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Abstract

Our study addresses the intuitionistic fuzzy system of linear Volterra-integro-differential equations of the sec-
ond kind. Intuitionistic fuzzy General Transform (I-F-G-transform) method has been used to find the exact
solution of these systems. We present two numerical examples for illustrating the applicability of the Intu-
itionistic fuzzy General integral transform method.
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1 introduction

The field of intuitionistic fuzzy integro-differential equations has grown rapidly. It is one of the most important
topics in research due to its applicability in mathematics, physics, and other science as well as engineering
subjects. The concept of fuzzy sets, was originally introduced by Zadeh.19 Later, Chang and Zadeh5 introduced
the concept of fuzzy numbers in 1972. The generalization of fuzzy sets is the intuitionistic fuzzy set (IFS).
This concept was first introduced by Atanassov.3 This theory plays a major key role in diferent domains
such as industry, audiovisual systems, robotics. A fuzzy number plays an important role in representation of
such unknown quantity. Following this concept, the generalized concept of intuitionistic Fuzzy Number (IFN)
introduced by Grzegrorzewski9 in 2003.
The study of analytical and numerical methods for solving intuitionistic fuzzy integro-fifferentiel equations
has been rapidly growing in recent years. Some researchers for solving systems of Volterra integro-differential
equations have used several techniques. Integral transforms in the class of Laplace tansform such as (Sumudu,
Elzaki, Natural, Aboodh, Pourreza, Mohand, G-transform, Sawi and Kamal transforms,6,7,1,2,14,1811 ) have
been applied to determined exact solutions of fuzzy integral equations, fuzzy ordinary differential equations
(ODEs), and fuzzy integro-differential equations. Hossein Jafari in10 gives a new General integral transform
which is covered all class of integral transform in the class of Laplace transform and he applied it to solve
integral equations.
The objective of this research is to detremine exact solutions to Intuitionistic fuzzy system of Volterra integro-
differential equations by using Intuitionistic fuzzy General integral transform.
The structure of this paper is organized as follows: Section 2 introduces some basic definitions and theorems
about Intuitionistic fuzzy sets, Intuitionistic fuzzy numbers, Intuitionistic fuzzy integral and differentiation
and Intuitionistic fuzzy systems of Volterra-integro differential equations. Section 3 is dedicated to present the
New Intuitionistic fuzzy General integral transform with its properties. Section 4 gives the New Intuitionistic
fuzzy General integral transform method for solving Intuitionistic fuzzy system of Volterra integro-differential
equations and illustrates examples to demonstrate the effectiveness of this method. Finally, Section 5 is a brief
conclusion.
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2 Basic concepts

Definition 2.1 ( Intuitionistic fuzzy set3). Let a set X be fixed. An intuitionistic fuzzy set (IFS) A ⊂ X is
defined by

A = {(x, µA(x), νA(x)) : x ∈ X} ,

where the functions µA : X → [0, 1] and νA : X → [0, 1] respectively represent the degrees of membership
and non-membership of the element x ∈ X to the set A such that 0 ≤ µA + νA ≤ 1.

Let X = R, we denote by

IF1 = IF(R) = {⟨µ, ν⟩ : R → [0, 1], 0 ≤ µA + νA ≤ 1}

Definition 2.2 ( Intuitionistic fuzzy number(IFN)15). An element ⟨µ, ν⟩ ∈ IF1 is called an intuitionistic fuzzy
number if it satisfies the following conditions:

• ⟨µ, ν⟩ is normal i.e there exist a real number x0 ∈ R such that, µ(x0) = 1, and ν(x0) = 1,

• the membership function µ is convex, i.e, µ(λx1 + (1 − λ)x2) ≥ min(µ(x1), µA(x2)) : ∀x1, x2 ∈
R, λ ∈ [0, 1],

• the non-membership function ν is concave, i.e, ν(λx1+(1−λ)x2) ≤ max(ν(x1), νA(x2)) : ∀x1, x2 ∈
R, λ ∈ [0, 1],

• µ is upper semi-continuous and ν is lower semi-continuous,

• Supp⟨µ, ν⟩ = {x ∈ R : νA(x) < 1} is bounded.

The set of all intuitionistic fuzzy number is denoted by IF1.

Definition 2.3 (α−cute15). For all α ∈ [0, 1] and ⟨µ, ν⟩ ∈ IF1, the upper and lower α−cuts of ⟨µ, ν⟩ are
defined by

[⟨µ, ν⟩]α = {x ∈ R : ν(x) ≤ 1− α}

and
[⟨µ, ν⟩]α = {x ∈ R : ν(x) ≥ α}.

We define 0(0,1) ∈ IF1 as

0(0,1)(t) =

 (1, 0) if t = 0,

(0, 1) if t ̸= 0.

Let ⟨µ, ν⟩, ⟨µ′
, ν

′⟩ ∈ IF1 and λ ∈ R, we define the following operations by

[⟨µ, ν⟩ ⊕ ⟨µ
′
, ν

′
⟩]α = [⟨µ, ν⟩]α ⊕ [⟨µ

′
, ν

′
⟩]α,

λ[⟨µ, ν⟩]α = [λ⟨µ, ν⟩]α,

[⟨µ, ν⟩ ⊕ ⟨µ
′
, ν

′
⟩]α = [⟨µ, ν⟩]α ⊕ [⟨µ

′
, ν

′
⟩]α,

λ[⟨µ, ν⟩]α = [λ⟨µ, ν⟩]α.

Definition 2.4. Let ⟨µ, ν⟩ ∈ IF1 and α ∈ [0, 1], we define the following sets:

[⟨µ, ν⟩]+l (α) = inf{x ∈ R : µ(x) ≥ α},

[⟨µ, ν⟩]+r (α) = sup{x ∈ R : µ(x) ≥ α},

[⟨µ, ν⟩]−l (α) = inf{x ∈ R : µ(x) ≤ 1− α},

[⟨µ, ν⟩]−r (α) = sup{x ∈ R : µ(x) ≤ 1− α}.

DOI: https://doi.org/10.54216/IJNS.270227 321



International Journal of Neutrosophic Science (IJNS) Vol. 27, No. 02, PP. 320-340, 2026

Remark 2.5.
[⟨µ, ν⟩]α = [[⟨µ, ν⟩]+l (α), [⟨µ, ν⟩]

+
r (α)]

and
[⟨µ, ν⟩]α = [[⟨µ, ν⟩]−l (α), [⟨µ, ν⟩]

−
r (α)]

Definition 2.6. The parameric form of an intuitionistic fuzzy number is a pair of functions

⟨µ, ν⟩ = ((⟨µ, ν⟩+, ⟨µ, ν⟩
+
), (⟨µ, ν⟩−, ⟨µ, ν⟩

−
))

wich satisfy the following statements:

(i) ⟨µ, ν⟩+(α) is a bounded monotonic increasing continuous function in the interval [0, 1],

(ii) ⟨µ, ν⟩
+
(α) is a bounded monotonic decreasing continuous function in the interval [0, 1],

(iii) ⟨µ, ν⟩−(α) is a bounded monotonic increasing continuous function in the interval [0, 1],

(iv) ⟨µ, ν⟩
−
(α) is a bounded monotonic decreasing continuous function in the interval [0, 1],

(v) ⟨µ, ν⟩+(α) ≤ ⟨µ, ν⟩
+
(α) and ⟨µ, ν⟩−(α) ≤ ⟨µ, ν⟩

−
(α) for all α ∈ [0, 1].

We denote by Wn the set of intouitionistic fuzzy numbers in Rn and En the set of fuzzy numbers in Rn.
On the space IF1, we will consider the following metric for 1 ≤ p < ∞:15

dp

(
⟨µ, ν⟩, ⟨µ

′
, ν

′
⟩
)

= (
1

4

∫ 1

0

|[⟨µ, ν⟩]+r (α)− [⟨µ
′
, ν

′
⟩]+r (α)|pdα

+
1

4

∫ 1

0

|[⟨µ, ν⟩]+l (α)− [⟨µ
′
, ν

′
⟩]+l (α)|

pdα

+
1

4

∫ 1

0

|[⟨µ, ν⟩]−r (α)− [⟨µ
′
, ν

′
⟩]−r (α)|pdα

+
1

4

∫ 1

0

|[⟨µ, ν⟩]−l (α)− [⟨µ
′
, ν

′
⟩]−l (α)|

pdα)

and

d∞

(
⟨µ, ν⟩, ⟨µ

′
, ν

′
⟩
)

=
1

4
sup

0≤α≤1

∣∣∣[⟨µ, ν⟩]+r (α)− [⟨µ
′
, ν

′
⟩]+r (α)

∣∣∣
+

1

4
sup

0≤α≤1

∣∣∣[⟨µ, ν⟩]+l (α)− [⟨µ
′
, ν

′
⟩]+l (α)

∣∣∣
+

1

4
sup

0≤α≤1

∣∣∣[⟨µ, ν⟩]−r (α)− [⟨µ
′
, ν

′
⟩]−r (α)

∣∣∣
+

1

4
sup

0≤α≤1

∣∣∣[⟨µ, ν⟩]−l (α)− [⟨µ
′
, ν

′
⟩]l(α)

∣∣∣
Proposition 2.7. (IF1, dp) is metric space.

Proof. .15

From the definition of dp and intuitionistic fuzzy numbers we conclude that dp
(
⟨µ, ν⟩, ⟨µ′

, ν
′⟩
)

< ∞ and

supp(⟨µ, ν⟩), supp(⟨µ′
, ν

′⟩) are bounded for all ⟨µ, ν⟩, ⟨µ′
, ν

′⟩ ∈ IF1.
To prove that dp is an intuitionistic fuzzy metric on IF1 it suffices to prove that for all ⟨µ, ν⟩, ⟨µ′

, ν
′⟩, ⟨µ′′

, ν
′′⟩ ∈

IF1

1. dp

(
⟨µ, ν⟩, ⟨µ′

, ν
′⟩
)
≥ 0,
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2. dp

(
⟨µ, ν⟩, ⟨µ′

, ν
′⟩
)
= 0, iff ⟨µ, ν⟩ = ⟨µ′

, ν
′⟩

3. dp

(
⟨µ, ν⟩, ⟨µ′

, ν
′⟩
)
= dp

(
⟨µ′

, ν
′⟩, ⟨µ, ν⟩

)
4. dp

(
⟨µ, ν⟩, ⟨µ′′

, ν
′′⟩
)
≤ dp

(
⟨µ, ν⟩, ⟨µ′

, ν
′⟩
)
+ dp

(
⟨µ′

, ν
′⟩, ⟨µ′′

, ν
′′⟩
)

From the defintion of dp we find that

• dp

(
⟨µ, ν⟩, ⟨µ′

, ν
′⟩
)
≥ 0

• If dp
(
⟨µ, ν⟩, ⟨µ′

, ν
′⟩
)
= 0, implies

[⟨µ, ν⟩]α =
[
⟨µ

′
, ν

′
⟩
]
α
, and [⟨µ, ν⟩]α =

[
⟨µ

′
, ν

′
⟩
]α

So ⟨µ, ν⟩ = ⟨µ′
, ν

′⟩

• It is easy to verify the triangle inequality and symmetry of dp.
So (IF1, dp) is an intuitionistic fuzzy metric space.

Definition 2.8. Let ⟨µ, ν⟩, ⟨µ′
, ν

′⟩ ∈ IF1

1. If there exists ⟨Ψ, χ⟩ ∈ IF1 such that

⟨µ, ν⟩ = ⟨µ
′
, ν

′
⟩+ ⟨Ψ, χ⟩

then ⟨Ψ, χ⟩ is called Hukuhara difference of ⟨µ, ν⟩ and ⟨µ′
, ν

′⟩ denote by ⟨Ψ, χ⟩ ⊖H ⟨µ′
, ν

′⟩

2. The generalized Hukuhara difierence of two fuzzy numbers ⟨µ, ν⟩, ⟨µ′
, ν

′⟩ ∈ IF1 is defined by

⟨µ, ν⟩ ⊖gH ⟨µ
′
, ν

′
⟩ = ⟨Ψ, χ⟩

⇔

 ⟨µ, ν⟩ = ⟨µ′
, ν

′⟩+ ⟨Ψ, χ⟩,

or ⟨µ′
, ν

′⟩ = ⟨µ, ν⟩+ (−1)⟨Ψ, χ⟩.

Definition 2.9. .8 Let f : [a, b] → IF1 be an intuitionistic fuzzy valued mapping and t0 ∈ [a, b]. Then f is
called intuitionistic fuzzy continuous in t0 if an only if:

∀ε>0 ∃δ>0 ∀t ∈ [a, b] : |t− t0| ≤ δ ⇒ dp(f(t), f(t0) ≤ ε.

Definition 2.10. .16 f is called intuitionistic fuzzy continuous iff f is intuitionistic fuzzy continuous in every
point of [a, b].

Definition 2.11. .4 Let f : [a, b] → IF1 and x0 ∈ [a, b]. f is called strongly generalized differentiable on x0

if ∃(f+)
′
(x0) ∈ E

′
, such that:

(i) for all h>0 sufficiently small, ∃f+(x0 +h)⊖gh f
+(x0), f+(x0)⊖gh f

+(x0 −h) and the limits (in the
metric D)

lim
h→0

f+(x0 + h)⊖gh f+(x0)

h
= lim

h→0

f+(x0)⊖gh f+(x0 − h)

h
= (f+)

′
(x0),

(ii) for all h>0 sufficiently small, ∃f+(x0) ⊖gh f+(x0 + h), f+(x0 − h) ⊖gh f+(x0), and the limits (in
the metric D)

lim
h→0

f+(x0)⊖gh f+(x0 + h)

−h
= lim

h→0

f+(x0 − h)⊖gh f+(x0)

−h
= (f+)

′
(x0),
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(iii) for all h>0 sufficiently small, ∃f+(x0 +h)⊖gh f
+(x0), f+(x0 −h)⊖gh f

+(x0) and the limits (in the
metric D)

lim
h→0

f+(x0 + h)⊖gh f+(x0)

h
= lim

h→0

f+(x0 − h)⊖gh f+(x0)

−h
= (f+)

′
(x0),

Or

(iv) for all h>0 sufficiently small, ∃f+(x0)⊖gh f
+(x0 +h), f+(x0)⊖gh f

+(x0 −h) and the limits (in the
metric D)

lim
h→0

f+(x0)⊖gh f+(x0 + h)

−h
= lim

h→0

f+(x0)⊖gh f+(x0 − h)

h
= (f+)

′
(x0),

where, h and (−h) at denominators mean 1
h⊙ and − 1

h⊙ , respectively

Results similar to (i) to (iv) can be defined to the function (f−)
′
(x0) ∈ E1.

Theorem 2.12. .17 Let f(x) be an intuitionistic fuzzy-valued function on [a,∞) represented by (f(x, α), f(x, α),

f(x, α), f(x, α)) for all α ∈ [0, 1]. Assume that f(x, α), f(x, α), f(x, α), f(x, α) are Riemann integrabl on

[a, b] for every b ≥ a, and assume that there are four positive constant N(α), N(α), N(α), N(α) satisfying∫ ∞

α

|f(x, α)|dt ≤ N(α),

∫ ∞

α

|f(x, α)|dt ≤ N(α),∫ ∞

α

|f(x, α)|dt ≤ N(α),∫ ∞

α

|f(x, α)|dt ≤ N(α),

Then f(x, t) is an improper intuitionistic fuzzy Riemann−integrable on [a,∞) and the improper intuitionistic
fuzzy Riemann integrale is an intuitionistic fuzzy number and Furthermore, we have for all α ∈ [0, 1]∫ ∞

α

f(x, α)dt =

(∫ ∞

α

f(x, α)dt,

∫ ∞

α

f(x, α)dt,

∫ ∞

α

f(x, α)dt,

∫ ∞

α

f(x, α)dt

)
.

Definition 2.13. (Intuitionistic Fuzzy system of linear Volterra integro-differential equations)
Let f be an intuitionistic fuzzy valued finction. For all i = 1, 2, .., n, the linear intuitionistic fuzzy system of
Volterra integro-differential equations of the second kind (IFSVIDE-2) is defined by

f ′
1(t) = g1(t) +

n∑
j=1

λ1j

∫ t

0
k1j(t− x)fj(x)dx,

f ′
2(t) = g2(t) +

n∑
j=1

λ2j

∫ t

0
k2j(t− x)fj(x)dx,

...

f ′
n(t) = gn(t) +

n∑
j=1

λnj

∫ 1

0
knj(t− x)fj(x)dx.

(1)

With initial conditions 

f1(t0) = β1,

f2(t0) = β2,
...
fn(t0) = βn.

Where gi(t) are intuitionistic fuzzy valued functions, kij(t, x) are crisp Kernels, and λij ̸= 0, βi are real
constant.
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The parametric form of the IFSVIDE-2 (1) is given by

f ′
1
(t, α) = g

1
(t, α) +

n∑
j=1

λ1j

∫ t

0
k1j(t− x)fj(x, α)dx,

f ′
2
(t, α) = g

2
(t, α) +

n∑
j=1

λ2j

∫ t

0
k2j(t− x)fj(x, α)dx,

...

f ′
n
(t, α) = g

n
(t, α) +

n∑
j=1

λnj

∫ 1

0
knj(t− x)fj(x, α)dx.

, 

f
′
1(t, α) = g1(t, α) +

n∑
j=1

λ1j

∫ t

0
k1j(t− x)fj(x, α)dx,

f
′
2(t, α) = g2(t, α) +

n∑
j=1

λ2j

∫ t

0
k2j(t− x)fj(x, α)dx,

...

f
′
n(t, α) = gn(t, α) +

n∑
j=1

λnj

∫ 1

0
knj(t− x)fj(x, α)dx.

, 

f ′
1
(t, α) = g

1
(t, α) +

n∑
j=1

λ1j

∫ t

0
k1j(t− x)fj(x, α)dx,

f ′
2
(t, α) = g

2
(t, α) +

n∑
j=1

λ2j

∫ t

0
k2j(t− x)fj(x, α)dx,

...

f ′
n
(t, α) = g

n
(t, α) +

n∑
j=1

λnj

∫ 1

0
knj(t− x)fj(x, α)dx.

and 

f ′
1(t, α) = g1(t, α) +

n∑
j=1

λ1j

∫ t

0
knj(t− x)fj(x, α)dx,

f ′
2(t, α) = g2(t, α) +

n∑
j=1

λ2j

∫ t

0
k2j(t− x)fj(x, α)dx,

...

f ′
n(t, α) = gn(t, α) +

n∑
j=1

λnj

∫ 1

0
knj(t− x)fj(x, α)dx.

With initial conditions

(f
1
(t0, α), f1(t0, α), f1(t0, α), f1(t0), α) = (β1, β1β1, β1),

(f
2
(t0, α), f2(t0, α), f2(t0, α), f2(t0, α) = (β2, β2β2, β2),

...
(f

n
(t0, α), fn(t0, α), fn(t0, α), fn(t0, α)) = (βn, βnβn, βn).

3 Intuitionistic fuzzy General integral transform (I-F-G transform)

Definition 3.1. Let f(t) be a continuous intutionistic fuzzy valued function and let q(s), p(s) ̸= 0 be two
positive real functions. Suppose that f(t)e−q(s)t is improper intuitionistic fuzzy Rimann-integrable on [0,∞).
Then New intutionstic fuzzy General integral transforms of f denoted by (I-F-G-transform) is defined by:

G(s) = G(f(t), s) = p(s)

∫ ∞

0

f(t)e−q(s)tdt

Remark 3.2. For all α ∈ [0, 1], we can present the definition of I-F-G-transform based on the α−cut of the
intuitionistic fuzzy valued function by

G(s, α) = G(f(t, α), s)

=

(
p(s)

∫ ∞

0

f(t, α)e−q(s)tdt, p(s)

∫ ∞

0

f(t, α)e−q(s)tdt, p(s)

∫ ∞

0

f(t, α)e−q(s)tdt, p(s)

∫ ∞

0

f(t, α)e−q(s)tdt

)
.
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Theorem 3.3. 10 Let f be an integrable intuitionistic fuzzy valued function, such that its derivatives are up to
(n− 1)th order are continuous for all t > 0 and fn exits. Then

1. If f is (i)−differentiable, we have

• G(f ′
(t), s) = q(s)G(f(t), s)⊖ p(s)f(0).

• G(f ′′
(t), s) = q2(s)G(f(t), s)⊖ q(s)p(s)f(0)⊖ p(s)f

′
(0).

• G(fn(t), s) = qn(s)G(f(t), s)⊖ p(s)
∑n−1

k=0 q
n−1−k(s)fk(0).

Definition 3.4. (Intuitionistic fuzzy convolution)
Let f1, f2 are two peice-wise continuous intuitionistic fuzzy-valued functions. Then the intuitionistic fuzzy
Convolution of f1 and f2 is defined by

(f1 ∗ f2)(t) =
∫ ∞

0

f1(s)f2(t− v)dv.

Theorem 3.5. Let f1, f2 are two piece-wise continuous intuitionistic fuzzy valued functions on [0,∞[ and of
exponential order. If G(f1(t), s) = G1(s) and G(f2(t), s) = G2(s) then the new intuitionistic fuzzy General
integral transform of the Convolution of f1 and f2 is

G((f1 ∗ f2)(t), s) = G
(∫ ∞

0

f1(t)f2(t− v)dv

)
=

G1(s)G2(s)

p(s)
.

4 I-F-G transform method for solving intuitionistic fuzzy system of linear Volterra integro-differential
equations

By applying I-F-G-transform on system 1, we obtain

G(f ′
1(t), s) = G(g1(t), s) +

n∑
j=1

λ1jG(k1j(t, s) ∗ fj(t, s)),

G(f ′
2(t), s) = G(g2(t), s) +

n∑
j=1

λ2jG((k2j(t, s) ∗ (fj(t, s)),

...

G(f ′
n(t), s) = G(gn(t), s) +

n∑
j=1

λnjG((knj(t, s) ∗ (fj(t, s)).

(2)

By using Convolution theorem 3.5 of I-F-G-transform and theorem 3.3 in system 2, we have

q(s)G(f1(t), s)− p(s)f1(t0) = G(g1(t), s) +

[
n∑

j=1

λ1jG((k1j(t), s)G(fj(t), s))×
1

p(s)

]
,

q(s)G(f2(t), s)− p(s)f2(t0) = G(g2(t), s) +

[
n∑

j=1

λ2jG(k2j(t), s)G(fj(t), s)×
1

p(s)

]
,

...

q(s)G(fn(t), s)− p(s)fn(t0) = G(gn(t), s) +

[
n∑

j=1

λnjG(knj(t), s)G(fj(t), s)×
1

p(s)

]
.

(3)

The parametric form of the fuzzy system 3 is

q(s)G(f
1
(t, α), s)− p(s)(f

1
(t0, α)) = G(g

1
(t, α), s) +

[
n∑

j=1

λ1jG(k1j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

q(s)G(f
2
(t, α), s)− p(s)(f

2
(t0, α)) = G(g

2
(t, α), s) +

[
n∑

j=1

λ2jG(k2j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

...

q(s)G(f
n
(t, α), s)− p(s)(f

n
(t0, α)) = G(g

n
(t, α), s) +

[
n∑

j=1

λnjG(knj(t, α), s)G(fj(t, α), s)×
1

p(s)

]
.
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

q(s)G(f1(t, α), s)− p(s)f1(t0, α) = G(g1(t, α), s) +

[
n∑

j=1

λ1jG(k1j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

q(s)G(f2(t, α), s)− p(s)f ′
2(t0, α) = G(g2(t, α), s) +

[
n∑

j=1

λ2jG(k2j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

...

q(s)G(fn(t, α), s)− p(s)fn(t0, α) = G(gn(t, α), s) +

[
n∑

j=1

λnjG(knj(t, α), s)G(fj(t, α), s)×
1

p(s)

]
.



q(s)G(f1(t, α), s)− p(s)(f1(t0, α)) = G(g1(t, α), s) +

[
n∑

j=1

λ1jG(k1j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

q(s)G(f2(t, α), s)− p(s)(f2(t0, α)) = G(g2(t, α), s) +

[
n∑

j=1

λ2jG(k2j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

...

q(s)G(fn(t, α), s)− p(s)(fn(t0, α)) = G(gn(t, α), s) +

[
n∑

j=1

λnjG(knj(t, α), s)G(fj(t, α), s)×
1

p(s)

]
.

and

q(s)G(f1(t, α), s)− p(s)(f1(t0, α)) = G(g1(t, α), s) +

[
n∑

j=1

λ1jG(k1j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

q(s)G(f2(t, α), s)− p(s)(f2(t0, α)) = G(g2(t, α), s) +

[
n∑

j=1

λ2jG(k2j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

...

q(s)G(fn(t, α), s)− p(s)(fn(t0, α)) = G(gn(t, α), s) +

[
n∑

j=1

λnjG(knj(t, α), s)G(fj(t, α), s)×
1

p(s)

]
.

So

q(s)G(f
1
(t, α), s) = p(s)(f

1
(t0, α)) + G(g

1
(t, α), s) +

[
n∑

j=1

λ1jG(k1j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

q(s)G(f
2
(t, α), s) = p(s)(f

2
(t0, α)) + G(g

2
(t, α), s) +

[
n∑

j=1

λ2jG(k2j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

...

q(s)G(f
n
(t, α), s) = p(s)(f

n
(t0, α)) + G(g

n
(t, α), s) +

[
n∑

j=1

λnjG(knj(t, α), s)G(fj(t, α), s)×
1

p(s)

]
.



q(s)G(f1(t, α), s) = p(s)f1(t0, α) + G(g1(t, α), s) +

[
n∑

j=1

λ1jG(k1j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

q(s)G(f2(t, α), s) = p(s)f2(t0, α) + G(g2(t, α), s) +

[
n∑

j=1

λ2jG(k2j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

...

q(s)G(fn(t, α), s) = p(s)fn(t0, α) + G(gn(t, α), s) +

[
n∑

j=1

λnjG(knj(t, α), s)G(fj(t, α), s)×
1

p(s)

]
.
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

q(s)G(f1(t, α), s) = p(s)(f1(t0, α)) + G(g1(t, α), s) +

[
n∑

j=1

λ1jG(k1j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

q(s)G(f2(t, α), s) = p(s)(f2(t0, α)) + G(g2(t, α), s) +

[
n∑

j=1

λ2jG(k2j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

...

q(s)G(fn(t, α), s) = p(s)(fn(t0, α)) + G(gn(t, α), s) +

[
n∑

j=1

λnjG(knj(t, α), s)G(fj(t, α), s)×
1

p(s)

]
.

and

q(s)G(f1(t, α), s) = p(s)(f1(t0, α)) + G(g1(t, α), s) +

[
n∑

j=1

λ1jG(k1j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

q(s)G(f2(t, α), s) = p(s)(f2(t0, α)) + G(g2(t, α), s) +

[
n∑

j=1

λ2jG(k2j(t, α), s)G(fj(t, α), s)×
1

p(s)

]
,

...

q(s)G(fn(t, α), s) = p(s)(fn(t0, α)) + G(gn(t, α), s) +

[
n∑

j=1

λnjG(knj(t, α), s)G(fj(t, α), s)×
1

p(s)

]
.

After simplification, we have

(q(s)− λ11G(k11(t,α),s)
p(s) )G(f

1
(t, α), s)−

∑n
j=2

λ1jG(k1j(t,α),s)
p(s) G(f

j
(t, α), s) = p(s)β1 + G(g

1
(t, α), s),

(q(s)− λ22G(k22(t,α),s)
p(s) )G(f

2
(t, α), s)−

∑n
j=1,j ̸=2

λ2jG(k2j(t,α),s)
p(s) G(f

j
(t, α), s) = p(s)β2 + G(g

2
(t, α), s),

...∑n
j=1,

λnjG(knj(t,α),s)
p(s) G(f

j
(t, α), s) + (q(s)− λnnG(knn(t,α),s)

p(s) )G(f
n
(t, α), s) = p(s)βn + G(g

n
(t, α), s).

(4)
(q(s)− λ11G(k11(t,α),s)

p(s) )G(f1(t, α), s)−
∑n

j=2
λ1jG(k1j(t,α),s)

p(s) G(f j(t, α), s) = p(s)β1 + G(g1(t, α), s),
(q(s)− λ22G(k22(t,α),s)

p(s) )G(f2(t, α), s)−
∑n

j=1,j ̸=2
λ2jG(k2j(t,α),s)

p(s) G(f j(t, α), s) = p(s)β2 + G(g2(t, α), s),
...∑n

j=1,
λnjG(knj(t,α),s)

p(s) G(f j(t, α), s) + (q(s)− λnnG(knn(t,α),s)
p(s) )G(fn(t, α), s) = p(s)βn + G(gn(t, α), s).

(5)
,

(q(s)− λ11G(k11(t,α),s)
p(s) )G(f1(t, α), s)−

∑n
j=2

λ1jG(k1j(t,α),s)
p(s) G(fj(t, α), s) = p(s)β1 + G(g1(t, α), s),

(q(s)− λ22G(k22(t,α),s)
p(s) )G(f2(t, α), s)−

∑n
j=1,j ̸=2

λ2jG(k2j(t,α),s)
p(s) G(fj(t, α), s) = p(s)β2 + G(g2(t, α), s),

...∑n
j=1,

λnjG(knj(t,α),s)
p(s) G(fj(t, α), s) + (q(s)− λnnG(knn(t,α),s)

p(s) )G(fn(t, α), s) = p(s)βn + G(gn(t, α), s).
(6)

,
(q(s)− λ11G(k11(t,α),s)

p(s) )G(f1(t, α), s)−
∑n

j=2
λ1jG(k1j(t,α),s)

p(s) G(fj(t, α), s) = p(s)β1 + G(g1(t, α), s),
(q(s)− λ22G(k22(t,α),s)

p(s) )G(f2(t, α), s)−
∑n

j=1,j ̸=2
λ2jG(k2j(t,α),s)

p(s) G(fj(t, α), s) = p(s)β2 + G(g2(t, α), s),
...∑n

j=1,
λnjG(knj(t,α),s)

p(s) G(fj(t, α), s) + (q(s)− λnnG(knn(t,α),s)
p(s) )G(fn(t, α), s) = p(s)βn + G(gn(t, α), s).

(7)
Matrix visualization of systems 4, 5, 6, and 7 respectively are

PF = G,PF = G,PF = G,PF = G
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Where

P =


(q(s)− λ11G(k11(t,α),s)

p(s) ) −λ12G(k12(t,α),s)
p(s) ... −λ1nG(k1n(t,α),s)

p(s)
−λ21G(k21(t,α),s)

p(s) (q(s)− λ22G(k22(t,α),s)
p(s) ) ... −λ2nG(k2n(t,α),s)

p(s)

...
... ...

...
−λn1G(kn1(t,α),s)

p(s) −λn2G(kn2(t,α),s)
p(s) ... (q(s)− λnnG(knn(t,α),s)

p(s) )



F =


G(f

1
(t, α), s)

G(f
2
(t, α), s)

...
G(f

n
(t, α), s)

 , G =


p(s)β1 + G(g

1
(t, α), s)

p(s)β2 + G(g
2
(t, α), s)

...
p(s)βn + G(g

n
(t, α), s)

 , F =


G(f1(t, α), s)

G(f2(t, α), s)
...

G(fn(t, α), s)

 , G =


p(s)β1 + G(g1(t, α), s)
p(s)β2 + G(g2(t, α), s)

...
p(s)βn + G(gn(t, α), s)



F =


G(f1(t, α), s)
G(f2(t, α), s)

...
G(fn(t, α), s)

 , G =


p(s)β1 + G(g1(t, α), s)
p(s)β2 + G(g2(t, α), s)

...
p(s)βn + G(gn(t, α), s)

 , F =


G(f1(t, α), s)
G(f2(t, α), s)

...
G(fn(t, α), s)

 , G =


p(s)β1 + G(g1(t, α), s)
p(s)β2 + G(g2(t, α), s)

...
p(s)βn + G(gn(t, α), s)


Using Cramer rule, the solutions of systems 4,5,6 and 7 are given by

G(f
1
(t, α), s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p(s)β1 + G(g
1
(t, α), s)

−λ12G(k1n(t, α), s)
p(s)

...
−λ1nG(k1n(t, α), s)

p(s)

β2 + G(g
2
(t, α), s)

(
q(s)− λ22G(k22(t, α), s)

p(s)

)
....

−λ2nG(k2n(t, α), s)
p(s)

...
...

βn + G(g
n
(t, α), s)

−λn2G(kn2(t, α), s)
p(s)

...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
−λ12G(k12(t, α), s)

p(s)
...

λ1mG(k1m(t, α), s)

p(s)

−λ21G(k21(t, α), s)
p(s)

(
q(s)− λ22G(k22(t, α), s)

p(s)

)
...

−λ2nG(k2n(t, α), s)
p(s)

...
...

−λn1G(kn1(t, α), s)
p(s)

−λn2G(kn2(t, α), s)
p(s)

...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

G(f
2
(t, α), s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
β1 + G(g

1
(t, α), s) ...

λ1nG(k1n(t, α), s)
p(s)

−λ21G(k21(t, α), s)
p(s)

β2 + G(g
2
(t, α), s) ...

−λ2nG(k2n(t, α), s)
p(s)

...
...

−λn1G(kn1(t, α), s)
p(s)

β2 + G(g
n
(t, α), s) ...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
−λ12G(k12(t, α), s)

p(s)
...

−λ1nG(k1n(t, α), s)
p(s)

−λ21G(k21(t, α), s)
p(s)

q(s)− λ22G(k22(t, α), s)
p(s)

...
−λ2nG(k2n(t, α), s)

p(s)
...

...
−λn1G(kn1(t, α), s)

p(s)

−λn2G(kn2(t, α), s)
p(s)

...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
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G(f
n
(t, α), s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
−λ12G(k12(t, α), s)

p(s)
... β1 + G(g

1
(t, α), s)

−λ21G(k21(t, α), s)
p(s)

(
q(s)− λ22G(k22(t, α), s)

p(s)

)
... β2 + G(g

1
(t, α), s)

...
...

−λn1G(kn1(t, α), s)
p(s)

−λn2G(kn2(t, α), s)
p(s)

... βn + G(g
1
(t, α), s)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
−λ12G(k12(t, α), s)

p(s)
...

λ1nG(k1n(t, α), s)
p(s)

−λ21G(k21(t, α), s)
p(s)

q(s)− λ22G(k22(t, α), s) ...
−λ2nG(k2n(t, α), s)

p(s)
...

...

−λn1G(kn1(t, α), s) −λn2G(kn2(t, α), s) ...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

and

G(f1(t, α), s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p(s)β1 + G(g1(t, α), s)
−λ12G(k1n(t, α), s)

p(s)
...

−λ1nG(k1n(t, α), s)
p(s)

β2 + G(g2(t, α), s)
(
q(s)− λ22G(k22(t, α), s)

p(s)

)
....

−λ2nG(k2n(t, α), s)
p(s)

...
...

βn + G(gn(t, α), s)
−λn2G(kn2(t, α), s)

p(s)
...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
−λ12G(k12(t, α), s)

p(s)
...

λ1mG(k1m(t, α), s)

p(s)

−λ21G(k21(t, α), s)
p(s)

(
q(s)− λ22G(k22(t, α), s)

p(s)

)
...

−λ2nG(k2n(t, α), s)
p(s)

...
...

−λn1G(kn1(t, α), s)
p(s)

−λn2G(kn2(t, α), s)
p(s)

...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

G(f2(t, α), s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
β1 + G(g1(t, α), s) ...

λ1nG(k1n(t, α), s)
p(s)

−λ21G(k21(t, α), s)
p(s)

β2 + G(g2(t, α), s) ...
−λ2nG(k2n(t, α), s)

p(s)
...

...
−λn1G(kn1(t, α), s)

p(s)
β2 + G(gn(t, α), s) ...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
−λ12G(k12(t, α), s)

p(s)
...

−λ1nG(k1n(t, α), s)
p(s)

−λ21G(k21(t, α), s)
p(s)

q(s)− λ22G(k22(t, α), s)
p(s)

...
−λ2nG(k2n(t, α), s)

p(s)
...

...
−λn1G(kn1(t, α), s)

p(s)

−λn2G(kn2(t, α), s)
p(s)

...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
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G(fn(t, α), s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
−λ12G(k12(t, α), s)

p(s)
... β1 + G(g1(t, α), s)

−λ21G(k21(t, α), s)
p(s)

(
q(s)− λ22G(k22(t, α), s)

p(s)

)
... β2 + G(g1(t, α), s)

...
...

−λn1G(kn1(t, α), s)
p(s)

−λn2G(kn2(t, α), s)
p(s)

... βn + G(g1(t, α), s)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
−λ12G(k12(t, α), s)

p(s)
...

λ1nG(k1n(t, α), s)
p(s)

−λ21G(k21(t, α), s)
p(s)

q(s)− λ22G(k22(t, α), s) ...
−λ2nG(k2n(t, α), s)

p(s)
...

...

−λn1G(kn1(t, α), s) −λn2G(kn2(t, α), s) ...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

and

G(f1(t, α), s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p(s)β1 + G(g1(t, α), s)
−λ12G(k1n(t, α), s)

p(s)
...

−λ1nG(k1n(t, α), s)
p(s)

β2 + G(g2(t, α), s)
(
q(s)− λ22G(k22(t, α), s)

p(s)

)
....

−λ2nG(k2n(t, α), s)
p(s)

...
...

βn + G(gn(t, α), s)
−λn2G(kn2(t, α), s)

p(s)
...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
−λ12G(k12(t, α), s)

p(s)
...

λ1mG(k1m(t, α), s)

p(s)

−λ21G(k21(t, α), s)
p(s)

(
q(s)− λ22G(k22(t, α), s)

p(s)

)
...

−λ2nG(k2n(t, α), s)
p(s)

...
...

−λn1G(kn1(t, α), s)
p(s)

−λn2G(kn2(t, α), s)
p(s)

...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

G(f2(t, α), s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
β1 + G(g1(t, α), s) ...

λ1nG(k1n(t, α), s)
p(s)

−λ21G(k21(t, α), s)
p(s)

β2 + G(g2(t, α), s) ...
−λ2nG(k2n(t, α), s)

p(s)
...

...
−λn1G(kn1(t, α), s)

p(s)
β2 + G(gn(t, α), s) ...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
−λ12G(k12(t, α), s)

p(s)
...

−λ1nG(k1n(t, α), s)
p(s)

−λ21G(k21(t, α), s)
p(s)

q(s)− λ22G(k22(t, α), s)
p(s)

...
−λ2nG(k2n(t, α), s)

p(s)
...

...
−λn1G(kn1(t, α), s)

p(s)

−λn2G(kn2(t, α), s)
p(s)

...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
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G(fn(t, α), s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
−λ12G(k12(t, α), s)

p(s)
... β1 + G(g1(t, α), s)

−λ21G(k21(t, α), s)
p(s)

(
q(s)− λ22G(k22(t, α), s)

p(s)

)
... β2 + G(g1(t, α), s)

...
...

−λn1G(kn1(t, α), s)
p(s)

−λn2G(kn2(t, α), s)
p(s)

... βn + G(g1(t, α), s)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α), s)

p(s)

)
−λ12G(k12(t, α), s)

p(s)
...

λ1nG(k1n(t, α), s)
p(s)

−λ21G(k21(t, α), s)
p(s)

q(s)− λ22G(k22(t, α), s) ...
−λ2nG(k2n(t, α), s)

p(s)
...

...

−λn1G(kn1(t, α), s) −λn2G(kn2(t, α), s) ...

(
q(s)− λnnG(knn(t, α), s)

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

G(f1(t, α)) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p(s)β1 + G(g1(t, α))
−λ12G(k1n(t, α))

p(s)
...

−λ1nG(k1n(t, α))
p(s)

β2 + G(g2(t, α))
(
q(s)− λ22G(k22(t, α))

p(s)

)
....

−λ2nG(k2n(t, α))
p(s)

...
...

βn + G(gn(t, α))
−λn2G(kn2(t, α))

p(s)
...

(
q(s)− λnnG(knn(t, α))

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α))

p(s)

)
−λ12G(k12(t, α))

p(s)
...

λ1mG(k1m(t, α))

p(s)

−λ21G(k21(t, α))
p(s)

(
q(s)− λ22G(k22(t, α))

p(s)

)
...

−λ21G(k21(t, α))
p(s)

...
...

−λn1G(kn1(t, α))
p(s)

−λn2G(kn2(t, α))
p(s)

...

(
q(s)− λnnG(knn(t, α))

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

G(f2(t, α)) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α))

p(s)

)
β1 + G(g1(t, α)) ...

λ1nG(k1n(t, α))
p(s)

−λ21G(k21(t, α))
p(s)

β2 + G(g2(t, α)) ...
−λ2nG(k2n(t, α))

p(s)
...

...
−λn1G(kn1(t, α))

p(s)
β2 + G(gn(t, α)) ...

(
q(s)− λnnG(knn(t, α))

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α))

p(s)

)
−λ12G(k12(t, α))

p(s)
...

−λ1nG(k1n(t, α))
p(s)

−λ21G(k21(t, α))
p(s)

q(s)− λ22G(k22(t, α))
p(s)

...
−λ2nG(k2n(t, α))

p(s)
...

...
−λn1G(kn1(t, α))

p(s)

−λn2G(kn2(t, α))
p(s)

...

(
q(s)− λnnG(knn(t, α))

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
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G(fn(t, α), s) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α))

p(s)

)
−λ12G(k12(t, α))

p(s)
... β1 + G(g1(t, α))

−λ21G(k21(t, α))
p(s)

(
q(s)− λ22G(k22(t, α))

p(s)

)
... β2 + G(g1(t, α))

...
...

−λn1G(kn1(t, α))
p(s)

−λn2G(kn2(t, α))
p(s)

... βn + G(g1(t, α))

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− λ11G(k11(t, α))

p(s)

)
−λ12G(k12(t, α))

p(s)
...

λ1nG(k1n(t, α))
p(s)

−λ21G(k21(t, α))
p(s)

(
q(s)− λ22G(k22(t, α))

p(s)

)
...

−λ2nG(k2n(t, α))
p(s)

...
...

−λn1G(kn1(t, α))
p(s)

−λn2G(kn2(t, α))
p(s)

...

(
q(s)− λnnG(knn(t, α))

p(s)

)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

The inverse of I-F-G-transform of these functions give the required values (f(t, α), f(t, α), f(t, α), f(t, α)).
To illustrate the effectiveness of this method we give the following examples.

Example 4.1. Consider the following Intuitionistic Fuzzy system of linear Volterra integro-differential equa-
tions 

f ′
1(t, α) = (α+ 1, 3− α, α,−α)

t3

3
+

∫ t

0
(t− x)2f1(x)dx+

∫ t

0
(t− x)2f2(x)dx,

f ′
2(t, α) = (α+ 1, 3− α, α,−α)(−t3 − t7

210
) +

∫ t

0
(t− x)2f1(x)dx−

∫ t

0
(t− x)2f2(x)dx.

(8)

With,  f1(0, α) = (α+ 1, 3− α, α,−α),

f2(0, α) = (α+ 1, 3− α, α,−α).

For all α ∈ [0, 1].
Operating the I-F-G-transform in system 8 and using theorem 3.3 with 3.5, we get

(
q(s)− 2

q3(s)

)
G(f

1
(t, α), s)− 2

q3(s)
G(f

2
(t, α), s) = (α+ 1)p(s)

(
1 +

2

q4(s)

)
,

− 2

q3(s)
G(f

1
(t, α), s) +

(
q(s) +

2

q3(s)

)
G(f

2
(t, α), s) = (α+ 1)p(s)

(
1− 6

q4(s)
− 24

q8(s)

)
.

(9)

, 

(
q(s)− 2

q3(s)

)
G(f1(t, α), s)−

2

q3(s)
G(f2(t, α), s) = (3− α), s)p(s)

(
1 +

2

q4(s)

)
,

− 2

q3(s)
G(f1(t, α), s) +

(
q(s) +

2

q3(s)

)
G(f2(t, α), s) = (3− α)p(s)

(
1− 6

q4(s)
− 24

q8(s)

)
.

(10)

, 

(
q(s)− 2

q3(s)

)
G(f1(t, α), s)−

2

q3(s)
G(f2(t, α), s) = αp(s)

(
1 +

2

q4(s)

)
,

− 2

q3(s)
G(f1(t, α), s) +

(
q(s) +

2

q3(s)

)
G(f2(t, α), s) = αp(s)

(
1− 6

q4(s)
− 24

q8(s)

)
.

(11)
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, 

(
q(s)− 2

q3(s)

)
G(f1(t, α), s)−

2

q3(s)
G(f2(t, α), s) = −αp(s)

(
1 +

2

q4(s)

)
,

− 2

q3(s)
G(f1(t, α), s) +

(
q(s) +

2

q3(s)

)
G(f2(t, α), s) = −αp(s)

(
1− 6

q4(s)
− 24

q8(s)

)
.

(12)

Using Cramer rule, the solutions of systems (9), (10), (11) and (12) are given by

G(f
1
(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
(α+ 1)p(s)

(
1 +

2

q4(s)

)
− 2

q3(s)

(α+ 1)p(s)

(
1− 6

q3(s)
− 24

q8(s)

) (
q(s) +

2

q3(s)

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− 2

q3(s)

)
− 2

q3(s)

− 2

q3(s)

(
q(s) +

2

q3(s)

)
∣∣∣∣∣∣∣∣∣∣

= (α+1)p(s)

(
1

q(s)
+

6

q(s)5

)
,

G(f
2
(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
q(s)− 2

q3(s)
(α+ 1)p(s)

(
1 +

2

q4(s)

)

− 2

q3(s)
(α+ 1)p(s)

(
1− 6

q3(s)
− 24

q8(s)

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− 2

q3(s)

)
− 2

q3(s)

− 2

q3(s)

(
q(s) +

2

q3(s)

)
∣∣∣∣∣∣∣∣∣∣

= (α+ 1)p(s)

(
1

q(s)
− 6

q(s)5

)
,

,

G(f1(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
(3− α)p(s)

(
1 +

2

q4(s)

)
− 2

q3(s)

(3− α)p(s)

(
1− 6

q3(s)
− 24

q8(s)

) (
q(s) +

2

q3(s)

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− 2

q3(s)

)
− 2

q3(s)

− 2

q3(s)

(
q(s) +

2

q3(s)

)
∣∣∣∣∣∣∣∣∣∣

= (3−α)p(s)

(
1

q(s)
+

6

q(s)5

)
,

G(f2(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
q(s)− 2

q3(s)
(3− α)p(s)

(
1 +

2

q4(s)

)

− 2

q3(s)
(3− α)p(s)

(
1− 6

q3(s)
− 24

q8(s)

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− 2

q3(s)

)
− 2

q3(s)

− 2

q3(s)

(
q(s) +

2

q3(s)

)
∣∣∣∣∣∣∣∣∣∣

= (3− α)p(s)

(
1

q(s)
− 6

q(s)5

)
,
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,

G(f1(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
αp(s)

(
1 +

2

q4(s)

)
− 2

q3(s)

αp(s)

(
1− 6

q3(s)
− 24

q8(s)

) (
q(s) +

2

q3(s)

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− 2

q3(s)

)
− 2

q3(s)

− 2

q3(s)

(
q(s) +

2

q3(s)

)
∣∣∣∣∣∣∣∣∣∣

= αp(s)

(
1

q(s)
+

6

q(s)5

)
,

G(f2(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
q(s)− 2

q3(s)
αp(s)

(
1 +

2

q4(s)

)

− 2

q3(s)
αp(s)

(
1− 6

q3(s)
− 24

q8(s)

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− 2

q3(s)

)
− 2

q3(s)

− 2

q3(s)

(
q(s) +

2

q3(s)

)
∣∣∣∣∣∣∣∣∣∣

= αp(s)

(
1

q(s)
− 6

q(s)5

)
,

G(f1(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
−αp(s)

(
1 +

2

q4(s)

)
− 2

q3(s)

−αp(s)

(
1− 6

q3(s)
− 24

q8(s)

) (
q(s) +

2

q3(s)

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− 2

q3(s)

)
− 2

q3(s)

− 2

q3(s)

(
q(s) +

2

q3(s)

)
∣∣∣∣∣∣∣∣∣∣

= −αp(s)

(
1

q(s)
+

6

q(s)5

)
,

G(f2(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
q(s)− 2

q3(s)
−αp(s)

(
1 +

2

q4(s)

)

− 2

q3(s)
−αp(s)

(
1− 6

q3(s)
− 24

q8(s)

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q(s)− 2

q3(s)

)
− 2

q3(s)

− 2

q3(s)

(
q(s) +

2

q3(s)

)
∣∣∣∣∣∣∣∣∣∣

= −αp(s)

(
1

q(s)
− 6

q(s)5

)
,

Operating the inverse of I-F-G-transform, we get


f1 = (α+ 1)

(
1 + 1

4 t
4
)
, f1 = (3− α)

(
1 + 1

4 t
4
)
, f1 = α

(
1 + 1

4 t
4
)
, f1 = −α

(
1 + 1

4 t
4
)
.

and

f2 = (α+ 1)
(
1− 1

4 t
4
)
, f2 = (3− α)

(
1− 1

4 t
4
)
, f2 = α

(
1− 1

4 t
4
)
, f2 = −α

(
1− 1

4 t
4
)
.

Example 4.2. Consider the following Intuitionistic Fuzzy system of linear Volterra integro-differential equa-
tions  f ′′

1 (t, α) = (2α, α− 1,−α, α+ 2) cos t+
∫ t

0
f1(x)dx+

∫ t

0
f2(x)dx,

f ′′
2 (t, α) = (−2α, 1− α, α,−2− α)(t− sin t)−

∫ t

0
f1(x)dx−

∫ t

0
f2(x)dx.

(13)

DOI: https://doi.org/10.54216/IJNS.270227 335



International Journal of Neutrosophic Science (IJNS) Vol. 27, No. 02, PP. 320-340, 2026

With,  f1(0, α) = (2α, α− 1,−α, α+ 2), f
′

1(0, α) = 0,

f2(0, α) = (−2α, 1− α, α,−2− α), f
′

2(0, α) = 0.

(14)

Taking I-F-G-transform on system 13 and using theorem 3.3 with theorem 3.5 and initial conditions, we have

(
q(s)2 − 1

q(s)

)
G(f1(t, α), s)−

1

q(s)
G(f2(t, α), s) = 2αq(s)p(s) +

2αq(s)p(s)

q2(s) + 1
,

1

q(s)
G(f1(t, α), s) +

(
q(s)2 +

1

q(s)

)
G(f2(t, α), s) = −2αq(s)p(s)− 2αp(s)

q2(s)
+

2αp(s)

q2(s) + 1
.

(15)

Similarly, we obtain

(
q(s)2 − 1

q(s)

)
G(f1(t, α), s)−

1

q(s)
G(f2(t, α), s) = (α− 1)q(s)p(s) +

(α− 1)q(s)p(s)

q2(s) + 1
,

1

q(s)
G(f1(t, α), s) +

(
q(s)2 +

1

q(s)

)
G(f2(t, α), s) = (1− α)q(s)p(s) +

(1− α)p(s)

q2(s)
− (1− α)p(s)

q2(s) + 1
.

(16)
, 

(
q(s)2 − 1

q(s)

)
G(f1(t, α), s)−

1

q(s)
G(f2(t, α), s) = αq(s)p(s) +

αq(s)p(s)

q2(s) + 1
,

1

q(s)
G(f1(t, α), s) +

(
q(s)2 +

1

q(s)

)
G(f2(t, α), s) = −αq(s)p(s)− αp(s)

q2(s)
+

αp(s)

q2(s) + 1
.

(17)

and

(
q(s)2 − 1

q(s)

)
G(f1(t, α), s)−

1

q(s)
G(f2(t, α), s) = (α+ 2)q(s)p(s) +

(α+ 2)q(s)p(s)

q2(s) + 1
,

1

q(s)
G(f1(t, α), s) +

(
q(s)2 +

1

q(s)

)
G(f2(t, α), s) = (−2− α)q(s)p(s) +

(−2− α)p(s)

q2(s)
− (−2− α)p(s)

q2(s) + 1
.

(18)
The solutions of systems (15), (16), (17) and (18) are given by

G(f
1
(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
2αq(s)p(s) +

2αq(s)p(s)

q2(s) + 1
− 1

q(s)

−2αq(s)p(s)− 2αp(s)

q2(s)
+

2αp(s)

q2(s) + 1

(
q2(s) +

1

q(s)

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q2(s)− 1

q(s)

)
− 1

q(s)

1

q(s)

(
q2(s) +

1

q(s)

)
∣∣∣∣∣∣∣∣∣∣

= 2α

(
3p(s)

q(s)
− p(s)

q2(s)
− p(s)

q3(s)
+

p(s)

q4(s)
+

p(s)

q5(s)
− p(s)

q7(s)
− 2p(s)q(s)

q2(s) + 1
+

p(s)

q2(s) + 1

)
,
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,

G(f
2
(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
q2(s)− 1

q(s)
2αq(s)p(s) +

2αq(s)p(s)

q2(s) + 1

1

q(s)
−2αq(s)p(s)− 2αp(s)

q2(s)
+

2αp(s)

q2(s) + 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q2(s)− 1

q(s)

)
− 1

q(s)

1

q(s)

(
q2(s) +

1

q(s)

)
∣∣∣∣∣∣∣∣∣∣

= −2α

(
2p(s)

q(s)
− 2p(s)

q2(s)
− p(s)

q3(s)
+

2p(s)

q4(s)
+

p(s)

q5(s)
− p(s)

q7(s)
− p(s)q(s)

q2(s) + 1
+

2p(s)

q2(s) + 1

)
,

,

G(f1(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
2(α− 1)q(s)p(s) +

(α− 1)q(s)p(s)

q2(s) + 1
− 1

q(s)

(1− α)q(s)p(s)− (1− α)p(s)

q2(s)
+

(1− α)p(s)

q2(s) + 1

(
q2(s) +

1

q(s)

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q2(s)− 1

q(s)

)
− 1

q(s)

1

q(s)

(
q2(s) +

1

q(s)

)
∣∣∣∣∣∣∣∣∣∣

= 2α

(
3p(s)

q(s)
− p(s)

q2(s)
− p(s)

q3(s)
+

p(s)

q4(s)
+

p(s)

q5(s)
− p(s)

q7(s)
− 2p(s)q(s)

q2(s) + 1
+

p(s)

q2(s) + 1

)
,

,

G(f2(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
q2(s)− 1

q(s)
2αq(s)p(s) +

2αq(s)p(s)

q2(s) + 1

1

q(s)
−2αq(s)p(s)− 2αp(s)

q2(s)
+

2αp(s)

q2(s) + 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q2(s)− 1

q(s)

)
− 1

q(s)

1

q(s)

(
q2(s) +

1

q(s)

)
∣∣∣∣∣∣∣∣∣∣

= (1− α)

(
2p(s)

q(s)
− 2p(s)

q2(s)
− p(s)

q3(s)
+

2p(s)

q4(s)
+

p(s)

q5(s)
− p(s)

q7(s)
− p(s)q(s)

q2(s) + 1
+

2p(s)

q2(s) + 1

)
,

G(f1(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
2αq(s)p(s) +

2αq(s)p(s)

q2(s) + 1
− 1

q(s)

−2αq(s)p(s)− 2αp(s)

q2(s)
+

2αp(s)

q2(s) + 1

(
q2(s) +

1

q(s)

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q2(s)− 1

q(s)

)
− 1

q(s)

1

q(s)

(
q2(s) +

1

q(s)

)
∣∣∣∣∣∣∣∣∣∣

= −α

(
3p(s)

q(s)
− p(s)

q2(s)
− p(s)

q3(s)
+

p(s)

q4(s)
+

p(s)

q5(s)
− p(s)

q7(s)
− 2p(s)q(s)

q2(s) + 1
+

p(s)

q2(s) + 1

)
,
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,

G(f2(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
q2(s)− 1

q(s)
2αq(s)p(s) +

2αq(s)p(s)

q2(s) + 1

1

q(s)
−2αq(s)p(s)− 2αp(s)

q2(s)
+

2αp(s)

q2(s) + 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q2(s)− 1

q(s)

)
− 1

q(s)

1

q(s)

(
q2(s) +

1

q(s)

)
∣∣∣∣∣∣∣∣∣∣

= α

(
2p(s)

q(s)
− 2p(s)

q2(s)
− p(s)

q3(s)
+

2p(s)

q4(s)
+

p(s)

q5(s)
− p(s)

q7(s)
− p(s)q(s)

q2(s) + 1
+

2p(s)

q2(s) + 1

)
,

,

G(f1(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
2(α− 1)q(s)p(s) +

(α− 1)q(s)p(s)

q2(s) + 1
− 1

q(s)

(1− α)q(s)p(s)− (1− α)p(s)

q2(s)
+

(1− α)p(s)

q2(s) + 1

(
q2(s) +

1

q(s)

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q2(s)− 1

q(s)

)
− 1

q(s)

1

q(s)

(
q2(s) +

1

q(s)

)
∣∣∣∣∣∣∣∣∣∣

= (α+ 2)

(
3p(s)

q(s)
− p(s)

q2(s)
− p(s)

q3(s)
+

p(s)

q4(s)
+

p(s)

q5(s)
− p(s)

q7(s)
− 2p(s)q(s)

q2(s) + 1
+

p(s)

q2(s) + 1

)
,

,

G(f2(t, α), s) =

∣∣∣∣∣∣∣∣∣∣
q2(s)− 1

q(s)
2αq(s)p(s) +

2αq(s)p(s)

q2(s) + 1

1

q(s)
−2αq(s)p(s)− 2αp(s)

q2(s)
+

2αp(s)

q2(s) + 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
q2(s)− 1

q(s)

)
− 1

q(s)

1

q(s)

(
q2(s) +

1

q(s)

)
∣∣∣∣∣∣∣∣∣∣

= (−α− 2)

(
2p(s)

q(s)
− 2p(s)

q2(s)
− p(s)

q3(s)
+

2p(s)

q4(s)
+

p(s)

q5(s)
− p(s)

q7(s)
− p(s)q(s)

q2(s) + 1
+

2p(s)

q2(s) + 1

)
,

Operating the inverse of I-F-G-transform, we obtain the required solution of the systems (13) with (14) as
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

f1 = 2α

(
3− t− 1

2
t2 +

1

6
t3 +

1

Γ(5)
t4 − 1

Γ(7)
t6 − 2 cos t+ sin t

)
,

f2 = −2α

(
2− 2t− 1

2
t2 +

1

3
t3 +

1

Γ(5)
t4 − 1

Γ(7)
t6 − cos t+ 2 sin t

)
,

f1 = (α− 1)

(
3− t− 1

2
t2 +

1

6
t3 +

1

Γ(5)
t4 − 1

Γ(7)
t6 − 2 cos t+ sin t

)
,

f2 = (1− α)

(
2− 2t− 1

2
t2 +

1

3
t3 +

1

Γ(5)
t4 − 1

Γ(7)
t6 − cos t+ 2 sin t

)
,

f1 = α

(
3− t− 1

2
t2 +

1

6
t3 +

1

Γ(5)
t4 − 1

Γ(7)
t6 − 2 cos t+ sin t

)
,

f2 = −α

(
2− 2t− 1

2
t2 +

1

3
t3 +

1

Γ(5)
t4 − 1

Γ(7)
t6 − cos t+ 2 sin t

)
,

f1 = (2 + α)

(
3− t− 1

2
t2 +

1

6
t3 +

1

Γ(5)
t4 − 1

Γ(7)
t6 − 2 cos t+ sin t

)
,

f2 = (−2− α)

(
2− 2t− 1

2
t2 +

1

3
t3 +

1

Γ(5)
t4 − 1

Γ(7)
t6 − cos t+ 2 sin t

)
.

Conclusion

In this paper we have presented intuitionistic fuzzy system of linear Volterra integro-differential equations of
the second kind and we applied the Intuitionistic fuzzy General integral transform method to solve these sys-
tems. The methodology is completely explained by two numerical examples. The results of these examples
show that the Intuitionistic fuzzy General integral transform is a very effective to determine the exact solution
of fuzzy system of linear Volterra integro-differential equations of the second kind. Future research can ex-
plore the extension of this method to solve nonlinear intuitionistic fuzzy system of Volterra integro-differential
equations and other types of Intuitionistic fuzzy integral equations. Additionally We can extend these method
to solve integral, differential and integro-differential equations in Neutrosophic Environment.
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