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Abstract

A variety of mathematical frameworks—such as fuzzy sets, intuitionistic fuzzy sets, neutrosophic sets, soft
sets, rough sets, and plithogenic sets—have been developed to model uncertainty, with wide applications in
decision making, data analysis, and artificial intelligence. Within soft set theory, extensions like hypersoft
sets, indeterm-soft sets, indeterm-hypersoft sets, bipolar soft sets, and bipolar hypersoft sets have further
enhanced its expressive power. In this paper, we introduce two new constructs: bipolar indeterm-soft sets and
bipolar indeterm-hypersoft sets. We provide their formal definitions, establish key algebraic properties, and
demonstrate how they naturally combine bipolar evaluation with inherent indeterminacy. These models offer
a versatile toolkit for capturing complex forms of uncertainty and lay the groundwork for future theoretical
advances and practical applications in soft set theory.

Keywords: Soft Set; Indeterm-Soft Set; Hypersoft set; Indeterm-HyperSoft Set; Bipolar Soft Set; Bipolar
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1 Introduction

1.1 Soft Sets and Their Extensions

Fuzzy sets, ' intuitionistic fuzzy sets* neutrosophic sets? soft sets® bipolar fuzzy sets,” hesitant fuzzy
sets 1% picture fuzzy sets, " rough sets/'? and plithogenic sets! form fundamental frameworks for representing
uncertainty, with applications in decision making, data analysis, and artificial intelligence.

A soft set (F, F) assigns to each parameter e € E a subset F(e) C U of a universal set U, offering a
flexible mechanism for approximating elements of U 1% Owing to its versatility, the soft set concept has been
extended in many directions, including HyperSoft sets/1>"Z SuperHyperSoft sets 1% Indeterm-Soft sets, fuzzy
soft sets, fuzzy hypersoft sets.'? neutrosophic soft sets,?? TreeSoft sets,2! weighted soft sets/?% bipolar soft
sets. 2 and others. An Indeterm-Soft set maps each attribute to a subset of the universe in which at least one
attribute or subset may remain inherently indeterminate.?* An Indeterm-HyperSoft set further generalizes this
idea to multiple attributes, mapping parameter tuples to subsets and permitting intrinsic indeterminacy at any
tuple level > These constructs have been applied to model phenomena that cannot be definitively classified as
either true or false.
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1.2 Our Contribution

Although Indeterm-Soft sets and Indeterm-HyperSoft sets play a crucial role, their bipolar counterparts remain
largely unexplored. To bridge this gap, in this paper we introduce formal definitions of bipolar Indeterm-
Soft sets and bipolar Indeterm-HyperSoft sets, and we investigate their algebraic structures. We establish
fundamental properties of these new models and demonstrate how they seamlessly integrate bipolarity and
indeterminacy within the soft set paradigm.

1.3 Structure of This Research Paper

This section outlines the structure of the present paper. Section 2 provides an overview of foundational con-
cepts, including soft sets, hypersoft sets, Indeterm-Soft sets, and bipolar soft sets. Section 3 presents the main
results of this paper, introducing and analyzing the newly proposed bipolar Indeterm-Soft sets and bipolar
Indeterm-HyperSoft sets. Finally, Section 4 offers concluding remarks and discusses possible directions for
future research.

2 Preliminaries

In this section, we recall the basic concepts and notation that will be used throughout the paper. Unless stated
otherwise, all sets considered are finite and contain no duplicate elements.

2.1 Soft Sets

A soft set provides a parameterized collection of subsets of a universe of discourse.

Definition 2.1 (Soft Set®). Let U be a (finite) universal set and E a nonempty set of parameters. A soft set
over U is a pair (F, E), where
F:FE— POW(),

so that for each e € F, the set F'(¢) C U represents the collection of elements that approximately satisfy the
parameter e.

Example 2.2 (Soft Set for Student Course Preferences). Let
U = {Haruka, Daiki, Yuki, Kenta}
be the set of students, and let
E = {Likes Math, Likes Literature, Likes Sports}
be the set of preference parameters. Define the mapping

F:E— POW(U)

» F(Likes Math) = {Haruka, Daiki},
F(Likes Literature) = {Daiki, Yuki, Kenta},
F(Likes Sports) = {Haruka, Kenta}.
Then the pair

(F,E)

is a soft set over U, where each parameter e € E is associated with the subset F'(e) C U of students who
exhibit that preference.
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A bipolar soft set refines the soft set idea by distinguishing positive and negative information.

Definition 2.3 (Bipolar Soft Set®¥). Let U be a (finite) universe, £ a (finite) set of parameters, and choose a
(finite) subset A C E. Define its complement ~A = E \ A. A bipolar soft set over U is a triple

(F7 G7 A)7

where

« F: A— POW(U) is the positive membership map,
* G: A — POW(U) is the negative membership map,
* for every e € A, the consistency condition
Fe) N G(—e) = @
holds.

Equivalently, one can write
(F.G,A) = { (e, F(e), G(—e)) | e € A, F(e) NG(—e) = T}

Example 2.4 (Bipolar Soft Set in Staff Recruitment). Let

U = {Alice, Bob, Charlie, Diana}, FE = {Leadership, Teamwork, Inexperience, Poor Communication}.
We select the positive parameter set

A = {Leadership, Teamwork}, -A = E\ A = {Inexperience, Poor Communication}.
Define the positive and negative membership mappings
F(Leadership) = {Alice, Bob}, F(Teamwork) = {Bob, Charlie, Diana},
G (Inexperience) = {Charlie}, G(Poor Communication) = {Diana}.

Then the triple

(F, G, A) = {(Leadership, { Alice, Bob}, { Charlie}), (Teamwork, { Bob, Charlie, Diana}, { Diana}) }
is a bipolar soft set over U. One checks immediately that for each e € A,

F(e) N G(—e) = @,

so the consistency condition is satisfied.

2.2 Hypersoft Sets and Bipolar Hypersoft Sets

As extensions of the above concepts, Hypersoft Sets?® and Bipolar Hypersoft Sets*” are known. Their defini-
tions are provided below.

Definition 2.5 (Hypersoft Set'Z). Let U be a (finite) universal set and let Ay, ..., .A,, be nonempty attribute-
value domains. Set
ATSET = A; x Ay X --- X A,p,.

A hypersoft set over U is a pair (G, ATSET) where
G : ATSET — P(U).

Equivalently,
(G,ATSET) = { (v, G(v)) | v € ATSET}.

For each tuple v = (71,...,7m) € ATSET, the set G(y) C U collects all elements of U that match the
attribute combination y1, . . ., Vim.
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Example 2.6 (Hypersoft Set in a Recruitment Scenario). Let U = {Ayako, Hiroko, Shinya, Ichiro} be a set of
job applicants. Consider two attribute domains:

A; = {Bachelor, Master, PhD}, As = {Junior, Mid, Senior}.
Form the Cartesian product ATSET = A; X As. Define

G : ATSET — POW(U)

by the following table:
(71572) G(11.72)
(Bachelor, Junior) | {Hiroko, Shinya}
(Bachelor, Mid) {Ayako}
(Bachelor, Senior) {Ichiro}
(Master, Junior) {Shinya}
(Master, Mid) {Ayako, Hiroko}
(Master, Senior) {Ichiro}
(PhD, Junior) {Hiroko}
(PhD, Mid) {Shinya, Ichiro}
(PhD, Senior) {Ayako}

Then (G, ATSET) is a hypersoft set over U, assigning each education—experience combination the subset of
applicants matching it.

Definition 2.7 (Bipolar Hypersoft Set). ! A (finite) Bipolar Hypersoft Set (BHS-Set) is a triple (F, G, A) over
a universe of discourse U, where:

e F: A—POW(U)and G : -A — POW(U), with POW(U) denoting the power set of U.

* The mappings satisty the consistency constraint:

Fla)NG(—a) =0, Vae A

e A=A x Ay x---x A,,where A, CE;and E = FE1 X B3 x --- X E,.
b ﬁA:ﬁAl xﬁAgx-~-><ﬁAn,whereﬁAi=Ei\Ai.

The (finite) Bipolar Hypersoft Set (BHS-Set) (F, G, A) is represented as:
(F,G,A) ={(a, F(a),G(m)) | @« € Aand F (o) N G(—ar) = B}

Example 2.8 (Bipolar Hypersoft Set in Customer Feedback). Let U = {ProductA, ProductB, ProductC} be
items, and parameters

E, = {QualityHigh, QualityLow}, FE5 = {PriceCheap, PriceExpensive}.

Set A = E; x {PriceCheap}, so A = E; x {PriceExpensive}. Define

F:A — POW(U), G:-A — POW(U)

b
’ F(QualityHigh, PriceCheap) = {ProductA, ProductB},
F(QualityLow, PriceCheap) = {ProductC},
G(QualityHigh, PriceExpensive) = {ProductC},
G(QualityLow, PriceExpensive) = {ProductA, ProductB}.

Since F'(a) N G(—a) = 0 for each o € A, the triple (F, G, A) is a bipolar hypersoft set over U. It captures
positive (cheapandhighquality) and negative (expensiveand/lowquality) customer evaluations of the products.

DOI: https://doi.org/10.54216/1JNS.270218 207



International Journal of Neutrosophic Science (IJNS) Vol. 27, No. 02, PP. 204-222, 2026

2.3 Indeterm-Soft Sets

An Indeterm-Soft Set assigns each attribute value to a subset of a reference set while allowing inherent am-
biguity—either in the attribute domain, in the power-set codomain, or in specific images?® Its multi-attribute
generalization, the Indeterm-HyperSoft Set, maps tuples of attribute values to subsets with possible indetermi-
nacy at any tuple level

Definition 2.9 (Indeterm-Soft Set%). Let U be a universe, H C U a nonempty subset, and P(H ) its powerset.
For an attribute a with value set A, a function

F:A— P(H)

is called an Indeterm-Soft Set if at least one of the following conditions holds:

(i) The domain A contains indeterminate elements.
(ii) The codomain P (H) itself exhibits indeterminacy.
(iii) There exists v € A such that F'(v) cannot be uniquely determined.

(iv) Any combination of the above.

Equivalently, one may view
F:A— H(NU,®, ),

where H(N,U, @, ) denotes an algebraic structure closed under indeterminate extensions of the usual set
operations.

Example 2.10 (Indeterm-Soft Set in Restaurant Cuisine Classification). Let U = {R1,R2,R3,R4} be four
restaurants:

R1 = Pasta Palace, R2 = Sushi World, R3 = Fusion Delight, R4 = Spice Garden.
Set H = U. Let the attribute a = “cuisine type” take values
A = {Italian, Japanese, Fusion}.

Define
F:A — POW(H)

by
F(Ttalian) = {R1, R3},

F(Japanese) = {R2, R3},
F(Fusion) = {R3}.

Here restaurant R3 serves both Italian and Japanese fusion, so its membership in F'(Italian) and F'(Japanese)
is indeterminate. Hence F is an Indeterm-Soft Set because for v = Italian (and similarly for Japanese), F'(v)
contains an element R3 whose classification is unclear.

Definition 2.11 (Indeterm-HyperSoft Set). 21 et U be a universe of discourse, H C U a non-empty subset,
and POW (H) the powerset of H. Let aj,as,...,a, (n > 1) be n distinct attributes, with attribute values
Ay, As, ..., Ap,suchthat A; N Aj = () for ¢ # j. The pair (F, Ay x Ay X -+ x A,,), where

F:A x Ay x -+ x A, — POW(H),

is called an Indeterm-HyperSoft Set if:

1. Any A; or POW (H) exhibits indeterminacy.

2. For (a1,a2,...,a,) € A1 X Ay X -+ X Ay, F(a1,as,...,a,) is indeterminate.
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Example 2.12 (Indeterm-HyperSoft Set in Multi-Attribute Restaurant Evaluation). A food critic evaluates
four restaurants on two attributes—cuisine type and price level—where the attribute categories intentionally
overlap to introduce indeterminacy.

Restaurants and Data:

* R1: Pasta Palace—Italian cuisine, average entrée price $18

R2: Sushi World—Japanese cuisine, average entrée price $28

* R3: Fusion Delight—offers both Italian and Japanese dishes, average entrée price $26

R4: Spice Garden—Indian/Thai fusion (irrelevant to these attributes), average entrée price $16

Set
U={R1,R2,R3,R4}, H=U.

Attribute Definitions:
a; = cuisine type, A; = {Italian, Japanese},

ag = price level, A, = {Cheap, Expensive},

where
Cheap : price < 20, Expensive : price > 20.

Note that R1 and R4 are in “Cheap” (prices $18, $16) and R2, R3 in “Expensive” ($28, $26).

Mapping F': A; x Ay - POW (H):

(a1,az) ‘ F(ay,as)
(Italian, Cheap) {R1}
(Ttalian, Expensive) {R3}
(Japanese, Cheap) {R4}

(Japanese, Expensive) | {R2, R3}

Here:

R1 clearly falls under (Italian, Cheap).

* R4 is assigned to (Japanese, Cheap) even though its cuisine is neither strictly Japanese nor Italian—this
models a placeholder for out-of-scope items.

R2 falls under (Japanese, Expensive).

* R3 appears in both (Italian, Expensive) and (Japanese, Expensive), because it serves both cuisines at a
high price point.

Indeterminacy Analysis:

e The overlap in A; for R3—being both Italian and Japanese—makes its membership in the Expensive
category indeterminate.

* A crisp set could only place R3 in one cuisine group; here F' preserves the genuine ambiguity by includ-
ing R3 in both relevant cells.

 Similarly, R4’s placement under (Japanese, Cheap) despite its fusion background highlights the flexibil-
ity of an Indeterm-HyperSoft Set to handle “unknown” or “other” cases in a unified framework.

Since F' maps some attribute-tuples to sets containing an element (R3 or R4) whose classification cannot be de-
cided uniquely, (F, A; x As) satisfies the definition of an Indeterm-HyperSoft Set. This example demonstrates
how overlapping attribute criteria and multi-attribute evaluations introduce real indeterminacy in practical de-
cision making.
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3 Main Results in This Paper

The results derived in this paper are presented below.

3.1 Bipolar Indeterm-Soft Set

A Bipolar IndetermSoft Set is a triple of positive and negative mappings over parameters, featuring inherent
indeterminacy and disjoint images. The definition of a Bipolar Indeterm-Soft Set is provided below.

Definition 3.1 (Bipolar Indeterm-Soft Set). Let U be a universe, H C U, E a set of parameters, and A C F.
A Bipolar Indeterm-Soft Set over H is a triple

(Fu GvA)7

where

e F: A—POW(H)and G: E\ A — POW(H) are maps,
o atleast one of A, POW(H), or some F'(a) or G(b) is indeterminate,
* F(a)NG(—a) =P foralla € A.

Example 3.2 (University Admission with Bipolar Indeterm-Soft Set). An admissions committee evaluates
three applicants using three criteria:

¢ High GPA (Academic): GPA > 3.7
¢ Extracurricular Involvement: at least two leadership roles

* Strong Recommendation: letter score > 4/5

Set
U = {Ayako, Hiroko, Shinya}, H =U,

and parameter sets
E = {HighGPA, Extracurricular, Recommendation}, A = {HighGPA, Extracurricular}.

Based on records:
GPA: Ayako = 3.8, Hiroko = 3.9, Shinya = 3.2,

Clubs: Ayako = 1, Hiroko = 5, Shinya = 3,
Rec. Score: Ayako = 5, Hiroko = 3, Shinya = 2.
We define
F(HighGPA) = {Ayako, Hiroko}, F(Extracurricular) = {Hiroko, Shinya},

G(Recommendation) = {Ayako}.

Applicant GPA # Clubs Rec. Score
Ayako 3.8 (HighGPA) 1 (none) 5 (strong)
Hiroko 3.9 (HighGPA) 5 (lead roles) 3 (moderate)

Shinya 3.2 (below cutoff) 3 (lead roles) 2 (weak)
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Because Hiroko appears in both F(HighGPA) and F(Extracurricular), it is indeterminate which primary
strength best represents him. Hence F' is an Indeterm-Soft Set on A. Together with the negative map G
on the leftover parameter, the triple

(F, G, A)

forms a Bipolar Indeterm-Soft Set, capturing both positive (academic and extracurricular) and negative (rec-
ommendation) aspects of the admission decision.

Example 3.3 (Employee Performance Evaluation with a Bipolar Indeterm-Soft Set). Let
U = {Alice, Bob, Carol, Dave}, H =U,
and let the set of evaluation criteria be
E = {Timeliness, Innovation, Conflict}.
Choose the positive-aspect parameters
A = {Timeliness, Innovation}, E\ A= {Conflict}.

Suppose the HR records show:

Employee Deadlines Met Ideas Proposed Conflict Incidents

Alice Yes No 1 (minor)
Bob Yes Yes 0
Carol No Yes 2 (moderate)
Dave No No 0

Define the positive map F' and the negative map G by
F(Timeliness) = {Alice, Bob}, F(Innovation) = {Bob, Carol},

G(Conflict) = {Carol}.

Because Bob appears in both F(Timeliness) and F'(Innovation), his principal strength is indeterminate.
Hence F constitutes an Indeterm-Soft Set on A. Together with the negative map G on the remaining parameter,
the triple

(F, G, A)

forms a Bipolar Indeterm-Soft Set, capturing both positive aspects (timeliness and innovation) and the negative
aspect (conflict) of the employee evaluation.

Example 3.4 (Customer Satisfaction Survey with “MaaMaa” Ambiguity). A small café asked four regulars to
rate their experience as “Manzoku” (Satisfied), “MaaMaa” (So-so), or “Fuman” (Dissatisfied). The responses
were:

Customer Rating

Taro Manzoku

Jiro MaaMaa
Saburo Manzoku and MaaMaa
Shiro Fuman

Here the category “MaaMaa” is inherently vague, and Saburo’s response reflects that ambiguity.

Let
U = {Taro, Jiro, Saburo, Shiro}, H =T,

E = {Manzoku, MaaMaa, Fuman}, A = {Manzoku, MaaMaa}, FE \ A = {Fuman}.

Define the positive and negative maps by
F(Manzoku) = {Taro, Saburo}, F(MaaMaa) = {Jiro, Saburo},
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G(Fuman) = {Shiro}.

Since Saburo’s feedback appears in both F'(Manzoku) and F'(MaaMaa), it is indeterminate which category
best fits. Moreover, the parameter “MaaMaa” itself is ambiguous, so the map F' exhibits genuine indetermi-
nacy. One checks that

F(a) N G(-a) =2 (Va€A),

hence

(F, G, A)

constitutes a Bipolar Indeterm-Soft Set, capturing both positive (“Manzoku”/“MaaMaa”) and negative (“Fu-
man”) customer responses under linguistic uncertainty.

Theorem 3.5. Every Indeterm-Soft Set F' : A — POW (H) can be viewed as a Bipolar Indeterm-Soft Set with
an empty negative part, and every Bipolar Soft Set (F, G, A) is a special (crisp) case of a Bipolar Indeterm-Soft
Set.

Proof. We verify each direction by checking the defining conditions of a Bipolar Indeterm-Soft Set.

(1) From Indeterm-Soft Set to Bipolar Indeterm-Soft Set.

Let F' : A — POW(H) be an Indeterm-Soft Set. Define
E=A  G:E\A=0 — POW(H)

to be the unique map from the empty set. We check the three requirements:

1. Positive part: F is the given map A — POW (H).
2. Negative part: G is a (vacuous) map & — POW (H).

3. Indeterminacy condition: Since F' is an Indeterm-Soft Set, by hypothesis at least one of the following
holds:

¢ A has indeterminacy,
* POW(H) has indeterminacy,

* there exists a € A such that F'(a) is indeterminate.

Thus the Bipolar Indeterm-Soft requirement “at least one of A, POW(H), or some F'(a), G(b) is
indeterminate” is satisfied.

4. Consistency condition: For every a € A, we require
F(a) N G(—a) = Fla) N @ = @.

Hence the disjointness holds trivially.

Therefore (F, G, A) is a Bipolar Indeterm-Soft Set with empty negative part.

(2) From Bipolar Soft Set to Bipolar Indeterm-Soft Set.

Let (F, G, A) be a Bipolar Soft Set over H. By definition:

*« F: A—»POW(H)and G: E\ A — POW(H) are maps.

* Fla)NG(—a) =@ foralla € A.
We regard “no indeterminacy” as the special case in which none of A, POW(H), F(a), or G(b) exhibits
indeterminacy. The Bipolar Indeterm-Soft Set definition does not exclude this degenerate case. Hence:
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1. Positive and negative parts: the same maps F' and G.

2. (Degenerate) Indeterminacy condition: zero indeterminate elements is permissible, so the “at least one”
clause can be interpreted to allow none.

3. Consistency condition: F(a) N G(—a) = & holds by the Bipolar Soft Set assumption.

Thus (F, G, A) qualifies as a Bipolar Indeterm-Soft Set with no indeterminacy. O

Let (F1,G1, A) and (Fy, Ga, A) be two Bipolar Indeterm-Soft Sets on the same (U, H, E).

Definition 3.6 (Union and Intersection). Define their union and intersection by

(F1,G1,A) V (F3,G2,A) = (FLUF,, G1NGy, A),
(F1,G1,A) A (F,G2,A) = (F1NF,, G1UGy, A),

where (F1 U FQ)(&) = Fl (CL) U FQ((J,) and (Gl n Gg)(_'a) = Gl(_‘a) n GQ(_\CL), etc.

Theorem 3.7 (Closure under Union). The union (Fy U Fy, G1NG2, A) is again a Bipolar Indeterm-Soft Set.

Proof. We must check the consistency and indeterminacy conditions. For each a € A,
(Fl U Fg)(a) N (G1 N Gg)(—'a) = (Fl(a) U FQ((I)) N (Gl ("(l) n GQ(_‘Q)).
Since F;(a) N Gi(—a) = @ for i = 1,2, each of Fi(a) N G1(—a) and Fy(a) N Ga(—a) is empty. Hence

(F1 U Fy)(a) N (G1 N Gy)(—a) = &. Moreover, if either (Fy, Gy, A) or (F», G, A) carries indeterminacy,
then their union does as well. Thus the union is a valid Bipolar Indeterm-Soft Set. O

Theorem 3.8 (Closure under Intersection). The intersection (Fy N Fy, Gy U Go, A) is again a Bipolar
Indeterm-Soft Set.
Proof. Analogous to the union case: for each a € A,

(F1 n Fg)(a) N (G1 U Gg)(—'a) = (Fl(a) n Fg(a)) N (Gl(—'a) U GQ(_‘CL)),

which is contained in either F (a) N G1(—a) or F5(a) N Ga(—a), both of which are empty. Indeterminacy also
persists under intersection. ]

Theorem 3.9 (Idempotence). For any Bipolar Indeterm-Soft Set (F, G, A),

(F,G,A) vV (F,G,A) = (F,G,A), (F,G,A) A (F,G,A)=(F,G,A).

Proof. Recall that
(F,G,A) vV (F,G,A)= (FUF, GNG, A), (F,G,A) A (F,G,A)=(FNF, GUG, A).

We verify component-wise:
* Forevery a € A,
(FUF)(a) =F(a) U F(a) = F(a) (byidempotence of set-union).

* Forevery —a € E '\ A,
(GNG)(—a) = G(—a) N G(—a) = G(—a) (by idempotence of set-intersection),

and similarly (G U G)(—a) = G(—a).
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Hence the union and intersection with itself leave both F' and G unchanged, so the entire triple remains
(F,G,A). O

Theorem 3.10 (Commutativity). For any two Bipolar Indeterm-Soft Sets (Fy, G1, A) and (F», G2, A),
(Fh GlaA) V (F27 G2a A) = (F27 GQvA) V (Flv leA)a

(F1,G1, A) N (Fp,Go, A) = (Fp, G2, A) A (F1, Gy, A).
Proof. We check the union case; the intersection case is analogous.

Union:
(F1,G1,A) V (F2,Gy, A) = (FL U Fy, G1 NGy, A).

Foreacha € A,
(Fl UFQ)((L) = Fl(a) UFQ(G) = Fg(a) @] Fl(a) = (F2 UFl)((Z)

For each —a € E'\ A,
(Gl n GQ)(—\(Z) = Gl(—|a) n GQ(—‘G) = GQ(—'Q) N Gl(—u) = (Gz N Gl)(—‘a).

Therefore (F} U F», G1 NGs, A) = (Fy U F1, Go NGy, A), establishing commutativity of V.
Intersection: Replace U by N and vice versa, and repeat the same argument using commutativity of set-
intersection and set-union. O
Theorem 3.11 (Absorption). For any Bipolar Indeterm-Soft Sets (F1,G1, A) and (Fy, G, A),

(FlleaA) \/((F17G17A) A (FQaGQaA)) = (FlleaA)a

(F1,G1,A) A((F1, G, A) v (Fy, Ga, A)) = (F1,Gh, A).
Proof. We show the first absorption law; the second is dual.

By definition,
(Fl, G17 A) A\ (FQ, GQ, A) = (F1 M FQ, Gl U GQ, A)
Hence
(Fl,Gl,A) \/((F1,G1,A) AN (F27G27A)) = (F1 @] (Fl N FQ), Gi N (Gl @] G2)7 A)

Now for each a € A,
Fl(a) @] (Fl(a) ﬂFQ(a)) = Fl(a),

and for each ~a € E'\ A,
Gl(—\a) N (Gl(—\a) U GQ("G)) = Gl(—\a).

Thus the resulting triple is (Fy, G, A), proving the absorption law. O

DOI: https://doi.org/10.54216/1JNS.270218 214



International Journal of Neutrosophic Science (IJNS) Vol. 27, No. 02, PP. 204-222, 2026

3.2 Bipolar Indeterm-HyperSoft Set

A Bipolar IndetermHyperSoft Set extends to parameter tuples, assigning positive and negative subset-values
with inherent indeterminacy and enforcing disjointness. The definition of a Bipolar Indeterm-HyperSoft Set is
provided below.

Definition 3.12 (Bipolar Indeterm-HyperSoft Set). Let U, H and £ = E; x --- x E, as above, and choose
A C &. A Bipolar Indeterm-HyperSoft Set is a triple

(Fa GaA)7

with
F:A—-POW(H), G:&£\A—POW(H),

satisfying:

(i) atleast one of the E;, POW(H), or some value F'(«) or G(f) is indeterminate,
(i) Va € A, F(a) NG(—a) = @.

Example 3.13 (Detailed Supplier Evaluation with Indeterminacy). A manufacturing firm must choose among
three suppliers based on two features: product quality and delivery speed. The raw data are:

Supplier Measured Quality Score  Typical Lead Time (days)

S1 92 (excellent) 4 (fast)
S2 88 (good, but variable) 6 (borderline fast/slow)
S3 76 (fair) 8 (slow)

We introduce categorical attributes that deliberately overlap to model indeterminacy:

¢ QualityHigh: “Quality > 85”
¢ QualityLow: “Quality < 90”
 Fast: “Lead time < 6 days”

* Slow: “Lead time > 6 days”

Here “QualityHigh” and “QualityLow” overlap for scores in [85, 90], and “Fast” and “Slow” overlap at exactly
6 days. Thus, supplier S2 (score = 88, time = 6) belongs to both categories in each attribute, introducing
intentional indeterminacy.

Let
U ={S1,52,83}, H=U, E;={QualityHigh, QualityLow}, F5 = {Fast, Slow},

so & = E; x FE has four possible tuples. We choose the “positive” set

A = {(QualityHigh, Fast), (QualityLow, Slow)},

and define the Bipolar Indeterm-HyperSoft mappings:

F(QualityHigh, Fast) = {S1, S2},
F(QualityLow, Slow) = {S2, S3},

G(QualityHigh, Slow) = {S3},
G(QualityLow, Fast) = {S1}.

Interpretation:
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* (QualityHigh, Fast): S1 clearly meets both high quality and fast delivery, while S2’s quality is borderline
and its lead time exactly at the overlap point, so it is indeterminately classified here.

* (QualityLow, Slow): S3 consistently performs poorly and slowly; S2 again falls into this category due
to its borderline metrics.

* (QualityHigh, Slow) and (QualityLow, Fast) are treated negatively, flagging S3 for slow high-quality
deliveries and S1 for fast but borderline-quality deliveries.

Because supplier S2 appears in both F'(High, Fast) and F'(Low, Slow), the map F' exhibits genuine indetermi-
nacy. Together with the negative map G, the triple

(F, G, A)

satisfies the Bipolar Indeterm-HyperSoft Set conditions: it captures overlapping categories (indeterminacy)
and a bipolar structure (positive vs. negative assignments).

Example 3.14 (Smartphone Purchase Decision Highlighting Indeterminacy). A shopper compares three phones
under two intentionally overlapping criteria:

* BatteryLong: capacity > 3000 mAh
* BatteryShort: capacity < 3500 mAh
¢ CameraGood: resolution > 12 MP

* CameraAverage: resolution < 16 MP

Specifications:
Model Battery (mAh) Camera (MP)
PhoneA 3200 64
PhoneB 3300 12
PhoneC 2800 8
Define

U = {PhoneA, PhoneB, PhoneC},
E, = {BatteryLong, BatteryShort},
E; = {CameraGood, CameraAverage},

and choose the “positive” combinations
A = {(BatteryLong, CameraGood), (BatteryShort, CameraAverage)}.

Set
F(BatteryLong, CameraGood) = {PhoneA, PhoneB},

F(BatteryShort, CameraAverage) = {PhoneA, PhoneB, PhoneC},

and for the remaining pairs define

G(BatteryLong, CameraAverage) = {PhoneC},
G (BatteryShort, CameraGood) = {PhoneC}.

Why indeterminacy matters:

* PhoneB lies in both “long” and “short” battery categories (3300 mAh), and in both “good” and “aver-
age” camera categories (12 MP). A crisp model would force a binary classification, but here F’ retains
its ambiguous presence in both positive groups, preserving uncertainty.
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* For (BatteryLong, CameraGood), PhoneB appears alongside PhoneA, yet its borderline specifications
prevent a definitive classification—its status is indeterminate.

* For (BatteryShort, CameraAverage), all three phones are included. However, PhoneA and PhoneB
have distinct strengths. Recognizing this ambiguity is essential to avoid over-simplifying the selection
process.

* The negative map G flags PhoneC as undesirable in mixed categories, while I’ preserves potentially
positive but uncertain memberships for PhoneA and PhoneB.

Thus (F, G, A) forms a Bipolar Indeterm-HyperSoft Set that explicitly tracks overlapping, indeterminate cases
alongside clear negative assignments—enabling nuanced, uncertainty-aware decision support.

Example 3.15 (Retail Customer Satisfaction Survey). A store asked four customers to rate price and quality
on a 1-5 scale. The recorded scores were:

Customer Price Score  Quality Score

Ayumi 5 5
Daichi 4 4
Emi 4 3.5
Fumio 3 2

We introduce overlapping categories to capture borderline cases:

PriceSat : score > 4, PriceUnsat : score < 3,
QualSat : score > 4, QualUnsat : score < 3.

Thus a rating of 3.5 (Emi’s quality) lies between “satisfied” and “unsatisfied,” creating genuine indeterminacy.
Let
U = {Ayumi, Daichi, Emi, Fumio}, H =T,
E; = {PriceSat, PriceUnsat}, Fy = {QualSat, QualUnsat}, & = F; x Es.

Choose the “positive” parameter-tuples

A = {(PriceSat, QualSat), (PriceSat, QualUnsat)}.
Define

F(PriceSat, QualSat) =
F(PriceSat, QualUnsat) =
)

G (PriceUnsat, QualSat
G (PriceUnsat, QualUnsat) = {Fumio}.

{Ayumi, Daichi, Emi},
{Emi},
%]

)

Since Emi’s quality rating is ambiguous, she appears in both
F(PriceSat, QualSat)

and
F(PriceSat, QualUnsat)

, satisfying the indeterminacy condition. One checks that for each « € A,
F(a) N G(—a) = @,

so (F, G, A) indeed forms a Bipolar Indeterm-HyperSoft Set, simultaneously representing positive feedback,
negative feedback, and uncertain responses.

Theorem 3.16 (Generalization). (a) Every Indeterm-HyperSoft Set (F,E) can be viewed as a Bipolar Indeterm-
HyperSoft Set by choosing A = £ and taking G to be the empty mapping on £\ A = @.
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(b) Every Bipolar HyperSoft Set (F, G, A) is automatically a Bipolar Indeterm-HyperSoft Set (possibly with
no actual indeterminacy).

Proof. (a) From Indeterm-HyperSoft to Bipolar Indeterm-HyperSoft.

* Starting data: An Indeterm-HyperSoft Set consists of a pair
(F, &), F:& = F x---xE, — POW(H),
where at least one attribute domain E;, or at least one image F'(«), is indeterminate.
* Construction of the bipolar version: Set
A =€, G:E\A=2 — POW(H) (empty map).

Thus we obtain the triple
(F,G, A).

e Verification of conditions:

1. Domain and codomain: By construction F' and G have the required domains A and £ \ A.

2. Consistency: Foreach a € A,
F(a) N G(—a) = F(a) N G(nothing) = F(a) N @ = @,

so the consistency constraint holds vacuously.

3. Indeterminacy: Since the original Indeterm-HyperSoft Set had at least one indeterminate compo-
nent (either some E; or some F'(«)), the same indeterminacy persists in (F, G, A).

Hence (F, G, A) satisfies the definition of a Bipolar Indeterm-HyperSoft Set.

(b) From Bipolar HyperSoft to Bipolar Indeterm-HyperSoft.

* Starting data: A Bipolar HyperSoft Set is given by
(F,G,A), F:A—POW(H), G:E\A—POW(H),
with the consistency condition F'(«) N G(—a) = & and no requirement of indeterminacy.

o Verification:

1. Domain and codomain: The pair (F, G) already has the correct domains A and € \ A.
2. Consistency: By hypothesis of the Bipolar HyperSoft Set, Vo € A, F(a) N G(—a) = 2.

3. Indeterminacy clause: The definition of a Bipolar Indeterm-HyperSoft Set only requires at least
one of the parameter domains, codomain, or image-sets to be indeterminate. We may simply note
that ‘zero indeterminacy’ is allowed, and so this condition is vacuously satisfied.

Therefore, every Bipolar HyperSoft Set is also a Bipolar Indeterm-HyperSoft Set.

This completes the proof of both parts. O

Definition 3.17 (Union and Intersection). Let BIP; = (F;,G;, A) (i = 1,2) be two Bipolar Indeterm-
HyperSoft Sets with the same A. Define

BIP; V BIP; = (Fy U Fz, G1 NG, A),
BIP; A BIP; = (F1 N Fz, G1UGs, A),

where (Fy U F3)(a) = Fi(a) U F(«) and similarly for the other operations.
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Theorem 3.18 (Closure under Union). If BIP, and BIP5 are Bipolar Indeterm-HyperSoft Sets, then BIP{ V
BIP; is also one.
Proof. Let BIP, V BIP; = (F,G, A). Foreach o € A,
Fla) = Fi(@) U Fz(a), G(ma) = Gi(ma) NGa(ma).
Consistency:
F(a)NG () = (Fi(a)UFy(a))N(G1(ma)NGa(—a)) C (Fi(a)NGi(~a)) U (Fa(a)NGa(-a)) = 2.

Indeterminacy: If either BIP; or BIP; had indeterminacy in some E;, POW(H ), or a value-set, then so does
BIP; Vv BIPs. Thus BIP, V BIP, satisfies the definition. O

Theorem 3.19 (Closure under Intersection). If BIP; and BIPy are Bipolar Indeterm-HyperSoft Sets, then
BIP; A BIP5 is also one.
Proof. Analogous to union. For each o € A,

F(a) = Fi(a) N Fy(a), G(—a)=Gi(—~a)UGa(—a).

Consistency:
Fla)NG(—a) C (Fl(a) N Gl(—u)) U (Fg(a) NGa(—a)) = 2.

Indeterminacy likewise persists under intersection. O

Theorem 3.20 (Idempotence, Commutativity, Associativity). Let BIP; = (F;, G;, A) be Bipolar Indeterm-
HyperSoft Sets, and write BIP = (F, G, A). Then:

BIP v BIP = BIP, BIP A BIP = BIP,

BIP, v BIP, = BIP, vV BIP;, BIP; A BIP; = BIP; A BIPy,

(BIP, v BIP,) V BIP3 = BIP; v (BIP, V BIP3), (BIP; A BIPy) A BIP; = BIP; A (BIP, A BIP3).

Proof. We prove each claim by checking the defining component-maps F' and G pointwise on their domains.

1. Idempotence.
BIP VBIP = (FUF, GNG, A).

For every a € A,
(FUF)() = F(a) U F(a) = F(a),

by the idempotence of union in POW (H). Similarly,
(GNG)(~a) =G(—a) N G(-a) = G(—a).

Hence BIP Vv BIP = (F,G, A) = BIP. The proof for BIP A BIP is identical, using F N F = F and
GUG=G.

2. Commutativity.
BIP; vV BIP; = (F1 UFy, GiNGs, A), BIP; v BIP; = (F2 Uy, Go NGy, A).

For each a:
Fl(Oé) @] FQ(O[) = FQ(O&) @] Fl(Oé),
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and for each —a:
Gl(—u) n Gg(_'a) = GQ(“O() N Gl(—\a).

Thus BIP; v BIP, = BIP, V BIP;. The meet case is analogous with N <+ U.
3. Associativity. First for union:
(BIP; V BIP;) V BIP3 = ((Fy U F>) U F3, (G1 NG2)NGs, A).
By associativity of union and intersection in POW (H),
(F1 U FQ) UF;=FU (F2 U Fg), (G1 N GQ) NG3 =GN (GQ N Gg)

Hence (BIP; Vv BIP;) V BIP5 = BIP; V (BIP; V BIP3). The intersection associativity is shown similarly.

O
Theorem 3.21 (Distributivity). For any BIP, BIPy, BIP3,
BIP; A (BIP; Vv BIP3) = (BIP; A BIPs) Vv (BIP; A BIP3),
BIP, V (BIP; A BIP3) = (BIP; V BIP3) A (BIP; V BIP3).
Proof. We verify the first identity; the second is dual.
Left-hand side:
BIP; A (BIP; V BIP3) = (Fy N (FR U F3), G1 U (G2NGs), A).
Right-hand side:
(BIPy A BIP;) V (BIPy A BIP3) = ((F1 N F2) U (Fy N Fy), (G1UG2) N (G1UGs), A).
By distributivity in POW (H),
FiN(F,UF5) = (FiNF)U(FINE), GLU(GeNGs3)=(G1UG2) N (G UQGSs).
Therefore the two sides coincide pointwise, proving distributivity. O

4 Conclusion and Future Work

This paper introduced two new frameworks—Bipolar Indeterm-Soft Sets and Bipolar Indeterm-HyperSoft
Sets—and analysed their mathematical foundations in depth. We also demonstrated their practical relevance
through several concrete, real-life examples.

Looking ahead, we encourage further investigation into these models from both theoretical and applied per-
spectives. Promising directions include (i) developing and evaluating construction algorithms, (ii) designing
computational experiments, and (iii) testing the frameworks in real-world decision-making and knowledge-

representation tasks. Such efforts will strengthen the practical utility of Bipolar Indeterm-Soft Sets and Bipolar
Indeterm-HyperSoft Sets and broaden their impact across diverse application domains.
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