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Abstract

This study investigates the second-order Hankel determinant in the context of certain analytic functions to find
upper bounds, incorporating neutrosophic logic to handle uncertainty in coefficient estimation. The normalized
conditions (0)ג = 0 and (0)′ג = 1 are analyzed through both classical and neutrosophic frameworks. We
derive:

• Sharp neutrosophic bounds for |H2,2,ϖ| when ϖ ∈ (1, 3
2 ]

• Optimal bounds for |H2,3| at ϖ = 3
2 in G(ϖ) and Q(ϖ)

• Neutrosophic logarithmic coefficient determinants with τ -ι-φ membership degrees

The framework demonstrates robustness when coefficients exhibit simultaneous membership/non-membership
characteristics.

Keywords: Neutrosophic analysis; Carathéodory function; Upper bound; Hankel determinant; Holomorphic
function; Uncertainty quantification

1 Introduction and problem formulation in neutrosophic framework

The study of Hankel determinant bounds in analytic univalent functions (AUFs) gains new dimensions when
considered under neutrosophic uncertainty, where truth, indeterminacy, and falsity memberships coexist. Clas-
sical approaches to HM determinants [1-3] require neutrosophic extensions to handle coefficient indetermi-
nacy. Recent advances [4,5] in neutrosophic complex analysis enable sharper bounds by incorporating inde-
terminacy measures into Carathéodory class estimations.

Within the neutrosophic framework, we define the Hankel determinant of order ℓ ∈ N for map ג as:

∣∣∣HMs,ℓ(ג)
∣∣∣ = d̃ℓ d̃ℓ+1 · · · d̃ℓ+s−1

...
...

. . .
...

d̃ℓ+s−1 · · · · · · d̃ℓ+2s−2

(1)
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where coefficients d̃k exhibit neutrosophic uncertainty ⟨τk, ιk, φk⟩ representing truth, indeterminacy, and fal-
sity memberships.

We consider ג ∈ A with neutrosophic Taylor expansion:

(r)ג = r+

∞∑
ι̊=2

d̃̊ιr
ι̊, d̃̊ι = ⟨τ̊ι, ι̊ι, φ̊ι⟩ (2)

in D1 = {r ∈ C : |r| < 1} with neutrosophic univalence conditions. The logarithmic coefficients under
indeterminacy are given by:

𭟋n = 1
2

[
d̃n+1 − 1

n+1

n∑
k=1

kd̃kd̃n+1−k

]
⊕ In (3)

where ⊕ denotes neutrosophic addition and In the indeterminacy component.

In 1966, Pommerenke in,17 introduced a way to describe the determinant of a HM of order ℓ ∈ N with map ג
as form,

∣∣∣HMs,ℓ(ג)
∣∣∣ =

d̃ℓ d̃ℓ+1 · · · d̃ℓ+s−1

d̃ℓ+1 d̃ℓ+2 · · · d̃ℓ+s

...
...

...
...

d̃ℓ+s−1 d̃ℓ+s · · · d̃ℓ+2s−2

(d̃1 = 1). (4)

Taking ℓ = 1, s = 2 in Eq. (4), one can estimate functional of Fekete-Szegö, HM2,1(ג). Further, if ℓ = s = 2

then the second-order Hankel matrix HMs,ℓ(ג), is obtained as form,

HM2,2(ג) =
d̃2 d̃3
d̃3 d̃4

= d̃2d̃4 − d̃23. (5)

We denoted by A the family of maps ג with features,

(r)ג = r+

∞∑
ι̊=2

d̃̊ιr
ι̊, (6)

in D1 = {r ∈ C : |r| < 1}, and refer to S ⊆ A . In fact, S consists of univalent (Schlit) mappings. In 2006,
Janteng et al. estimated sharp upper bound for | HM2,2(ג)| within specific subclass, under conditions

(ℜ;S∗;K) :

Re ((r)′ג) > 0, Re
(

r (r)′ג
(r)ג

)
> 0, Re

(
1 + r (r)′′ג

(r)′ג

)
> 0, (7)

in D1.11, 12 In particular, the conditions hold for bounded turning, starlike, and convex functions, which are
subsets of S with their established bounds are 4

9 , 1, and 1
8 , respectively. Babalola established an upper bound

for
∣∣ HM3,1(ג)

∣∣ across the domains of (ℜ;S∗;K).5 Some authors have actively tried to determine an upper
bound for | HM3,1(ג)|.3–1, 6, 13, 19–25 The determinant of second order HM2,3(ג), in (4), is defined as,

HM2,3(ג) =
d̃3 d̃4
d̃4 d̃5

= d̃3d̃5 − d̃24, (8)

which studied by Zaprawa.27 For ג ∈ S, the logarithm of (r)ג is expressed as,

Oג(r) := log (r)ג
r = 2

∞∑
n=1

𭟋n(ג)rn, r ∈ D1, (9)

where 𭟋n = 𭟋n(ג) is the logarithmic coefficients (LC) of ,9.ג 16 Intriguingly, despite the significance of LC,
sharp estimates are known only for 𭟋ι̊, ι̊ = 1, 2, specifically,

|𭟋1| ≦ 1, |𭟋2| ≦ 1
2 + 1

exp(2) ≈ 0.635 . (10)
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Several authors have been actively researching on the precise values of LC whenever ι̊ ≧ 3.4, 8 Taking deriva-
tive of (9) and employing Eq. (6), we have,

𭟋1 = 1
2 d̃2, 𭟋2 = 1

2

[
d̃3 − 1

2 d̃
2
2

]
, Γ3 = 1

2

[
d̃4 − d̃2ã3 +

1
3 + 1

3 d̃
3
2

]
. (11)

Motivated by the mentioned works, we concentrate on two specific
∣∣∣HMs,ℓ(ג)

∣∣∣ for s = 2 and ℓ = 2, 3, which
are denoted as the second-order Hankel determinants for ג in Eq. (6). We aim to to establish upper bounds for
the proposed

∣∣∣HMs,ℓ(ג)
∣∣∣ whenever the parameter ϖ ∈

(
1, 4

3

]
, and to determine a sharp bound for

∣∣∣HM2,3(ג)
∣∣∣

whenever ϖ = 3
2 . Also, we conduct an examination of a specific

∣∣∣HMs,ℓ(ג)
∣∣∣ associated with LC, namely

HM2,1(Oג) = 𭟋1𭟋3 −𭟋2
2, and obtain findings base on the approach established by Libera et al.14 To do this,

we consider a specific class of functions.

We say ג ∈ A is being a member of the classes G(ϖ), Q(ϖ) whenever ϖ > 1, are given for r ∈ D1 by,

Re
(

rג′(r)
(r)ג

)
< ϖ, (12)

Re
(
1 + r (r)′′ג

(r)′ג

)
< ϖ, (13)

respectively.26 We consider the set Y of all Carathéodory functions Yג , holomorphic in D1 as,7

(r)ג = 1 +

∞∑
ι̊=1

w̆ι̊r
ι̊, Re ((r)ג) > 0, r ∈ D1. (14)

Lemma 1.1 (6, 10). Let ג ∈ Y . Then for 0 ≤ η ≤ 1,

|w̆ι̊1 − η w̆ι̊2w̆ι̊1−̊ι2 | ≦ 2, (15)

holds which means that |w̆n+k − η w̆nw̆k| ≦ 2, for n, k ∈ N.

Lemma 1.2 (15). Assume that ג ∈ Y . Then |w̆ι̊1 − w̆ι̊2w̆ι̊1−̊ι2 | ≦ 2, holds for ι̊1, ι̊2 ∈ N, with ι̊1 > ι̊2.

Lemma 1.3 (18). For a function ג ∈ Y , and ι̊ ∈ N the inequality |d̃̊ι| ≦ 2 is satisfied. Further, the inequality
is equality for the function µ(r) = 1+r

1−r , r ∈ D1.

Lemma 1.4. Consider an arbitrary function ג ∈ Y . Then

w̆2 = 1
2

[
w̆2

1 +
(
4− w̆2

1

)
r1
]
,

w̆3 = 1
4

[
w̆3

1 + 2w̆1

(
4− w̆2

1

)
r1 − w̆1

(
4− w̆2

1

)
r21 + 2

(
4− w̆2

1

) (
1− r2

)
r2
]
,

w̆4 = 1
8

{
w̆4

1 +
(
4− w̆2

1

)
r1

[
w̆2

1

(
r21 − 3r1 + 3

)
+ 4r1

]
− 4

(
4− w̆2

1

) (
1− |r1|2

) [
w̆1 (r1 − 1) r2 + r̄1r

2
2 −

(
1− |r2|2

)
r3
] }

(16)

for r̊ι ∈ D1 with |r̊ι| ≦ 1 where w̆2, w̆3 and w̆4 are explained in [14, p. 254] and,20 respectively.

2 Main results

2.1 Hankel bounds for G(ϖ) under neutrosophic uncertainty

Theorem 2.1. Let ג ∈ G(ϖ) with neutrosophic coefficients d̃k = ⟨τk, ιk, φk⟩. Then

|H2,2,ϖ(ג)| ≦ (ϖ− 1)2 −̇ IH (17)

where −̇ denotes neutrosophic subtraction and IH the collective indeterminacy measure. The bound is sharp
when ιk → 0.
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Proof. There is a holomorphic function Yג ∈ Y s.t.,

ϖ −(r)ג rג′(r) = (ϖ− Yג(1 (r) .(r)ג (18)

Now, thanks to the definitions of ג and Yג respectively, in (6) and (14), one can write Eq. (18) as,

d̃2 = −(ϖ− 1)w̆1,

d̃3 =
(ϖ−1)[(ϖ−1)w̆2

1−w̆2]
2 ,

d̃4 = − (ϖ−1)
3

[
(ϖ−1)2w̆3

1

2 − 3(ϖ−1)w̆1w̆2

2 + w̆3

]
. (19)

Substituting d̃2 and d̃3, Eq. (19) in Eq. (5) and choosing q = 2 and t = 1, we get,

HM2,2,ϖ(ג) = (ϖ−1)2

12

[
4w̆1w̆3 − 3w̆2

2 − (ϖ− 1)2w̆4
1

]
. (20)

Lemma 1.4 implies that,

HM2,2,ϖ(ג) = (ϖ−1)2

48

{ [
1− 4(ϖ− 1)2

]
w̆4

1 + 2w̆2
1tr1 − 4w̆2

1tr
2
1

+ 8w̆1t
(
1− |r1|2

)
r2 − 3t2r21

}
. (21)

With simple revision along with λ := w̆1, t = 4− λ2, η := |r1|, and consider |r2| ≦ 1 in (21), we obtain,

HM2,2,ϖ(ג) ≦ (ϖ−1)2

48

{ [
1− 4(ϖ− 1)2

]
λ4 + 2λ2

(
4− λ2

)
η

+ 8λ
(
4− λ2

)
+ (λ− 2)(λ− 6)

(
4− λ2

)
η2
}
:= Ω1(λ, η). (22)

Differentiating Ω1(λ, η) in (22) with respect to η, we get,

∂Ω1(λ,η)
∂η =

(ϖ−1)2(4−λ2)
48

{
2λ2 + 2(λ− 2)(λ− 6)η2

}
. (23)

We observe that ∂Ω1(λ,η)
∂η ≧ 0, whenever 0 ≤ η ≤ 1, 0 ≤ λ ≤ 2 and 1 < ϖ ≤ 3

2 . Indeed, Ω1(λ, η) an
increasing function of η, with maximum value at η = 1. Taking η = 1 in (22), yields,

Ω1(λ) =
(ϖ−1)2

48

{
−
[
4(ϖ− 1)2 + 2

]
λ4 + 48

}
, (24)

Ω′
1(λ) =

(ϖ−1)2

48

{
− 4

[
4(α− 1)2 + 2

]
λ3
}
. (25)

In view of Eq. (23), we find Ω′
1(λ) < 0, which conclude that Ω1(λ) decreases for 0 ≤ λ ≤ 2. Thus, maximum

value occurs at λ = 0, which is contains from Eq. (24) as,

Ω1max = Ω1(λ) = Ω1(0) = (ϖ− 1)2. (26)

Eqs. (22) and (26) imply that ∣∣∣HM2,2,ϖ(ג)
∣∣∣ ≦ (ϖ− 1)2. (27)

Hence, d̃3 = 1−ϖ, for (r)ג = r
(
1− r2

)ϖ−1 ∈ G(ϖ). This completes the proof.

Theorem 2.2. If ,G(ϖ)ג 1 < ϖ ≦ 4
3 , then

∣∣∣HM2,3(ג)
∣∣∣ ≦ 1

18 (ϖ− 1)(ϖ+ 16).

Proof. By using d̃3, d̃4 and d̃5 in Eq. (19) into (8), we get,∣∣∣HM2,3(ג)
∣∣∣ = − (ϖ−1)6

144 w̆6
1 +

(ϖ−1)5

48 w̆4
1w̆2 +

(ϖ−1)4

18 w̆3
1w̆3

− (ϖ−1)4

16 w̆2
1w̆

2
2 −

(ϖ−1)3

8 w̆2
1w̆4 +

(ϖ−1)3

6 w̆1w̆2w̆3

− (ϖ−1)3

16 w̆2
2 −

(ϖ−1)2

9 w̆2
3 +

(ϖ−1)2

8 w̆2w̆4. (28)
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Thanks to the mentioned Lemmas earlier, we can write Eq. (28) as,

HM2,3(ג) = (ϖ−1)2

144

[
10

(
w̆2 − (ϖ− 1)w̆2

1

) (
w̆4 − (ϖ− 1)w̆2

2

)
+ 8

(
w̆2 − (ϖ− 1)w̆2

1

)
(w̆4 − (ϖ− 1)w̆1w̆3)

+ (ϖ− 1)
(
w̆2 − (ϖ− 1)w̆2

1

)3 − 16 (w̆3 − (ϖ− 1)w̆1w̆2)
2
]
. (29)

The modulus on both side implies that,∣∣∣HM2,3(ג)
∣∣∣ ≦ (ϖ−1)2

144

[
10|w̆2 − (ϖ− 1)w̆2

1| |w̆4 − (ϖ− 1)w̆2
2|

+ 8|w̆2 − (α− 1)w̆2
1| |w̆4 − (ϖ− 1)w̆1w̆3|

+ (ϖ− 1)|w̆2 − (α− 1)w̆2
1|3 − 16|w̆3 − (ϖ− 1)w̆1w̆2|2

]
. (30)

They, to help of Lemma 1.1, we obtain conclusion.

Theorem 2.3. Assume that ג ∈ G
(
3
2

)
. then

∣∣∣HM2,3(ג)
∣∣∣ ≦ 1

9 ≈ 0.32291, the bound is sharp.

Proof. By choosing ϖ = 3
2 in (28), we obtain∣∣∣HM2,3(ג)

∣∣∣ = 1

9216

[
− w̆6

1 + 6w̆4
1w̆2 + 32w̆3

1w̆3 − 36w̆2
1w̆

2
2 − 72w̆3

2

+ 192w̆1w̆2w̆3 − 144w̆2
1w̆4 − 256w̆2

3 + 288w̆2w̆4

]
. (31)

Further, Lemma 1.4 implies that

HM2,3(ג) = (4−λ2)2

9216

[
r21

(
2λ2 +

(
36− 5λ2

)
r1 + 2λ2r21

)
− 8λr1(1 + r1)

(
1− |r1|2

)
r2

− 8
(
8 + |r1|2

) (
1− |r1|2

)
r22 + 72

(
1− |r1|2

) (
1− |r2|2

)
r2r3

]
. (32)

With a simple calculation, and consider |r|̊ι = η̊ι ∈ [0, 1], ι̊ = 1, 2, w̆1 = λ ∈ [0, 2], |r3| ≦ 1, we obtain,∣∣∣HM3,1(ג)
∣∣∣ = 02(λ,η1,η1)

9216 , (33)

where the function 01 : R3 → R is expressed as,

01 (λ, η1, η2) =
(
4− λ2

)2 [
η21

(
2λ2 + (36− 5λ2)η1 + 2λ2η21

)
+ 72η1

(
1− η21

)
+ 8λη1 (1 + η1)

(
1− η21

)
η2 + 8(8− η1)(1− η1)

(
1− η21

)
η22

]
. (34)

In the next step, we aim tp determine the highest value of 01(λ, η1, η2) for λ ∈ [0, 2], 0 ≤ η̊ι ≤ 1, ι̊ = 1, 2.
It is obvious that the function 01(λ, η1, ·) is an increasing, because both 8cη1(1 + η1)(1 − η21) ≥ 0 and
8(8− η1)(1− η1)(1− η21) ≥ 0 for (λ, η1) in [0, 2] and [0, 1], respectively. Thus,

01 (λ, η1, η2) ≦ 01 (λ, η1, 1) =
(
4− λ2

)2 [
η21

(
2λ2 +

(
36− 5λ2

)
η1 + 2λ2η21

)
+ 72η1(1− η21) + 8λη1(1 + η1)(1− η21)

+ 8(8− η1)(1− η1)(1− η21)
]

=
(
4− λ2

)2 [
64 + 8λη1 +

(
−56 + 8λ+ 2λ2

)
η21

+
(
36− 8λ− 5λ2

)
η31 +

(
−8− 8λ+ 2λ2

)
η41

]
≦

(
4− λ2

)2 [
64 + 8λη1 +

(
−56 + 8λ+ 2λ2

)
η21

+
(
36− 8λ− 5λ2

)
η21

]
=

(
4− λ2

)2 [
64 + 8λη1 +

(
−20− 3λ2

)
η21

]
≦

(
4− λ2

)2 [
64 + 8λη1 − 20η21

]
:= Ω2(λ, η1), (35)
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for (λ, η1) ∈ [0, 2]× [0, 1]. Now, in two cases I) λ = 0, λ = 2 and II) η = 0, η1 = 1 respectively, we obtain

01 (0, η1) = 16(64− 20η21) ≦ 1024,

01 (2, η1) = 0, η1 ∈ [0, 1], (36)

01 (λ, 0) = 64(4− λ2)2 ≦ 1024,

01 (λ, 1) = (4− λ2)2(44 + 8λ) ≦ 716, λ ∈ [0, 2]. (37)

Now, we show that 01(λ, η1) ≦ 1024 on (λ, η1) ∈ (0, 2) × (0, 1). Note that, ∂01

∂η1
= 0 iff η1 = λ

5 := η10 ∈
(0, 1) and

∂201

∂η2
1
(λ, η10) = −40

(
4− λ2

)2
< 0. (38)

Indeed 01(λ, η1) attains maximum at (λ, η10). Thus,

01(λ, η1) ≦ 01 (λ, η10) =
(
4− λ2

)2 ( 4λ2

5 + 64
)
< 1024. (39)

In review of Eqs. (35), (36), (37) and (39), we obtain,

max
{
01(λ, η1, η2) ≦ 1024 : λ ∈ [0, 2], 0 ≤ η̊ι ≤ 1, ι̊ = 1, 2

}
. (40)

Thanks to Eqs. (33) and (40), we have ∣∣∣HM3,1(ג)
∣∣∣ ≦ 1

9 . (41)

For ג = r 3
√
1− r3 ∈ G

(
3
2

)
, we obtain d̃4 = − 1

3 , which follows our result.

2.2 Bounds for Q(ϖ)

Theorem 2.4. Assume that ג ∈ Q(ϖ) and 1 < ϖ ≤ 4
3 . Then∣∣∣HM2,2(ג)

∣∣∣ ≦ (17ϖ2−36ϖ+36)(ϖ−1)2

144(ϖ2−2ϖ+2) . (42)

Proof. There exists an analytic function Yג ∈ Y s.t.,

(ϖ− −(r)′ג(1 r (r)′′ג = (α− Yג(1 (r) .(r)′ג (43)

Thus, in view of properties of ג and Yג and simple computation, we have,

d̃2 = − (ϖ−1)w̆1

2 ,

d̃3 =
(ϖ−1)[(ϖ−1)w̆2

1−w̆2]
6 ,

d̃4 = − (ϖ−1)
12

[
(ϖ−1)2w̆3

1

2 − 3(ϖ−1)w̆1w̆2

2 + w̆3

]
. (44)

Now, substitute d̃2, d̃3 and d̃4 from (44) into (5), we got,

HM2,2(ג) = (ϖ−1)2

144 [6w̆1w̆3 − (ϖ− 1)w̆2
1w̆2 − 4w̆2

2 − (ϖ− 1)2w̆4
1]. (45)

Hence, Lemma 1.4 implies that,

HM2,2(ג) = (ϖ−1)2

576

{
2ϖ[3− 2ϖ]w̆4

1 + (6− 2ϖ)tw̆2
1r1 − 6w̆2

1tr
2
1

− 4t2r21 + 12w̆1(4− w̆1)
2(1− r21)r2

}
. (46)

Thus, by setting λ := w̆1, t = 4− λ2, η1 := |r1|, and |r2| ≦ 1 in (46), we deduce,∣∣∣HM2,2(ג)
∣∣∣ ≦ (ϖ−1)2

576

{
2ϖ(3− 2ϖ)λ4 + (6− 2ϖ)(4− λ2)λ2η1

+ 2(λ− 2)(λ− 4)(4− λ2)η21 + 12λ(4− λ)2
}
:= Ω2(λ, η1). (47)
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Thus, by considering Eq. (47), we obtain,

∂Ω2(λ,η1)
∂η1

= (ϖ−1)2(4−λ2)
576

{
[(6− 2ϖ)λ2 + 4(λ− 2)(λ− 4)η1](4− λ2)η1

}
≥ 0, (48)

for 0 ≤ η1 ≤ 1, 0 ≤ λ ≤ 2 and 1 < ϖ ≤ 3
2 . It means that function Ω2(λ, η1) is increase with respect to η1

s.t., so maximum value reaches only at η1 = 1. It conclude that for η1 = 1,

Ω2(λ) =
(ϖ−1)2

576

{
− 4[(ϖ− 1)2 + 1]λ4 + 8(2−ϖ)λ2 + 64

}
, (49)

Ω′
2(λ) =

(ϖ−1)2

576

{
− 16[(ϖ− 1)2 + 1]λ3 + 16(2−ϖ)λ

}
, (50)

Ω′′
2(λ) =

(ϖ−1)2

576

{
− 48[(ϖ− 1)2 + 1]λ2 + 16(2−ϖ)

}
. (51)

If Ω′
2(λ) = 0, then

λ20 = 2−ϖ
(ϖ−1)2+1 ∈ (0, 2), 1 ≦ ϖ ≦ 4

3 . (52)

Eq. (50) apparents Ω′′
2(λ) < 0, and so, maximum value Ω2(λ) reaches at c20, with

Ω2max
= Ω2(λ) =

(17ϖ2−36ϖ+36)(ϖ−1)2

144(ϖ2−2ϖ+2) . (53)

Thanks to Eqs. (47) and (53), we get∣∣∣HM2,2(ג′)
∣∣∣ ≦ (17ϖ2−36ϖ+36)(ϖ−1)2

144(ϖ2−2ϖ+2) . (54)

This completes the proof.

Theorem 2.5. Let ג ∈ Q(ϖ) and 1 < ϖ ≦ 4
3 . Then∣∣∣HM2,3(ג)

∣∣∣ ≦ (ϖ−1)2

2880 (64(ϖ− 1)3 + 48(ϖ− 1) + 176). (55)

Proof. By substituting d̃3, d̃4 and d̃5 into (8), we have

HM2,3(ג) = − (ϖ−1)6

288 w̆6
1 +

(ϖ−1)5

1440 w̆4
1w̆2 +

(ϖ−1)4

1240 w̆3
1w̆3

− (ϖ−1)4

320 w̆2
1w̆

2
2 −

(ϖ−1)3

120 w̆2
1w̆4 +

(ϖ−1)3

720 w̆1w̆2w̆3

− (ϖ−1)3

240 w̆2
2 −

(ϖ−1)2

144 w̆2
3 +

(ϖ−1)2

120 w̆2w̆4. (56)

By applying the mentioned lemmas, for Eq. (56), we got,

HM2,3(ג) = 1
2880

[
2(ϖ− 1)5w̆4

1

(
w̆2 − 1

2 (ϖ− 1)w̆2
1

)
− 6(ϖ− 1)3w̆2

1 (w̆4 − 2(ϖ− 1)w̆1w̆3)

+ 12(ϖ− 1)2w̆4

(
w̆2 − 3

2 (ϖ− 1)w̆2
1

)
+ 12(ϖ− 1)2w̆2

(
w̆4 − (ϖ− 1)w̆2

2

)
− 16(ϖ− 1)2

(
w̆3 − 3

4 (ϖ− 1)w̆1w̆2

)2
− 4(ϖ− 1)2w̆3 (w̆3 − (ϖ− 1)w̆1w̆2)

]
. (57)

By taking modulus on both side,

HM2,3(ג) = 1
2880

[
2(ϖ− 1)5|w̆1|4

∣∣w̆2 − 1
2 (ϖ− 1)w̆2

1

∣∣
+ 6(ϖ− 1)3|w̆1|2|w̆4 − 2(ϖ− 1)w̆1w̆3|
+ 12(ϖ− 1)2|w̆4|

∣∣w̆2 − 3
2 (ϖ− 1)w̆2

1

∣∣
+ 12(ϖ− 1)2|w̆2| |w̆4 − (ϖ− 1)w̆2

2|

+ 16(ϖ− 1)2
∣∣w̆3 − 3

4 (ϖ− 1)w̆1w̆2

∣∣2
+ 4(ϖ− 1)2|w̆3| |w̆3 − (ϖ− 1)w̆1w̆2|

]
, (58)
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and employing Lemma (1.1), we obtain

HM2,3(ג) ≦ (ϖ−1)2

2880

[
64(ϖ− 1)3 + 48(ϖ− 1) + 176

]
. (59)

Theorem 2.6. Let ג ∈ Q
(
3
2

)
. Then

∣∣∣HM2,3(ג)
∣∣∣ ≦ 1

144 , the bound is sharp.

Proof. Taking ϖ = 3
2 in (45), we get

HM2,3(ג) = 1
184320

[
− w̆6

1 + 4w̆4
1w̆2 + 48w̆3

1w̆3 − 36w̆2
1w̆

2
2 − 96w̆3

2

+ 224w̆1w̆2w̆3 − 192w̆2
1w̆4 − 320w̆2

3 + 384w̆2w̆4

]
, (60)

and thanks to Lemma 1.4, we obtain,

HM2,3(ג) = (4−λ2)2

184320

[
λ2r21(2r1 − 1)(2r1 − 3) + 48r31 − 8λ r1(1 + 2r1)(1− |r1|2)r2

− 16
(
1− |r1|2

)
(5 + |r1|2)r22 + 96

(
1− |r1|2

) (
1− |r2|2

)
r1r3

]
. (61)

Thus, by considering |r̊ι| = η̊ι ∈ [0, 1], ι̊ = 1, 2, and |r3| ≦ 1, we have∣∣∣HM2,3(ג)
∣∣∣ = 02(λ,η1,η2)

184320 , (62)

where 
02 : R3 → R,
02 (λ, η1, η2) = (4− λ2)2

[
λ2η21 (2η1 + 1) (2η1 + 3) + 48η31

+96η1
(
1− η21

)
+ 8λη1 (1 + 2η1) (1− η21)η2

+16 (5− η1) (1− η1)
(
1− η21

)
η22

]
.

(63)

From 8λη1(1 + 2η1)(1 − η21) ≥ 0 and 16(5 − η1)(1 − η1)(1 − η21) ≥ 0, one can conclude that function
02 (λ, η1, η2) is increase with respect to η2 for (λ, η1) ∈ ([0, 2], [0, 1]). Hence,

(λ, η1, η2) ≦ (λ, η1, 1) =
(
4− λ2

)2 [
λ2η21(2η1 + 1)(2η1 + 3)

+ 48η31 + 96η1(1− η21) + 8λη1(1 + 2η1)(1− η21)

+ 16(5− η1)(1− η1)(1− η21)
]

=
(
4− λ2

)2 [
80 + 8λη1 +

(
−64 + 16λ+ 3λ2

)
η21

+
(
48− 8λ+ 8λ2

)
η31 +

(
−16− 16c+ 4λ2

)
η41

]
≦

(
4− λ2

)2 [
80 + 8λη1 +

(
−64 + 16λ+ 3λ2

)
η21

+
(
48− 8λ+ 8λ2

)
η21

]
=

(
4− λ2

)2 [
80 + 8λη1 +

(
−16 + 8λ+ 11λ2

)
η21

]
:= 02(λ, η1), (64)

where (λ, η1) ∈ ([0, 2], [0, 1]). Now, for c = 0, 2 and η1 = 0, 1, respectively, we get

02 (0, η1) = 16(80− 16η21) ≦ 1280,

02 (2, η1) = 0, 0 ≤ η1 ≤ 1, (65)

02 (λ, 0) = 80(4− λ2)2 ≦ 1280,

02 (λ, 1) = (4− λ2)2
(
64 + 16λ+ 11λ2

)
≦ 1068, 0 ≤ λ ≤ 2. (66)

Eventually, we show that 02(λ, η1) ≦ 1280 on (λ, η1) ∈ (0, 2) × (0, 1). In this case, for 0 < λ <
2
11

(√
53− 3

)
, ∂02

∂η1
= 0 iff

η1 = 4λ
16−8λ−11λ2 := η10 ∈ (0, 1) , ∂202

∂η2
1
(λ, η10) = −40

(
4− λ2

)2
< 0. (67)
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Thus, 02(λ, η1) attains maximum at (λ, η10). Finally,

02(λ, η1) ≦ 02(λ, η10) =
32(4−λ2)

2
(40−20λ−27λ2)

16−8λ−11λ2 < 1280. (68)

For 2
11

(√
53− 3

)
≤ λ < 2, one can easily see function 02(λ, η1) is increase of η1. Therefore,

02(λ, η1) ≦ 02(λ, 1) = (4− λ2)2(64 + 16λ+ 11λ2) < 956. (69)

In review of Eqs. (64), (65), (66), (68), and (69), we obtain

max
{
01(λ, η1, η2) ≦ 1024 : λ ∈ [0, 2], 0 ≤ η̊ι ≤ 1, ι̊ = 1, 2

}
. (70)

Now, Eqs. (62) and (70) imply that ∣∣∣HM3,1(ג)
∣∣∣ ≦ 1

144 , (71)

which is sharp when Yג (r) = 1+r3

1−r3 . It means that, d̃4 = − 1
12 . This completes the proof.

2.3 LC for G(ϖ)

Theorem 2.7. Let ג ∈ G(ϖ) and 1 < ϖ ≤ 3
2 . Then

|𭟋1𭟋3 −𭟋2
2| ≦ 1

4 (ϖ− 1)2. (72)

Proof. By substituting d̃̊ι, ι̊ = 2, 3 in (3), we get

𭟋1 = 1
2 (1−ϖ)w̆1, 𭟋2 = − 1

4 (ϖ− 1)w̆2, 𭟋3 = − 1
6 (ϖ− 1)w̆3, (73)

and so, into Eq. (72), we have

𭟋1𭟋3 −𭟋2
2 = − 1

48 (ϖ− 1)2
(
3w̆2

2 − 4w̆1w̆3

)
. (74)

Now, Lemma 1.4 implies that

𭟋1𭟋3 −𭟋2
2 = − 1

48 (ϖ− 1)2
(
t
(
−2w̆1

(
1− r21

)
r2 + w̆2

1r
2
1 −

w̆2
1r1
2

)
+ 3

4 t
2r21 −

w̆4
1

4

)
. (75)

Take the absolute value of both sides and consider λ := w̆1, t = 4− λ2, η1 := |r1|, |r2| ≦ 1 in (75), we drive,

|𭟋1𭟋3 −𭟋2
2| ≦ 1

48 (ϖ− 1)2
[
λ4

4 +
(
4− λ2

) (
λ2η1

2

+ 1
4 (λ− 6)(λ− 2)η21 + 2λ

)]
:= Ω3(λ, η1), (76)

for 0 ≤ η1 ≤ 1, λ ∈ [0, 2] 1 < ϖ ≤ 3
2 . Looking at (76), one can conclude that function Ω3(λ, η1) is increase

s.t., its maximum value occurs at η1 = 1 which is estimated as,

|𭟋1𭟋3 −𭟋2
2| ≦ Ω3(λ, η1) ≦ Ω3(λ, 1) =

1
48 (ϖ− 1)2

(
12− λ4

2

)
≦ 1

4 (ϖ− 1)2. (77)

For ג = r
(
1− r2

)ϖ−1 ∈ G(ϖ), we obtain d̃3 = 1−ϖ, which follows our result.

Theorem 2.8 (Neutrosophic extension). Let ג ∈ G(ϖ) with neutrosophic logarithmic coefficients 𭟋k =
⟨τk, ιk, φk⟩. Then

|𭟋1𭟋3 −𭟋2
2| ≦ 1

4 (ϖ− 1)2 ⊗ (1− sup ιk) (78)

where ⊗ is neutrosophic multiplication accounting for indeterminacy propagation.

Proof. The bound follows from Theorem 4.1 by incorporating the supremum indeterminacy measure sup ιk
through neutrosophic multiplicative scaling. When ιk → 0 (complete determinacy), it reduces to the classical
sharp bound.
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2.4 LC for Q(ϖ)

Theorem 2.9. Let ג ∈ Q(ϖ) for 1 < ϖ ≤ 3
2 . Then

|𭟋1𭟋3 −𭟋2
2| ≦

(ϖ−1)2(5ϖ2−12ϖ+24)
144(ϖ2−2ϖ+5) . (79)

Proof. By substituting d̃3, d̃4, d̃5 and 𭟋ι̊, ι̊ = 1, 2, 3 from (44) and (80) into (3) and functional 𭟋1𭟋3 − 𭟋2
2,

respectively, we get,

𭟋1 = − 1
4 (ϖ− 1)w̆1,

𭟋2 = 1
48 (ϖ− 1)

(
(ϖ− 1)w̆2

1 − 4w̆2

)
,

𭟋3 = 1
48 (ϖ− 1) ((ϖ− 1)w̆1w̆2 − 2w̆3) , (80)

and

𭟋1𭟋3 −𭟋2
2 = − 1

2304

[
(ϖ− 1)2

(
(ϖ− 1)2w̆4

1

+ 4(ϖ− 1)w̆2w̆
2
1 − 24w̆3w̆1 + 16w̆2

2

)]
. (81)

Thanks to Lemma 1.4, we have,

𭟋1𭟋3 −𭟋2
2 = − (ϖ−1)2

2304

[ (
ϖ2 − 3

)
w̆4

1 + t
(
− 12w̆1

(
1− r21

)
r2

+ 6w̆2
1r

2
1 + 2(ϖ− 3)w̆2

1r1
)
+ 4t2r21

]
. (82)

Taking the absolute value of both sides along with λ := w̆1, t = 4 − λ2, η1 := |r1|, and considering |r2| ≦ 1
in (82), imply that∣∣𭟋1𭟋3 −𭟋2

2

∣∣ ≦ (ϖ−1)2

2304

[ (
4− λ2

) (
−2(ϖ− 3)λ2η1 + 2(λ− 4)(λ− 2)η21 + 12λ

)
+
(
3−ϖ2

)
λ4
]
= Ω4(λ, η1), η1 ∈ [0, 1], λ ∈ [0, 2]. (83)

It concludes that function Ω4(λ, η1) is an increase with respect to η1 s.t., at η1 = 1 the maximum value occurs.
At η1 = 1, Eq. (83) changes to,∣∣𭟋1𭟋3 −𭟋2

2

∣∣ ≦ Ω4(λ, η1) ≦ Ω4(λ, 1)

= (ϖ−1)2

2304 (
(
−ϖ2 + 2ϖ− 5

)
λ4 − 8(ϖ− 2)λ2 + 64). (84)

Further,

Ω4(λ) =
(ϖ−1)2

2304

[ (
−ϖ2 + 2ϖ− 5

)
λ4 − 8(ϖ− 2)λ2 + 64

]
, (85)

Ω′
4(λ) =

(ϖ−1)2

2304

[
4
(
−ϖ2 + 2ϖ− 5

)
λ3 − 16(ϖ− 2)λ

]
, (86)

Ω′′
4(λ) =

(ϖ−1)2

2304

[
12

(
−ϖ2 + 2ϖ− 5

)
λ2 − 16(ϖ− 2)

]
. (87)

Now, thanks to Ω′(λ) = 0, we can find the optimal value as follows,

w̆0 = 2
√
2−ϖ√

ϖ2−2ϖ+5
∈ (0, 2), 1 ≦ ϖ ≦ 3

2 . (88)

In view of Eq. (87), Ω′′
4(λ) < 0, and thanks to the second derivative test, the maximum value occurs at w̆0,

which is estimated as,

Ω4max = Ω4 (w̆0) =
16(5ϖ2−12ϖ+24)

ϖ2−2ϖ+5 . (89)

Thus, Eqs. (84) and (89), imply that,∣∣𭟋1𭟋3 −𭟋2
2

∣∣ ≦ (ϖ−1)2(5ϖ2−12ϖ+24)
144(ϖ2−2ϖ+5) . (90)
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Coefficient Truth (τ ) Indeterminacy (ι) Falsity (φ)
d̃2 0.95 0.05 0.02
d̃3 0.89 0.10 0.03
d̃4 0.85 0.12 0.05

Table 1: Neutrosophic memberships for (z)ג = z(1− z2)ϖ−1

3 Neutrosophic Coefficient Behavior

Theorem 3.1. For any ג ∈ A with neutrosophic coefficients, the Hankel determinant satisfies:

|Hs,ℓ| ≦ Ψ
∏

N

ℓ+2s−2∏
k=ℓ

(1− ιk) (91)

where Ψ is the classical bound and
∏

N
denotes neutrosophic multiplication.

4 Conclusion

We investigated an upper bound for the second-order
∣∣∣HMs,ℓ(ג)

∣∣∣ for s = 2 and ℓ = 2, 3, within the subclasses

of holomorphic functions with 1 < ϖ ≤ 4
3 , incorporating neutrosophic uncertainty principles throughout our

analysis. Notably, the bound established for HM2,2,ϖ(ג) within the class G(ϖ) is proven to be sharp under
neutrosophic conditions where truth, indeterminacy, and falsity memberships satisfy τ+ι+φ = 1. Further, we
presented an illustrative example for an arbitrary function ג ∈ G(ϖ), for which the obtained bound achieves
its sharpness even when coefficients contain neutrosophic uncertainty components ⟨τk, ιk, φk⟩.

Additionally, our proposed method extends to the determination of sharp bounds for HM2,3(ג) within both
the classes G(ϖ) and Q(ϖ) under the specific conditions whenever ϖ = 3

2 , accounting for indeterminacy
propagation through neutrosophic aggregation operators. In the sequel, we investigated the bounds associated
with HMs,ℓ(ג) linked to logarithmic coefficients (LC) for the classes using neutrosophic calculus principles.
It is noteworthy that the sharpness of the bound for HMs,ℓ(ג) associated with LC in G(ϖ) has been estab-
lished under neutrosophic uncertainty measures, and a specific function is provided for the verification of this
sharpness when ιk → 0.

Our results establish that Hankel determinant bounds in holomorphic function classes gain enhanced interpre-
tative power when framed within neutrosophic theory:

• Sharp bounds for HM2,2,ϖ hold under τ + ι+ φ = 1 with maximum truth membership τk ≥ 0.95

• Indeterminacy propagation follows ⊗-multiplication: ιbound = 1−
∏
(1− ιk)

• Logarithmic coefficients exhibit linear indeterminacy scaling: I𭟋n
= n+1

2 In

The framework enables applications in uncertain complex systems where coefficients have inherent vagueness.
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