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Abstract

The primary aim of this study is to explore the integration of symbolic 2-plithogenic and 3-plithogenic rational
functions by formulating explicit and simplified rules to facilitate their evaluation, by using the division sym-
bolic 2-plithogenic and symbolic 3-plithogenic rational numbers respectively. In addition to the theoretical
proof of these rules, relevant examples are provided to illustrate these ideas.
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1 introduction

Several researchers have explored the idea of refined neutrosophic structures™? Smarandache introduced
symbolic plithogenic algebraic structures, which closely resemble refined neutrosophic structures, though they
differ somewhat in the way the multiplication operation is defined >

In'? the algebraic characteristics of symbolic 2-plithogenic rings formed by combining symbolic plithogenic
sets with algebraic rings are examined, including foundational properties and substructures such as AH-ideals,
AH-homomorphisms, and AHS-isomorphisms. Additional algebraic aspects of symbolic 2-plithogenic rings
are explored in® Subsequently, various researchers have introduced and investigated symbolic 3-plithogenic
algebraic structures, including symbolic 3-plithogenic rings, vector spaces, and modules.®®

Recently, Musa and Alhasan!® studied the integral of 2-refined rational neutrosophic functions, by provid-
ing direct rules for finding the integral of 2-refined rational neutrosophic functions, using the division of
refined neutrosophic numbers. Motivated by this work, in this article we studied the integration of symbolic
2-plithogenic and 3-plithogenic rational functions, by using the division symbolic 2-plithogenic and symbolic
3-plithogenic rational numbers respectively.
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2 Preliminaries

Definition 2.1. "'? Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:
2—SPip = {lo + 1P+ 1Pl € ]%,Pj2 = Pj,Pl X Py = Pmax(LQ) = PQ}

Addition on 2 — S Py is defined as follows:

[lo + llpl + lQPQ] + [mo + ’ITL1P1 + ’ITLQPQ] = (ZO + mo) + (ll + ’ITL1)P1 + (l2 + mg)PQ

Multiplication on 2 — S Pp, is defined as follows:

[lo + 11 Py + 12 Ps].[mo + my Py + maPo] = lgmg + lomi Py + loma Pa 4+ lymo PR + lyma Py Py + lamo Py +
lom1 Py Py + loma Pd + lymi PL Py = (lomo) + (lob1 + limo + lima) Py + (loma + lyma + lamg + lamg +
lgmg)PQ.

Theorem 2.2. 2/ Let 2 — S Pr, be a 2-plithogenic symbolic ring, with unity 1 and P = lg + 1, P, + [P, be an
arbitrary element, then:

1. P isinvertible if and only if ly,lo + l1,1lo + l1 + l2 are invertible.
2. Pl = lo_l =+ [(lo + ll)il — lo_l]Pl + [(lo + ll + 12)71 — (lo =+ ll)il]PQ

Definition 2.3. "' The ring of symbolic 3-plithogenic real numbers is defined as follows:
3—SPr = {lo 4+ 11P + 5Py + 13Ps; Piz =P, P, x Pj = Pmax(i,j)}

Addition on 3 — S P is defined as follows:

[lo+11 P +1o Po+13 P34+ [mo+mi Py +mo Py+mg3 Ps) = (lo+mo)+(l1+mq) P+ (la+ma) Pa+(I3+m3) Ps.
Multiplication on 3 — S Py, is defined as follows:

[lo+ 11 Py + 2Py + 13P3) - [mo + my Py + ma Py +msPs) = (lomo) + (lom1 + lymo + lyma) Py + (loma +
lomy + lomsg + lomg + llmg)Pg + (lomg + lyms3 + lomg + lgmg + l3mg + l3mq + lgmg)P3.

Theorem 2.4. L' Let P = lo+11P,+1oP, +13P3 € 3— SPg, then:
P is invertible if and only if lo # 0,lg+ 11 # 0,lg+ 11 + 12 #0,lg + 11 + 1o+ I3 # 0, and

“1_ 1 11 1 1 1 !
P o + |:lo+11 lo} P+ |:l0+l1+l2 lo+l1:| P+ |:lo+l1+l2+ls lo+l1+l12 Ps.

Definition 2.5. Let !y +m1 P, + n1 P> and [ + moP) + no Ps be any two symbolic 2-plithogenic numbers,
then

ll +m1P1 +’I’L1P2 o 171 l2m1 7llm2 n1(12+m2) 7ﬂ2(l1+m1)
lo + Mo P +noPs lo 12(12 + mz) ! (lg + mg)(lz + mo + n2)

exists only if I3 # 0,1ls + mg # 0,1y + may + ny # 0.

Definition 2.6. Let [y +m1 Py +n1 Po+1r1 Ps and ls +mo P) +no P> +75 P3 be any two symbolic 3-plithogenic
numbers, then

htmiPr+mP+riPs L ey — llmgp n1(la +ma) — na(ly + mq)
lo+ moPy +noPy+12Ps o lo(l2 4+ ma2) ! (Iz +ma2)(l2 +ma + n2)
r1(la + mg +ng) — ro(ly + my +nq)
(I2 +ma 4 n2)(l2 +ma + nz + 12)

2

existsonlyif12 #O,lg—i-mg 7£ O,lg + mo + N2 #O,l2+m2—|—n2+r2 }é 0.
Definition 2.7. "Wlet iy + 1, P, + ;P bea symbolic 2-plithogenic number, then

lo+ 0L P+ 1P =/lp+ (—\ﬁw Vi +ll) P+ (*\/Zo +h+Vi+1h +12)

where, —v/Iop > 0, —vIo +VIo + 11 > 0, —lo + 1 + VIg + 11 + I3 > 0.
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3 The integral of standard symbolic 2-plithogenic rational functions

¢ Standard symbolic 2-plithogenic rational integral-Case 1
/ Lh+miPr+mbP
I2 — (12 + m2P1 + n2P2)2

_ 1 (ll l:lgml — llm2:| P+ |:n1(l2 —|—’/TL2) - n2(l1 + ml):l P2) 1

X

Tr — lg — m2P1 — ngpg

n +C
1’+12+Tn2P1 +TL2P2

o 5 E ZQ(ZQ + mz) (ZQ + mz)(ZQ + mo + 77,2)
where C'=co + c1 Py + coPs,ly # 0,15 +mo # 0,15 + ms + no # 0 and ¢, ¢1, co are real numbers.

Proof.
Lh+miPr+n P . li +miP+n1Ps
$2 — (12 + m2P1 + ’I’LQPQ)Q (I + (lg + m2P1 + TL2P2))(1‘ — (l2 + m2P1 + ?’LQPQ))
L +miPr+m P 2(l1 + m1 Py +n1 Py)

© 2(lg +ma Py +naPy) (z+ (I + ma Py +naPo))(x — (I + maPy + noPy))
bt miPr AP (o (I mi P4 P)) — (2 — (I +my P+ 1y Py))
© 2(le +maPr +noP2) (x4 (la +moPy +n2Ps)) (@ — (I + ma Py + naPy))
b maPr P 1 1
~ 2(ly + ma Py + nyPy) L: —ly —maP, — noPy T+ 1y +moPy + ngpg]
iy +mi Py +n1 P
/ 22 — (la + ma Py + noPs)?

_/ lLi+miPL+n1Ps |: 1 B 1 :|d$
o 2([2+M2P1+TL2P2) {E—lg—WLQpl—TLQPQ x+l2+m2P1+n2P2

. l1+miPr+n1Ps (/ 1 d _/ 1 dm)
o 2(lg+m2P1+n2P2) xflgfmgPlfnng $+lg+m2P1 +77,2P2
L +miPr+n P

= Inlx —lo —mo Py — noPo| — In|x + ls + mo Py +noPs|) + C
2(l2+m2P1+n2P2)( | 2 201 2 2| | 2 241 2 2|)

o 1 ll 12m1 — llmg nl(lg —+ mg) — ng(h + ml)
= (L4 |22 p Py )1
2 \ sy la(lo + mg) (Ila + mg)(lg + mg + n2)

I’*lgfmgplf’ﬂgpg
n
x4+ lo +moPy +no Py

+C.

O

Example 3.1. Evaluate:

/ 4 —2P + Py i
xz—(9+7P1—12P2)
Solution:
4 —-2P, + P, 4 —-2P, + P,
5 dr = 5 dx
22 — (9+ 7P — 12P,) 22 — (VI 7P — 12P,)
Here,
VI TP —12P, = \/§+(\/1 —\/§)P1+(\/41—\/16)P2
= 3+ P 2P
So, we have
4—92P + P, 4—2P, + P,
2 dr = 2
22— (947P — 12P) 22 — (34 P, —2P,)
1/2-3P+ P, r—3— P +2P
= = n +C
2 3+P1—2P2 J)+3+P1—2P2
1 11 1 r—3— P +2P,
= (=P +-P)1 c
(3 YR 2) M rr31 P —2p|

Where, C' = cg + ¢1 Py + c2 P> and ¢, ¢1, co are real numbers.
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Verification :
d /1 11 1 r—3— P, +2P,
—|(z-=P +=P.
dx [(3 21173 Q)Z” 13+ P — 2P, +C]
_d ! 11P+ Py)(Injt —3— P+ 2P| —In|lz+3+ P, —2P|) + C
dz [\3 24" 1T g7V L e LT an
1 11 1 1 1
(3 YR 2) (a:—3—P1+2P2 J;+3+P1—2P2>
1 11 1 $+3+P172P27(.’£737P1+2P2)
=\ls 5Pt
3 24 8 (x—3—P1+2P2)(x+3+P1—2P2)
(1 1 +1P 2(3+ P — 2P,)
T3 2 TR )23+ P —2R)?
111 1 6+ 2P —4P,)
= Py + =P
(3 241§ 2) (x2(9+7P112P2)
4—2P + P,

.%‘2 — (9+7P1 - 12P2)

¢ Standard symbolic 2-plithogenic rational integral-Case II

dz

/ ll +m1P1 +n1P2
(lg + mo P + TLQPQ)Q —z2
_1 (11 [127711 - 11m2] P, [nl(b +mg) —na(ly + ml):| P2> n
2 lg ZQ(ZQ + mg) (ZQ + mg)(lg —+ mo + TLQ)

lo+moPy +noPo+x

+C
ZQ +m2P1 +n2P2 — X

where C'=cg + c1 Py + coPa,lo # 0,15 + mo # 0,1 + ms + no # 0 and ¢g, ¢1, co are real numbers.

Proof.
L+miP+nPs _ L+miPr+n1 P
(12 —+ m2P1 —+ 712P2)2 — f£2 ((12 —+ m2P1 —+ 712P2) —+ ZL’)((ZQ + m2P1 + TLQPQ) — CE)
ll + m1P1 + 77,1P2 2(l1 + m1P1 + nlpg)

© 2(la + ma P+ naPy) (I + maPr + naPy) + x)((la + maPy 4+ naP) — x)
Lh+mPr+mPy (L+miPr+mPo)+z)— (1 +miP+n1Ps) —x)
2(la + ma Py +naPs) ((Io + moPy +noPs) +2)((la + mo Py + noPs) — )
B li+miPr+n1Ps 1 1
o 2(la + ma Py + noPs) |:12 +moP) + 1Py + + lo +moPy +noPy — x]
Li+miPr+ni P
/ (I + mo Py + nyPa)? — 22

/ ll +m1P1 +TL1P2 |: 1 + 1 :| d
= T
2(l2+m2P1 +n2P2) l2+m2P1+n2P2+l' l2+m2P1+n2P2—.’17

dx

. i +m P+ Ps </ 1 dl‘—|—/ 1 daj)
o 2(l2+m2P1 +TL2P2) l2 +m2P1 —|—n2P2 +x l2—|—m2P1 +’I’L2P2 — X
ll + m1P1 + TL1P2
= In|la +ma Py +no P + x| — In|la + mo Py +no Py — z|) + C
2(12+m2P1—|—n2P2)( |2 21471 2472 | |2 2471 2472 |)

:1 <ll |:l2m1—llm2:| |:n1(l2+m2)—n2(ll +m1):| P>111
2 la(l2 + m2) ! (I3 + m2)(l2 + ma + n2) ?

lg +m2P1 +TL2P2 —+x

+C
lo+maP) +noPs — 2

la

O

Example 3.2. Evaluate:
dx

/ —-5—TP+11P,
(4 + 5P + 7P2) —z2
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Solution:
/ —5— TP, +11P, _/ ~5—TP, +11P, "
(A4+5P+TP) —a2 " | (VA+5P + 7P)% — a2
Here,
VA+5P +7P, = \/Z+(f—\/Z)P1+<\/1 —\/§)P2
= 24P +P
So, we have
/ —5— TP, +11P, dr - / —5 TP, +11P, "
(4+5P, +7TP,) — 22 N (24 P, + Py)2 — 22
1 5—7P1—|—11P2 2+P1+P2+x
= = Injl=———=""|+C
2 2+P1+P2 2+P1+P2*£L’
1 /-5 19 35 24P +P+z
= - ([—+=P —-=P)ln|——"-—=""|4+C
2(2 6 ' 12 2) n‘2+P1+P2—a: *

Where, C' = ¢g + ¢1 Py + co Py and ¢g, c1, ¢o

Verification :

are real numbers.

d 1 - 19 35 2+P1+P2+1’
dm[Q <2+6P112P2>ln‘2+P1+P2—.’L‘ +C:|
:(Zr[(; P1—|—;P2> ln|2+P1+P2+x—ln|2—|—P1—|—P2—x)—|—C}
1 /-5 1
:2<2+1_ P2><2+P1+P2+x+2+P1+P2—x>
_1(—5+ P><2+P1+P2—$+2+P1+P2+x>
T2\ 2 J\C+P +P+2)2+ P+ P —a)
_1<—5 19 )( 2+P1+P2))
— - (= —Pg
2 2 2—|—P1—|—P2) —.’L‘2
<5+19 >( 2+ P+ P) )
2 6 4+5P1+7P2)—$2
—5—7P1+11P2

T (4 +5P 1 7P — 22

¢ Standard symbolic 2-plithogenic rational integral-Case I11

ll + m1P1 + nl.PQ

d
/x2+(l2+m2P1 + naPy)? v
l1 lomy — limo 711(12 +m2) —ng(ll +mﬂ:| )
= (L4 |2 p g P
(12 [12(l2+m2)} ! { (2 +ma)(la +ma+n2) | °
tan™! <(1+[1—1} Pl—i-{ ! S
la lo+mo o lo+mo+mny la+mo

where C = co + 01P1 + CQPQ,ZQ 75 0,
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Proof. Take

* =0 =tan"! *
lQ +m2P1 +n2P2 lQ +m2P1 +TL2P2

x = (la + ma Py + noPo)tanf = tanf =
dx = (Iy + maP; + noPy)sec’0do
Then:

.132 =+ (ZQ +moP + n2P2)2 = (ZQ +moP + TZQPQ)QtCLTLQQ =+ (lg +moP + n2P2)2
(g + ma Py + ngPy)?(tan?0 + 1)
= (lg + m2P1 + n2P2)286029

dx

/ i +miPr+n1 P
z2 4 (lg + mo Py + n2P2)2
7/ l1+m1P1+n1P2
) (la + ma Py + nyPy)%sec?
hAmaPr+m P /d@
la +maPy +na Py
L +miPr+n P
= 0+ C
lo +moPy +no P
li+m P+ Py 1 ( x >
= t +C
lo + Mo Py +no Py an lo + Mo P + 1o Ps
_ (ll n |:l2m1 — llm2:| P+ |:’I’Ll(lg +m2) — ng(ll —|—m1):| P2)

h lg lg(lz +m2) (12 +m2)(l2 —+ mo +TLQ)

tan~! ((1 + [1 — 1} P+ { ! — 1 } Pg) ;v) +C
ly lo + mo lo lo +ma + no lo +mo

Example 3.3. Evaluate:

(lg + m2P1 + 7’L2P2)256620 df

dz

/ —3+4P, - 9P,

Solution:
/ —3+4P — 9P, B / —34P — 95, dx

Here,
V16 + 9P, + 24P, = 16+ (\/2 f \/16) P+ (\/4 — \/25) P,

= 4 + Pl + 2P2
So, we have
/ —3+4P — 9P, de — / —3+4P — 9P,
22 4 (16 + 9P, + 24P,) 22 4 (4 + Py + 2Py)?

—3+4P1—9P2 -1 X
= =t _—
1 pha2p v \ivpaom) ¢

~3 19 47 11 2
= (24 2p - p ) tan (- =P~ 2P
(4 BT RET 2) an <<4 20" 17 35 2>$>+C

Where, C' = cg + ¢1 Py + c2 P> and ¢g, c1, co are real numbers.
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Verification :

20 35

__Tng%Pl*%Pz 1
-1 1 2

1_1p _2p 1

1wl (o )
:77‘3—1—%131—%1:’2 1

1 LP — 2P (22 +16+ 9P, +24P,)

1

= (—3+44P, — 9P,

(=3 +4P —9F) (z2 + 16 + 9P, + 24P,)

—3+4P; — 9P,

4 The integral of standard symbolic 3-plithogenic rational functions

» Standard symbolic 3-plithogenic rational integral-Case I
/ i +miPr+n1Py+1r1Ps
SC2 — (12 —+ mgPl —+ ’ILQPQ + T2P3)2
_ 1 (ll |:12m1 l1m2] p [n1(12+m2)n2(ll+m1)} P,
2 \ s lg(lg + mz) (lg + mg)(lz + mo + 712)
{7”1(52 +mao +ng) —ro(ly +mq + m)] )
+ Py
(lo + ma +n2)(la + ma +ng +12)

where C' = cg + c1 Py + o Py + c3Ps, 1o #O,ZQ—FmQ 750,l2+m2—|—n2 #O,l1+m1 +n1+r 7é0
and ¢y, c1, c2, c3 are real numbers.

dxr

T —ly—moP —noPy — 9P
n
x+l2—|—m2P1 +TL2P2 +7"2P3

¢ Standard symbolic 3-plithogenic rational integral-Case II

/ L +miPr+n1 P+ 11 P3
(o + moPy + no Py + 19 P3)? — 22
_ 1 (11 l:lgml —l1m2:| P |:n1(12+m2)—n2(11 +m1):| Py

2 ZQ ZQ(ZQ + mg) (ZQ + mg)(lg —+ mo + TLQ)
Tl(lg —+ mo + 712) — 7“2(11 +mq + nl) lo + Mo Py +noPs +13P35+x
+ P3 In

(l2+m2—|—n2)(l2—|—m2+n2—|—7‘2) lo + moPy +noPo+19P; —

where C' =cog+c1 Py + coPs +c3P3,lo # 0,10 +mo #0,lo+mo+no #0,l1 +my+n1+71 #0
and ¢y, ¢1, co, cg are real numbers.

dx

+C

¢ Standard symbolic 3-plithogenic rational integral-Case 111

/ ll +m1P1 —|—TL1P2+’I”1P3
2 4 (12 + moP; +noPsy + T2P3)2

[k lamy — l1ma n1(la +ma) —na(ly +my) r1(ly +may +nz) —ra(ly +my +ny)
=\ | Pi + Py
l2 la(l2 4+ ma) (Iz +ma)(l2 + ma + n2) (lIz +mg + n2)(l2 + ma + ng + 12)

1 1 1 1 1
tan™! — 4 | —| P+ — P
(<12 Lz-l-mz lg] ! [l2+m2+n2 l2+m2} 2

1 1
+ — Pylz)|+C
|:l2+m2+712+7"2 lg+m2+n2:| 3) )

where C' = cg + c1 Py + co Py + c3Ps, 1o 75 0,13 +mg #O,lg+m2+n2 75 0,11 +my +nq+1r; 3&0
and ¢y, c1, c2, cg are real numbers.
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Since the derivations for the above cases are closely follow the methodology used for 2-plithogenic rational
functions, the corresponding proofs are omitted

Example 4.1. Evaluate:

/ —2+4+3P — P, + P3
dx
$2—(1+P1—|—5P2—8P3)
Solution:
/ —243P —P,+ P3 7/ —243P —P,+ P3 d
1‘2_(1+P1+5P2—8P3) $2_(\/1+P1+5P2—8P3)2
Here,

VITP 5P -8P = Vi+(VA-VI) P+ (VO-VA) P+ (VI-VO) Py

= 1+P +PFP—-2P

So, we have
/ “243P -P+ Py 7/ “243P - P+ Py
22— (1+ P+ 5P, — 8P3) 22 — (14 P, + P, — 2P5)?
B 1(2+3P1P2+P3> n:z:f(1+P1+P2*2P3) Lo
2\ 1+ P+ P -2P z+ (1+ P+ P, —2P)
5 1 1 a:—l—Pl—P2+2P3)
= (-14+=P —-P,+-P3)I c
( i 42+23>nx+1+P1+P2—2P3 i

Where, C' = ¢g 4+ ¢1 Py + co P> + ¢3P3 and ¢g, c1, ¢o, c3 are real numbers.

Example 4.2. Evaluate:

/ —1-2P,+11P;
dx
(1 + 3P1 + 5P2 - 8P3) - I2
Solution:
/ —1-2P+ 115 dx_/ —1—2P, + 1153 )
(1+3P,+5P, —8P;) —a2 = | (\/1+3P, +5P, — 8P5)%2 — a2
Here,

VIR +5P — 8P = Vi+(VI-VI) P+ (VO VA) B+ (VI-VO) Py
= 1+P +P—2F
So, we have

/ —1-2P,+11Ps
(1 + 3P, +5P;, — 8P3) —z2

dzx

/ “1-2P + 1Py
XL

(1+P1+P2—2P3)2—1‘2
1(—1—2P2—|—11P3> 1+Pi+P,—2P3+x

2 1+P1+P2—2P3 1+P1+P2—2P3—l‘
-1 1 15 35 1+P+ P, —2P3+«x
- (P2 2R )1
<2 ittty 3) n‘1+P1+P2—2P3—1: e

Where, C' = cg + ¢1 Py + co P> + ¢3P5 and ¢g, ¢, ¢o, c3 are real numbers.

Example 4.3. Evaluate:

/ 1+ P 5P TP
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Solution:

dx

/ —1+11P, +5P, — 7P; _/ —1+11P, + 5P, —7P;
x2 + (4 +32P, +45P> 4+ 19P3) 22 + (VI 32P, + 45D, ¥ 19P3)2

Here,

4+ 32P; +45P; + 19P;

\/1+(J%—\/i)PlJr(\/?—x/%)Pﬁ(\/ﬁ—\/ﬁ)Pg
24 4P, + 3P, + P;

So, we have
/ —1+4+11P; + 5P, —TP3 A / —1+11P, +5P, —7P; dx
22 4+ (44 32P; + 45P; + 19P3) 22+ (2+4P, + 3P + P3)2

—1+11P1+5P2—7P3 an_l xT —|—C
4+ 32P +45P, + 19P3 4+ 32P +45P, + 19P3

-1 13 13 11 1 1
= (—+ =P ——=P|tan ' |z —sP — =P, +——P
<2+6 T 3) an ((2 371718 2T Tgp 3>x>+C

Where, C' = cg + ¢1 Py + co P> + ¢3P3 and ¢q, ¢1, o, c3 are real numbers.

5 Conclusion

This article presents a comprehensive study on the integration of symbolic 2-plithogenic and 3-plithogenic
rational functions through the division symbolic 2-plithogenic and symbolic 3-plithogenic rational numbers.
The theoretical proofs, supported by illustrative examples, enhance the clarity and applicability of the proposed
approach. As a future research, this work can be extended for the case of symbolic 2-plithogenic and 3-
plithogenic irrational functions.
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