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Abstract

Healthcare data often involve uncertainty, imprecision, and partial information that are hardly handled by classical
statistical models. Here, we propose a new generalization of the Gamma Lomax (GL) distribution under the
neutrosophic environment, referred to as the neutrosophic Gamma Lomax (NGL) distribution, to overcome this
drawback. In addition, the proposed model can be generalized to handle precise as well as uncertain healthcare
data by incorporating neutrosophic logic including truth, falsity and indeterminacy. The classical properties of the
Gamma-Lomax (GL) distribution are examined alongside their neutrosophic counterparts. Graphical
representations, including density plots and associated reliability functions of the proposed model, are presented.
The maximum likelihood estimation (MLE) is applied to find unknown parameters. The neutrosophic model is
capable of modeling interval-valued results and uncertainties in practical data, and its effectiveness is verified by
simulation studies and an illustration with infant mortality rates. The new method is conducive to the
interpretability and credibility of statistical inference under uncertainty and is of high utility in health decision-
making scenarios.

Keywords: Gamma model; Neutrosophic logic; Neutrosophic density; Neutrosophic estimation

1. Introduction

Probability distributions are essential in healthcare as they offer a mathematical framework for the representation
of uncertainty, variability, and randomness that are inherent to healthcare data [1]. They are important for patient
survival analysis, disease progression modeling, risk evaluation, reliability of medical devices, and cost prediction
[2]. For instance, exponential, Weibull, and Gamma distributions are used to model time-to-event data (e.g., time
to recovery or failure of treatment), whereas heavy-tailed distributions such as the GL can represent extreme
healthcare costs or rare but severe complications [3-6]. Through proper representation of the real uncertainties,
probability distributions enable evidence-based decision-making, resource allocation and better patient outcomes
in health analytics and policy [7]. As a part of the survival timeline and treatment outcome modelling, the
probability distributions have been widely used in healthcare to analyze and predict the ingestion of the patients,
the usage of the hospitals' resources and the performance of the test of diagnosing them [8]. For example, Poisson
and negative binomial distributions are useful to model the number of hospital admissions, or the diseases, over
time, while the normal distribution is typically used to model physiological measurements such as blood pressure
or cholesterol [9]. Distributions are similarly critical in the setting of Bayesian decision-making, where remaining
distributions inform individualized treatment decisions for patients who wish to take information about the
uncertainty of benefit and harm into account [10]. Moreover, skewed and heavy-tailed healthcare expenditure data
can be described using a more flexible distribution such as GL or lognormal in order to help policymakers in
budgeting, insurance premiums and high-cost patients’ contingency strategies [11]. Such applications show how
probability distributions are crucial for enhancing operational efficiency and clinical results in healthcare. The GL
distribution is an important statistical command to analyze the participant's skewed or heavy-tailed data that is
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especially prevalent in healthcare analytics. It is flexible nature comes from the use of the Gamma and Lomax
(Pareto Type II) distributions, thus making it capable of modeling extreme large and small values in a complex
data structure such as for patient length of stay, treatment costs, or medical claim amounts [12]. The flexible hazard
function of this distribution renders it useful for survival and reliability studies, while its heavy-tail feature
accommodates the problem of modeling rare, but high-impact, healthcare events. In practice, such as an application
of health insurance risk prediction, cost prediction, patient resources allocation and usage by patients, the GL
distribution characterizes real-life datasets much more accurately than the Lomax distribution and facilitates data-
driven decision in clinical and policy management. Fuzzy variables provide a strong alternative to classical random
variables for analysis of healthcare data while considering imprecision and vagueness in a practical clinical
environment [13]. While classical random variables are based on crisp probabilities and exact numerical values,
fuzzy variables are amenable to partial truth and linguistic uncertainty of the kind commonly encountered when
representing subjective or vague knowledge: patient symptoms, pain intensity, expert diagnoses etc [14]. For
instance, a patient's pain intensity does not need to be a single number, but can be, for example, 'mild’, 'moderate’,
or 'severe', with corresponding memberships. This is particularly important when dealing with incomplete,
ambiguous, or qualitative data, including patient reported outcomes, diagnostic uncertainty, and health risk
categorization. Imprecise variables can help to make reasoning more human-like in the decision-making process
in the complex medical environment where health-related information remains fuzzy [15].

The neutrosophic extension of fuzzy sets is a fundamental step for the evolution of the theory of uncertainty based
on degrees of truth into the theory of uncertainty in which degrees of truth, falsity, and indeterminacy are used to
capture the symmetry among the sub-concepts [16]. This triaxial generalization, true, indeterminate, and false,
renders neutrosophic sets to be highly appealing in practical application contexts in which data may be incomplete,
inconsistent, or vague. Unlike the traditional fuzzy sets, which require that the universe of discourse, the
membership function and the membership grades be known in advance, the neutrosophic sets can represent the
ambiguity, vagueness or doubt even contradiction that exists in the applications [17]. Consequently, they have
been increasingly applied to many fields including decision-making, medical diagnosis, pattern recognition, image
processing, risk analysis, and artificial intelligence, requiring dealing with several layers of uncertainty to achieve
resilient outcomes.

Neutrosophic probability distributions generalize classical and fuzzy probability by directly associating
indeterminacy with the structure of the distribution [18-20]. This enables the modelling of scenarios where both
the observations and the parameter of the distribution are available only to a certain extent and may be imprecise
or in conflict [21]. While the traditional distributions, based on the probability distributions that are provided based
on a fixed precision of data and fixed randomness, the neutrosophic distributions consider the interval-valued or
set-valued probability functions that take into consideration truth, indeterminacy and the falsity that are present in
the data as well as the assumptions [22]. For this reason, they are particularly valuable in areas such as uncertain
decision-making, reliability analysis, engineering risk, healthcare, and social science, where imprecision is a part
and parcel of details and conventional models are unable to model real life complexity [23]. In this work, we
introduce a new model, which is based on the real-life health care problems, by extending the neutrosophic version
of GL distribution for modeling both precise as well as imprecise data. The proposed distribution includes
properties of the classical distribution, which consider absolute unambiguity for the observed data, but takes into
consideration the principles of neutrosophic theory to handle ambiguity about truth, indeterminacy and falsity in
parameter estimation and data representation. This hybrid model widens the scope of the classical GL distribution
and the ability to handle uncertainty. Vague and partially unobservable in disease diagnosis, patient response and
health record maintenance. The proposed model can handle the intrinsic variation and indeterminacy of healthcare
data using the neutrosophic structure, which allows designing a robust and realistic model for applications like
cost valuation, survival rate, and risk forecasting.

The rest of the paper is organized as follows. The primary results about the GL distribution is discussed in section
2. The proposed model with key statistical properties is illustrated in section 3. Section 4 explains the estimation
approach used for finding unknown parameters. Section 5 describes the application of the proposed model on real
data set. Major findings of the works are provided in Section 6.

2 Classical Gamma Lomax Model

The cumulative distribution function (CDF) of the Lomax distribution also named as the Pareto Type 1l model
with scale parameter 4 > 0 and shape parameter a > 0, denoted as Lomax (a, &), is defined as follows:

9(@:&p)=1—($)6,y>0, Q)

with p and & denoting the scale and shape parameters, respectively. The probability density function (PDF) from
Eq (1) as:
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6
g(y:6,p) = )M,y > 0. O]

Eq (2) is a specific case of the Pearson-type VI model. The graphical structures of PDF and CDF curves for
specific values of shape parameter is depicted in Figure 1:
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Figure 1. PDF and CDF plots of the Lomax distribution

Figure 1 is composed of two adjacent plots that compare probability distribution by different versions of the same
with different parameters (shape for instance). The plot to the left panel demonstrates how cumulative probability
increases as a function of the value of the variable, flat, or more steeply, depending on the shape parameter setting.
The right panel depicts the actual distribution of likelihoods over values, which obviously all have a different
decline. Each curve is colored according to its shape setting and both plots contain the label legends, with the
shape and scale labels in terms of standard symbols.

For any underlying CDF G(¢) (¢ € R), the Gamma-G distribution was characterized by its PDF f(¢) and CDF
F(y) are defined as:

@) = 15 (Flogll = G ' g(y) ©)
Fy) = A(b, 101{;([;) (DI l“(b)f—log[l Gyl 8- 1e~tdt, ()

For b >0, where g(y) =dG(y)/dy represents the derivative of the underlying distribution, T'(b) =
f0°° £9-1e~tdt, represents the perfect Gamma function, and A(b,z) = fozt‘s‘le‘*dt, is the lower incomplete
Gamma function. Now PDF and CDF of the GL model can be written as:

Now by combining Eq (1) and Eq (2) with Eq (3), we obtain the GL density function:

fly) = W{ 8 log [p+y]}6_1 )

By combining Eq (1) and Eq(4), we derive the CDF:

o-ston(:2) o

FO) =—4

The graphical structures of PDF and CDF curves are shown in Figure 2.
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Figure 2. Basic plots of the GL distribution with different parameters settings

Figure 2 is organized around two plots, side by side, illustrating how a statistical distribution behaves under
different values of its shape parameter, with the other parameters being kept constant. For b = 1, distribution
converts to G distribution. The left plot shows how the total probability increases steadily with grow of the variable,
while each of the colored lines corresponds to a different shape setting. The right panel shows the probability for
each possible value of the relative size (for each shape setting different curves corresponding to different shape
settings are plotted) that stresses how the distribution varies. A legend is included in both plots, and it helps to
compare how the distribution behaves in general for different values of shape parameter, because curves in both
legends have a well-defined correspondence via conventional symbols.

Utilizing the inverse cumulative function, random data can be generated from the LG distribution. Howerver there
is no need to derive its mathematical expression as, we have already the function of the R package “new.dist” to
draw random data from the LG distribution. At specific seed equal to 120, first 50 random samples of from the LG
distribution are provided in Table 1.

Table 1: Random data generation using R function

Random samples

2.0874254 0.8451962 1.8273708 7.3472156 1.1375376
2.6923912 43.3547564 0.7102657 9.7567371 14.9261569
3.6104874 25.9710364 1.0815355 1.1321778 24.5033031
1.4994832 3.1301256 3.2782092 7.0828928 1.1450626
4.3062430 22711318 4.7293234 9.6214113 4.9455940
1.7501012 0.6849680 1.7175741 1.5899694 1.8826053
0.9224902 3.0540004 25.7541670 17.3797093 1.8875371
2.1496402 6.8582096 2.3299851 1.1447162 5.0691429
35.3528760 0.8366136 2.0278996 12.3170297 2.7975882
13.5182072 1.9430133 14.0129659 13.8726278 3.3168878
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Table 1 shows a simulated sample from a probability model that is standard for fixed parameters: p = 3,8 = 2
and b = 1. These random values can be repeatedly produced with the same setting. Each of the numbers in the
Table are some possible realizations of the behavior of this model under a particular set of circumstances. These
values are a crude estimation of what the final observed values could be range in practice, from small to much
larger and thus, these values cover a wide range of phenomena. Similar for same parameter setting we can draw
random data of different sample size n = 40,80,120,16,200,240,280 and 300, empirical results of statistical
characteristics are shown in Table 2.

Table 2: Empirical characteristics of GL distribution using simulated data

Sample size | Mean Standard Skewness Kurtosis
deviation

40 1.277369 1.383593 1.868740 5.909295
80 1.367730 1.859008 3.871823 21.125033
120 1.232429 1.645239 2.857834 12.077571
160 1.187859 1.188242 2.358257 10.912656
200 1.318066 1.760076 3.746282 20.342766
240 1.560437 5.668293 14.073583 210.642233
280 1.237330 1.902385 5.022394 34.508004
300 1.363317 1.808898 4.285557 30.918899

Statistical results across sample sizes are summarized in Table 2. So when there are reasonably many observations,
we see fluctuations in the features of the data. Overall, the mean is well composed of the samples with little
variation. But the spreading and the shape of the distribution change more prominently. Some sample sizes clearly
do not follow a particularly balanced or regular pattern while at the other end, there are some sample sizes which
seem to being more extreme and irregular behavior. A single sample size has a very widespread and abnormal
distribution which suggests highly flavorless data. This summary, in total, demonstrates that data exhibits different
properties depending on the size of data.

Since the GL distribution has been significantly used for modeling reliability and survival data, the hazard function
based on its CDF can be established as:

W) = 50° (o + )5 [r(b) = A (b, ~10g ()] [~510g(-2)] )

pty pty

The GL distribution finds practical applications in engineering reliability analysis, where it extends the utility of
the traditional Lomax distribution for modeling survival data and failure times. The hazard rate function can be
written as:

(6+1) 1og(%)—5+1

nG) = (p+y) log({p+y3}p) (8)

The reliability function gives the likelihood that a system or a component work normally without failure at least
up to a time t. It is the measure of how reliable something is over time. In contrast, the hazard rate function
measures the instantaneous risk or probability of failure at a point in time conditioning on still being operational
at that time. These two functions combined give us insight into both how long the system has been reliable and the
short-term risk of failure, both of which are critical for something like engineering, healthcare or risk management.

3. Neutrosophic Gamma-Lomax Distribution

The neutrosophic structure of GL distribution is described in this section. For neutrosophic version, we assume
that parameters are not fixed to crisp values but have imprecise values. The PDF with neutrosophic version is said
to follow neutrosophic Gamma-Lomax distribution (NGL) if it has the following form:

{—Sn log[ bn ]}6n_1 9

pn+Y

_ 5npn6n
fN (/y") - F(b)(pn+y)5n+1
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Note that here shape and scale parameters are imprecise having values &,, = [§;, 8, ] and p,, = [p;, p,] Where b is
a crisp value just like the classical case. The PDF curves of NGL distribution are given in Figure 3.
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Figure 3. PDF curves of the NGL distribution with imprecise shape parameter values

Figure 3 depicts the PDF of the NGL density under vague shape parameter in neutrosophic model. Two boundaries,
one each for the lower and upper edges of the parameter value, are plotted for three separate ranges of the shape
parameter while other parameters are fixed with values b = 1.5 and p,, = [2,2]. In the region between these
curves, we use shading to show the set of possible values that the density can attain when the shape parameter is
not really known but is in each interval. We note that each shaded band is one neutrosophic parallel, a pictorial
representation of the level of indeterminacy of the parameter. Distinct colors are used to represent several intervals
so the comparison of how the distribution shape would be along different ranges of the shape parameter vary. This
graph again emphasizes how the spread and overall behavior of the distributions are altered in view of uncertainty
associated with the shape parameter.

The CDF representation in neutrosophic framework is given by:

A(b,—87,1 +

The graphical structure with neutrosophic shape affects the curve structure as can be seen in Figure 4.
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Figure 4. The CDF curves of NGL distribution with imprecise shape parameter
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The cumulative behavior of Gamma-Lomax uncertainty is elucidated in Figure 4. The horizontal axis is the value
of the random variable, and the vertical axis is the probability of the random variable taking a value no greater
than a specific value. The plot shows the transformation of the distribution in case the shape of the characteristic
is not exactly known but only known within a certain range. For each range of shape characteristic being
considered, two curves are plotted the dash line represents the lowest value at the corresponding range and the
solid line shows the highest value of the characteristic in the same range. The shaded area between these curves
shows the region of uncertainty, indicating how the cumulative probability can vary due to the imprecise nature of
the shape parameter. The different colored shades represent different intervals. As can be seen in the figure when
the assumed structure varies the distribution becomes more peaked and concentrates the probability quicker,
evidencing how uncertainty in model behavior can affect.

Similarly, the neutrosophic hazard function can be expressed as:

Bap, 1 o N>
i) (py#9)™™ T )-Ab, -Bnlogl(p,/(p, +¥))))] { o log [pn *Y]} (13)

In neutrosophic point of view the hazard rate function contains the uncertainty related to the possibility that a
system, a process, or a component fails or occurs an event at the certain time, provided it has not yet occurred up
to this instant. Despite the classical approach, this function provides a unique and concrete estimate. The
neutrosophic hazard rate function expresses these risks as intervals (likely interval). This gap reflects imprecision
and partial ignorance regarding the behavior of the system and permits a more realistic modelling when data are
inaccurate, vague, or obtained from expert knowledge. This method is of special benefit in dealing with decision
making under uncertainty, such as in engineering, medicine, and reliability analysis.

The graphical structure of the hazard rate function is given in Figure 5.
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Figure 5. Hazard rate function of proposed model with neutrosophic shape parameter.

Figure 5 illustrates how the risk of occurrence or failure changes over time for a system modeled using the proposed
model. Two boundary curves represent the lower estimate of the risk, while the red curve shows the upper estimate.
These boundaries are based on different values of an uncertainty-related parameter. These curves are drawn at
fixed values of scale parameters. To establish further statistical characteristics of the proposed model we can utilize
R function of “new.dist” library. The neutrosophic descriptive statistics based on simulated data are given in Table
3.

Table 3: Descriptive statistics of proposed model based on simulated neutrosophic data

Sample Neutrosophic Neutrosophic Neutrosophic Neutrosophic
Size Mean Standard deviation | Skewness Kurtosis

40 [1.200, 2.383] [2.203, 2.859] [1.812,4.277] [5.883, 23.610]
80 [1.340, 9.176] [2.254, 24.049] [3.591, 4.002] [16.861, 19.235]
120 [1.170, 8.927] [2.218, 47.883] [6.713, 10.070] [59.475, 106.924]
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160 [1.525, 4.839] [3.383, 16.750] [5.965, 9.512] [43.028, 105.860]
200 [1.662,9.597] [4.741, 56.598] [8.241, 10.717] [82.463, 130.075]
240 [1.670, 4.864] [10.701, 15.107] | [6.060, 14.966] [45.130, 229.101]
280 [1.291, 6.245] [3.505, 28.329] [10.952, 11.693] [147.745, 158.866]
300 [1.835, 5.855] [5.210, 26.054] [8.534, 11.857] [91.197, 166.714]

Table 3 provides statistical properties such as mean, standard deviation, skewness and kurtosis of data, taken from
NGL distribution for different sample sizes varying from 40 to 300. During each simulation run scale parameters
are fixed to values b = 0.5, p,, = [1,1]and 6, = [2,3.5] . Each statistical quantity is reported as an interval, which
represents the uncertainty of the model parameters. The intervals were systematically generated based on
minimums and maximums of the neutrosophic parameters, to represent all the possible outputs induced by the
parameters non-determination. The effect of parameter uncertainty is less pronounced as the sample size increases,
although it is appreciable in moments along with larger spreads such as skewness and kurtosis. These results
illustrate that the neutrosophic model provides a more precise, interval-based interpretation of statistical indices,
and emphasize the role of uncertainty in the behavior of the data.

4. Neutrosophic Estimation

In this section, we utilize maximum likelihood estimation (MLE) approach for finding the unknown parameter
values. The MLE is one of the most popular and powerful statistical procedures for estimating the model unknown
parameters. Its significance is that it is good at harnessing data that we do have to identify the parameter estimates
which most probably explain the observed data. The MLE is very versatile and has a wide range of applicability
to models and distributions and, therefore, can be considered a general-purpose method in many scientific and
applied areas as diverse as economics, engineering, medicine and social sciences. The defining feature of MLE is
that it is theoretical, making it tend to be consistent, efficient and reliable when more data comes in. At a practical
level, this means that MLE helps researchers and analysts to make some meaningful conclusions from the data and
informs decision-making based on the evidence.

The log likelihood function of the proposed model can be expressed as:
logL =nlogé, + né,logp, —nlogl(b) — (6, + 1) X, log(p, + y;) + (8, —
1) XL, log| -6, log (2] (12)

pntyi

The function is maximized under the conditions that all unknown parameters are positive.

Taking partial derivation with respect to unknow parameters and equating to zero yielded:

dloglL (8p-1)
Tot = &4 nlog p, — SiLy log(oy + ) + Xy log 6, log (S22 )| - P2y log () = 0
(13)
dlogh _ ndn _ n 1 s _1yem S VI O
an  pn (8 + 1) iy Pntyi + G~ D X —6n 103(%) (Pr)(pn+¥1) 0 (14)
nt+yi
ot = mn(b) =0 (15)

These are nonlinear equations, and no closed form solution exists so we can use some numerical method to find
the MLE estimates.

5. Real data application

The proposed NGL distribution holds strong potential for modeling healthcare indicators particularly where
uncertainty, imprecision, or incomplete information is inherent in the data. We apply the proposed method on child
mortality rate reported for Saudi Arabia available at opened source data portal [26]. The under-five mortality rate
(IMR) is a critical health indicator, which represents the probability of a child dying before the age of five, per
1,000 live births. It mirrors the health and wellness status of a population, especially for young children and infants,
and is considered to be central for the evaluation of the health care system and socio-economic status. Within
Saudi Arabia, an analysis of IMR offers valuable information for maternal health, medical care, nutrition, as well
as the health care structure. As the government committed to enhancing healthcare under Vision 2030, properly
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modelling and quantifying uncertainties of IMR data could aid in better policy planning and intervention. Utilizing
the NGL distribution, we can model the variability and vagueness in the reported health data to bring about better
decisions in healthcare and to decrease infant mortality even more for the world’s most innocent and fragile
members of our society. Available data are in crisp (precise) values; however, these do not necessarily reflect the
true underlying values due to uncertainties arising from various sources such as measurement errors, reporting
delays, or incomplete information. To account for this uncertainty intentionally, we introduce randomness by
generating values from a uniform distribution. These random values are then added to and subtracted from the
original data points to simulate uncertainty. The induced interval-valued data more realistically represents the
possible range of true values. These modeled uncertain neutrosophic values are shown in Table 4.

Table 4: Infant mortality rate per 1000 births over the period 2001-2023

Year Crisp value Imprecise data
2001 20.7 [20.32, 21.08]
2002 19.5 [19.29,.19.71]
2003 18.4 [18.21, 18.59]
2004 17.3 [16.98, 17.62]
2005 16.2 [15.81, 16.59]
2006 15.2 [14.93, 15.47]
2007 14.2 [13.71, 14.69]
2008 13.3 [12.93,13.67]
2009 12.4 [12.11, 12.69]
2010 11.6 [11.34,11.86]
2011 10.8 [10.56, 11.04]
2012 10.1 [9.71, 10.49]
2013 9.4 [9.12, 9.68]
2014 8.8 [8.68, 8.92]
2015 8.2 [7.94, 8.46]
2016 7.7 [7.3,8.1]
2017 7.4 [7.23, 7.57]
2018 7.2 [7.03, 7.37]
2019 7.1 [6.79, 7.33]
2020 7.0 [6.69, 7.48]
2021 6.8 [6.45, 7.25]
2022 6.4 [5.96, 6.77]
2023 6.2 [5.81,6.55]
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If the data exist in this neutrosophic samples, classical model is unable to analyze such data. Now utilizing the
proposed model, the estimated parameters of the model are given by:

pn = [6.106,6.508]
8, = [16.047,18.119]

The estimates provided as intervals express the range within which the true parameter values are likely to lie. This
gives a more realistic and cautious interpretation of the underlying behavior of infant mortality trends in the
presence of uncertainty. The model accounts for potential fluctuations or unknown factors in the data, reflecting a
more flexible and robust description into the trend of infant mortality. This approach enhances decision-making
by considering imprecise information, rather than ignoring it.

6. Conclusion

In this paper, a new extension of GL distribution namely the NGL distribution has been proposed for the adequate
representation of the uncertainty, imprecision or vagueness, which are generally available among healthcare data.
By introducing neutrosophic logic, the given model can be proved to be more general than the classical probability
model because it is able to capture the parametric estimation indeterminacy and the model indeterminacy.
Theoretical results for PDF, CDF and reliability functions have been discussed. Graphical analysis and simulation
studies are used to demonstrate how the NGL distribution possesses the good properties of the classical GL model
but was more versatile for the analysis of observed data in the presence of a degree of ambiguity. Moreover, the
MLE approach enabled a computationally efficient parameter estimation for crisp as well as for imprecise data
conditions. The application to infant mortality data demonstrated the usefulness of the model, showing how it can
provide a more plausible interpretation of health measures when there is measurement uncertainty. The proposed
NGL distribution offers useful decision-making support in healthcare management, in particular under
circumstances of data of varying nature or limited quality. Further research may be considered its extensions to
the multivariate situation or its incorporation into extensive predictive analytics systems in medical and public
health domains.
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