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Abstract

The purpose of this research is to introduce the notion of neutrosophic bipolar Ti — spaces (i = 0, 1, 2, 3, 4) via
neutrosophic bipolar fuzzy topological spaces, and investigate their different properties. By defining neutrosophic
bipolar Ti — spaces (i=0, 1, 2, 3, 4), some interesting results on neutrosophic bipolar separation axioms via
neutrosophic bipolar fuzzy topological spaces are proved.

Keywords: Neutrosophic bipolar fuzzy point; Neutrosophic bipolar fuzzy topology; Neutrosophic bipolar fuzzy Ti-
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1. Introduction

Zadeh [17] has introduced fuzzy sets. Smarandache [11] introduced the concept of neutrosophic set theory, which is
a generalization of fuzzy set and intuitionistic fuzzy set. Recently, many concepts of neutrosophic topological spaces
have been extended to fuzzy neutrosophic topological spaces by the authors [5, 6]. The concept of fuzzy sets has been
generalized to bipolar fuzzy (briefly bf) sets by Zhang [16]. Naveed et al. [14, 15] examined and thoroughly discussed
the characteristics of bipolar fuzzy sets. Using several neutrosophic bipolar fuzzy transformation approaches, Raja
Muhammad Hashim [9] established the concept of neutrosophic bipolar fuzzy sets and multi-attribute group decision
making. AL-Nafee et al. [2] examined some separation axioms on neutrosophic crisp topological spaces. Suman Das
and Surapati Pramanik [12] introduced the notion neutrosophic Separation Axioms.

(1) Neutrosophic sets are the more summed up class by which one can deal with uncertain informations in a more
successful way when constrasted with fuzzy sets and all other versions of fuzzy sets. Neutrosophic sets have the greater
adaptability, accuracy and similarity to the framework when contrasted with past existing fuzzy models.

(2) Bipolar fuzzy sets are proved very effective in uncertain problems which can characterized not only the positive
characteristics but also the negative characteristics of certain problem.

By combining these two ideas, we initiate the study of neutrosophic bipolar fuzzy topological spaces, which are the
generalization of bipolar fuzzy sets and neutrosophic sets. The concept of neutrosophic bipolar fuzzy Ti-spaces (i =0,
1, 2, 3, 4) via neutrosophic bipolar fuzzy topological spaces is presented in this study, along with an examination of
its characteristics. Using neutrosophic bipolar fuzzy topological spaces, some intriguing conclusions on neutrosophic
bipolar fuzzy separation axioms are proved by defining neutrosophic bipolar fuzzy Ti-spaces (i =0, 1, 2, 3, 4)
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e Motivation

The need for more expressive and adaptable models to handle imprecise, indeterminate, and bipolar information—
particularly in complex, real-world problems like decision-making and image processing—is the driving force behind
the extension of classical separation axioms (To through Ts) to Neutrosophic Bipolar Fuzzy Topological Spaces
(NBFTSsS).

2. Preliminaries

Some basic definitions from the literature have been provided for subsequent use.
Definition 2.1 [1]

A neutrosophic set, is defined as A = {(X, Ta(X), 1a(X), Fa(X)) : x € X} and X is a universe of discourse and A is
characterized by a t-membership function Ta: X — ]07, 1*[, an i-membership function I : X — ]07, 1*[ and a f-
membership function Fa : X — ]07, 1*[. There is no condition on the sum of Ta(x), 1a(x), Fa(x), 50 0 < Ta(X) + la(X)
+Fa(x) <3

Definition 2.2 [5]

Let X be a non-empty fixed set. A fuzzy neutrosophic set (FNS for short) A is an object having the form A
= {(X, pa(x), oa(x), va(x)) : x € X} where the functions

Ha:X 10,1, oa:X 10,1, vaiX 10,1

denote the degree of membership function (namely pa(x)), the degree of indeterminacy function (namely ca(x)) and
the degree of non-membership (namely va(x)) respective of each element x € X to the set A and "0 <pa(X) + ca(X) +
va(X) < 1%, for each x € X.

Definition 2.3 [3]

Let X ba a nonempty set. Then A pair A = (A*, A") is called a bipolar-valued fuzzy set (or bipolar fuzzy set)
inX,if A*: X = [0, 1] and A : X — [-1, 0] are mappings.
In particular, the bipolar fuzzy empty set [ resp. the bipolar fuzzy whole set] denoted by Opp = (ng ,ng) [resp. 1y, =

((25, 1) ) 1 is a bipolar fuzzy set in X denoted by: for each x € X,

bp (X) =0=0,,(X) [resp. 1, (X) =Land 1,,(X) =—1]

We will denote the set of all bipolar fuzzy sets in X as BPF(X).
Definition 2.4 [7]

Let X be a non-empty set. Then a bipolar fuzzy set, is an object of the form B = (x, (u*(x), u (X)) : x € X),
where p*(x) : X = [0, 1] and p(x) : X — [-1, 0], u*(x) is a positive material and p(x) is a negative material of x
X. For simplicity, we write the bipolar fuzzy set as B = (u*, u™) instead of B = (X, {(u*(X), p"(X)) : x € X).

Definition 2.5 [9]

Let X be a non-vacuous set. Then a neutrosophic bipolar fuzzy set, is an object of the form NB = (NB*, NB")
where NB* = (X, (Tyg*s Iyg+ Fupt) : X € X),
NB-=(x,(Txg~ Ing» Fnp) @ X € X) such that Tyg+, Iygt, Fage @ X — [0, 1] and
Tngs Ing= Fag- 0 X — [-1, 0]

Definition 2.6 [9]
Let X be a non-vacuous set. Then complement neutrosophic bipolar fuzzy set, is an object of the form

NB® = {(1 — Tyt 1— Iygt—1— Fygrand 1 — Typ-, 1 — Ixg-, 1— Frpe )}:
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Definition 2.7 [11]

A non-empty collection t of NSs over a fixed set X is called a neutrosophic topology (NT) on X if the
following three axioms hold :

(i) On and 1y are the members of 1 ;
(II) Rl,RzetleﬁRze‘t;
(iii) U{Ri:ie A} et forevery{Ri:i e A} e 1.

If tisa NT on X, then the structure (X, t) is called a neutrosophic topological space (NTS) [4]. Every member
of t is said to be a neutrosophic open set (NOS). If R e 1, then R® is called a neutrosophic closed set (NCS).

Definition 2.8 [10]

A function & : (X, t1) — (Y, t2) is called a neutrosophic open mapping [5] if £(K) is an NOS in Y, whenever
Kisan NOS in X.

Definition 2.9 [12]
Let f: X — Y be a function. Also let A, Ai € N(X), i € | and B, Bj € N(Y), j € J. Then the following hold.

(i) Arc A & (A1) < f(A), By < By < F1(B1) < F1(By).

(ii) A c FY(f(A)) and if f is injective then A = f1(f(A)).

(iii) f1(f(B)) < B and if f is surjective then f-}(f(B)) = B.

(iv) (U Bj) = U f1(B;) and F}(N B)) = N f1(B;)

V)  fUA) = U f(A), f(NA) < N f(A) and if  is injective then F(NA) = N f(A).

@) FHOy)= ok T =X

vy 0y = by, FX) =Y if s surjective.

Definition 2.10 [13]

Let f be a function from an NTS (X, 1) to another NTS (Y, o). Then

0] f is called a neutrosophic continuous function if f1(G) e  for all G € o then

(i) f is called a neutrosophic open function if f(G) e c forall G e ©

(iii) f is called a neutrosophic closed function if f(G) is a neutrosophic closed set in Y for every neutrosophic
closed set G in X.

(iv) f is called a neutrosophic homeomorphism if the following three conditions hold :

a. fisabijective function.
b. fisa neutrosophic continuous function
c. fisa neutrosophic continuous function.

Definition 2.11 [12]

Let (X, ) be a neutrosophic topological space and A € N(X). A collection C = {Gs.: A € A} of neutrosophic
open sets of X is called a neutrosophic open cover (NOC, in short) of A if A < Uxea Gi. We then say C covers A. In
particular, C is said to be a NOC of X iff X=U,_, G,.

Let C be a NOC of the NS A and C’' < C. Then C' is called a neutrosophic open subcover (NOSC, in short)
of C if C’ covers A.

Definition 2.12 [8]:

Let (X, t,), (Y, ;) be two bipolar fuzzy topological spaces. Then a mapping f: (X, t,) — (Y, t,) is said to
be continuous, if f~1(V) € ., foreach V € 1,.

3. Neutrosophic Bipolar Fuzzy Ti-spaces

In this section, neutrosophic bipolar fuzzy separation axioms are introduced through neutrosophic bipolar fuzzy
topological spaces, and their different connections are explored.
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Definition 3.1 Neutrosophic bipolar Fuzzy Point

Let x € X neutrosophic bipolar fuzzy set NB = (NB*, NB") is called a neutrosophic bipolar fuzzy point (NBP) iff

foranyy e Xand a = (o, a2), B = (B1, B2), ¥ = (y1, v2) in (0, 1] x [-1, O) where au, B1, v1 € (0, 1] and o, B2, 72 € [-
1,0).

TN (V) = a4 Lis(¥) = B, Fyp(y) = y, fory=x
Tvpg() = 0 Lis) = 0 Fyp(y) = 0fory=x
Tye(Y) = a; Iys() = B, Fyp(y) = y, fory =x
Typ(y) = 0 Iyg(y) = 0 Fyp(y) = 0fory=x

A neutrosophic bipolar fuzzy point is denoted by Xo.py = (xal.ﬁl.h' xaz,ﬁz,h). For neutrosophic bipolar fuzzy
point X, p, v, X Will be called its support.

Xa, B, v i said to belonging to NB = (NB*, NB"), denoted by Xo, 5,y € NB if Typ(x) = ay, Ijz(x) = f,,
Fyp(x) = 7, and Typ(x) < ay, Iyp(x) < f,, Fyp(x) < 7,. The set of all neutrosophic bipolar fuzzy points in x is
denoted as NBFP(X).

Definition 3.2:

A neutrosophic bipolar fuzzy topological space (X, tng) is called a neutrosophic bipolar fuzzy To-space
(NBF-To-S) if for any pair of neutrosophic bipolar fuzzy points (NBFPS) Xo,py = (X%B1 1 X(lz,f’zyh ) and Yaun =
(yxm oy ylem M ) (x #y) in X, there exists an neutrosophic bipolar fuzzy open set (NBFO) NB = (NB*, NB")
such that X,y € NB, Yaun € NB (0r) Xopy € NB, Yaun € NB.

Example 3.3

Let X = {Xx, y} and e = {One, 1ns, {¢X, 0.5,0.2, 0.3, -0.2, -0.1, —-0.4) (y, 0.2, 0.1, 0.6, 0.3, 0.1, -0.4)},
{¢x,0.5,0.2, 0.3, -0.2, -0.1, -0.4)}}. (X, tg) is neutrosophic bipolar fuzzy To-space.

Example 3.4
Assume that X = {x, y} and g = {Ong, 1ng}. Clearly (X, tng) is an NBFTS but it is not a NBF-To-space.
Theorem 3.5

Let tng and r}k\lB be two neutrosophic bipolar fuzzy topologies on a set X such that IT\,B is finer than tne. If
(X, tng) is @ NBF-To-space then (XX, TT\,B) is also a NBF-To-space.
Proof

Assume that Xqp, and yaun, X # Yy, be two NBFPS in X. Since (X, tng) is @ NBF-To-space, so there exists a
NB e tng such that X,y Xapy Yiun € NB Or Xepy € NB, yaun € NB. Since rT\,B is finer than tng, SO NB € e =

NB e rT\,B . Thus for any two NBFPS Xqp; and yaun, X # Y, there exists a NB e TT\,B such that Xepy € NB, Yaun €
NB or Xapy ¢ NB, yrun € NB. Hence (X, TT\IB) is also an NBF-To-space.

Example 3.6

Let X = {X, y}

Let Xy and yi.un be the points in x.

x={a = (o, az) = (0.1, -0.2), B = (B1, B2) = (0.3, -0.4), y = (y1, y2) = (0.1, -0.1)}
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and

y={rA=(1, 212 =(0.1,-0.1), p= (u1, p2) = (0.2, -0.3), n = (N1, n2) = (0.3, -0.5)}

Let (X, Typ) be a neutrosophic bipolar fuzzy NBF — Ty space in X. Where 75 = {¢, X, NB1}.
A neutrosophic bipolar fuzzy open (NBFO) set in X is defined as

NB: = {<x,0.3,0.4,0.2, -0.3, -0.5, -0.5> <y, 0.2, 0.2, 0.4, -0.1, -0.3, -0.2>}

Since (X, e} is @ NBF-Tp space, for any two distinct NBF points Xy, Yaun. There exists a NBF open set NB; that
contains one but not other in terms of membership grades.

= The set NB;
Tj;Bl(x) =03> Tj;Bl(y) =0.2

Let Typ = {¢, X, NB1, NB2} is a NBF topology on X which is finer that tne.
Therefore Typ D ne.

Since Ty is finer than tng, NB1 € Ty5.

Therefore (X, tyg) is also NBF-To-space.

Theorem 3.7

Leto: (X, TNBI) - (Y, TNB, ) be both one-one and neutrosophic bipolar fuzzy continuous function from a
NBFTS (X, Typ,) to another NBFTS (Y, Typ, ). Additionally, If (Y, Typ, ) is a NBF-Te-space, then
(X, TNg, ) is also a NBF-To-space.

Proof
Assume that (Y, TNB, ) is an NBF-To-space. Also let Xapy , Yiun, (X #Y) be any two distinct NBFPS in
(X, TNB, ). Since 0: (X, TNg, ) > (Y, TN, ) is a one-one function, O(Xep.;), O(Yx.n) are also distinct NBEPS in

(Y, TNg, ). since (Y, TNB, ) is a NBF-To-space, there exists a NBFOS NB in Y such that 0(X,;) € NB, (Y1)
¢ NB or 0(Xopy) ¢ NB, 0(yrun) € NB. Therefore, Xopy € 071(NB), Yaun & 071(NB) (0r) Xopy &€ 071(NB), Yaun €
07Y(NB). Since, 0 is a neutrosophic bipolar fuzzy continuous function, 6-(NB) isan NBFOS in (X, TNB, ) . Therefore,

for any pair of distinct NBFPS Xap. , Yaun in (X, TNB, ), there exists a NBPOS 0-1(NB) such that X«p, € 6-1(NB),
Yium € 071(NB) or Xopy & 071(NB), Yrun € 071(NB). Therefore (X, TNB, ) is a NBF-To-space.
Theorem 3.8

Leto: (X, TNg, ) - (Y, TNB, ) be a bijective neutrosophic bipolar fuzzy open function. 1f (X, TNg, )
is a NBF-To-space then (Y, TNB, ) is also a NBF-To-space.
Proof

Let (X, Tg,) and (Y, Tng, ) be two NBF-To-spaces. Let (X, Tyg, ) be a NBF-To-space and 0: X — Y

be a bijective neutrosophic bipolar fuzzy open function. Let y; .n and y'klyulym be two NBFPS in Y such thaty = y'.

[
aq,B1.11

! ! . . .
(Xalrﬁlr'h) = ykluulvm . Since X is NBF-To-space, there exists a tng-open NBFS NB such that Xapy € NB and

Since 0 is bijective, so there exists two NBFPs Xqpy and X , X# X' in X such that © (X'allBll'Yl) =Yaunand 6
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!
a1,B1.71

!
aq,B1.71

NB. Since 6 is a neutrosophic bipolar fuzzy open function, so 6(NB) is a Tng, -Open NBFS such that yan = 0(Xap.)

X ¢ NB (or) Xapy € NB and X e NB. Suppose NB exists such that X.psy; € NB and X 3

!
aq,B1.71

€ O(NB) and y'mlllnl = x;xl,Bl,yl ¢ O(NB). Similarly, yiun = 0(Xapy) ¢ 6(NB) and y'mlllnl = X € O(NB).

!
aq,B1.11

Thus for any two NBFPSs y»..q and y'M,Hl,nl in Y such that y = y’ there exists a TnB, -OPen NBFS 6(NB) such that
YViun € O(NB), y;bllullm ¢ O(NB) Of Yiuq & 6(NB), y&llullnl e O(NB). Therefore (Y, Tyg, ) is a NBF-To-space.
Hence proved.

Proposition 3.9

Let 0 : (X, TNBI) - (Y, TNBz) be a bijective and neutrosophic bipolar fuzzy homomorphism. If
(X, Txp, ) is a NBF-To-space then (Y, Typ ) is also a NBF-To-space.
Proof

Let (X, Tyg,) and (Y, Tng,) be two NBFTSS. Also let (X, Tyg ) be a NBF-To-space and 6.: X — Y
be a bijective neutrosophic bipolar fuzzy homeomorphism. Therefore by the theorem 3.6, (Y, TNBZ ) isa NBF-To-
space.

Definition 3.10

A NBFTS (X, ) is called neutrosophic bipolar fuzzy Ti-space (NBF-Ti-space) if for any pair of NBFPS
Xapy» Yaun (X #Y) in X, there exists two NBFOS NB; and NB; such that X«s, € NB1, Xo,py € NB2 and ya.q ¢ NBy,
Vaun € NBa. Every neutrosophic bipolar fuzzy Ti-space is a neutrosophic bipolar fuzzy To-space.

Example 3.11

Suppose that X = {x, y}. Let tng = {Ons, Ing, {{X, 0.1, 0.2, 0.3, 0.2, -0.4, -0.1),(y, 0.3, 0.4, 0.1, -0.2, -0.1,
-0.5)}, {¢x, 0.1, 0.2, 0.3, -0.2, -0.4, —-0.1), (y, 0.3, 0.4, 0.1, -0.2, -0.1, —0.5)}} be an NBFT on X. Therefore (X, tng)
is a neutrosophic bipolar fuzzy Ti-space.

Example 3.12
Let X = {a, b} and e = {¢, X3}. Itis clear that (X, tng) is @ NBFTS but it is not a NBF-T;-space.
Proposition 3.13

Let tng and TT\lB be two neutrosophic bipolar fuzzy topologies on a set X such that TT\,B is finer than tne. If
(X, tng) is @ NBF-Ti-space then (XX, TT\'B) is also a NBF-Ti-space.
Proof

Let Xapy and yaun, XY, be two NBFPS in X. Then (X, tg) is a NBF-T1-space, so there exists a two NBFPS
NB; and NB> such that X«py € NB1, Xa,py € NB2and yiun ¢ NB1, Yaun € NBa. Since rT\lB is a finer than tng,

so NBi, NB; € tng = NB1, NB; € IT\,B . Thus for any two NBFPS Xqp; and yau.yq in X such that x = y there exists

a two NBFPS NB; and NB; such that Xa,py € NB1, Xapy € NBz and yiun € NB41, yiun € NB2. Hence (X, TT\IB) isa
NBF-T:-space.
Proposition 3.14

Let (X, tns) be a NBFTS. If (X, tng) is @ NBF-Ti-space then it is a NBF-Tz-space.
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Proof

Let Xapy and yaun, such that x =y, be two NBFPS in X. since X is NBF-T1-space, so there exists a NB; e
Tng Such that Xe,py € NB1, Youn € NB1 and there exists a NB; e g such that Xepy € NBy, Yiun € NB2. Hence (X,
tne) IS @ NBF-To-space.

Remark 3.15
Converse of the proposition 3.14 is not true. The following counter examples are proved.

Let X = {a, b} and e = {¢, X, {{0.3, 0.4, 0.5, -0.2, -0.1, —0.3)}}. Clearly (X, tng) is @ NBF-Tg-space but
not a NBF-T1-space.

Theorem 3.16

Let 0: (X, Tyg,) > (Y, Tng,) be both one-one and neutrosophic bipolar fuzzy continuous function
from an NBFTS (X, Tyg, ) toanother NBFTS (Y, Tyg, ). If (Y, Tng,) bea NBF-Ti-space, then (X, Tyg, ) is
also a NBF-T;-space.

Proof
Let (Y, Tng, ) be an NBF-T;-space. Let Xop; and ya,n (X # Y) be any two distinct NBFPS in X. Since 0 :
(X,TNBl) - (Y, TNBZ) is a one-one function, so 6(Xapy), 6(Yaun) are also distinct NBFPs in Y. Since

(Y, Tng,) is an NBF-Ty-S, there exist two NBFOSs, NB;, NB; in Y such that 0(Xos.;) € NB1, 6(xap;) & NB; or
O(yrun) & NB1, 6(yrun) € NBy,

Therefore Xo,py € 071(NB1), Xa.py & 07 2(NB2) O Yiun & 072(NB1), Yaun € 0°2(NB2). Since 0 is a neutrosophic
bipolar fuzzy continuous function, both 6-1(NB3), 0-*(NB,) are NBFDSs in X. Therefore, for any pair of distinct
NBFPS Xapy, Yrun in X, there exist two NBFOSs 6-1(NB;), 6-3(NB>) such that Xupy € 0X(NB1), Xapy & 02(NB2) or
Viun € 07Y(NB1), Yaun € 071(NB2). Therefore (X, tng) is a NBF-Ti-space.

Theorem 3.17
If a NBFTS (X, teg) is a NBF-Ti-space then every NBFP in X is a NBFCS.
Proof

Suppose that (X, tng) is a NBF-T1-Space. Assume that Xq,y is an arbitrary NBFP in X. Lets how take a NBFP
Yiun € Xg g, (Y #X) in X. Since, (X, te) is a NBF-Ts-space, there exist two NBFOSs NB; and NB; such that x;

apB.y
c
S NB]_, xalﬁ, y

& NBz and yaun € NBy, Yiun € NBo. Therefore xg 5, = Uiy S %g 5., {NB1, NB2: x5 5, € NBy,
Xgp.y & NBzand yrun & NBy, Yaun € NB2}. Since Uy un < x5 ,ANB1, NB2 2 x5 5, € NBy, xz 5, # NB2 and

Yiun € NB1, Yaun € NB2}isa NBFOS in X, x;‘ﬁ,y isa NBFOS in X. Therefore Xap,is an NBFCS in X.
Remark 3.18

Let (X, tng) is an NBFTS, Then, X is an NBF-Ti-space iff Xo, g,y = N{NBF(NB) ;

Xo, p,y € NBFa(NB)}.

Theorem 3.19
Let0: (X, Typ, ) = (Y, Txp, ) be abijective neutrosophic bipolar fuzzy open function. 1 (X, Tyg )

is a NBF-T1-space then (Y, B, ) is also a NBF-T;-space.
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Proof
Let (X, Tyg,) and (Y, Tng,) be two NBFTSs. Also let (X, Tyg, ) be a NBF-Ti-space and 6 : X — Y

be a bijective neutrosophic bipolar fuzzy open function. Then (Y, Tng, ) isa NBF-T;-space. Let yi. .. and ys“ll”llrll

!
aq.B1.71
!

that © (Xa.py) = Yaun and 6 (X%Blvvl) = y;‘lvulvnl . Since X is NBF-T;-space, so there exists a TNBl -open NBFS

, Y #Y', be two NBFPS in Y. Since 0 is bijective, so there exists two NBFPS X« p, and X , X # X' in X such

NB; such that X« py € NB1, ¢ NB; and there exists TNBl -open NBFS NB; such that Xapy € NB2, X

! !
Xo By ag,B1. 11
€ NBa. Since 0 is a neutrosophic bipolar fuzzy open function, so 6(NB,) is a TnB, -OPen NBFS such that ya.n =

0(Xap,) € O(NBy) and y;l,ullnl = e(x&llﬁllh) ¢ O(NB,). Similarly O(NB2) is a Tyg, -open NBFS such that Y.

14
aq,B1.71

such that y # 7, there exists a TNBZ -open NBFS 6(NB3) such that yx . € 6(NB1), y;‘lv“lrnl ¢ O(NB.) and there

= 0(Xap,) € O(NBy) and yi1,u1,n1 =0 (X ) ¢ O(NB,). Thus for any two NBFPS Y., and y'xm,nl inY

exists a Tng, -Open NBFS, 6(NB) such that yiun ¢ 6(NBy), y'MM,m € B(NBy). Therefore (Y, TNB, ) is a NBF-
Ti-space. Hence proved.
Theorem 3.20

Let 0 : (X, TNBI) - (Y, TNBz) be a bijective and neutrosophic bipolar fuzzy homomorphism. If
(X, Txp, ) is a NBF-Ti-space then (Y, Typ ) is also a NBF-Ty-space.
Proof

Let (X, Tng,) and (Y, Tyg,) be two NBFTSs. Also let (X, Tyg, ) be a NBF-Ti-space and 0 : X — Y
be a neutrosophic bipolar fuzzy homeomorphism. Since 0 is a neutrosophic bipolar fuzzy homeomorphism, so 0 is a
bijective neutrosophic bipolar fuzzy open function. Therefore by the theorem 3.15, (Y, TNB2 ) isa NBF-T;-space.
Hence proved.
Definition 3.21

A NBFTS (X, tng) is said to be neutrosophic bipolar fuzzy T.-space (NBF-T2-S) or neutrosophic bipolar
fuzzy Hausdroff space if for any pair of NBFPS Xapy, Yaun (X#Y) in X, there exists two NBFOS NB: and NB; such

that Xapy € NB1, Xapy & NBzand Yiun & NB1, Yaun € NBy with NB; NB;. Obviously, every NBF-T-space is
a NBF-T:-space.

Example 3.22

Let X = {x, y, z} be a fixed set. Let tng = {{Ong, 1ng, (X, 0.3, 0.2, 0.1, -0.1, -0.2, -0.3 ), (y, 0.6, 0.4, 0.2,
-0.3, -0.2, -0.1)}, {{x, 0.3, 0.2, 0.1, -0.1, -0.2, -0.3), {z, 0.2, 0.4, 0.5, -0.1, -0.3, -0.6)}, {{v, 0.6, 0.4, 0.2, -0.3,
-0.2, -0.1), (z, 0.2, 0.4, 0.5, -0.1, 0.3, -0.6)}, {¢x, 0.3, 0.2, 0.1, -0.1, -0.2, -0.3)}, {y, 0.6, 0.4, 0.2, -0.3, -0.2,
-0.1)}, {{(z,0.2,0.4,0.5, 0.1, 0.3, —0.6)}} be a NBFT on X. Clearly (X, tng) is a NBF-T2-space.

Example 3.23
Let x = {a, b} and © = {¢, X}. Clearly (X. tng) is a NBFTS but it is not a NBF-T,-space.
Theorem 3.24

Let g and rT\lB be two neutrosophic topologies on a set X such that TEB is finer than te. If (X, tns) IS @

NBF-T2-space then (X, TT\,B) is also a NBF-T2-space.
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Proof

Let Xo,py and yaun, X # Y, be two NBFPS in X. Here (X, tng) is @ NBF-T-space, so there exists NB1, NB; e
tne Such that Xapy € NB1, Yaun € NBz and NB; n NB; = ¢. Since rT\,B is finer that tng, SO0 NB1, NB; € tng = NB;,
NB; e ’ELB. Thus for any two NBFPS Xapy and yi.un in X such that x = y there exists NB1, NB; e TT\,B such that
Xo,py € NB1, Yaun € NBzand NB1 m NB; = ¢. Hence (X, rT\lB) is a NBF-T2-space.

Proposition 3.25
Let (X, tg) be a NBFTS. If (X, tng) is @ NBF-Ta-space then it is a NBF-T1-space.
Proof

Let Xopy and yi.un be any two NBFPS in X such that x = y. Since (X, tng) is a NBF-T,-space, so there exists
tne-0pen NBFSS NB; and NB; such that X«p, € NB1 and yi.un € NBz and NB1 m NB; = ¢. Since Xqp5, € NB;1 and
NB1 N NB;z = ¢, SO Xapy € NBa. Similarly yiun ¢ NBj that is there exists a NB1 e tng such that Xepy € NB1, Youn €
NB; and there exists a NB; e tng such that Xapy 2 NB2, Yaun € NB2. Hence (X, tng) is a NBF-Ti-space.

Remark 3.26

Every neutrosophic bipolar fuzzy open sets (NBFOs) in a NBF-T2-space is a neutrosophic bipolar fuzzy
closed set (NBFCs).

Definition 3.27: Neutrosopbic Bipolar Fuzzy Continuity
Let X and Y be a non-empty sets, let NB; € NBF(X) and NB2 € NBF(Y) and let 6 : X — Y be a mapping. Then

(i) The image of NBy under 0, denoted by (6(NBy)) = (&(NB;), 8(NBy)) is a neutrosophic bipolar fuzzy set in Y
defined as follows : for everyy e Y.
Vo100 T yp+ Veco-100) Inp+ Ayco=100) Fryp+
9(NB* - { xe60~1(y) * NBf (x)’ xe0~1(y) INBY (x) “xe601(y) U NBf () }
( ( 1)) 2 0, Otherwise
Ayeg=100 Tng- A co-100) Ing=x Veeco—10v) Fnp-
O(NB: - { xe0~*(y) NB (x) xe6~(y) INBy (x)’ Yxe6~*(y) "' NBy (x) }
( (VB; )) 2 0, Otherwise
(ii) The pre-image of NB under 6, denoted as (6 "1(NB,)) = (6 1(NB;3)), (6-*(NB3)) is a neutrosophic bipolar
fuzzy set in X defined as follows : for each x eX.

(07'(NBF)) (X) = (Typz00(x), Iygs 00(x), Typs (0(x)), Iyps (0(x)), Fyps (0(x)) ) &
(67 (NB3)) () =(Twpr (0(0)), Inp; (6(x)), Fp; (6(x)) )

Theorem 3.28

Assume that 0 : (X, TNBl) - (Y, TNBZ) be both one-one and neutrosophic bipolar fuzzy continuous
function from a NBFTS (X, Tyg, ) to another NBFTS (Y, Tyg,). If (Y, Tng,) is an NBF-Tz-space, then
(X, Ty, ) is also a NBF-T;-space.
Proof

Since 0 is a neutrosophic bipolar fuzzy continuous function, inverse image of an NBFOS in (Y, TNB, ) is
also an NBFOS in (X, TNBl) . Also it is known that, the complement of NBFOS is NBFCS in NBFTS. Here, since

(Y, Tng,) is a NBF-To-space every NBFOS in (Y, Tyg,) is also a NBFCS in (Y, Tyg,). Now 6 is a
neutrosophic bipolar-fuzzy continuous function.
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= 0(X)=YisaNBFOS in Tyg,
= 07(Y)=XisaNBFOSin Tyg,

Therefore, if (Y, TnB, ) is a NBF-T2-space, then (67X(Y), TNB, ) is a NBF-T,-space. Hence (X, TNBZ)
is an NBF-T,-space.
Example 3.29
Let X ={a, b}

Let NB1 be a neurosophic bipolar fuzzy set centered at a and NB: be a neutrosophic bipolar fuzzy set centered
at b and are defined as

NB; = {<a, 1.0,0.0,0.0,0,0,-1>, <bh, 0, 0.2, 0.8, 0.6, -0.2, -0.2>}
and NB; = {<a 0.2,0.1,0.7,-0.8, -0.1, -0.1>, <b, 1.0, 0, 0, 0, 0, -1, 0>}
Then Tyg, = {$, X, NB1, NB2} is a neutrosophic bipolar fuzzy topology on X. Then (X, Tyg,) isa NBFTS.
LetY = {1, 2}
Define a one-one NBFC function 6 : X — Y, such that 6(a) = 1 and 6(b) = 2. This is clearly injective (one-one).
Define neutrosophic bipolar fuzzy topological spaces (Y, Tyg,).

Let NBs = O(NB1) and NB4 = 6(NB,)

X Y
{a, b} {1,2}
TNBl TNBZ

Let NBs be a NBFS centered at 1 and NB4 be a NBFS centered at 2 and are
NBs; = {<1,1,0,0,0,0,-1><2,0,0.2,0.8, 0.6, 0.2, -0.2>}

and NBs = {<1,0.2,0.1,0.7,-0.8,-0.1, -0.1>, <2,1.0, 0, 0, 0,0, —-1.0>}.

Then zyg, = {4, Y, NBs, NB4} is a neutrosophic bipolar fuzzy topology on Y.

Then (Y, Typ,) becomes a NBFTS.

Verify 0 is NBFC function.

A function 6 is neutrosopbic bipolar fuzzy continuous if, for all Ve tyz,, 671(V) € Ty,
0 (NB3) = NB: € Ty,
0 (NBs) = NBz € Typ,

So 6 is NBFC function.

Let Capy, daun be two distinct NBF pointsin Y.

244
DOL: https://doi.org/10.54216/1]NS.270220



https://doi.org/10.54216/IJNS.270220

International Journal of Neutrosophic Science (IINS) 170/ 27, No. 02, PP. 235-249, 2026

Since (Y, Tyg,) is NBF T2 space, for any two distinct neutrosophic bipolar fuzzy points there exists disjoint
neutrosophic bipolar fuzzy open sets NB3 centered around ¢ and NB4 centered around d in Y.

As 0 : (X, Typ,) = (Y, Typ,) isa NBFC function for NBs and NB, in Y there will exist 6*(NBs) = NB; and 6~(NBy)
= NB: in X centered around x and y (x # y) respectively.

Therefore (X, Tyg,) is also NBF-T2-space.
Theorem 3.30

Assume that (X, tng) is a NBF-Ti-space with the condition that the complement of each NBFOS is a NBFOS
then (X, tng) is @ NBF-Ta-space.

Proof

Assume that (X, tng) is an NBF-T1-space with the condition that the complement of each NBFOS is a NBFOS
that is if N isan NBFOSin (X, tve) then N = N ... (1)
Suppose that N is an NBFOS in (X, ts). Then N is a NBFCS in (X, tne). Again by equation (1), N° isan NBFOS

in (X, me). S0 N¢ = N . Again (NC)C = N° = N . Therefore, every NBFCS in (X, tne) is both NBFOS and
NBFCS in (X, tng). Hence by the Remark 3.22, (X, tg) is an NBF-Tz-space.

Theorem 3.31
Leto: (X, tNBl) - (Y, ’CNBZ) be a bijective neutrosophic bipolar fuzzy open function. If (X, tNBl)

is a NBF-Tz-space then (Y, Ty, )is also a NBF-Tz-space.
Proof

Let (X, tng,) and (Y, Tyg,) be two NBFTSs. Also let (X, Tyg ) be a NBF-Tz-space and 6 : X — Y

be a bijective neutrosophic bipolar fuzzy open function. Then (Y, TNg, ) isa NBF-To-space. Let ys,.q and yg‘lvulvnl

!
a1

that 6(Xe.py) = Yaun and 0 (lelvBlel) = y’M,ulvnl . Since X is NBF-Tz-space, so there exists a Tng, “OPeN NBFS

, Y=Y, betwo NBFPS in Y. Since 0 is bijective, so there exists two NBFPS Xqp; and X X # X'1 in X such

NB;, NB; such that Xes, € NBy, XLM,BM e NB; and NB1 n NB; = ¢. Since 0 is a neutrosophic bipolar fuzzy open
function, so 6(G), 6(H) are Tyg -open NBFSS such that ys.un = 0(Xeps) € O(NBy), y;»pupm =0 (XIalvBLYI) ¢
O(NB>). Again since 0 is bijective, so 6(NB1) n 6(NB2) = 6(NB1 n NBy) = 0(d) = ¢. Thus for any two NBFPS yi. iy

and y;“lvulvnl is Y such that y = yi, there exists Tng, “OPeN NBFSS 6(NB:1), 6(NB>) such that ya,.n € 6(NB31),
y;‘lvulvnl € 0(NB2) and 6(NB1) m 6(NBy) = ¢. Therefore (Y, TNB, ) is a NBF-T-space. Hence proved.
Theorem 3.32

Let 6 : (X, typ,) = (Y, Txp,) be a bijective and neutrosophic bipolar fuzzy homomorphism. If
(X, TN, ) is a NBF-Ti-space then (Y, TNB, ) is also a NBF-T1-space.
Proof

Let (X, Tyg,) and (Y, Tng,) be two NBFTSs. Also let (X, Tyg, ) be a NBF-Tz-space and 6 : X — Y

be a bijective neutrosophic bipolar fuzzy homeomorphism. Therefore by the theorem 3.25, (Y, ’CNBZ) is a
NBF-T»-space. Hence proved.
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Definition 3.33

Let (X, tng) is @ NBFTS. Then X is called a neutrosophic bipolar fuzzy regular-space if for any NBFP X
in X, and NBFCS Q with X« = QF, there exists two NBFOSs NB; and NB; such that Xa.py € NB1, Q < NB; and NB;

C
< NB;.
Definition 3.34

A NBFTS (X, ) is said to be a neutrosophic bipolar fuzzy Ts-space (NBF-Ts-space) if it is a NBF-Ti-
space and a neutrosophic bipolar fuzzy regular space. Obviously, every NBF-T-space is a NBF-T3-Space.

Example 3.35

The neutrosophic bipolar fuzzy discrete topological space (X, tng) is a neutrosophic bipolar fuzzy regular
space as well as NBF-Ti-space. Therefore (X, tng) is @ NBF-Ts-space.

Definition 3.36

Let (X, tng) be a neutrosophic bipolar fuzzy topological space and let A e NBF(X). Then the neutrosophic
bipolar fuzzy closure of A, denoted by NBFCI(A) is a neutrosophic bipolar fuzzy set in X defined by,

NBFCI(A) = N {NB e NBF(X) : NB® € tg, A € NB}.
Theorem 3.37

For any NBFTS (X, tg), the following results are equivalent :

(i X is a neutrosophic bipolar fuzzy regular-space
(i) For any NBFP Xy and any NBFOS NB; containing X, there exists anNBFOS NB; such that Xupy €

NB; ¢ NBFCI(NB;) < NB..
Proof
(i) = (i)

Suppose that (X, tng) is a neutrosophic bipolar fuzzy regular space. Then, for any NBFP Xeapy in X, and a
NBFCS Q with Xqpy € QF, there exists two NBFOSs NB; and NB; such that Xap, € NB1, Q = NByand NB; — NB;

Again, since NB$ is a NBFCS, there exists a NBFCS, H such that NB; < H and so NBFCI(NB,) < H.
Again, for NBFCS, H there exists an NBFOS NB; such that H — NB.. Therefore, Xupy € NB1 <
NBFCI(NB,) < H c NB.
= Xupy € NBic NBFCI(NB;) < NB..
(i) = (i)
The result is obvious for the neutrosophic regular space.
Definition 3.38
A NBFTS (X, ) is said to be a neutrsophic bipolar fuzzy normal-space, if for any pair of NBFCSs lﬂ\-IB1 and lﬁ\-IB2
with KIBl c KIB; in X, there exists two NBFOS, NB; and NB in X such that lﬁ\-IB1 < NB;, IA\-IB2 < NBz and NB;
NIRC
< NB;.
Example 3.39
Let X = {x, y} be a fixed set.
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Let g = {Ons, Ing, {(X, 0.3, 0.2, 0.1, -0.2, -0.1, —0.2), {y, 0.5, 0.4, 0.3, —0.2, —0.1, —0.3)}, {(x, 0.3, 0.2, 0.1, -0.3,
-0.1,-0.2), {y, 0.5, 0.4, 0.3, 0.2, -0.1, —0.3)}}.

Consider the closed set = {Ons, 1ns, {(X, 0.7, 0.8, 0.9, 0.7, 0.9, -0.8), {y, 0.5, 0.6, 0.7, 0.8, 0.9, —-0.7)}, {{x, 0.7,
0.8,0.9,-0.7,-0.9, -0.8), ¢y, 0.5, 0.6, 0.7, -0.8, -0.9, -0.7)}}.

Therefore (X, tng) is a neutrosophic bipolar fuzzy normal-space.
Definition 3.40

A NBFTS (X, tg) is said to be a neutrosophic bipolar fuzzy Ts-space (NBF-T4-space) if it is both NBF-T;-
space and neutrosophic bipolar fuzzy normal-space. Obviously, every NBF-Ts-space is also a NBF-T;-space.

Theorem 3.41
For any NBFTS (X, tng), the following results are equivalent.

(i) X is a neutrosophic bipolar fuzzy normal-space.

(ii) For every NBFCS NBl and NBFOS NB; with lﬂ\_IB1 < NBy, there exists an NBFOS NB such that lﬂ\-IB1 c
NB, < NBFCI(NB,) < NB..

Proof
(i) = (ii)

Assume that X is a neutrosophic bipolar fuzzy normal space. Then for any two NBFCSs KIBl, lﬂ\-IB2 with
lﬂ\-IB1 c NB; in X, there exists two NBFOSs NB1 and NB; in X such that NB; c NBS.

For every NBFCS NBl and NBZ with NBl c NB; It is clear that NBl c NB; = NBl A
NB, = ¢.

Consider the NBFOS NB; that contains NBl and NB; that contains NBZ ie., NBl < NB: and NBZ c

NB.. There are two NBFOS NB3 and NB, that are NB; m NB3 and NB2, m NB4, where NB3 and NB4 may or may not
be disjoint NBFOS.

Here, in terms of first part, lﬂ\-IB1 < NB;and NBFCI(NB;) = NBs

- NB, c NB; ¢ NBFCI(NB,)  NB;
Assuming that NB; = NB; and NB3z = NB; are both NBFOs, we obtain the following result.
(i) = (i)
There exists a NBFOS NB, such that NB, < NB, ¢ NBFCI(NB,) c NB for any NBFCS NB, and

NBFOS NB; with NB; < NB1. Now, it is necessary to demonstrate that X is a neutrosophic bipolar fuzzy normal
space.

There are two NBFOSs NB; and NB; for any two NBFCSs NBl and NBZ with NBl c NB; such that
NB, c NB:and NB, c NB;as NB, n NB, = ¢.

As a result, any two NBFCSs NBl and NBZ with NBl c NB; in X have two NBFOSs NB; and NB,

and we have, NB; c NB;, NB, — NB; and NB; = NBS. Therefore, X is a neutrosophic bipolar fuzzy normal-
space.
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To compare the neutrosophic bipolar fuzzy separation axiom TO — T4 with classical and fuzzy separation axioms, the
following comparison table has been given to highlight the distinctions between them.

Table 1: comparison between the neutrosophic bipolar fuzzy separation axiom TO — T4 with classical and fuzzy

separation axioms

Axioms | Classical Topology Fuzzy Topology NBF TOPOLOGY

To For any two distinct points x, | For every pair of distinct points X, y | For any pair of neutrosophic bipolar fuzzy points
Yy € X, there existan open set | € X, there exists a fuzzy open set | (NBFPS) x.5, = (x x and Yiun =
that contains one of them but | that contains one of them but not the - ( ohLty _az'ﬁz'yz') o
not the other. other. (ykl,ullnl,xkz,uzlnz,) (x #y) in X, there exist on

neutrosophic bipolar fuzzy open set (NBFO) NB =
(NB*, NB") 3 Xopy € NB, Yaun ¢ NB (0r) Xopy ¢ NB,
Yaun € NB. That is when there are two different NBFPs,
at least one of them has an NBF open set where the truth
degree of the other is strictly less

T1 For every pair of distinct | For every pair of distinct points X, y | For any pair of NBFPS Xagy, Yaun (X # Y) in X, there
points X, y € X, there exist | e X, there exists fuzzy open sets A, | exists two NBFOS NB; and NB; such that X«sy € NBy,
two open set A, B € Tsuch | B e tsuchthat A(x) =1, A(y) =00r | Xopy & NByand  Yyiun € NBi, Yaun € NB2. Every
that XE€ Aand x € | B(y) =1, B(x) =0. neutrosophic bipolar fuzzy Ti-space is a neutrosopic
Bory ¢ Aandy € B bipolar fuzzy To-space. That is Every NBFP has an NBF

open set that excludes the other on a higher truth/falsity
value.

T, For any two distinct points X, | For every pair of distinct points x, y | For any pair of NBFPS Xagy, Yaun (X 2 Y) in X, there
y € X, there exists disjoint | € X, there exists fuzzy open sets A, | exists two NBFOS NB;, NB; such that X« y € NB1, Xo.p.y
opensetsUand Vsuchthatx | B et 3 A(x) =1, A(y) =0 orB(y) = | ¢ NBzand  Yiun & NB1, Yiun € NB2 with NB;
eU,yeV. 1,B(y)=0and AnB=0. NB.. That is two distinct NBFPs have disjoint NBF open

sets based on bipolar and indeterminate values.

Ts For any point x € X and a | Ifitis FT1and for every fuzzy point | For any NBFP Xapyin X, and NBFCS Q with Xa gy = Q°,
closed set A = X with x ¢ A, | X« and a fuzzy closed set F with x ¢ | there exists two NBFOSs NB; and NB; such that Xqpy €
there exists disjoint open sets | F, there exist fuzzy opne sets A, B NB1, Q = NB, and NB: < NB; Ifitis a NBF-Ty-space
Uand V such that x € U, A | tsuchthatx e A,FcSand AnB . .

-y -0 and a neutrosophic bipolar fuzzy regular space,
’ obviously, every NBF-T, space is a NBF-Ts-space. That
is NBF open sets can be used to separate each NBFP and
NBF closed set that does not contain it.
Ta For any two distinct closed | If it is FT, and for every pair of F : N N N
L or any pair of NBFCSs and with
sets A, B c X, there exists | disjoint fuzzy closed sets A, B, there | _ yp NB, NB, NB,
disjoint open sets U, V such | exists disjoint fuzzy open sets U, V NB; in X, there exists two NBFOS, NB; and NB; in X
that AcU,Bc V. etsuchthat Ac U, B<Vand U ~ ~ ~
< < AV =0 such that NB; < NB1, NB, < NBzand NB1 NBE
. If it is both NBF-T1-space and neutrosophic bipolar
fuzzy normal space, obviously, every NBF-T,4 space is
also a NBF-T;-space. NBF open sets can be used to
divide any two disjoint NBF closed sets according to
their triple-valued memberships.
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3. Conclusion

In this article, a powerful framework for handling problems involving uncertainty, indeterminacy and bipolarity is
introduced by applying the fuzzy and classical separation axioms to the neutrosophic bipolar fuzzy environment (To—
T4). Each of the NBF separation axioms (To to Ts) provides the theoretical support of this framework:
To guarantees basic distinguishability, T: improves pointwise separation, Ts (Hausdorff) introduces disjoint
neighborhoods, Ts (Regularity) permits the separation of points from closed sets, and T4 (Normality) offers complete
neighborhood-based separation of disjoint closed sets. These characteristics provide a hierarchical interpretation of
separation within the neutrosophic bipolar fuzzy environment, leading for useful applications in decision-making,
medical diagnosis and image processing.
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