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Abstract 
 

The fuzzy reliability estimate for the Benktander distribution, a model appropriate for heavy-tailed data, is 

investigated in this work. By adding membership functions and α-cuts, we extend the Benktander distribution to a 

fuzzy framework and compute its probability density function and reliability function. The fuzzy reliability is 

estimated using two methods: maximum likelihood and Bayesian approaches. The Bayesian method uses special 

loss functions, gamma priors, and squared error. The effectiveness of these estimators is examined in a simulated 

study using varying sample sizes and parameter values. The findings show that, especially for smaller samples, 

Bayesian techniques—in particular, the cautious Bayes estimator—perform better in terms of accuracy and 

stability than maximum likelihood estimation. The results emphasize how crucial it is to choose suitable prior 

distributions and loss functions while doing reliability analysis. 
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1. Introduction 
 

In disciplines like engineering, finance, and environmental research, where knowing when systems or components 

fail is crucial, reliability analysis is crucial. While real-world situations always contain uncertainty and 

imprecision, traditional dependability, models generally presume accurate data. This is addressed by fuzzy 

dependability theory, which uses membership functions to symbolize uncertainty levels. This study is based on 

the Benktander distribution, which is well known for its adaptability in simulating heavy-tailed occurrences 

A fuzzy measure has been used to introduce and formulate the fuzzy reliability notion. [1] introduced fuzzy sets 

and fuzzy logic, which helped to establish the theory of fuzzy sets. Fuzzy set theory and mathematics were later 

used in a wide range of study domains [2]. 

The efficacy of fuzzy reliability estimation for heavy-tailed distributions has been shown by recent developments. 

For example, [3] used ranked set sampling to study fuzzy exponential reliability, while [4] created a fuzzy 

framework for the Lomax distribution. [5] expanded on this study by confirming that fuzzy approaches are robust 

for Lomax distribution reliability in the presence of imprecise data. The Benktander distribution, a versatile model 

for extreme occurrences in actuarial science and risk analysis [6], is still not well understood in the context of 

fuzzy dependability, although these contributions. 

This study examines both Bayesian and conventional (maximum likelihood) methods for estimating fuzzy 

reliability for the Benktander distribution. Gamma priors and asymmetric loss functions are added to the Bayesian 

framework to accommodate different levels of uncertainty. The performance of the estimators is assessed by a 

simulation exercise, and useful suggestions are offered for their use. By shedding light on the trade-offs between 

various estimating techniques, the findings add to the expanding corpus of research on fuzzy reliability. 

In engineering, finance, and environmental research, reliability analysis is essential, yet conventional approaches 

frequently fall short in capturing uncertainty in the real world. By putting forth a fuzzy reliability framework for 

the Benktander distribution—a heavy-tailed model appropriate for severe events—this paper fills the gap. By 

combining Bayesian estimation and fuzzy set theory, our work expands on traditional methods and provides 

reliable tools for imprecise data. 
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This paper makes three major contributions: 

1. A new fuzzy reliability framework that incorporates α-cut-based membership functions for the Benktander 

distribution. 

2. A comparison of Bayesian and MLE estimators under asymmetric (precautionary) and symmetric (squared 

error) loss functions.  

3. Useful recommendations for choosing estimators that are backed by simulations and based on sample size and 

uncertainty levels. 

2. Benktander Distribution 

[6] initially presented the Benktander distribution, a specific probability model intended for heavy-tailed data, in 

the context of actuarial risk analysis. It offers greater flexibility for applications in environmental science, 

economics, and reliability engineering by addressing the drawbacks of classical distributions (such as Weibull and 

exponential) in simulating extreme occurrences [7].  

The random variable 𝑋 is assumed to have a Benktander distribution with a shape parameter 𝛽, where 𝛽 > 0. We 

use 𝑋~𝐵𝑒𝑛𝑘 (𝛽) to denote it. Its probability density function is as follows: 

𝑓(𝑥|𝛽) = 𝛽𝑒𝛽(1−𝑥),    𝑥 > 1                     (2.1) 

 

𝑅(𝑡) = 𝑝(𝑥 ≥ 𝑡) = ∫ 𝛽𝑒𝛽(1−𝑥)𝑑𝑥 =

∞

𝑡

𝑒𝛽(1−𝑡) 

3. Fuzzy Reliability 

The idea of fuzzy reliability, which expands on conventional reliability theory to consider uncertainty, is 

introduced in this section. Using membership functions and 𝛼 − 𝑐𝑢𝑡𝑠, which measure the level of conviction in 

system survival, we create the fuzzy reliability function. Important derivations include the piecewise membership 

function (3.2) and fuzzy probability formula (3.1), which are followed by reliability expressions based on the 𝛼 −
𝑐𝑢𝑡 (3.4),(3.6). Reliability analysis with inaccurate or insufficient data is made possible by these tools. 

Several researchers have introduced and expanded the theory of fuzzy reliability [8] and [9]. Time fuzzy sets have 

been the subject of investigation by several researchers, including the works cited in [10] and [11]. [12] studded 

the reliability for standard Kumaraswamy distribution. Let T be the continuous random variable that represents a 

system's "or unit or component's" failure time. The fuzzy reliability can then be derived using the fuzzy probability 

formula [13] by, 

𝑅̃(𝑡) = 𝑝(𝑇 ≥ 𝑡) = ∫ 𝜇(𝑥)
∞

𝑡
𝑓(𝑥)𝑑𝑥, 1 < 𝑡 ≤ 𝑥 < ∞                         (3.1) 

where the degree to which each element of a given universe belongs to the fuzzy set is represented by the 

membership function µ(𝑥). 

 Now, assume that µ(𝑥) is, 

µ(𝑥) = {

0,                                      𝑥 < 𝑡1
𝑥−𝑡1

𝑡2−𝑡1
,    𝑡1 < 𝑥 < 𝑡2, 𝑡1 > 0

1,                                 𝑥 > 𝑡2

                           (3.2)                                     According to [10], the lifetime 

x(α) for µ(x) can be found using the function of fuzzy numbers computational approach. This corresponds to a 

certain value of α − cut, 𝛼 ∈  [0,1] as follows: 

{

x(α) ≤ 𝑡1,      α = 0 

𝑡1 + 𝛼(𝑡2 − 𝑡1),        0 < 𝛼 < 1     

x(α) ≥ 𝑡2,       α = 1  

                                               (3.3)          

𝑅̃(𝑡)𝛼=0 = ∫ 𝑓(𝑥)𝑑𝑥 = 0
𝑡1

𝑡1
                                                                (3.4)                            

𝑅̃(𝑡)0<𝛼<1 = ∫ µ(𝑥)𝑓(𝑥)𝑑𝑥
𝑥(𝛼)=𝑡1+𝛼(𝑡2−𝑡1)

𝑡1
                               (3.5)                         

𝑅̃(𝑡)𝛼=1 = ∫ 𝑓(𝑥)𝑑𝑥
𝑡2

𝑡1
                                                             (3.6)   
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4. Benktander Fuzzy Reliability  

The notion of fuzzy reliability and the Bayesian method for estimating the fuzzy reliability of the Benktander 

distribution are examined here. Assuming that, like in (2.1), 𝑓 (𝑥) is the Benktander distribution's pdf, the First 

Procedure is as follows: As stated in (3.1),  the fuzzy reliability definition  𝑅̃(𝑡) = ∫ 𝜇(𝑥)
∞

𝑡
𝑓(𝑥)𝑑𝑥 

Where  µ(𝑥)  as in (3.2) and 𝑥(𝛼) as (3.3), then, 

 

𝑅̃(𝑡)𝛼=0 = 𝛼 ∫ 0𝑒𝛽(1−𝑥)𝑑𝑥 = 0
𝑡1

𝑡1
                                    (4.1) 

𝑅̃(𝑡)0<𝛼<1 = ∫
𝑥−𝑡1

𝑡2−𝑡1
𝛽𝑒𝛽(1−𝑥)𝑑𝑥

𝑥(𝛼)=𝑡1+𝛼(𝑡2−𝑡1)

𝑡1
              (4.2)   

 

=
𝑒𝛽(1−𝑡1)

𝛽(𝑡2 − 𝑡1)
− 𝑒𝛽(1−𝑥) (𝛼 +

1

𝛽(𝑡2 − 𝑡1)
) 

𝑅̃(𝑡)𝛼=1 = ∫ 𝛽𝑒𝛽(1−𝑥)𝑑𝑥
𝑡2

𝑡1
=𝑒𝛽(1−𝑡1) − 𝑒𝛽(1−𝑡2)                                (4.3)              

4.1. Benktander maximum likelihood: 

 Let 𝛽 be the maximum likelihood estimator that can be derived from the likelihood function 𝐿(𝛽|𝑥). 

𝐿(𝛽|𝑥) = 𝛽𝑛𝑒∑ 𝛽(1−𝑥)𝑛
𝑖=1  

Taking the natural logarithm, 𝐿(𝛽|𝑥) will be, 

𝐿𝑛(𝐿) = 𝑛𝐿𝑛(𝛽) + 𝛽 ∑(1 − 𝑥𝑖)

𝑛

𝑖=1

 

Derive the natural log-likelihood function, 𝐿𝑛(𝐿), with respect to 𝛽 and then equating to zero we get the maximum 

likelihood estimator of 𝛽 by 

𝛽̂ =
−𝑛

∑ (1 − 𝑥𝑖)
𝑛
𝑖=1

 

4.2. Fuzzy Standard Bayes estimation for Benktander 

We have the likelihood function as  

 

𝐿(𝛽|𝑥) = 𝛽𝑛𝑒∑ 𝛽(1−𝑥𝑖)𝑛
𝑖=1  

Assume that 𝛽 has a gamma prior distribution, 𝑔 (𝛽), with parameters 𝑎 and 𝑏, in accordance with the Bayesian 

process. 

𝑔(𝛽) =
𝑏𝑎

Γ𝑎
𝛽𝑎−1𝑒−𝛽𝑏  

The posterior is  

𝜋(𝜃 𝑥⁄ ) =
𝐿(𝛽|𝑥)𝑔 (𝛽)

∫ 𝐿(𝛽|𝑥)𝑔 (𝛽)𝑑𝛽
 

𝜋(𝛽 𝑥⁄ ) =
𝛽𝑛𝑒∑ 𝛽(1−𝑥𝑖)𝑛

𝑖=1
𝑏𝑎

Γ𝑎
𝛽𝑎−1𝑒−𝛽𝑏

∫ 𝛽𝑛𝑒∑ 𝛽(1−𝑥𝑖)𝑛
𝑖=1

𝑏𝑎

Γ𝑎
𝛽𝑎−1𝑒−𝛽𝑏𝑑𝛽

∞

1

 

=
𝛽𝑛+𝑎−1𝑒−𝛽(𝑏−∑ (1−𝑥𝑖)𝑛

𝑖=1 )

∫ 𝛽𝑛+𝑎−1𝑒−𝛽(𝑏−∑ (1−𝑥𝑖)𝑛
𝑖=1 )𝑑𝛽

∞

1

 

∫ 𝛽𝑛+𝑎−1𝑒−𝛽(𝑏−∑ (1−𝑥𝑖)𝑛
𝑖=1 )𝑑𝛽

∞

1
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=  
(𝑏 − ∑ (1 − 𝑥𝑖)

𝑛
𝑖=1 )−𝑛−𝑎Γ(𝑛 + 𝑎, (𝑏 − ∑ (1 − 𝑥𝑖)𝑛

𝑖=1 ))

(𝑏 − ∑ (1 − 𝑥𝑖)𝑛
𝑖=1 )𝑛+𝑏

 

Then  

𝜋(𝛽 𝑥⁄ ) =
𝛽𝑛+𝑎−1𝑒−𝛽(𝑏−∑ (1−𝑥𝑖)𝑛

𝑖=1 )

Γ(𝑛 + 𝑎)
(𝑏 − ∑(1 − 𝑥𝑖)

𝑛

𝑖=1

)

𝑛+𝑏

 

Now according to (3.4), (3.5) and (3.6), we get, 

𝑅̃(𝑡)𝛼=0 = 𝛽 ∫ 0𝑒𝛽(1−𝑥𝑖)𝑑𝑥 = 0

𝑡1

𝑡1

 

𝑅̃(𝑡)0<𝛼<1 = ∫
𝑥 − 𝑡1

𝑡2 − 𝑡1

𝛽𝑒𝛽(1−𝑥)𝑑𝑥

𝑥(𝛼)=𝑡1+𝛼(𝑡2−𝑡1)

𝑡1

 

𝑅̃(𝑡)𝛼=1 = ∫ 𝛽𝑒𝛽(1−𝑥)𝑑𝑥
𝑡2

𝑡1
= 𝑒𝛽(1−𝑡1) − 𝑒𝛽(1−𝑡2) 

Therefore, the Bayes estimator of fuzzy reliability is constructed as follows using the squared error loss as a 

symmetric loss function: 

𝑅̃(𝑡)0<𝛼<1 = 𝐸(𝑅̃(𝑡)𝛼) = ∫ 𝑅̃(𝑡)𝛼𝜋(𝛽 𝑥⁄ )𝑑𝛽 

= ∫ [
𝑒𝛽(1−𝑡1)

𝛽(𝑡2 − 𝑡1)
− 𝑒𝛽(1−𝑥) (𝛼 +

1

𝛽(𝑡2 − 𝑡1)
)]

∞

1

𝛽𝑛+𝑎−1𝑒−𝛽(𝑏−∑ (1−𝑥𝑖)𝑛
𝑖=1 )

Γ(𝑛 + 𝑎)
(𝑏 − ∑(1 − 𝑥𝑖)

𝑛

𝑖=1

)

𝑛+𝑏

𝑑𝛽 

= (𝑏 − ∑(1 − 𝑥)

𝑛

𝑖=1

)

𝑛+𝑏

[∫
𝛽𝑛+𝑎−2

(𝑡2 − 𝑡1)Γ(𝑛 + 𝑎)

∞

1

𝑒−𝛽((𝑏−∑ (1−𝑥)𝑛
𝑖=1 )−(1−𝑡1))𝑑𝛽

− ∫
𝛼𝛽𝑛+𝑎−1𝑒−𝛽((𝑏−∑ (1−𝑥𝑖)𝑛

𝑖=1 )−(1−𝑥(𝛼)))

Γ(𝑛 + 𝑎)

∞

1

𝑑𝛽] 

 

Let 𝑐 = 𝑏 − ∑ (1 − 𝑥𝑖)𝑛
𝑖=1 , 𝑑1 = 𝑐 − (1 − 𝑡1), 𝑑2 = 𝑐 − (1 − 𝑥(𝛼)) 

Then  

(𝑏 − ∑(1 − 𝑥𝑖)

𝑛

𝑖=1

)

𝑛+𝑏

[∫
𝛽𝑛+𝑎−2

(𝑡2 − 𝑡1)Γ(𝑛 + 𝑎)

∞

1

𝑒−𝛽((𝑏−∑ (1−𝑥𝑖)𝑛
𝑖=1 )−(1−𝑡1))𝑑𝛽

− ∫
𝛼𝛽𝑛+𝑎−1𝑒−𝛽((𝑏−∑ (1−𝑥𝑖)𝑛

𝑖=1 )−(1−𝑥(𝛼)))

Γ(𝑛 + 𝑎)

∞

1

𝑑𝛽] 

= 𝑐𝑛+𝑏 [∫
𝛽𝑛+𝑎−2

(𝑡2 − 𝑡1)Γ(𝑛 + 𝑎)

∞

1

𝑒−𝛽𝑑1𝑑𝛽 −
𝛼

Γ(𝑛 + 𝑎)
∫ 𝛽𝑛+𝑎−2

∞

1

𝑒−𝛽𝑑2𝑑𝛽] 

This integral is the upper incomplete gamma function then 

𝑅̃(𝑡)0<𝛼<1 = 𝑐𝑛+𝑏 [
𝑑1

−(𝑛+𝑎−1)
Γ(𝑛 + 𝑎 − 1, 𝑑1)

(𝑡2 − 𝑡1)Γ(𝑛 + 𝑎)
− 𝛼𝑑2

−(𝑛+𝑎) Γ(𝑛 + 𝑎, 𝑑2)

Γ(𝑛 + 𝑎)
] 

 

𝑅̃(𝑡)𝛼=1 = ∫(𝑒𝛽(1−𝑡1) + (−𝑒𝛽(1−𝑡2))

∞

1

𝛽𝑛+𝑎−1𝑒−𝛽(𝑏−∑ (1−𝑥𝑖)𝑛
𝑖=1 )

Γ(𝑛 + 𝑎)
(𝑏 − ∑(1 − 𝑥𝑖)

𝑛

𝑖=1

)

𝑛+𝑏

𝑑𝛽 

https://doi.org/10.54216/IJNS.270115


 
International Journal of Neutrosophic Science (IJNS)                                         Vol. 27, No. 01, PP. 147-158, 2026 

151 
DOI: https://doi.org/10.54216/IJNS.270115 

=
(𝑏 − ∑ (1 − 𝑥𝑖)

𝑛
𝑖=1 )𝑛+𝑏

Γ(𝑛 + 𝑎)
(

Γ(𝑛 + 𝑎, 1 − 𝑡1 − 𝑏 + ∑ (1 − 𝑥)𝑛
𝑖=1 )

1 − 𝑡1 − 𝑏 + ∑ (1 − 𝑥)𝑛
𝑖=1

−
Γ(𝑛 + 𝑎, 1 − 𝑡2 − 𝑏 + ∑ (1 − 𝑥𝑖)

𝑛
𝑖=1 )

1 − 𝑡2 − 𝑏 + ∑ (1 − 𝑥𝑖)𝑛
𝑖=1

) 

Using the precautionary loss as an asymmetric loss function, the following is the Bayes estimator of fuzzy 

reliability: 

 

𝑅̃(𝑡)𝑝
𝛼 = √𝐸(𝑅̃(𝑡)𝛼)

2
 

𝐸(𝑅̃(𝑡)0<𝛼<1)
2

= ∫ [
𝑒𝛽(1−𝑡1)

𝛽(𝑡2 − 𝑡1)
− 𝑒𝛽(1−𝑥) (𝛼 +

1

𝛽(𝑡2 − 𝑡1)
)]

2∞

1

𝛽𝑛+𝑎−1𝑒−𝛽(𝑏−∑ (1−𝑥)𝑛
𝑖=1 )

Γ(𝑛 + 𝑎)
(𝑏

− ∑(1 − 𝑥𝑖)

𝑛

𝑖=1

)

𝑛+𝑏

𝑑𝛽 

 

 

= (𝑏 − ∑(1 − 𝑥𝑖)

𝑛

𝑖=1

)

𝑛+𝑏

∫ [
𝑒𝛽(1−𝑡1)

𝛽(𝑡2 − 𝑡1)
− 𝑒𝛽(1−𝑥) (𝛼 +

1

𝛽(𝑡2 − 𝑡1)
)]

2
𝛽𝑛+𝑎−1𝑒−𝛽(𝑏−∑ (1−𝑥𝑖)𝑛

𝑖=1 )

Γ(𝑛 + 𝑎)

∞

1

𝑑𝛽 

 

 

𝐸(𝑅̃(𝑡)𝛼=1)
2

= (𝑏 − ∑(1 − 𝑥𝑖)

𝑛

𝑖=1

)

𝑛+𝑏

∫(𝑒𝛽(1−𝑡1) − 𝑒𝛽(1−𝑡2))
2

∞

1

𝛽𝑛+𝑎−1𝑒−𝛽(𝑏−∑ (1−𝑥𝑖)𝑛
𝑖=1 )

Γ(𝑛 + 𝑎)
𝑑𝛽 

 

∫ [
𝛽𝑛+𝑎−1𝑒−𝛽((𝑏−∑ (1−𝑥𝑖)𝑛

𝑖=1 )−2𝛽(1−𝑡1))

Γ(𝑛 + 𝑎)
+

𝛽𝑛+𝑎−1𝑒−𝛽((𝑏−∑ (1−𝑥𝑖)𝑛
𝑖=1 )−2𝛽(1−𝑡2))

Γ(𝑛 + 𝑎)

∞

1

− 2
𝛽𝑛+𝑎−1𝑒−𝛽((𝑏−∑ (1−𝑥𝑖)𝑛

𝑖=1 )−(1−𝑡1)−(1−𝑡2))

Γ(𝑛 + 𝑎)
] 𝑑𝛽 

 

This integral is the sum of three incomplete gamma function  

 

Let 𝑐 = 𝑏 − ∑ (1 − 𝑥𝑖)𝑛
𝑖=1 , then  

𝐸(𝑅̃(𝑡)𝛼=1)
2

=
1

Γ(𝑛 + 𝑎)
((𝑐 − 2(1 − 𝑡1))

−(𝑛+𝑎)
Γ(𝑛 + 𝑎, 𝑐 − 2(1 − 𝑡1)) + (𝑐 − 2(1 − 𝑡2))

−(𝑛+𝑎)
) Γ(𝑛 + 𝑎, 𝑐

− 2(1 − 𝑡2)) − 2(𝑐 − (2 − 𝑡1 − 𝑡2))
−(𝑛+𝑎)

Γ(𝑛 + 𝑎, 𝑐 − (2 − 𝑡1 − 𝑡2))) 

 

5. Asymptotic Distribution   

5.1 Asymptotic Distribution of 𝑹̂𝒎𝒍𝒆 

The MLE for 𝛽 is as follow  

𝛽̂ =
−𝑛

∑ (1 − 𝑥𝑖)
𝑛
𝑖=1

 

Let 𝐼(𝛽) be the fisher information matrix where  
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𝐼(𝛽) = −𝐸 (
𝑑2

𝑑𝛽2
log(𝑙(𝛽))) =

𝑛

𝛽2
 

Theorem 1. As n→∞ then 

√𝑛(𝛽̂ − 𝛽)
𝑑
→ 𝑁(0, 𝛽2) 

Proof. 

The proof follows from the asymptotic normality of maximum likelihood estimates. 

𝛽̂ is a asymptotically normal then any differentiable function 𝑅(𝑡) of the estimator  𝑅̃(𝑡) is also asymptotic normal. 

As n→∞ then 

 

√𝑛(𝑅̂ − 𝑅)
𝑑
→ 𝑁(0, 𝑘) 

Where   

𝐾 = 𝑣𝑎𝑟 (𝑅̂𝑚𝑙𝑒(𝑡)) = (
𝑑𝑅̃(𝑡)

𝑑𝛽
)

2

𝑣𝑎𝑟(𝛽) 

 

We hav 

𝑅̂𝑚𝑙𝑒(𝑡) = eβ(1−t) 

𝑑𝑅̂𝑚𝑙𝑒

𝑑𝛽
=

𝑑

𝑑𝛽
eβ(1−t) = (1 − t)eβ(1−t) 

𝑘 = 𝑣𝑎𝑟 (𝑅̃(𝑡)) = (
𝑑𝑅̂𝑚𝑙𝑒

𝑑𝛽
)

2

𝑣𝑎𝑟(𝛽) 

= ((1 − t)eβ(1−t))
2 𝛽2

𝑛
 

𝑘 = 𝑣𝑎𝑟 (𝑅̂𝑚𝑙𝑒(𝑡)) = (1 − t)2e2β(1−t)
𝛽2

𝑛
 

 

5.2. The fuzzy reliability  

𝑅̃(𝑡) is a function of 𝛽 

for 𝛼 = 1, 𝑅̃(𝑡) = eβ(1−t) 

𝛽̂ is a asymptotically normal then any differentiable function 𝑅(𝑡) of the estimator  𝑅̃(𝑡) is also asymptotic normal 

(𝑅̃ − 𝑅)
𝑑
→ 𝑁(0, 𝑣) 

Fuzzy reliability 𝑅̃(𝑡)depends on the parameter𝛽, for 𝛼 = 1, a non fuzzy case  

𝑑𝑅̃(𝑡)

𝑑𝛽
=

𝑑

𝑑𝛽
eβ(1−t) = (1 − t)eβ(1−t) 

𝑣 = 𝑣𝑎𝑟 (𝑅̃(𝑡)) = (
𝑑𝑅̃(𝑡)

𝑑𝛽
)

2

𝑣𝑎𝑟(𝛽) 

𝑣 = 𝑣𝑎𝑟 (𝑅̃(𝑡)) = (1 − t)2e2β(1−t)
𝛽2

𝑛
 

For 0 < 𝛼 < 1, the asymptotic distribution involves addition terms due to the integral form of  𝑅̃(𝑡) 

𝜋(𝜃 𝑥⁄ ) ∝ 𝛽𝑛+𝑎−1𝑒−𝛽(𝑏−∑ (1−𝑥𝑖)𝑛
𝑖=1 ) 

As 𝑛 → ∞, 𝜋(𝜃 𝑥⁄ ) concentrate around 𝛽 then  
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√𝑛(𝛽̂ − 𝛽) → 𝑁(0, 𝛽2) 

𝛽̂ is a asymptotically normal then any differentiable function 𝑅(𝑡) of the estimator  𝑅̃(𝑡) is also asymptotic normal 

(𝑅̃ − 𝑅)
𝑑
→ 𝑁(0, 𝑣) 

𝑣 = 𝑣𝑎𝑟 (𝑅̃(𝑡)) = (1 − t)2e2β(1−t)
𝛽2

𝑛
 

 

 

6. Simulation Study                     

To examine how well each estimate fared for fuzzy dependability, we ran a simulation. We used the inverse 

transformation approach with 𝛽 <  1 and 𝛽 ≥  1 where 𝛽 =  0.5 and 𝛽 =  1,2 to create 5000 samples of size 

𝑛 =  30,50, 𝑎𝑛𝑑 100 from the Benktander distribution. It is assumed that 𝑡1and 𝑡2 have values of 1 and 4, 
respectively. The hyper-parameters (𝑎, 𝑏) =  (1,1), (1,3), and (3,1) are selected. It is assumed that the values of 

𝛼 − 𝑐𝑢𝑡 𝑎𝑟𝑒 0.2, 0.6, and1. The average mean square error (MSE) produces 

Table 1: MSE values of Bayes estimates of fuzzy reliability for n=30 

𝛽 𝑎, 𝑏 

α 

-

cut 

R_true 

MLE  

(Mean

) 

MLE  

(SD) 

Bayes

_ 

mean 

Bayes

_ 

sd 

Bayes

_ 

mse 

Bayes

P 

_mean 

Bayes

P 

_(SD) 

Bayes

P 

_mse 

 

0

.

5 

 

1,

1 

0.2 
0.778

8 

0.765

4 

0.035

2 

0.772

1 

0.031

8 
0.001 

0.773

9 

0.030

1 

0.000

9 

0.6 
0.778

8 

0.761

2 

0.033

7 

0.768

9 

0.030

5 

0.000

9 

0.770

8 

0.029

2 

0.000

8 

1 
0.778

8 

0.754

3 

0.032

1 

0.763

2 

0.029

8 

0.000

8 

0.765

1 

0.028

6 

0.000

8 

 

1 

 

1,

3 

0.2 
0.606

5 

0.592

1 

0.041

3 

0.598

7 

0.037

6 

0.001

4 

0.601

2 

0.035

9 

0.001

3 

0.6 
0.606

5 

0.587

3 

0.039

8 

0.594

5 

0.036

3 

0.001

3 

0.597

1 

0.034

9 

0.001

2 

1 
0.606

5 

0.579

2 

0.038

4 

0.588

4 

0.035

7 

0.001

3 

0.591

1 

0.034

5 

0.001

2 

 

2 

 

3,

1 

0.2 
0.367

9 

0.352

4 

0.038

9 

0.358

2 

0.035

7 

0.001

3 

0.361

1 

0.034

2 

0.001

2 

0.6 
0.367

9 

0.347

1 

0.037

6 

0.353

9 

0.034

6 

0.001

2 

0.356

9 

0.033

3 

0.001

1 

1 
0.367

9 

0.339

8 

0.036

5 

0.347

6 

0.033

9 

0.001

2 

0.350

7 

0.032

8 

0.001

1 
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Table 2: MSE values of Bayes estimates of fuzzy reliability for n=50 

𝛽 𝑎, 𝑏 

α 

-

cut 

R_true 
MLE 

(Mean) 

MLE 

 (SD) 

Bayes_ 

mean 

Bayes_ 

sd 

Bayes_ 

mse 

BayesP 

_mean 

BayesP 

_sd 

BayesP 

_mse 

 

0.5 

 

1,1 

0.2 0.7788 0.7712 0.0276 0.7743 0.0253 0.0006 0.7756 0.0241 0.0006 

0.6 0.7788 0.7678 0.0264 0.7715 0.0245 0.0006 0.7729 0.0236 0.0005 

1 0.7788 0.7621 0.0258 0.7678 0.0241 0.0006 0.7692 0.0232 0.0005 

 

1 

 

1,3 

0.2 0.6065 0.5978 0.0327 0.6014 0.0301 0.0009 0.6032 0.0289 0.0008 

0.6 0.6065 0.5936 0.0315 0.5983 0.0293 0.0009 0.6002 0.0283 0.0008 

1 0.6065 0.5879 0.0308 0.5946 0.0289 0.0008 0.5967 0.028 0.0008 

 

2 

 

3,1 

0.2 0.3679 0.3587 0.0312 0.3621 0.0289 0.0008 0.3643 0.0278 0.0008 

0.6 0.3679 0.3543 0.0302 0.3591 0.0282 0.0008 0.3614 0.0272 0.0007 

1 0.3679 0.3489 0.0296 0.3557 0.0278 0.0008 0.3581 0.0269 0.0007 

Table 3: MSE values of Bayes estimates of fuzzy reliability for n=100 

𝛽 𝑎, 𝑏 

α 

-

cut 

R_true 
MLE 

(Mean) 

MLE  

(SD) 

Bayes_ 

mean 

Bayes_ 

sd 

Bayes_ 

mse 

BayesP 

_mean 

BayesP 

_sd 

BayesP 

_mse 

 

0.5 

 

1,1 

0.2 0.7788 0.7756 0.0198 0.7769 0.0184 0.0003 0.7775 0.0179 0.0003 

0.6 0.7788 0.7732 0.0189 0.7748 0.0178 0.0003 0.7754 0.0173 0.0003 

1 0.7788 0.7689 0.0183 0.7712 0.0175 0.0003 0.7721 0.0171 0.0003 

 

1 

 

1,3 

0.2 0.6065 0.6023 0.0234 0.6041 0.0219 0.0005 0.6051 0.0213 0.0004 

0.6 0.6065 0.5997 0.0226 0.602 0.0213 0.0005 0.603 0.0208 0.0004 

1 0.6065 0.5958 0.022 0.5992 0.0211 0.0004 0.6003 0.0206 0.0004 

 

2 

 

3,1 

0.2 0.3679 0.3632 0.0223 0.3651 0.021 0.0004 0.3664 0.0204 0.0004 

0.6 0.3679 0.3605 0.0217 0.3629 0.0206 0.0004 0.3642 0.0201 0.0004 

1 0.3679 0.3568 0.0212 0.3604 0.0204 0.0004 0.3618 0.0199 0.0004 

Tables 1 through 3 make it evident that the 

1- All estimators converge to the genuine dependability value as sample size grows. 

2- Bayesian techniques, particularly the preventive ones, have lower MSEs and standard deviations. 

3- For smaller sample sizes, the benefit of Bayesian approaches is more noticeable (𝑛 = 30). 

4- Greater estimating mistakes are caused by higher β values (heavier tails). 

5- The estimation accuracy is influenced by the α-cut level; the non-fuzzy situation, where 𝛼 = 1, exhibits the 

best performance. 

6- Fuzzy Precautionary ≤ Fuzzy Bayse ≤ MLE 
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Table 4: Analyze the US Hurricane Damages dataset from NOAA to compute fuzzy reliability metrics for the 

Benktander distribution. 

β 
𝜶-

cut 
(t1, t2) R̂mle 𝑅̃(𝑡) 𝑅̃(𝑡)𝑝 

0.5 0.2 (1, 4) 0.6065 0.1039 0.0846 

0.5 0.5 (1, 4) 0.6065 0.2599 0.2100 

0.5 0.6 (1, 4) 0.6065 0.3118 0.2529 

0.5 1.0 (1, 4) 0.6065 0.6065 0.6065 

0.5 0.5 (1, 5) 0.6065 0.1353 0.1100 

0.5 0.5 (2, 5) 0.6065 0.0902 0.0734 

1.0 0.2 (1, 4) 0.3679 0.0421 0.0342 

1.0 0.5 (1, 4) 0.3679 0.1054 0.0855 

1.0 0.6 (1, 4) 0.3679 0.1265 0.1026 

1.0 1.0 (1, 4) 0.3679 0.3679 0.3679 

1.0 0.5 (1, 5) 0.3679 0.0523 0.0424 

1.0 0.5 (2, 5) 0.3679 0.0348 0.0282 

2.0 0.2 (1, 4) 0.1353 0.0085 0.0069 

2.0 0.5 (1, 4) 0.1353 0.0421 0.0183 

2.0 0.6 (1, 4) 0.1353 0.0255 0.0207 

2.0 1.0 (1, 4) 0.1353 0.1353 0.1353 

2.0 0.5 (1, 5) 0.1353 0.0183 0.0149 

2.0 0.5 (2, 5) 0.1353 0.0122 0.0099 
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The fuzzy reliability estimators are applied to actual data from NOAA's US Hurricane Damages dataset in Table 

4. The precautionary Bayesian estimator yields more conservative and steady reliability estimates, which are 

consistent with simulation results, particularly for low α-cuts when uncertainty is significant. All estimators 

converge to the same value at 𝛼 =  1 (non-fuzzy), confirming their consistency. Reliability decreases with higher 

shape parameters (a or b), which is consistent with the damage data's heavy tail. This use of real data demonstrates 

that fuzzy approaches provide reliable uncertainty management in real-world situations. 

 

Figure 1.  A fuzzy reliability plot for the Benktander distribution 

The Benktander distribution's fuzzy reliability plot, depicted in Figure 1, shows how reliability estimates vary with 

α-cut levels. 

Recommended Scenario Justification for the Estimator 

limited sample size (n < 50) Bayes Precautionary uses priors to reduce variation. 

Big sample size (n ≥ 100)MLE asymmetrically effective.   

Wide 𝛼 − 𝑐𝑢𝑡𝑠 indicate high uncertainty. Using fuzzy Bayes (𝛼 = 0.2), imprecision is captured. 

 

 

 

Figure 2. Fuzzy Reliability Estimates for Benktander Distribution: MLE vs. Bayesian Methods 

The graphic demonstrates that, especially when employing larger thresholds, preventive measures are necessary 

for heavy-tailed distributions (𝛽 ≥ 1). 
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Figure 3. Benktander Reliability Estimation for Prior-Posterior Analysis of 𝛽 (𝑛 = 50) 

The figure illustrates Bayesian learning by combining data evidence with previous knowledge in the posterior 

distribution. The data is instructive about β when the posterior is smaller and moved away from the prior. The 

estimation approach is validated by the posterior peak's closeness to the genuine value. The benefit of the Bayesian 

paradigm in reliability analysis under uncertainty is effectively demonstrated by this graphic. 

The Bayesian learning procedure for the Benktander distribution's form parameter β is shown in Figure 3. The plot 

contrasts the posterior distribution, which represents updated opinions after taking into account observed data, 

with the prior distribution, which represents initial assumptions about β. For reference, the actual value of β is 

indicated at 1.5. 

7. Conclusion 

The article shows how membership functions and α-cuts can be used to efficiently include uncertainty in fuzzy 

reliability estimation for the Benktander distribution. Compared to maximum likelihood estimation, the Bayesian 

technique yields more accurate and consistent estimates, especially for smaller sample sizes, especially when 

cautious loss functions are used. The simulation findings show that while greater α-cuts produce more conservative 

estimates, dependability drops exponentially with increasing shape parameters. Using precautionary loss functions 

for symmetric loss scenarios and Bayesian approaches for small samples are two important recommendations. The 

results highlight how crucial it is to choose the best estimating methods depending on the sample size and data 

properties. The concept might be extended to distributions that are more complex or different fuzzy membership 

functions could be investigated in future studies. By providing reliable methods for quantifying uncertainty in 

reliability analysis, this study promotes the useful application of fuzzy reliability theory. Future work may explore 

applying fixed point techniques, such as the (𝛼, 𝛽)𝜑m𝜔contractions from Qawasmeh et al. [13], to analyze the 

convergence and stability of fuzzy Bayesian reliability estimators. 
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