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Abstract

Let G be a group with identity e. Let T be a commutative G-graded ring with non-zero identity, W be a graded
T-module and S ⊆ h(T) a multiplicatively closed subset of T. In this article, we introduce and study the
concept of graded S-semiprime submodules. A graded submodule K of W with (K :T W) ∩ S = ∅ is said
to be graded S-semiprime, if there exists a fixed st ∈ S such that whenever rni mj ∈ K for some ri ∈ h(T),
mj ∈ h(W), t, i, j ∈ G, and n ∈ N, then strimj ∈ K. Some characterizations and properties of graded
S-semiprime submodules are given.
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1 Introduction and Preliminaries

Throughout this paper, we work under the assumption that T is a commutative G-graded ring with unity, and
W denotes a unitary graded T-module.

The study of graded semiprime submodules within the context of graded modules over commutative graded
rings has been developed in several works, including.1, 6, 9, 13 In,7 P. Ghiasvand and F. Farzalipour extended this
concept to modules over noncommutative graded rings. Additionally, the notion of graded semiprime ideals
was initially introduced by Lee and Varmazyar in9 and was further investigated in.5 More recently, K. Al-
Zoubi and S. Alghueiri proposed the idea of graded Jgr-semiprime submodules in,2 offering a generalization
of previously established graded semiprime submodule structures.

In this work, we introduce a new generalization of this framework: the concept of graded S-semiprime sub-
modules of graded modules over commutative graded rings. Our aim is to explore foundational properties of
this class of submodules and investigate their behavior and structure.

We begin by recalling several fundamental concepts related to graded rings and graded modules that are in-
strumental throughout this paper. For a more thorough treatment, the reader is referred to.8, 10–12

Let G be a group with identity element e. A ring T is said to be G-graded if there exists a direct sum de-
composition T =

⊕
h∈G Th, where each Th is an additive subgroup of T satisfying TgTh ⊆ Tgh for all

g, h ∈ G. Nonzero elements of the components Th are referred to as homogeneous elements of degree h, and
the set of all such elements is denoted by h(T) =

⋃
h∈G Th. Any a ∈ T can be uniquely expressed as a finite

sum a =
∑

h∈G ah with ah ∈ Th, known as the homogeneous components of a. The component Te forms a
subring of T and contains the identity 1 (see11).
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An ideal J of T is called a graded ideal (briefly, gr-Id)if J =
⊕

h∈G(J ∩ Th) :=
⊕

h∈G Jh (see11).

Similarly, a left T-module W is said to be a graded module (or G-graded T-module) if there exists a direct sum
decomposition W =

⊕
h∈G Wh such that TgWh ⊆ Wgh for all g, h ∈ G. An element in

⋃
h∈G Wh = h(W)

is termed homogeneous. For each h ∈ G, the component Wh is an Te-module.

A submodule N of W is said to be a graded submodule (briefly, gr-Sub) if N =
⊕

h∈G(N ∩ Wh) :=⊕
h∈G Nh, where Nh denotes the h-component of N . In this case, the quotient module W/N inherits a

natural G-grading, where the h-component is given by (W/N)h := (Wh +N)/N for each h ∈ G (see11).

It was shown in3 that if N is a graded submodule of W, then the annihilator (N :T W) = {r ∈ T : rW ⊆ N}
is a graded ideal of T. For any homogeneous element rg ∈ h(T), we define the graded submodule (N :W
rg) = {m ∈ W : rgm ∈ N}.

Finally, a nonempty subset S of a G-graded ring T is called a multiplicatively closed subset (abbreviated as
m.c.s.) if it satisfies the following conditions: 0 /∈ S, 1 ∈ S, and for all r, t ∈ S, we have rt ∈ S.

2 Graded S-semiprime submodules

Definition 2.1. Let S ⊆ h(T) be a m.c.s. of a graded ring T and K be a gr-Sub of W with (K :T W)∩S = ∅.
Then K is said to be a graded S-semiprime submodule (briefly, gr-S-SP-Sub) of W if there exists a fixed
st ∈ S such that whenever rni mj ∈ K for some ri ∈ h(T), mj ∈ h(W), t, i, j ∈ G, and n ∈ N, then
strimj ∈ K. In particular, a graded ideal I of T is said to be a graded S-semiprime ideal (briefly, gr-S-SP-Id)
if I is a gr-S-SP-Sub of the graded T-module T.

Recall from6 that a proper gr-Sub N of W is said to be a graded semiprime submodule (briefly, gr-SP-Sub), if
whenever rkgmh ∈ S for some rg ∈ h(T), mh ∈ h(W), g, h ∈ G and k ∈ Z+, then rgmh ∈ S.

The following result can be easily obtain. (We omit the proof)

Theorem 2.2. Let S1 ⊆ S2 ⊆ h(T) be two multiplicatively closed subsets of T. If K is a gr-S1-SP-Sub of
W, then K is a gr-S2-SP-Sub of W in case of (K :T W) ∩ S2 = ∅. In particular, every gr-SP-Sub K with
(K :T W) ∩ S = ∅ is a gr-S-SP-Sub.

The converse of Theorem 2.2 is not true in general, the following example illustrates that.

Example 2.3. Let G = (Z,+) and T = (Z,+, .). Define Tg =

{
Z if g = 0
0 otherwise

}
. Then T is a G-graded

ring. Let W = Z × Z4. Then W is a G-graded T-module with Wg =

 Z× {0̄} if g = 0
{0} × Z4 if g = 1

{0} × {0̄} otherwise

 . Now,

consider the zero gr-Sub N = {0} × {0̄} of W. Note that (N :T W) = {0} and 22(0, 1̄) = (0, 0̄) ∈ N where
2 ∈ T0 and (0, 1̄) ∈ W1. Since 2(0, 1̄) /∈ N, N is not gr-SP-Sub of W. Now take S = Z−{0} ⊆ Z0 ⊆ h(T)
be a m.c.s. of T and put sg = 4 ∈ S. An easy computation shows that N is a gr-S-SP-Sub of W.

Theorem 2.4. Let S ⊆ h(T) be a m.c.s. of T. If K is a gr-S-SP-Sub of W and S ⊆ u(T) ∩ h(T), then K is a
gr-SP-Sub of W.

Proof. Assume that K is a gr-S-SP-Sub of W and S ⊆ u(T) ∩ h(T). Let rni mj ∈ K for some ri ∈ h(T),
mj ∈ h(W), i, j ∈ G, and n ∈ N. Since K is a gr-S-SP-Sub of W, there exists a fixed st ∈ S, where t ∈ G
such that strimj ∈ K, but st is unit, so it has an inverse s−1

t ∈ h(T). Then rimj ∈ K. Thus K is a gr-SP-Sub
of W.
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Let S ⊆ h(T) be a m.c.s. of T. The saturation of S is defined by S∗ = {sg ∈ h(T) :
sg
1 is unit in h(S−1T)}.

It is easy to show that S∗ is m.c.s. of T containing S. Also, a m.c.s. S ⊆ h(T) is saturated set if S∗ = S.

Theorem 2.5. Let S ⊆ h(T) be a m.c.s. of T. Then K is a gr-S-SP-Sub of W if and only if K is a gr-S∗-SP-
Sub of W.

Proof. Suppose that K is a gr-S-SP-Sub of W, so (K :T W) ∩ S = ∅. Firstly, we need to show that
(K :T W) ∩ S∗ = ∅. If (K :T W) ∩ S∗ ̸= φ, then we have ai ∈ (K :T W) ∩ S∗. Hence ai

1 is a unit in
h(S−1T). Thus there exists xj

yd
∈ h(S−1T) where j, d ∈ G such that ai

1
xj

yd
= 1, so, aixjub = ydub for some

ub ∈ S. Put s′ = ydub ∈ S, then s′ = aixjub ∈ S. Since ai ∈ (K :T W), then s′ ∈ (K :T W) ∩ S
which is contradiction. Thus (K :T W) ∩ S∗ = ∅. Since S ⊆ S∗ then by Theorem 2.2, K is a gr-S∗-SP-
Sub of W. Conversely, suppose that K is a gr-S∗-SP-Sub of W, so (K :T W) ∩ S∗ = ∅. Since S ⊆ S∗,
then (K :T W) ∩ S = ∅. Now, let rni mj ∈ K where ri ∈ h(T), mj ∈ h(W), i, j ∈ G, and n ∈ N.
Then by the assumption there exists a fixed sg ∈ S∗ where g ∈ G, such that sgrimj ∈ K. Since sg ∈ S∗

then sg
1 is a unit in h(S−1T), it follows that there exists xy ∈ h(T) and tv ∈ S with sg

1 · xy

tv
= 1, where

y, v ∈ G. Hence uwtv = sgxyuw for some uw ∈ S, w ∈ G. Put s′ = uwtv = sgxyuw ∈ S. Then
s′rimj = xyuwsgrimj ∈ K. Thus K is a gr-S-SP-Sub of W.

Theorem 2.6. Let S ⊆ h(T) be a m.c.s. of T. If K is a gr-S-SP-Sub of W, then S−1K is a gr-SP-Sub of
S−1W.

Proof. Suppose that K is a gr-S-SP-Sub of W. Let ( ri
sk
)n

mj

tl
=

rni mj

snk tl
∈ S−1K, where ri

sk
∈ h(S−1T),

mj

tl
∈ h(S−1W), and n ∈ N. Then vbr

n
i mj = rni vbmj ∈ K for some vb ∈ S, so there exists a fixed s′o ∈ S,

o ∈ G such that s′orivbmj ∈ K as K is a gr-S-SP-Sub of W. So ri
sk

mj

tl
=

s′ovbrimj

s′ovbsktl
∈ S−1K. Thus S−1K is

a gr-SP-Sub of S−1W.

Theorem 2.7. Let S = {s1, s2, ......, sk} ⊆ h(T) be a finite m.c.s. of T, and K be a gr-Sub with (K :T
W) ∩ S = ∅. If S−1K is a gr-SP-Sub of S−1W, then K is a gr-S-SP-Sub of W.

Proof. Suppose that S−1K is a gr-SP-Sub of S−1W. Let rni mj ∈ K where ri ∈ h(T), mj ∈ h(W), i, j ∈ G,
and n ∈ N. Then rni

1
mj

1 =
rni mj

1 ∈ S−1K. Since S−1K is a gr-SP-Sub of S−1W, we get ri
1

mj

1 ∈ S−1K,
so there exists st ∈ S where t ∈ G such that strimj ∈ K. Put s′ = s1s2......st...sk ∈ S, then s′rimj ∈ K.
Thus K is a gr-S-SP-Sub of W.

Theorem 2.8. Let S ⊆ h(T) be a multiplicatively closed subset of T, and K be a gr-Sub of W with (K :T
W) ∩ S = ∅. Then the following statements are equivalent:

1. K is a gr-S-SP-Sub of W.

2. There is a fixed st ∈ S such that whenever JnA ⊆ K where J is a gr-Id of T, A is a gr-Sub of W, and
n ∈ N, then stJA ⊆ K.

Proof. (1) ⇒ (2) Suppose that K is a gr-S-SP-Sub of W and JnA ⊆ K where J is a graded ideal of T,
A is a gr-Sub of W, and n ∈ N. Let a =

∑
j∈G

aj ∈ J and m =
∑
r∈G

mr ∈ A. It follows that, ∀i, r ∈ G,

ani mr ∈ JnA ⊆ K. Since K is a gr-S-SP-Sub of W, then there exists a fixed st ∈ S such that staimr ∈ K,
for all i, r ∈ G. It follows that, stam ∈ K. Thus stJA ⊆ K.

(2) ⇒ (1) Suppose that there is a fixed st ∈ S where t ∈ G such that whenever JnA ⊆ K where J is a
gr-Id of T, A is a gr-Sub of W, and n ∈ N, then stJA ⊆ K. Let rni mj ∈ K where ri ∈ h(T), mj ∈ h(W),
i, j ∈ G, and n ∈ N. Put J = Rri and A = Rmj . Then J is a gr-Id of T and A is a gr-Sub of W. Now
JnA = Rrni mj ⊆ K so by the assumption stJA = Rstrimj ⊆ K, so strimj ∈ K. Thus K is a gr-S-SP-Sub
of W.

By the previous theorem we have the following result.
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Corollary 2.9. Let S ⊆ h(T) be a m.c.s. of T, and K be a gr-Id of T with K ∩S = ∅. Then K is agr-S-SP-Id
of T if and only if there is a fixed st ∈ S such that whenever InJ ⊆ K for some gr-Ids I, J of T, and n ∈ N,
then stIJ ⊆ K.

Theorem 2.10. Let S ⊆ h(T) be a m.c.s. of T, and K be a gr-Sub of W. If K is a gr-S-SP-Sub of W, then
(K :T W) is a gr-S-SP-Id of T.

Proof. Suppose that K is a gr-S-SP-Sub of W. Then (K :T W) is a gr-Id of T with (K :T W) ∩ S = ∅. Let
rni ∈ (K :T W) for some ri ∈ h(T), i ∈ G, and n ∈ N, so rni W ⊆ K. Put J = Rri. Then J is a gr-Id of
T. Hence JnW = Rrni W ⊆ K. Now, by Theorem 2.8, there exists a fixed st ∈ S where t ∈ G such that
stJM = stRriW ⊆ K, so striW ⊆ K and hence stri ∈ (K :T W). Thus (K :T W) is a gr-S-SP-Id of
T.

Recall from4 that a graded T-module W is called a graded multiplication if for each gr-Sub N of W, we have
N = IM for some gr-Id I of T. If N is gr-Sub of a graded multiplication module W, then N = (N :T W)W.

Theorem 2.11. Let W be a graded multiplication T-module, S ⊆ h(T) be a m.c.s. of T, and K be a gr-Sub.
Then K is a gr-S-SP-Sub of W if and only if (K :T W) is a gr-S-SP-Id of T.

Proof. Suppose that K is a gr-S-SP-Sub of W, then (K :T W) is a gr-S-SP-Id of T by Theorem 2.10.
Conversely, assume that (K :T W) is a gr-S-SP-Id of T. Let JnA ⊆ K where J is a gr-Id of T, A is a graded
submodule of W, and n ∈ N. Since JnA ⊆ K , Jn(A :T W) ⊆ (JnA :T W) ⊆ (K :T W). As A is a gr-Sub
of W, we have (A :T W) is a gr-Id of T. Since (K :T W) is a gr-S-SP-Id of T, by Corollary 2.9, there exists
a fixed st ∈ S where t ∈ G such that stJ(A :T W) ⊆ (K :T W). Since W is a graded multiplication module,
A = (A :T W)W and K = (K :T W)W. It follows that, stJA = stJ(A :T W)W ⊆ (K :T W)W = K.
Now, by Theorem 2.8, K is a gr-S-SP-Sub of W.

Theorem 2.12. Let W be a graded multiplication T-module, S ⊆ h(T) be a m.c.s. of T, and K be a gr-Sub
with (K :T W) ∩ S = ∅. Then the following statements are equivalent:

1. K is a gr-S-SP-Sub of W.

2. There exists a fixed st ∈ S, where t ∈ G such that whenever LnA ⊆ K for some gr-Subs L,A of W
and n ∈ N, then stLA ⊆ K.

Proof. (1) ⇒ (2) Suppose that K is a gr-S-SP-Sub of W. Let LnA ⊆ K for some gr-Subs L,A of W and
n ∈ N. Since W is a graded multiplication module, then L = IW and A = JW for some gr-Ids I, J of T, so
LnA = (InW)(JW) = InJW = InA ⊆ K. By Theorem 2.8, there exists a fixed st ∈ S where t ∈ G such
that stIA ⊆ K, so stIJW ⊆ K. Thus st(IW)(JW) = stLA ⊆ K.

(2) ⇒ (1 Let InA ⊆ K for some gr-Id I of T, gr-Sub A of W, and n ∈ N. Since W is a graded multiplication
module, A = (A :T W)W. Then InA = In(A :T W)W. Now, put L = IW so, LnA = InW(A :T W)W =
In(A :T W)W ⊆ K. By the assumption, there exists a fixed st ∈ S where t ∈ G such that stLA ⊆ K,
it follows that, stLA = stIW(A :T W)W = stI(A :T W)W = stIA ⊆ K. By Theorem 2.8, K is a
gr-S-SP-Sub of W.

Let T be a G-graded ring and W, W′ graded T-modules. Let φ : W → W′ be an T-module homomorphism.
Then φ is said to be a graded homomorphism if φ(Wg) ⊆ W′

g for all g ∈ G (see11).

Theorem 2.13. Let W,W′ be a graded T-modules, f : W → W′ be a graded T-homomorphism, and
S ⊆ h(T) be a m.c.s. of T. If K ′ is a gr-S-SP-Sub of W′ such that (f−1(K ′) :T W) ∩ S = ∅, then f−1(K ′)
is a gr-S-SP-Sub of W.

Proof. Suppose that K ′ is a gr-S-SP-Sub of W′ with (f−1(K ′) :T W) ∩ S = ∅. Let rni mj ∈ f−1(K ′) where
ri ∈ h(T), mj ∈ h(W), i, j ∈ G, and n ∈ N. Then f(rni mj) = rni f(mj) ∈ K ′. Since f is a graded
T-homomorphism, f(Wj) ∈ W′

j so f(mj) ∈ h(W′). Since K ′ is a gr-S-SP-Sub of W′, there exists st ∈ S,
where t ∈ G such that strif(mj) = f(strimj) ∈ K ′ so strimj ∈ f−1(K ′). Thus f−1(K ′) is a gr-S-SP-Sub
of W.
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Corollary 2.14. Let L be a gr-Sub of W, and S ⊆ h(T) be a m.c.s. of T. If K ′ is a gr-S-SP-Sub of W with
(K ′ :T L) ∩ S = ∅, then L ∩K ′ is a gr-S-SP-Sub of L.

Proof. Suppose that K ′ is a gr-S-SP-Sub of W with (K ′ :T L) ∩ S = ∅. Consider the graded injection
f : L → W defind by f(x) = x for all x ∈ L. So f−1(K ′) = L ∩ K ′. By (K ′ :T L) ∩ S = ∅, we get
(f−1(K ′) :T L) ∩ S = ∅. Now, by Theorem 2.13, L ∩K ′ is a gr-S-SP-Sub of L.

Theorem 2.15. Let W,W′ be a graded T-modules, f : W → W′ be a graded T-epimorphism, and S ⊆ h(T)
be a m.c.s. of T. If K is a gr-S-SP-Sub of W such that ker(f) ⊆ K, then f(K) is a gr-S-SP-Sub of W′.

Proof. Suppose that K is a gr-S-SP-Sub of W such that ker(f) ⊆ K. If ∃st ∈ (f(K) :T W′) ∩ S where
t ∈ G, then stW

′ ⊆ f(K), it follows that f(stW) = stf(W) ⊆ f(K), thus we have stW ⊆ stW+ker(f) ⊆
K + ker(f) ⊆ K, so st ∈ (K :T W) ∩ S which is a contradiction. Thus (f(K) :T W′) ∩ S = ∅ . Now, let
rni m

′
j ∈ f(K), where ri ∈ h(T), m′

j ∈ h(W′), i, j ∈ G, and n ∈ N. Since m′
j ∈ h(W′) and f is a graded

epimorphism, ∃mj ∈ h(W) such that f(mj) = m′
j . Then rni m

′
j = rni f(mj) = f(rni mj) ∈ f(K), so there

exists bd ∈ K ∩ h(W) such that f(rni mj − bd) = 0, so rni mj − bd ∈ ker(f) ⊆ K, which gives rni mj ∈ K.
Since K is a gr-S-SP-Sub of W, then ∃st ∈ S, t ∈ G such that strimj ∈ K. It follows that, strim′

j ∈ f(K).
Thus f(K) is a gr-S-SP-Sub of W′.

Corollary 2.16. Let L, K be two gr-Subs of W with L ⊆ K, and S ⊆ h(T) be a m.c.s. of T. Then K is a
gr-S-SP-Sub of W if and only if K/L is a gr-S-SP-Sub of W/L.

Proof. Suppose that K is a gr-S-SP-Sub of W. Consider the canonical homomorphism π : W → W/L
defined by π(m) = m + L, for all m ∈ W. Then π π is a graded epimorphism and ker(π) = L ⊆ K. So
by Theorem 2.15, π(K) = K/L is a gr-S-SP-Sub of W/L. Conversely, suppose that K/L is a gr-S-SP-Sub
of W/L. Let rni mj ∈ K where ri ∈ h(T), mj ∈ h(W), i, j ∈ G, and n ∈ N. Then rni (mj + L) ∈ K/L
where mj + L ∈ h(W/L). Since K/L is a gr-S-SP-Sub of W/L, then ∃st ∈ S where t ∈ G such that
(strimj) + L ∈ K/L, so strimj ∈ L ⊆ K or strimj ∈ K. Thus K is a gr-S-SP-Sub of W.

Lemma 2.17. Let S ⊆ h(T) be a m.c.s. of T. If K is a gr-S-SP-Sub of W, then there exists st ∈ S such that
(K :W s2t ) = (K :W snt ), for all n ⩾ 2.

Proof. Assume that K is a gr-S-SP-Sub of W and st is the element that satisfies the condition of gr-S-SP-
Sub. Let n ⩾ 2 ∈ N, and m =

∑
j∈G mj ∈ (K :W snt ). Since (K :W snt ) is a gr-Sub of W, we have

mj ∈ (K :W snt ) ∀j ∈ G. Then snt mj ∈ K where st ∈ S ⊆ h(T), mj ∈ h(W), and n ∈ N. Since
K is a gr-S-SP-Sub of W, then st(stmj) = s2tmj ∈ K. Hence mj ∈ (K :W s2t ) ∀j ∈ G which gives
m =

∑
j∈G mj ∈ (K :W s2t ). Thus (K :W snt ) ⊆ (K :W s2t ). Let m ∈ (K :W s2t ). Then s2tm ∈ K,

so snt m ∈ K. Hence m ∈ (K :W snt ). Thus (K :W s2t ) ⊆ (K :W snt ). Thus (K :W snt ) = (K :W s2t ),
∀n ≥ 2.

Theorem 2.18. Let S ⊆ h(T) be a multiplicatively closed subset of T and K be a gr-Sub of W with (K :T
W) ∩ S = ∅. Then K is a gr-S-SP-Sub of W if and only if (K :W st) is a gr-SP-Sub for some st ∈ S.

Proof. Suppose that K is a gr-S-SP-Sub of W. Then there exists st ∈ S where t ∈ G satisfies the gr-S-SP-Sub
condition. Let rni mj ∈ (K :W s2t ) where ri ∈ h(T), mj ∈ h(W), i, j ∈ G, and n ∈ N. Then rni s

2
tmj ∈ K.

Since K is a gr-S-SP-Sub of W and s2tmj ∈ h(W), we get stris2tmj = s3t rimj ∈ K, so rimj ∈ (K :W s3t ).
By Lemma 2.17, we have (K :W s3t ) = (K :W s2t ). Thus (K :W s2t ) is a gr-SP-Sub of W. Conversely,
suppose that (K :W st) is a gr-SP-Sub for some st ∈ S. Let rni mj ∈ K ⊆ (K :W st) where ri ∈ h(T),
mj ∈ h(W), i, j ∈ G, and n ∈ N. Since (K :W st) is a gr-SP-Sub of W, rimj ∈ (K :W st) and so
strimj ∈ K. Thus K is a gr-S-SP-Sub of W.

Let T1 and T2 be a G-graded rings. Then T = T1 × T2 is a G-graded ring with Tg = (T1)g × (T2)g for
all g ∈ G. Let W1 be a G-graded T1-module, W2 be a G-graded T2-module and T = T1 × T2. Then
W = W1 × W2 is a G-graded T-module with (W)g = (W1)g × (W2)g for all g ∈ G, (see11). Also if
S1 ⊆ h(T1) is a m.c.s. of T1 and S2 ⊆ h(T2) is a m.c.s. of T2, then S = S1 × S2 is a m.c.s. of T.
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Theorem 2.19. Let Wi be a graded Ti-module, Si ⊆ h(Ti) be a m.c.s. of Ti, and Ki is a gr-Sub of Wi for
each i = 1, 2. Let W = W1 × W2 be a graded T = T1 × T2-module, S = S1 × S2 be a m.c.s. of T and
K = K1 ×K2. If K is a gr-S-SP-Sub of W, then K1 is a gr-S1-SP-Sub of W1 and (K2 :T2

W2) ∩ S2 ̸= ∅
or (K1 :T1

W1) ∩ S1 ̸= ∅, and K2 is a gr-S2-SP-Sub of W2.

Proof. Assume that K is a gr-S-SP-Sub of W. Then we have (K :T W) ∩ S = ∅, it follows that, (K2 :T2

W2) ∩ S2 = ∅ or (K1 :T1
W1) ∩ S1 = ∅. Suppose that (K2 :T2

) ∩ S2 ̸= ∅. We will show that K1

is a gr-S1-SP-Sub of W1. Let rni mj ∈ K1 where ri ∈ h(T1), mj ∈ h(W1), i, j ∈ G, and n ∈ N. Then
(rni mj , 0) = (ri, 0)

n(mj , 0) ∈ K. Since K is a gr-S-SP-Sub of W, then there exists a fixed sg = (s′g, s
′′
g ) ∈ S

such that sg(ri, 0)(mj , 0) = (s′grimj , 0) ∈ K, which gives that s′grimj ∈ K1. Thus K1 is a gr-S1-SP-Sub of
W1. If (K1 :T1

W1) ∩ S1 ̸= ∅, similarly K2 is a gr-S2-SP-Sub of W2.

A gr-Sub N of W is said to be a graded maximal if N ̸= W and if there is a gr-Sub L of W such that
N ⊆ L ⊆ W, then N = L or L = W (see11). The graded Jacobson radical of a graded module W, denoted
by gr-Jac(T), is defined to be the intersection of all graded maximal submodules of W (if W has no graded
maximal submodule then we shall take, by definition, gr-Jac(T) = W. (see11).

Theorem 2.20. Let K be a gr-Sub of W such that (K :T W) ⊆ gr-Jac(T). Then K is a gr-SP-Sub of W if
and only if K is a gr-SI = (h(T)− I)-SP-Sub of W for each graded maximal ideal I of T.

Proof. It is clear that SI ⊆ h(T) is a m.c.s. of T for each graded maximal ideal I of T. Suppose that K is
a gr-SP-Sub of W. Since (K :T W) ⊆ gr-Jac(T) ⊆ I, SI ∩ (K :T W) = ∅. So by Theorem 2.2, K is
a gr-SI -SP-Sub of W. For the converse, suppose that K is a gr-SI = (h(T) − I)-SP-Sub of W for each
graded maximal ideal I of T. Let rndmj ∈ K where rd ∈ h(T), mj ∈ h(W), d, j ∈ G, and n ∈ N. By
the assumption, there exits sI ∈ SI(sI /∈ I) with sIrdmj ∈ K. Define the set L = {sI : sI /∈ I and
sIrdmj ∈ K for some graded maximal ideal I of T}. If < L ≯= T, then there exists a graded maximal ideal
P of T containing L. So there exits sP ∈ L such that sP /∈ P . Since L ⊆< L >⊆ P , then sP ∈ P which
is a contradiction. Hence < L >= T and so there exists sP1 , sP2 , · · · , sPn ∈ L and x1, x2, · · · , xn ∈ T
such that 1 = x1sP1

+ x2sP2
+ · · · + xnsPn

. Since sPi
rdmj ∈ K for each i = 1, 2, · · · , n, then rdmj =

x1sP1
rdmj + x2sP2

rdmj + · · ·+ xnsPn
rdmj ∈ K. Thus K is a gr-SP-Sub.

Definition 2.21. Let S ⊆ h(T) be a multiplicatively closed subset of T. Then W is called a graded S-reduced
module if there exists a fixed st ∈ S and whenever ani mj = 0 for some ai ∈ h(T), mj ∈ h(W), i, j, t ∈ G,
and n ∈ N, then staimj = 0.

Theorem 2.22. Let S ⊆ h(T) be a multiplicatively closed subset of T. Then W be a graded S-reduced module
if and only if the zero gr-Sub is a gr-S-SP-Sub.

Proof. It follows directly from Definition 2.1 and 2.21.

Theorem 2.23. Let S ⊆ h(T) be a multiplicatively closed subset of T and K be a gr-Sub with (K :T W)∩S =
∅. Then K is a gr-S-SP-Sub if and only if W/K is a graded S-reduced module.

Proof. It follows directly from Theorem 2.22.

Definition 2.24. A graded T-module W is called graded S-torsion-free module if annT(W) ∩ S = ∅ and
there exists st ∈ S where t ∈ G such that whenever rimj = 0 then stri = 0 or stmj = 0 for each ri ∈ h(T),
mj ∈ h(W), and i, j ∈ G.

Theorem 2.25. Let S ⊆ h(T) be a multiplicatively closed subset of T. If W is a graded S-torsion-free module,
then W is a graded S-reduced module

Proof. Suppose that W is a graded S-torsion-free module. Let rni mj = ri(r
n−1
i mj) = 0 for some ri ∈ h(T),

mj ∈ h(W), t, i, j ∈ G, and n ∈ N. Since W is a graded S-torsion-free module, then there exists st ∈ S
where t ∈ G such that strn−1

i mj = 0 or stri = 0. If stri = 0, then strimj = 0 which gives that W
is a graded S-reduced module, so assume that stri ̸= 0. Now, ri(strn−2

i mj) = str
n−1
i mj = 0 gives that

s2t r
n−2
i mj = 0, continue with the same argument until you get snt mj = 0. Since W is a graded S-torsion-free

module then sn+1
t = 0 or stmj = 0. If sn+1

t = 0, then 0 ∈ S which is contradiction. So stmj = 0 which
gives that strimj = 0. Thus W is a graded S-reduced module.
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