a*(s) qs(s) q3(s) = (3 —a)p(s i 0
G(f1(t.a),s) (q(s) B ) 2 (3=a)p(s) (q(s) * q(s)5>
¢ (s) ¢*(s)
2 2
(0 a)
2 2
q(s) — () (3 —a)p(s) (1 + 7*(s)
2 6 24
_ B—a)p(s) (11— —
G(Falt.0)s) = —LLL < e ic) =60 (155~ 1)
Q(S) - q3(8)> 7q3(8)
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(5w ww

e T T )
mm (9 a)
- q?j@ e (1 ' qjs))

e )

~

7N
Q
—~
VA
S~—
|
[
=Y
—~| N
»
N—
\—/
|
(=)
o
| DN
V)
S—
Q
—
VA
S—
Q
—~
v
N
>

2 2
105) = 55) —ap(s) (1 - q4(s)>
9 6 24
- —ap(s) |1~ -
G(Falt,a),5) = L— ) ( e 73) =) (75~ 707

Operating the inverse of I-F-G-transform, we get

{fl<a+1>(1+it4), h=@-a)(1+4t), A=a(+i), fi=-a(l+i).
and

fo=(a+1) (-1, Fa=(3-a)(1-1),

[res

:a(l—%t‘l), E:—a(l—it‘l).

Example 4.2. Consider the following Intuitionistic Fuzzy system of linear Volterra integro-differential equa-
tions

{ filt,0) = 2, — 1, —a,a + 2) cost + fot fi(x)dx + fot fa(z)dz,
(13)

Yt a) = (20,1 — a,a,—2 — a)(t —sint) — fot f1(z)dz — fot fo(z)dz.
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With,

f1(0,0) = o, — 1, —a,a + 2), f{(O,a) =0,
(14)

f2(0,a) = (—20,1 — o, 0, =2 — @), f5(0,0) = 0.

Taking I-F-G-transform on system [I3]and using theorem [3.3| with theorem 3.5]and initial conditions, we have

(Q(s)2 B ql> G(f1(t,a),s) = ig(ﬁ(tv @), s) = 2aq(s)p(s) + 2aq(8)p(s),

0 1) 2(5) +1
(15)
U iriar e (oot ) Gttt o — —ometana) 20 _200(6)
00+ (40677 + 5 ) Gfat).5) = ~2aa(elpls) — 25 o S
Similarly, we obtain
e s LGt — (o Da(eyp(e) 5 @ D)
(4697 = 5 ) O(F0.0).5) = —56(Falt.a)s) = (o~ Do) + L)
i ara (e o ) G o) o — (1 atofar(ey o (= 2P) (= a)p(s)
00+ (4060 + ) 6Tt a).s) = (1~ )a(oypls) + LN S
2 1 o) s) - 1 W) s) = aalsinls) + 24EP(s)
(497 = 15 ) 9009 = -5GUga(t0).5) = aglolpls) + T .

LT e (a2 s L) Gt a8 (-9 ava(s)o(e) 4 T2 P (22— a)p(s)
09 + (a9 + ) 6 )9 = (-2 = lonle) + o
The solutions of systems (T3)), (T6), (I7) and (I8) are given by
2aq(s)p(s) 1

g(il(t7a>7s) =

- - + + - - +

_ o <3p(8) p(s) p(s) | p(s) | p(s) p(s) 2p(s)q(s) p(s) >
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26y b (s s) o 22a()p(s)
()~ oo 2aq(s)p(s) + 500
1 e (s)p(s) — 2ap(s) 2ap(s)
RS B B O B KR
T 2y L b
<q (®) q(8)> q(s)
1 9 1
q(s) (q () + q(S))
_ o (2p(s) 2p(s) p(s)  2p(s)  p(s) p(s)  p(s)a(s) 2p(s)
= <q<s> 26) @6)  dis) 6 d(s) @)1 +q2<s>+1)

a(s)  @*(s)  @(s)  d*(s)  @*(s) q'(s) @(s)+1  ¢*(s)+1
26y L aal(s)nls) 4 224()P(s)
7*(s) o) 2aq(s)p(s) + 205+ 1
1 ona(sn(s) _ 22Ps)  2ap(s)
- _ q(s) 20q(3)p(s) () ¢*(s)+1
G(fo(t,@),s) = 5 7 7
(o) @

L (20 20)  p(s) | 2() | p(s) _ pls)  pls)als) | 2p(s)
= )( © 2 P26 e P06 o) )+ +q2<s>+1>
204(s)p(s) 1
2ap(s) 2ap(s) 9 1
_ reatowo 25 2 (R0 i)
g(fl(tva)vs) - ) 1 1
(q (s) - Q(5)> q(s)
1 2oy L
a(s) (q (s) + q(s)
(36 p(s)  p(s) | pls) | opls)  p(s)  2p(s)a(s) p(s)
- <q<s> 206) P a06) P a(s) @) +1 +q2<s>+1)’
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1 2aq(s)p(s)
q2(5) - @ 2aq(s)p(s) + q2(s) +1
1 20 (s)n(s 2ap(s) 2ap(s)
| W 200(80(8) = "ty ¥ Pl) 4 1
g(:2(taa)75) - ) 1 1
(fo-w) @
1 2. L
TR GORF s
_ (219(8) _2p(s) p(s) | 2(s) | p(s) o p(s) o ps)a(s) o 2p(s) )
a(s)  *(s) () () @) q(s) Ps)+1 ¢(s)+1
2(a - als)pls) + O] -5
1—a)p(s 1—a)p(s 9 1
- (- et - B+ R (00 + )
g(fl(tva)vs) = , 1 1
(f0-w5)  aw

o aa(s)n(s 2aq(s)p(s)
e a(s) 20+ g 1
2ap(s) 2ap(s)
— Ty —2aq(s)p(s) bronalber
G(falt,a)s) = a(s) : : q <1> 2(s) 1 1
@“‘wﬂ o)

(
_ (oo (228) _20(s)  p(s) | 2p(s) | p(s)  p(s) _ p(s)a(s) 2p(s)
= 2)(q<s £6) @6 i) e ) 2+ q2<s>+1)’

Operating the inverse of I-F-G-transform, we obtain the required solution of the systems (I3) with (T4) as
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1 1. 1 1
=2 —t— =24+ -3+ ——t* — — % — 2cost + sint
f « <3 5 + 5 + T(5) T07) cost + sin ) ,

1 1 1 1
=20 (2-2t— 24+ 34+ —t* — —— 1% — cost + 2sint
fa « ( 5 + 3 + T'05) T07) cost + 2sin ) ,

_ 1 1 1 1
=(a—1)(3—-t—=t24+ =t3 4+ —t* — — % — 2cost +sint
fi=(a—-1) 5 + 5 + G) 7 cost +sint | ,

_ 1 1 1 1
=(1- 2—2%— 124+ 3+ ——t* — — 15 —cost + 2sint
fa=( @) 5 + 3 + T(5) (7 cost +2sint |,

1 1 1 1
=a(3—-t—t?+ 3+ —t* — ——15 —2cost +sint
=« ( 3 + 5 + ') ) cost + sin ) ,

1 1 1 1
=—al2-2t— =24+ 34+ —t* — — % — cost + 2sint
Q e ( 5 + 3 + ') 07 cost+ 2sint |,

1 1 1 1
= (2 3—t— ot + 13+ ——t* — —1% — 2cost +sint
fi=( —i—a)( 5 +6 +F(5) T07) cos +sm),

= 1 1 1 1
=(—2—a)(2-2t— 224 23 4 ——t* — —16 — cost + 2sint | .
fa=( «@) ( > + 3 + ') ) cost + 2sin

Conclusion

In this paper we have presented intuitionistic fuzzy system of linear Volterra integro-differential equations of
the second kind and we applied the Intuitionistic fuzzy General integral transform method to solve these sys-
tems. The methodology is completely explained by two numerical examples. The results of these examples
show that the Intuitionistic fuzzy General integral transform is a very effective to determine the exact solution
of fuzzy system of linear Volterra integro-differential equations of the second kind. Future research can ex-
plore the extension of this method to solve nonlinear intuitionistic fuzzy system of Volterra integro-differential
equations and other types of Intuitionistic fuzzy integral equations. Additionally We can extend these method
to solve integral, differential and integro-differential equations in Neutrosophic Environment.
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