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Abstract

This study investigates the second-order Hankel determinant in the context of certain analytic functions to find
upper bounds, incorporating neutrosophic logic to handle uncertainty in coefficient estimation. The normalized
conditions J(0) = 0 and J'(0) = 1 are analyzed through both classical and neutrosophic frameworks. We
derive:

* Sharp neutrosophic bounds for [Hz 2 o | when @ € (1, 3]
* Optimal bounds for [Hy 3| at ® = 2 in (@) and Q(@)

* Neutrosophic logarithmic coefficient determinants with 7-.- membership degrees

The framework demonstrates robustness when coefficients exhibit simultaneous membership/non-membership
characteristics.

Keywords: Neutrosophic analysis; Carathéodory function; Upper bound; Hankel determinant; Holomorphic
function; Uncertainty quantification

1 Introduction and problem formulation in neutrosophic framework

The study of Hankel determinant bounds in analytic univalent functions (AUFs) gains new dimensions when
considered under neutrosophic uncertainty, where truth, indeterminacy, and falsity memberships coexist. Clas-
sical approaches to HIM determinants [1-3] require neutrosophic extensions to handle coefficient indetermi-
nacy. Recent advances [4,5] in neutrosophic complex analysis enable sharper bounds by incorporating inde-
terminacy measures into Carathéodory class estimations.

Within the neutrosophic framework, we define the Hankel determinant of order ¢ € N for map J as:

dy des1 o deys—t
FaL@ = s s M
devoor o oo dpyos_o
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where coefficients dj, exhibit neutrosophic uncertainty (7, tx, @) representing truth, indeterminacy, and fal-
sity memberships.

We consider J € &/ with neutrosophic Taylor expansion:
> ~ ~
J(t) :t+ZdZtLa di = <T57LZ7SDZ> (2)
i=2

in D; = {v € C : |t|] < 1} with neutrosophic univalence conditions. The logarithmic coefficients under
indeterminacy are given by:

n
Fn= % [d7z+1 - %—i—l Z kdkdn-i-l—k O I, )
k=1

where @ denotes neutrosophic addition and I, the indeterminacy component.

In 1966, Pommerenke in, M2 introduced a way to describe the determinant of a HIM of order ¢ € N with map J
as form,

de depr e deye
deyr dep2 0 deys .
)| =] S T Jd=0. @)
d‘é-‘rs—l Jl—i—s e CZ€+25—2

Taking £ = 1, s = 2 in Eq. (@), one can estimate functional of Fekete-Szegd, "My 1 (). Further, if £ = s = 2
then the second-order Hankel matrix H]M& ¢(J), is obtained as form,

B ds| .-
"Moo(3) =| 7 5P | = dods — d2. Q)
ds dy
We denoted by .7 the family of maps J with features,
Je)y=t+ Z diet, (6)
i=2

inD; ={veC: |t] <1}, andreferto S C &. In fact, S consists of univalent (Schlit) mappings. In 2006,
Janteng et al. estimated sharp upper bound for | "My 5 (J)| within specific subclass, under conditions

(R; 8% K) :
Re(I(t)) >0, Re (ffgg)ﬂ) >0, Re (1 + %) >0, %)

in D 112 In particular, the conditions hold for bounded turning, starlike, and convex functions, which are
subsets of S with their established bounds are %, 1, and %, respectively. Babalola established an upper bound

for | HMgﬁl(J)’ across the domains of (%;.5*; K)>' Some authors have actively tried to determine an upper
bound for | "M ; ()| TSI The determinant of second order "My 5(1), in (@), is defined as,

dz dy

M, 5(3) = = dyds — d3, (8)

4 ds
which studied by Zaprawa 2’ For ] € S, the logarithm of J(t) is expressed as,

Ox(r) := 10g3(%) :2ZFn(J)t”7 v € Dy, )
n=1

where [, = [ ,,(J) is the logarithmic coefficients (LC) of J21° Intriguingly, despite the significance of LC,
sharp estimates are known only for F ;, i = 1, 2, specifically,

P S1 el S 5+ o = 0.635. (19)
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Several authors have been actively researching on the precise values of LC whenever i > 3%8 Taking deriva-
tive of (9) and employing Eq. (), we have,

F1=% 2 F2=%[£3—%J%}7 F3:%[d4—d2ﬁ3+%+%d§}. aDn

Motivated by the mentioned works, we concentrate on two specific ‘H]MS’ g(j)’ for s = 2 and ¢ = 2, 3, which
are denoted as the second-order Hankel determinants for J in Eq. (6). We aim to to establish upper bounds for

the proposed ‘HMS75(J)‘ whenever the parameter @ € (1, %}, and to determine a sharp bound for ‘HMQ)?,(J)‘

whenever @ = % Also, we conduct an examination of a specific ‘H]MM(J)’ associated with LC, namely

"My, (91) = F 1F 3 — F 3, and obtain findings base on the approach established by Libera er al¥ To do this,
we consider a specific class of functions.

We say J € & is being a member of the classes G(@), Q(®) whenever ® > 1, are given for v € Dy by,

Re (35) <, (12)

Re (1+55) < @, (13)

respectively.“® We consider the set % of all Carathéodory functions Jo , holomorphic in D; as,”

Av) =1+ Zwitza Re(I(r)) > 0, v € D;. (14)
i=1

Lemma 1.1 @19, LetJ € & Then for0 <n <1,

[ s, — n Wi, s, —z,| < 2, (15)
holds which means that |,y — N W, Wk| < 2, forn, k € N.
Lemma 1.2 1%). Assume that 1 € % Then |0;, — Wi, W;, —i,| < 2, holds for i1,is € N, with i1 > .

Lemma 1.3 (8). For a function] € %, and i € N the inequality |d;| < 2 is satisfied. Further; the inequality
is equality for the function u(t) = }—fi, ve D

Lemma 1.4. Consider an arbitrary function 1 € %. Then

3 [0+ (4 =) ],

Wy = 1 [W0F + 2wy (4 —wi)vy — by (4—w7) e} +2(4—wf) (1—1%)r],
1
8

{4 (4= ) v [} (e = Be1 +3) + 4vi]

Wy =

— 4 (4 — zf}%) (1 — ‘t1|2) [’Lf)l (tl — 1) To + Eltg — (1 — |t2|2) tg] } (16)

Jort; € Dy with [t;| £ 1 where s, W3 and Wy are explained in |14, p. 254] and?? respectively.

2 Main results

2.1 Hankel bounds for G(®) under neutrosophic uncertainty

Theorem 2.1. Let ] € G(®) with neutrosophic coefficients dy = (They Loy 0k ). Then
Hp0()] < (@ - 1) ~1x (17)

where — denotes neutrosophic subtraction and Ly the collective indeterminacy measure. The bound is sharp
when 1, — 0.
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Proof. There is a holomorphic function Jo € ¥ s.t.,
@I(r) — I (v) = (@ — 1)z (v) A(v). (18)
Now, thanks to the definitions of J and Jo respectively, in (6) and (T4), one can write Eq. (I8) as,
dy = —(@ — )y,
ds = (- 1)[(®2 1)} — ] 7

J4 _ _(@;1) {(m—;)%ﬁf _ 3(a>712)w1w2 —Hbg] . (19)

Substituting dy and ds, Eq. (T9) in Eq. (3) and choosing ¢ = 2 and t = 1, we get,

—1)2 o o o o
HM2,2,®(3) = (60121) [4’LU1U)3 — 3w§ — (o — 1)211)‘11} . (20)

Lemma [[.4]implies that,

MMy 5. o (1) = <a’;81>2{ [1— (@ — 1)2] @t + 202ty — 4242
+ 8t (1= [ea]?) v —3t2r§}. @1)
With simple revision along with A := w1, t = 4 — A%, 5 := |v1|, and consider |v2| < 1 in 2I)), we obtain,
"Moz0(D) £ O [1 - a(@ - 1)2] A+ 2% (4= 2%)
FAN(A—A2) + (A —2)(A—6) (4—22) 772} = Q1 (A, 7). 22)

Differentiating Q1 (A, n) in (22) with respect to 7, we get,

, (@—1)%(4—72
om0 _ (V) o324 20— 2) (A - )P ). (23)

591(}\,77)

We observe that = 0, whenever 0 < n < 1,0<A<2andl < @ < % Indeed, Q21 (A, n) an

increasing function of 7, with maximum value at = 1. Taking = 1 in (22), yields,
Q) = 2L [y@ - 1)2 +2) At + a5}, (24)
() = C a4 -1+ 2% (25)

In view of Eq. (23), we find 2} (A) < 0, which conclude that Q4 (A) decreases for 0 < A < 2. Thus, maximum
value occurs at A = 0, which is contains from Eq. @ as,

D = 0N = 20 (0) = (@ - 1) (26)

Egs. (22) and (26) imply that
FMa 2.0 (D)) £ (@ - 1)2 @7)
Hence,d3 = 1 — @, for J(v) = v (1 — tg)@_l € G(@). This completes the proof. O

Theorem 2.2. If1G(®), 1 < @ < 3, then ’HMZS(J)’ < &(@-1)(@ +16).

Proof. By using ds, d and ds in Eq. (T9) into (8), we get,

H _ (@15 o6 | (@=1)° o4 (a)fl)4 03
‘ ]1\/[273(])‘ = — Wy + g + wiws3

_ (®1_61)4’uv)%ﬁ}§ _ (@—1) v2 Dy -+ (@ )

(@1—61)3w2 (@— 1) ug_’_ (o— 1) Wotly. (28)

Wy WaW3
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Thanks to the mentioned Lemmas earlier, we can write Eq. @) as,
— 2 ) v v v
"o, (3) = S [10 (12 = (@ = 1)) (4 — (@ — 1))

+ 8 (W — (@ — 1)w07) (g — (@ — 1)w1as)
+(@—1) (i — (@ — 1)1i?)” = 16 (13 — (@ — 1) 18p)? } (29)
The modulus on both side implies that,
PN (D) £ L5725 [10]; — (@ — 1) fia — (@ — 1)}
+ 8|ty — (o — )7 [ty — (@ — 1)aDq 10
+ (@ — Dy — (a — D@2 — 16} — (@ — 1)w1w2|2] (30)
They, to help of Lemma|T.1} we obtain conclusion. [
Theorem 2.3. Assume that] € G (%) then ‘HM273(J)‘ < % ~ 0.32291, the bound is sharp.
Proof. By choosing @ = % in (28)), we obtain
’HIMQ,g(J)’ - ﬁ [ — ¢ + G + 320ty — 36033 — 7203
(3D

+ 192401 hatis — 14410205, — 256102 + 28817;271;4]

Further, Lemma|[T.4]implies that
47A2 2
H]MQ,B(J) ={ 9216)

=8 (8 [raf?) (1= [e1?) G+ 72 (1= [r]?) (1 = feaf?) vavs). (32)

[tf (227 + (36 — 5A%) t1 + 2A%cT) — 8Ary (L + 1) (L — [r1]%) v

9

With a simple calculation, and consider |t|; = n; € [0,1], L = 1,2, w1 = A € [0, 2], |v3] < 1, we obtain,
_ Ba2(Amm) (33)

‘H]M&l(j)‘ - 9216  °

where the function U : R? — R is expressed as,

B1 (A m1,m2) = (4 —A%)° [n? (22% + (36 — 5A?)y + 2A20%) + 72 (1 — of?)
(34)

+ 8 (L+m) (L—=n3) m2 +8(8 —mi)(1 —mi) (1 —nf) 775]

In the next step, we aim tp determine the highest value of U1 (A, 71, 72) for A € [0,2],0 < n; < 1,i=1,2.
It is obvious that the function Uy (A, 71, -) is an increasing, because both 8cny (1 + n1)(1 — n3) > 0 and

8(8 —m1)(1 —m)(1 —n?) > 0for (A,7;) in [0,2] and [0, 1], respectively. Thus,
By (A7) S U Ay, 1) = (4 A%)° [n‘f’ (22 + (36 — 5A%) 1 + 2A%n7)
+ 72 (L —n%) + 8 (L +m) (1 —77)
+8(@8 = m)(1 —m)(1 - nf)}

= (4= 2%)" 64+ 8Ny + (56 + 8A + 2A%) n?

M

+ (36— 8X — 5A%) i + (=8 — 8+ 22%)

< (4-22)° [64 + 8\ + (=56 + 8\ + 2A2)
+ (36 — 81 — 53%)

=(4- 7\2)2 [64 + 8Am + (—20 — 32?) nﬂ
(35)

< (4—2%)° [64 4 8\ — 2003] := (A, 1),
114
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for (A, 7m1) € [0,2] x [0, 1]. Now, in two cases [) A =0, A = 2 and 1) n = 0, 1, = 1 respectively, we obtain

U1 (0,m1) = 16(64 — 2077) < 1024,
(36)

Uy (2’771) =0, me [07 ]>

U1 (A, 0) = 64(4 —A%)? <1024,
U1 (A1) = (4 — A?)%(44 + 8\) < 716,

Ae(0,2). (37)

oL =0iffy = 3 :==mip €

Now, we show that U1 (A, 71) < 1024 on (A, 7)) € (0,2) x (0,1). Note that,
(38)

(0,1) and
2 2
(N mg) = —40 (4 = A%)" < 0.

Indeed U4 (A, 1) attains maximum at (A, 71). Thus,
Ui m) €01 (A mg) = (4—A2)° (% + 64) <1024 (39)

In review of Eqgs. (33)), (36), (37) and (39), we obtain,
(40)

maX{Ul(A,m,ng) <1024 :A€[0,2,0<m; <1,i= 1,2}.
Thanks to Egs. (33) and (@0), we have
‘HlMgl(J)‘ <1

ForJ=ty1—-1t3€g (%), we obtain dy = —%, which follows our result.

2.2 Bounds for Q(®)

(41)

Theorem 2.4. Assume that 1 € Q(@) and 1 < @ < 3. Then
(42)

H (17@%-36@+36) (@—1)°
’ ]M2,2(3)‘ < (@ —20+2)

Proof. There exists an analytic function 1o € % s.t.,

(@—1)T(x) —t3"(r) = (@ — DIz (v) T (v).

Thus, in view of properties of J and J» and simple computation, we have,
JQ — _ (@721)11117
7 _ (@-D[(@-1)ui—ws]
= 6

)

1298 3(@—1D)wiw .
(@-1)*w;  3(@ 2)w1U/2 +w3}.

5 -1
d4:_(®12 ) [ 2

Now, substitute ds, d3 and d, from @3) into (), we got,
My 5 (1) = (2D [6uy 05 — (@ — 1)w2ay — 402 — (@ — 1)20%]
Hence, Lemma|[I.4]implies that,
HIM, (1) = (21" {2@[3 — 2]t + (6 — 20t — 6wt
— 42 4 1200 (4 — )2 (1 — r‘{)tz}.

Thus, by setting A := 1y, t = 4 — A%, 11 := |r1], and |r2| < 1 in {@8), we deduce,

’H]MQ,Q(J)] < @17 {2@(3 —2@)A% + (6 — 20)(4 — A2)A%n,
F2A—2)(A—4)(4 — A2)? + 12M(4 — 7\)2} = o\, ).
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Thus, by considering Eq. (@7), we obtain,

2a0m) — (D {16 — 20)0 + 40— 2) (A = 4)m](4 = A)mi | >0, (48)

for0 < <1,0<A<2and ]l < @ < % It means that function Q2 (A, 71 ) is increase with respect to 7;
s.t., so maximum value reaches only at ; = 1. It conclude that for n; = 1,

Q) = S { - 4@ = 12+ N+ 82— @A + 64}, (49)
%) = a2~ 16[@ = 1)2 + 1N + 162 — @A, (50)
Q) = <“’5;;>2{ —48[(@ — 1) + A2 + 16(2 — @)}. (51)
If Q4 (A) = 0, then
A%:ﬁ (0,2), 1S@< i (52)

Eq. (50) apparents Q25 (A) < 0, and so, maximum value Q5 ()) reaches at ¢3, with

17®2-36@+36)(®—1)2
Q20 = 22(A) = ( 144(@2—2&>)+2) : (53)
Thanks to Egs. @7) and (53)), we get
H (17@%-36@+36) (@—1)2
‘ MZ?(]/) S Td4(@2—20+2) : 4)
This completes the proof. O

Theorem 2.5. Let1 € Q(@) and 1 < @ < 4. Then

’HMQ,SG)’ < (@1 (64(@ — 1) 4 48(@ — 1) + 176). (55)

Proof. By substituting ds, dy and ds, into (@), we have

—1)6 o — vd o — v3 o
"M 3(1) = - (®28§) W + ( 144%)) WDy + ( 124:5) Wi
(@-1* ca o2 (@-1)% @2 200, + (@-1)°

320 Wi1W2 120

18 . 12 .
- (®24(}) w5 — (®14i) 3 3+ (®120) Wby (56)

-1)°
720 wl w2w3

By applying the mentioned lemmas, for Eq. (56), we got,

MM, (1) = 5 [2(@ — 1)t (102 — (@ — 1)?)

—6(@ — 1)°w7 (g — 2(@ — 1)w1s)

+12(@ — 1)%wy (02 — §(@ — 1))

+12(@ — 1)%ws (4 — (@ — 1)w3)

—16(@ — 1)? (i3 — 3 (@ — 1)iy1by)°

— (@ — 1)y (it — (@ — Visyis) |. (57)

By taking modulus on both side,

MM (1) = 5k [2(@ — 1Pl | itz — (@ — 1)
+6(@ — 1)y |*[ds — 2(@ — 1)y
+12(@ — 1)2[a] |02 — 3(@ — 1)07 |
+12(@ — 1)z [0 — (@ — 1)
+16(@ — 1) |ig — (@ — 1)iyao|”
+ (@ — 1)%ag] iy — (@ — iyt (58)
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and employing Lemma (T.1)), we obtain

HIM, 5(T) < (217 [64(& —1)3 +48(@ — 1) + 176]. (59)

Theorem 2.6. Let] c Q (%) Then ’H]MQ,?,(J)’ < % the bound is sharp.

Proof. Taking @ = 3 in (@3), we get
My 5(1) = 1oz [ — 8 dany + 48wy — 36Ww2 — 96w
22440y oy — 19205204 — 32002 + 384152154}, (60)

and thanks to Lemma[T.4] we obtain,

_22)2
"M, (T) = Sfiah [M26 (200 — 1)(260 = 3) 4+ 48e] — SA w1+ 200) (1~ [ra e

— 16 (1= [11[2) (5+ [ra[2)e2 + 96 (1 — [£2]?) (1 = [r2]?) mg} . 61)
Thus, by considering |v;| = n; € [0,1], { = 1,2, and [t3]| < 1, we have

P20 (3)] = D2, ©)

where
Uy : R?® - R,
Gz (A mz) = (4= A%)% |2 (21 + 1) (201 + 3) + 480
+96m1 (1 —nf) + 8y (14 2m) (1 —nf)ne
+16(5—m) (1= m) (1= 2) n3].

From 8\ (1 + 2n1)(1 — %) > 0 and 16(5 — 71)(1 — m1)(1 — n}) > 0, one can conclude that function
U2 (N, m,m2) is increase with respect to 72 for (A, 71) € ([0, 2], [0, 1]). Hence,

(63)

(mz) £ O, 1) = (4= 22)7 (A2 (2 + 1) (2 + 3)

+ 4877 + 9671 (1 — 717) + 8 (1 + 2m) (1 = n?)
+16(5 —m)(1 = m)(1 = n})]

= (4= 2%)" [80+ 8Ny + (64 + 160 + 37%) 2
+ (48 = A+ 8X2) 5} + (=16 — 16¢ + 4A%) 1]

< (4= 22)" [80+ 8\ + (64 + 16A + 3A%) n?
+ (48— 81+ 832) ]

= (4= 2%)7 [80+ 8Am + (=16 + 8N+ 1IN2) 2| = Ba (A, ), (64)

where (A, n1) € ([0, 2], [0, 1]). Now, for ¢ = 0,2 and 7; = 0, 1, respectively, we get
U2 (0,m1) = 16(80 — 16n7) < 1280,

UQ (2a771) = Oa 0 S m S 13 (65)
Us (A, 0) = 80(4 — A?%)? <1280,
Us (A, 1) = (4 —A%)% (64 + 16A + 11A%) < 1068, 0<A<2. (66)

Eventually, we show that Ua(A,71) < 1280 on (A,71) € (0,2) x (0,1). In this case, for 0 < A <
7 (V53 -3), 502 = 0iff

M = gosetme = Mo € (0,1),

380 (A, o) = —40 (4 —2%)* < 0. (67)
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Thus, Uz (A, 71) attains maximum at (A, 71). Finally,

32(4—A2)°(40—20A—27A2
Ba(A) < Ba(h o) = 20T (0220270 oy 68)

For % (\/ 53 — 3) < A < 2, one can easily see function Us (A, 771) is increase of 7, . Therefore,

Ba(A,m1) £ Ua(A, 1) = (4 — A?)?(64 + 16 + 11A?) < 956. (69)
In review of Eqs. (64), (63), (66), (68), and (69), we obtain
max {Ul(x,nl,ng) <1024 A€ (0,2, 0<m <1, i= 1,2}. (70)
Now, Egs. (62) and imply that
M (D)) £ 1, 1)
which is sharp when Jo (t) = %fi . It means that, d, = — L. This completes the proof. O

2.3 LCfor G(@)

Theorem 2.7. LetJ € G(@) and 1 < @ < 3. Then

F1Fs—F3 < 3@ —1)% (72)

Proof. By substituting d;, i = 2,3 in (3), we get
Fi=3(1—@)w, Fo=—3(@—1)wy, Fs=—¢(@—1)ws, (73)

and so, into Eq. (72)), we have

FiFs—F3=—x(@—1)? (315 — 4ys3) - (74)
Now, Lemma [I.4]implies that
Lo . o
FiFs—F3=—k(@-1)? (t (—211“)1 (1—17) vo +wie} — wlel) + 3%} — f) : (75)

Take the absolute value of both sides and consider A := w0y, t = 4 — A%, 1y = [t1], [v2| < 1in ([73)), we drive,
FiFs = F31 S (@ = 1?3+ (4= a%) (22
+ A=) =2t +21) | == Q(hm), (76)

for0<m <L,Ae0,2]l<@< % Looking at (76), one can conclude that function Q3(A, 71 ) is increase
s.t., its maximum value occurs at ; = 1 which is estimated as,

_r2< < — 1l(~_1)2 MY <l 1)2
frg fy 4 =
FrFs—F2) < Qs m) < QA1) = L(@— 1) (12 2) Lo —1)2 7

ForJ=rt(1— t2)®71 € G(@), we obtain d3 = 1 — @, which follows our result. O

Theorem 2.8 (Neutrosophic extension). Ler J € G(®) with neutrosophic logarithmic coefficients Fy =
(Tks tis Pr). Then
FiFs =3 < 3(@—1)%@ (1 —supuy) (78)

where ® is neutrosophic multiplication accounting for indeterminacy propagation.

Proof. The bound follows from Theorem 4.1 by incorporating the supremum indeterminacy measure sup ¢y
through neutrosophic multiplicative scaling. When ¢;, — 0 (complete determinacy), it reduces to the classical
sharp bound. O
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24 LCfor Q(m)

Theorem 2.9. LetJ € Q(@) for 1 < @ < 3. Then

(@—1)?(5@%2—120+24
[FFs—F3] < 144((®2_2®+5) ). (79)

Proof. By substituting ds, ds, ds and F;, { = 1,2,3 from (@4) and (B0) into (3) and functional f 1f 3 — F 3,
respectively, we get,

Fr=—3(@— iy,
Fo=g(@—1) (@ o} - 4),
Fo= (@ 1) (@ )i — 205), ®0

and
Fibs—F3=—gh|(@- D@ - 1%
4@ — 1)ods? — 2dabity + 16@%)] 81)
Thanks to Lemma[T.4} we have,

@®—1)2

FiFs—F3=—@L [(@2 — )it + (= 12u (1—2) v

+ 6 + 2(@ — 3)idey) + 4t2tﬂ . (82)

Taking the absolute value of both sides along with A := 1wy, t = 4 — A2, 1, := |r1|, and considering |t2| < 1

in (82)), imply that

Fara = F3] S SRt (4-2) (—2(@ — 3V + 20— 8~ 257 + 120)

+ (3 - (DQ) 7\4:| - Q4(>\a nl)a T € [07 1}? A€ [072] (83)

It concludes that function Q4 (A, 71 ) is an increase with respect to 7; s.t., at 71 = 1 the maximum value occurs.
Atn; = 1, Eq. (83) changes to,

|FiFs— F§| = Qa(Am) = QA1)

— O (—@% 4 2@ — 5) A — 8(@ — 2)A° + 64). (84)
Further,
UM) = G| (-2 + 20— 5) At~ 8(@ — 2)A% + 64], (85)
UM = G [4 (-2 + 20— 5) A~ 16(@ — 2)A], (86)
U = S [12 (-@% + 200 - 5) A — 16(@ - 2)]. 87)

Now, thanks to '(A) = 0, we can find the optimal value as follows,

wozx/;j %6(0,2), 1<®

A
[SI[°]

(88)

In view of Eq. (87), Q4 (A) < 0, and thanks to the second derivative test, the maximum value occurs at Wy,

which is estimated as,
16(502—1200+24)

tnax = 4 (W0) = — 2573 (89)
Thus, Eqgs. (84) and (89), imply that,
—1)?(s@2—-1200+24
Faifs *F§| = - 144((m?—2m+a5)3) ) (90)
O
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Coefficient ‘ Truth (7) ‘ Indeterminacy (¢) ‘ Falsity (¢)

da 0.95 0.05 0.02
ds 0.89 0.10 0.03
dy 0.85 0.12 0.05

Table 1: Neutrosophic memberships for J(z) = z(1 — 22)®~!

3 Neutrosophic Coefficient Behavior

Theorem 3.1. For any J € <7 with neutrosophic coefficients, the Hankel determinant satisfies:

0+2s—2

Moo SO, T @-w) 1)
k={

where VU is the classical bound and HN denotes neutrosophic multiplication.

4 Conclusion

We investigated an upper bound for the second-order ‘HM574(J)’ for s = 2 and ¢ = 2, 3, within the subclasses

of holomorphic functions with 1 < @ < %, incorporating neutrosophic uncertainty principles throughout our
analysis. Notably, the bound established for "My 5 o () within the class G(@) is proven to be sharp under
neutrosophic conditions where truth, indeterminacy, and falsity memberships satisfy 7+4¢+ = 1. Further, we
presented an illustrative example for an arbitrary function J € G(@), for which the obtained bound achieves
its sharpness even when coefficients contain neutrosophic uncertainty components {7y, Lk, O )-

Additionally, our proposed method extends to the determination of sharp bounds for H]Mgg,(]) within both
the classes G(@) and Q(®) under the specific conditions whenever @ = %, accounting for indeterminacy
propagation through neutrosophic aggregation operators. In the sequel, we investigated the bounds associated
with H]MS,E(.'I) linked to logarithmic coefficients (LC) for the classes using neutrosophic calculus principles.
It is noteworthy that the sharpness of the bound for "M ,(J) associated with LC in G(®) has been estab-
lished under neutrosophic uncertainty measures, and a specific function is provided for the verification of this

sharpness when ¢, — 0.

Our results establish that Hankel determinant bounds in holomorphic function classes gain enhanced interpre-
tative power when framed within neutrosophic theory:

¢ Sharp bounds for HM2,21@ hold under 7 + ¢ + ¢ = 1 with maximum truth membership 7, > 0.95
* Indeterminacy propagation follows ®-multiplication: tpouna = 1 — [J(1 — tx)

» Logarithmic coefficients exhibit linear indeterminacy scaling: I = 211,

The framework enables applications in uncertain complex systems where coefficients have inherent vagueness.
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