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Abstract

In this paper, we will use the family of regular open sets in a topological space (Z, ) to define an operator
®r:22 - 22by Pg(F)={s€ Z:3 D ecRO(Z,s) with (D — F)° ¢ P} in frame of primal topological
spaces. Then we introduce the notion of topology d-compatible for a primal in a primal topological space and
study some of its properties. Finally, we use the concept of J-semi-open sets to provide additional properties
for the operators (%) and ®r(F’), and we add many illustrative examples that help clarify the relationships
between the concepts that are presented.
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1 Introduction

Topology is one of the fundamental areas of mathematics. Because of its many universal uses in both science
and social science, many related structures have been proposed, such as filter/1¥ ideal 12 gril ® Kuratowski used
filters to define and explore the notion of ideal, ' and other topologies have investigated this notion in various
directions. Studying the notion of rough sets via topology and ideals is one of these important directions
(see 19 where the importance of this research came from the importance of the concept of rough set which
was recently defined by Pawlak!® and its various applications in the literature. In addition, the concept of a grill
is a universal classical topological structure that is comparable to the ideal. Numerous authors have examined
it since Chpqut” first proposed it in 1947 (see!216:20)

In,' Acharjee et al. introduced the concept of primal, which is a dual construction of grill. They constructed
the concept of primal topological space and explored numerous basic features of this new structure. Since the
introduction of the concept of primal, many other new studies have been developed regarding primal topo-
logical spaces (see*®%14) Recently, the authors in ” introduced the concept of a single-valued neutrosophic
primal, which creates a wider structure that includes fuzzy primal and intuitionistic fuzzy primal. Moreover,
they presented the notion of a single-valued neutrosophic open local function for a single-valued neutrosophic
topological space.

In this work, we will rely mainly on the results presented in'” by Ozkog et al., where they presented two new
operators (.)5 and CI3(.) through primal, and they introduced a new topology on Z, denoted by 75, which
was obtained by C15; (.). In addition, they proved many fundamental results regarding this new structure.

Throughout this paper, (Z, 7) is a topological space. For any subset ' C Z, cl(F) and int(F') denote the
closure and the interior of F, respectively in (Z,7). A subset F' C Z is called regular open* in (Z, )
if F = int(cl(F)) and the complement of a regular open subset is called regular closed*! Furthermore,
ints(F) = U{D : D is regular open in (Z,7) and D C F'} and cls(F) = N{D : D is regular closed in
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(Z,7) and F C D}. A subset F' C Z is called d-open® in (Z,7) if F = ints(F), and the complement of
a d-open set in (Z, 1) is called d-closed. The family of all §-open sets in (Z, 7) forms a topology 75 that is
weaker than 7. The family RO(Z) (resp., RC(Z), 6C(Z)) will represent the family of all regular open (resp.,
regular closed, d-closed) subsets in (Z, 7). Also, RO(Z, s)(resp., RC(Z, s)) will be used to present the family
of RO(Z) (resp., RC(Z)) that contains a point s € Z.

Definition 1.1. @ A family # of 27 is called a grill on Z if the following holds:

1. 0 ¢ H,
2. Fe Hor D € H whenever FUD € H,
3. D € H whenever F' € Hand I C D.

Definition 1.2. "' A family P of 27 is said to be a primal on Z if the following holds:

1. Z¢P,
2. FePorD e P whenever FND e P,
3. D € P whenever FF € Pand D C F.

A primal topological space, represented by (Z, 7, P), is a topological space (Z, 7) with a primal P on Z.
Definition 1.3. /' Let (Z, 7, P) be a primal topological space. Then:
1. afunction (.)% : 27 — 27 is defined by: F§, = {s € Z:V D € RO(Z, s), F¢ U D¢ € P} for every F
c Z.
2. afunction ¢l : 2% — 27 is defined by: cl%(F) =F§U F forevery F C Z.

3. 7% is a topology on Z induced by 7 and P such that 75 = {F C Z : cI%(F°) = F¢}. Moreover, in'!
they proved that 75 C 75,.

Theorem 1.4. 2 Let (Z, 7, P) be a primal topological space and F, D C Z. Then the following holds:

L. if F € 5C(Z), then F, C F,
Fg € 6C(2),
(FR)% € IR,

if F C D, then F, C D3,

S

(FUD)%, = F, U DS,

Theorem 1.5. 2 Let (Z,7,P) be a primal topological space and F,D C Z. If F € 715, then F N D%, C
(FND)%.
Theorem 1.6. '/ Let (Z, T, P) be a primal topological space and F, D C Z. Then F§,—D% = (F—D)%—D%.

Theorem 1.7. " Let (Z, 7, P) be a primal topological space and F, D C Z. If D ¢ P, then (F U D)% =
Fi = (F - D),

Corollary 1.8. '/ Let (Z, 7, P) be a primal topological space and F C Z. If F¢ ¢ P, then F§ = ().
Theorem 1.9. 2 Let (Z,7,P) be a primal topological space. Then the family 3 = {F N D : F € RO(Z)
and D ¢ P} is a base for T5,.
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2 A New operator via regular open sets

In this section, we will use the family of regular open sets to define an operator ®5 : 24 — 27 in frame of
primal topological spaces and study some of its basic properties.

Definition 2.1. Let (Z, 7, P) be a primal topological space. For every F' C Z define an operator & : 27 —
22 by: ®(F) ={s€ Z:3 D € RO(Z,s) with (D — F)¢ ¢ P}.

Example 2.2. Consider Z = {1,2,3} with topology 7 = {0, Z,{1},{2},{1,2},{2,3}} and the primal
P ={0,{2},{3},{2,3}}. Then, RO(Z) = {0, Z,{1},{2,3}} and hence:

Z :F—{l,Q}}

Pr(F) = {{2,3} . F = {3}

Theorem 2.3. Let (Z, 7, P) be a primal topological space and F' C Z. Then:
1. ®p(F) is d-open,
2. Op(F)=U{D e RO(Z): (D - F)* ¢ P}.

Proof. (1) Follows from part (2) of Theorem [I.4]

(2) The proof is a consequence of the definition of ® z-operator.

The following theorem offers several fundamental facts about the operator ® 5.

Theorem 2.4. Let (Z,7,P) be a primal topological space and F,S,D C Z. Then the following properties
hold:

1. p(F) =2 —(Z - F)%,

2. D C ®r(D) whenever D € T3,

3. ®r(F) € r(Pr(F))

4. Qp(F) = ®r(Pr(F)) if (Z - F)g = (Z - F)R)%

5. ®p(F)NF = int$(F),

6. ®p(F) C ®R(S) whenever F C S,

7. ®r(FNS)=®r(F)NPgR(S9),

8. ®R(F) = Z — Z% whenever F¢ ¢ P,

9. ®x(F — K) = ®x(F) and ®r(F U K) = ®x(F) whenever K¢ ¢ P,
10. ®R(F) = ®r(S) whenever [(F — S) U (S — F)|° ¢ P.

Proof. (1) Let s € ®r(F). Then thereis D € RO(Z,s) with D°UF = (DN (Z —F))°=(D—-F)° ¢ P,
which means that s ¢ (Z — F')%, and hence s € Z — (Z — F')$,. Conversely, assume that s € Z — (Z — F')$,
then s ¢ (Z — F')%. Thus, there is D € RO(Z, s) with D¢ U (Z — F)¢ = (D — F)¢ ¢ P and consequently,
s € ®p(F). Therefore, ®r(F) = Z — (Z — F)%,.

) If D € 7%, then (Z — D)%, € Z — D. Thus, D C Z — (Z — D)%, = ®(D).
(3) It follows from part (2) and Theorem [2.3|part(1) and the fact that 7; C 7.
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(4) It follows from part (1) and the fact that:

Pp(Pr(F) =2 -2 - (Z - (Z-F)p)g =2 - (Z - F)p)-

(5) Assume that s € ®r(F) N F, then there is D € RO(Z,s) with (D — F)¢ ¢ P. By Theorem [I.9]
DN (D—F)°is aT§-open neighborhood of s and hence s € int%,(F'). To show the reverse inclusion, suppose
s € int$(F), then by Theorem 1.9 there is a basic 7§-open neighborhood W N K of s, where W € RO(Z, s)
and K ¢ Pwiths € WN K C F. It follows that K C (W — F)¢ and hence (W — F')¢ ¢ P.Therefore,
s€Pr(F)NF.

(6) Follows from part (1) and Theorem [I.4] part (4).

(7) From part (6) it is always true that P (F' N .S) C Pg(F) and Pr(F N S) C Pr(S). Thus, Pr(FNS) C
Dr(F) N ®R(S). To show that Pr(F) N PRr(S) C Pr(FNS), lets € Pr(F) N Pr(S). Then there are
D, W € RO(Z,s) with (D — F)¢ ¢ Pand (W — S)¢ ¢ P. Set G = DNW. Then G € RO(Z, s) such that
(G—F)° ¢ Pand (G —S)° ¢ P by heredity. Hence [G — (F'N S5)]°= (G — F)°N (G —5)° ¢ P and so
ERS (I)R(F n S)

(8) By Theorem|[1.7)if F© ¢ P, then (Z — F)% = Z§ and hence ®p(F) = Z — (Z — F)4 = Z — Z3,.

(9) By Theorem [I.7] and the fact that ®r(F — K) = Z — [Z — (F = K)|}, = Z - [(Z - F)U K]} =
Z —(Z — F)% = ®g(F). Moreover, Pp(FUK) =Z - [Z - (FUK)|, =Z—-[(Z—-F)- K]} =

Z—(Z—-F)% =0gr(F).
(10) Set K = F — S and L = S — F. From the hypothesis and heredity property of P, we get K¢, L¢ ¢ P.
Since S = (F — K) U L, then by part (9) we have Pp(F) = Pp(F — K) = Or[(F - K)UL] = ®r(5). O

Theorem 2.5. [f (Z,1,P) is a primal topological space, then ints(F) C ®r(F) for every F C Z.

Proof. Let F' C Z. Suppose that there is s € Z and s ¢ ®r(F). Then s € (Z — F')$,, which implies that
[DN(Z — F)]¢ € Pforevery D € RO(Z,s). Therefore, D N (Z — F) # () for every D € RO(Z, s) and
hence s ¢ ints(F). Thus, ints(F) C ®g(F) forevery F C Z. O

Corollary 2.6. Let (Z,7,P) be a primal topological space. If F' is a §-open set, then F C ®(F) .
Proof. Assume that F is a d-open set. Then ints(F) = F and hence by Theorem2.5|F C ®i(F). O

Theorem 2.7. If (Z,7,P) be a primal topological space and F, S C Z, then ints(F) N S5, = ints(F) N
(FA8) C (FNS)%,

Proof. Let s € ints(F) N S%. Since s € ints(F'), then there is D € RO(Z, s) with s € D C F. For every
W € RO(Z,s), DNW € RO(Z,s). Ass € S%, then [(D N W)]°U S® € P. From the definition of
primal we have W N (FNS)]c C[(DNW)NS]c=[(DNW)]cUS® € P. Hence, [ WN (FNS)ceP
and so we get s € (F'NS)%. That is ints(F) N SE, C (FNS)% Now, since (F N S), C S, then
ints(F)N(FNS)% Cints(F) N SE. Therefore, ints(F) N SE = ints(F)N(FNS), C(FNS),. O

Corollary 2.8. Let (Z, 7, P) be a primal topological space and F C Z. If D C int(D$},), then ints(F)ND C
int((F N D)%).
Proof. Using Theorem 2.7}

ints(F)N D Cints(F) Nint(D%)
=intlints(F) N DY]
Cint((FND)%).
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Theorem 2.9. Let (Z,7,P) be a primal topological space. If 3 = {F C Z : F C ®g(F)}, then S is a
topology on Z and 3 = 5.

Proof. At first we notice that, ) C ®r(0) and Z C ®r(Z) = Z and hence ), Z € 3. Secondly, if F, D € £,
then by Theorem 2.4] part (7), F N D C ®p(F) N ®(D) = ®r(F N D) and hence F N D € f3. Finally, let
{F, : a € A} C (. Then by Theorempart (6), forevery a € A, F, € ®r(Fo) € Pr(Uyen Fa)
and hence |J Fi, € ®r(U,ca Fa). Therefore, 3 is a topology on Z. To prove 3 = 75, let S € 75 with
s € S. Then by Theorem there is W € RO(Z,s) and K ¢ P withs € W N K C S. Obviously,
K C (W — S)cand so by heredity we have (W — S)¢ ¢ P, and thus s € ®(S). Hence, S C Pg(S) and
so we have 75, C 3. Now, assume that F' € §, then F' C ®g(F'), which means F C Z — (Z — F)%, and
(Z — F)% C Z — F. This proves that Z — F'is 75-closed and thus F' € 75,. Therefore, 8 C 75, and hence
B="1h O

The following example shows that the topology [ exists.
Example 2.10. Consider Z = {1,2,3} with topology 7 = {0, Z,{1},{2},{1,2}} and the primal P =

{0, {1}, {2}, {1,2}}. Itis clear that RO(Z) = {0, Z, {1}, {2}}and 8 = {0, Z, {1}, {2}, {3}, {2,3}, {1, 3}, {1, 2}},
as shown by the following table. If /' C Z, then:

F [ (Z-F) [ ®x(F)
0 {3} 1,2}
Z ] Z

{1} {3} {1,2}
{2} {3} {1,2}

{3} 0 Z
{1,2} {3} {1,2}
{1,3} [ Z
{2,3} 0 Z

Corollary 2.11. Let (Z, 7, P) be a primal topological space. Then:

1. aset Fis closed in (Z,3) iff F, C F.
2. forevery F C Z, clg(F) = F U Fy§, where clg(F) is the closure of F in (Z, 3).

Proof. The proof follows from Theorem [2.9] O

Theorem 2.12. Let (Z, 7, P) be a primal topological space and F C Z. If F C F§, then cls(F) = cl%(F) =
Cl(; (FI?E) = FI%'

Proof. Since 75 C 75, then cl%,(F) C cls(F) forevery F' C Z. Now s ¢ cl(F'), then there is W € RO(Z)
and S ¢ Pwiths € WnNnSand (WNS)NF = 0. It follows that [(IW N S) N F]% = 0 and hence
[(W N F)— 5% = 0. Thus by Theorem[1.7, (W N F)$, = () and so by Theorem [1.5|we get W N Ff; = ()
and WNF =0 (as F C Fg). Therefore, s ¢ cls(F) and hence cls(F) = cl$(F). Now, by Theorem [1.4]
part (2) F§ = cls(F5). Now, to prove that F5, C cl5(F), let s ¢ cls(F). Then there is D € RO(Z, s)
with DN F = Qandso (DNF)* = D°UF® = Z ¢ P. Hence s ¢ Fy. Again as F}, C cls(F),
so we have cl5(F5) C cls(cls(F)) = cls(F). Also since F' C Fg, then cl5(F) C cls(F5). Therefore,
cls(F) = cls(F3) = Fg. O

In," they proved that RC(Z) — {Z} C P iff F C F§, forevery F' € RO(Z). We need this result to introduce
the following Theorem.
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Theorem 2.13. Let (Z, 7, P) be a primal topological space and RC(Z)—{Z} C P. If W is T§,-open set such
that W = DN F with D € RO(Z) and F ¢ P, then cls(W) = cl,(W) = W5 = D%, = cls(D) = (D).

Proof. Let W = DN F with D € RO(Z) and F' ¢ P. Since RC(Z) — {Z} C P, then D C D$,. Thus,
by Theorem 2.12] D%, = cls(D) = cl$,(D). Now, let W be 75-open. We claim that W C W3, Since
d@(Z —W) =7 — W, then (Z—W)$ C Z — W. By Theorem|[L.6]and since Z§, = Z, then Z — W}, =
Z5 —W§ C(Z—=W)%, C Z—W. Thus, W C W, and hence by Theorem2.12) W5, = cls(W) = clg,(W).

Moreover, W C D and so we have W5, C D%. Also, by Theorems [[1.8]and[1.6] we have W}, = (DN F)$, =

(D — F°)$, 2 D%, — (F)$% = DS, as F' ¢ P. Therefore, D}, = W5, and hence cls(W) = cl§(W) = W5, =
D%, = cls(D) = ¢l (D). 0

3 §-compatible on a primal topological space

In this section, we study d-compatible in a primal topological space and investigate some properties.

Definition 3.1. Let (Z, 7, P) be a primal topological space. Then 7 is said to be é-compatible for the primal
Pif FCUF§ ¢ P forevery F C Z.

Example 3.2. Consider Z = {1,2,3} with topology 7 = 75 = {0, Z,{1},{2},{1,2}} and the primal
P ={0,{1},{2},{1,2}}. Itis clear that RO(Z) = {0, Z,{1},{2}} and 7 is 6-compatible for the primal P,
as shown by the following table, if F' C Z, then:

FCZ] F° [ F [ FUF,|[€PorgP
0 Z 0 A ¢ P
Z 0 {3} {3} ¢P
{1} [ {23} ] 0 | {23} ¢P
{2y [ {13y ] 0 | {1,3} ¢ P
3y {12y 3y {Z} ¢P
{12} | {3} | 0 {3} ¢ P
{1,3y | {2} | {3} ] {23} ¢P
(2,3 | {1} | {3y ] {1,3} ¢P

Theorem 3.3. Let (Z, 7, P) be a primal topological space. Then the following are equivalent:

1. T is §-compatible for the primal P,
2. for every T§,-closed subset F of Z, F° U Ff, ¢ P,

3. whenever for any F' C Z and each s € F there corresponds some D € RO(Z, s) with D¢ U F¢ ¢ P,
it follows that F© ¢ P,

4. for every F C Z with F N F§, =), it follows that F© ¢ P.

Proof. (1) = (2) Itis trivial.

(2) = (3)Let F' C Z. Suppose that for every s € F' thereis D € RO(Z, s) with D°UF° ¢ P. Then, s ¢ F5,
and hence FNF§, = (. Now, since FUF', = cl%,(F) is T5;-closed, then by part (2), (FUF},)°U(FUFY,)% ¢ P
and hence by Theorem|[I.4]part (5), (FUF})°U(F{U(Fg)%) € P. By Theorem[1.4|part (3), (FUFR)°UF}, ¢
P. Since F' N F§, =0, then (F' U F'5)° U F¢ ¢ P and so we have F° ¢ P.
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(3) = (4) Suppose that F C Z with F N Fj, = (), then F C Z — F},. Let s € F. Then s ¢ F}, and hence
there is D € RO(Z, s) with D¢ U F© ¢ P and so by part (3), F© ¢ P.

(4) = (1) Let F C Z. To show that (F' — F) N (F — Fg)% = 0,lets € (F — Fg) N (F — Fg)%. Then
s € F — F} and hence s € F with s ¢ Fj. So there is D € RO(Z, s) with D U F° ¢ P. Now since
D¢ UF°®C D°U(F — Fg)° then D°U (F — Ff)¢ ¢ P.Hence s ¢ (F — F§,)%, which is a contradiction.
Therefore, by (4) (F — F§)¢ = F° U F§ ¢ P and thus 7 is §-compatible for the primal P. O

Theorem 3.4. Let (Z, T, P) be a primal topological space. Then the following are equivalent:

1. forevery F C Z, if F N\ F$ = (), then F5 = (),
2. forevery F C Z, (F — F})% =0,
3. forevery F C Z, (FNF})% = F5.

Proof. (1) = (2) It follows from the fact that (F' — F) N (F — F},)% = 0, forevery F C Z.

(2= @3): Since F = (F - (FNFR)U(FNFg), then Fj, = (F — (FNFR)QU(FNFR% =
(F = FR)gU(FNFR)p =0U(FNFR)g = (FNFR)g.

(3) = (1): Assume that F' C Z with F' N F, = (). Then by part (3), F;, = (F N F§)% = 0% = 0. O

Note that, from Theorem [3.3] any one of the three conditions in Theorem [3.4] is necessary for 7 to be J-
compatible for the primal P.

Corollary 3.5. If (Z,,P) be a primal topological space and T is §-compatible for P, then the operator (%)
is an idempotent operator i.e., Ff, = (F§)$, forevery F C Z.

Proof. By Theorempart (3) we obtain (F;)% C Fg. Also, by Theorem and Theorempaﬂ 4), we
have Fij, = (FNF})% C (FR)%- O

Theorem 3.6. Let (Z,7,P) be a primal topological space. Then T is §-compatible for the primal P iff
[PRr(F) — F|¢ ¢ P forevery F C Z.

Proof. Assume that F' C Z and 7 is d-compatible for the primal P. Let s € ®g(F) — F. Then s ¢ (Z — F)$,
and hence there is D € RO(Z, s) with (D — F)¢ = (D)°U F ¢ P. Note that, for every s € ®r(F) — F
there corresponds some D € RO(Z, s) with [DN(Pr(F) — F)]° = [D]°U[(Pr(F) — F)|°¢ ¢ P by heredity.
Therefore, by Theorem [3.3| part (3) we have [P (F) — F|° ¢ P.

Conversely, let F' C Z. Since Pp(F°)— (F°¢) = F—Fgand FCUFy, = [F—FR|¢ = [Pr(F°)—(F°)]° ¢ P,
then 7 is §-compatible for the primal P. O

Theorem 3.7. Let (Z, 7, P) be a primal topological space. If T is 0-compatible for the primal P, then 8 =
{Pr(F)-K:FCZ K°¢P}

Proof. By using Theorem for K¢ ¢ P we have Pr[Pr(F) — K] = Pr[Pr(F)] 2 ®r(F) 2 Pr(F) —
K. Thus, according to Theoremall sets of the form ®r(F) — K are in 3.

To prove the reverse inclusion, let F' € (3. Therefore, FF C ®z(F). Since 7 is §-compatible for the primal P,

then by Theorem [3.6] we get [P (F) — F|° ¢ P. Now set K = ®p(F) — F. Then F = ®p(F) — K with
K¢ ¢ P.Hence F € {®p(F) — K : F C Z, K° ¢ P} = 5. O
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Theorem 3.8. Let (Z, 7, P) be a primal topological space such that T is 6-compatible for P. Then a subset
Fof Z is 5-closed iff F = DU S with D € §C(Z) and S° ¢ P.

Proof. Assume that F' is a 75,-closed subset of Z. Then, Fiy C F. Since 7 is §-compatible for P, then
by Theorem [3.3] F° U F§, = (F — F})° ¢ P and by Theorem [I.4] part (2), F, € 6C(Z). Now, since
F = F{ U (F — F}), then the result follows.

Conversely, let F = D U S with D € §C(Z) and S¢ ¢ P. Then by Theorem [[4] parts (2 and 5), F, =
(DUS)% = D% =cls(D$) C cls(D) = D C F. Therefore, F is 75-closed. O

Theorem 3.9. Let (Z,7,P) be a primal topological space and S C Z. If T is 0-compatible for P, then
(FNS), =(FNSY)% =cls(FNSY) forevery F € RO(Z).

Proof. Assume that F' € RO(Z). First, we will show that (FNS)$, = (FNS%)%. By Theorem[1.5] FNS3, C
(FNS)% and thus by Theorem|T.4]part (4) and by Corollary 3.5 we get (FNS%)% C [(FNS)G]% = (FNS)%.
Now by Theorem|[I.4]part (4) and by Theorem [3.4we get [F N (S — S%)]% C (S — S5)% = 0.

Also, by Theoren{L.6] (F N S)% — (F N SE)% C [(FNS)— (FNSE)% =[FN(S—S%)]% = 0. Hence,
(FNS), C(FNSS)% and so we get (FFNS)E = (FNSYK)%-

Again (FNS)$, = (FNSY)% C cls(FNSS,), since 75 C 7. Now, by using Theorem([I.5] FNSE, C (FNS)%,
and hence cl5(F N S%) Ccls(FNS)%) = (FNS)%. Therefore, (F N .S)% = cls(F NSE). O

Corollary 3.10. Let (Z, 7, P) be a primal topological space such that T is 6-compatible for P. If F € RO(Z)
and F© ¢ P, then F C Z — Z%,.

Proof. Set S = Z in Theorem [3.9] then F}, = (F N Z)$, = cls(F N Z%,). Since F° ¢ P, then Fi, = () and
hence ) = F§, = (F N Z)$% = cls(F N Z%,). Thus, F N Z§, = () and hence F' C Z — Z5,. O

Proposition 3.11. Let (Z, 7, P) be a primal topological space such that T is §-compatible for the primal P
and F C Z. If D C F§ N ®r(F) and D is nonempty regular open, then [D — F|° ¢ P and [D N F]° € P.

Proof. Assume that D C F5,N® g (F), then [®(F)— F|¢ C [D— F]¢. By Theorem [@r(F)—F|c¢ P
and hence by heredity[D — F|¢ ¢ P. Since D € RO(Z) — {0} and D C F§,,then D°UF°=[DNF|° € P
by the definition of F'§. O

The following results from the aforementioned theorems.

Corollary 3.12. Let (Z,7,P) be a primal topological space. If T is -compatible for the primal P, then
Or(Pr(F)) = ®r(F) forevery F C Z.

Proof. From part (3) of Theorem 2.4 we have ® g (F) C ®r(Pg(F)). Since 7 is J-compatible for the primal
P, then by using Theorem [3.6] we get [Pr(F) — F|¢ ¢ P for every F C Z. Set K = ®(F) — F, Then
PRr(F) C FUK for some K¢ ¢ P and hence by parts (6 and 9) of Theorem [2.4| we have ®r(Pr(F)) C
Pr(FUK) = ®r(F).Therefore, Pr(Pr(F)) = Pr(F). O

Theorem 3.13. Ler (Z,7,P) be a primal topological space. If T is §-compatible for the primal P, then
Pr(F) = U{®r(D): D € RO(Z),[®r(D) — F|° ¢ P}.
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Proof. Let H = U{®r(D) : D € RO(Z),[®r(D) — F|¢ ¢ P} and let s € H. Then there is D € RO(Z)
with [®p(D) — F]¢ ¢ P and s € ®p(D). By using Theorem 2.3 part (2) there is W € RO(Z, s) with
[W — D]¢ ¢ P. By Corollary D C dg(D)and D — F C ®r(D) — F and since [Pr(D) — F|° ¢ P,
then [D — F|¢ ¢ P. Now, since (W — D)°N (D — F)¢ ¢ Pand (W — D)°N (D — F)¢ C [W — F]°, then
[W — F]¢ ¢ P. Also, as W € RO(Z,s) and [W — F|¢ ¢ P, then s € ®r(F). Thus, H C P (F). Now, let
s € ®R(F). Then there is D € RO(Z, s) with [D — F]¢ ¢ P. Now, by Corollary2.6] D C ® (D) and so
[®r(D) — DN [D — F|°¢ C [®r(D) — F]°. Now, by using Theorem [3.6] [P (D) — D]¢ ¢ P and hence
[Pr(D) — F]¢ ¢ P. Thus, s € H and Pr(F) C H. Therefore, H = Pr(F). O

Definition 3.14. Let (Z, 7, P) be a primal topological space. A subset F’ of Z is called a regular baire set with
respect to 7 and P, if there is a regular open set D with (F' — D)°N (D — F)¢ ¢ P.

Lemma 3.15. Let (Z, 7, P) be a primal topological space with T is §-compatible for the primal P. If F' and
S € RO(Z) with ®r(F) = ®g(S), then (S — F)°N (F —S)° ¢ P.

Proof. Since F € RO(Z), then F C ®(F) and hence by Theorem[3.6][® z(F) — S]|¢ = [®r(S) — S]° ¢ P.
Since [P (S)—S]¢ C [F—S]¢, then [F'—S]¢ ¢ P. Similarly, [S— F]° ¢ P. Therefore, (F—S)°N(S—F)° ¢
‘P by additivity. O

Theorem 3.16. Let (Z, 1, P) be a primal topological space with T is 6-compatible for the primal P. If F' and
S are regular baire sets with ®(F') = ®r(S), then (F — S)°N (S — F)° ¢ P.

Proof. Since F' and S are regular baire sets, then their are D, W € RO(Z) with (F — D)°N (D — F)¢ ¢ P
and (W —S)°N(S—W)¢ ¢ P. By part (10) of Theorem 2.4 we get &g (F) = ®x(D) and P (S) = ®r(W).
Since ®r(F) = ®r(S), then (D) = ® (W), and hence by Lemma[3.15 (D — W)“n (W — D)° & P.
It follows that (FUDUW)C*U(FNDNW) ¢ Pand (SUDUW)*U(SNDNW) ¢ P and hence
[(FUDUW)*U(FNDNW)N[(SUDUW)*U(SNDNW)] C [(FUDUWUS)*U(FNDNWNS)] ¢ P.
Now since (FUDUW US)CU(FNDNWNS)]C(FUS)*U(FNS), then (FUS)CU(FNS) ¢P.
Therefore, (F — S)°N (S — F)° ¢ P. O

4 More properties for () and for & (F')

In this section we use the concept of J-semi-open sets to study additional properties for the operators (%)
and ®(F), where a subset S of a topological space (Z, 7) is called a 6-semiopen® if S C cl(ints(S)), or
equivalent to if there is a d-open set F' with ' C S C cl(F'). Moreover, cl(F') = cls(F) for every open set F’
of (Z,7).

Theorem 4.1. Let (Z, 7, P) be a primal topological space. Then the following are equivalent:

1. RC(Z)\{Z} C P,

. F C FY, for every F' € 15,

S C SY, for every §-semiopen set S,
. cls(F) = F§, for every F € 15,

. cl5(S) = S, for every 5-semiopen set S,

< N T N U

. ints(F) Cints(F) for every subset F of Z.
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Proof. (1)=@2)LetF € 7s5and s € F. Thenthereis D € RO(Z)withs € D C F. Now, if W € RO(Z, s),
thens € DNW € RO(Z,s). Also, since RC(Z) \ {Z} C P, then [DNW]¢ € P and [FFNW]¢ € P and
hence s € F. Thus F' C Fj,.

(2) = (3) Let S be a d-semiopen set, then there is F' € 75 with F' C S C cls(F'). By using Theorempart
(2) we have S C cl5(F') = F§, and hence S C F§, C S%,.

(3) = (4) Let F' € 75. Since every J-open set is d-semiopen, then by part (3) F' C F and thus by Theorem
[L.4]part (2) we get cl5(F) = Fy.

(4) = (5) Let S be §-semiopen set. Then there is ' € 75 with F* C S C FF,. Therefore, by Theoremwe
get cl5(S) = cls(F) = F§ € 8%, C cls(S) and hence cl5(S) = S%.

(5) = (6) Let FF C Z with s € ints(F). Then there is D € 75 with s € D C F. Since every d-open set
is 6-semiopen, then by part (5) D C cls(D) = D§, C Fj, and hence s € int;(Fy). Therefore, ints(F) C
intg(FI%)

(6) = (1) Suppose that ' € RC(Z) \ {Z}, then ) # F° € RO(Z). Hence there is s € F° with F'© =
ints(F°) C ints[(F°)%] € (F€)% and so (F©)% # 0. By Corollary [1.8 we have F' € P. Therefore,
RC(Z)\{Z} CP. O

Proposition 4.2. Let (Z, 7, P) be a primal topological space. Then:

1. if S is a regular baire set and S° € P, then there is a nonempty set F € RO(Z) with (F' — S)° N (S —
F) ¢ P.

2. aset S'is regular baire and S° € P iff there is a nonempty set F' € RO(Z) with (F—S5)°N(S—F)¢ ¢ P
whenever RC(Z)\ {Z} C P.

Proof. (1) Assume that S is a regular baire set and S¢ € P. Then there is F € RO(X) with (F' —S5)°N (S —
F)¢ ¢ P and hence [S — F]° ¢ P. Note that, if F' = (), then S° ¢ P which is a contradiction.

(2) Assume that there is a nonempty set F' € RO(Z) with (F—S)°N(S—F)¢ ¢ P. Then F° = (S—L)°NK¢,

where L¢ = [S — F|¢ ¢ P and K¢ = [F — S]¢ ¢ P. Now, suppose that S¢ ¢ P, then (S — L)¢ ¢ P and

hence F© ¢ P by additivity, which is a contradiction since RC(Z) \ {Z} C P. Therefore, S is a regular baire

set with S € P and also by using part (1) the proof is completed. O

Proposition 4.3. Let (Z, 7, P) be a primal topological space and RC(Z) \ {Z} C P. If S is a regular baire
set and S¢ € P, then ®r(S) Nints(SG) # 0.

Proof. Let S be a regular baire set and S¢ € P. Then by Proposition part (1) there is a nonempty set
F € RO(Z) with (F — S)° N (S — F)° ¢ P. It follows that F C F§, = ((S — K) U L)% = S%. where

=[S —F]°¢ Pand Lc = [F — S]° ¢ P by using Theorems [[4.1]and [L.7]. Hence, F' C ints(S%).
Also, since F C ®(F) = ®(S) by Corollary[2.6|and Theorem 2.4 part (10), then F' C ® (S) Nints(S5).
Therefore, ® (S) Nints(Ss) # 0. O

Theorem 4.4. Let (Z, 7, P) be a primal topological space. If RC(Z) — {Z} C P, then ®r(F) C Fy, for
every subset F'.

Proof. Let s € ®p(F) and s ¢ F5,. Then there is D € RO(Z,s) with [D N F]° ¢ P. Since s € Pr(F),
then by Theorem 2.3|part (2), s € U{D € RO(Z) : [D — F]° ¢ P} and hence there is S € RO(Z, s) with
[S — F]¢ ¢ P. It follows that DN .S € RO(Z,s) with [DNSNF]° ¢ Pand [(DNS)— F|° ¢ P by
heredity. Now, by finite additivity [D N S| = [DN SN F|°N[(DNS) — F|° ¢ P which is a contradiction
since RC(X) — {Z} C P. Therefore, s € Fy, and hence ®r(F') C F'5. O

Corollary 4.5. Let (Z, 1, P) be a primal topological space. If RC(Z) \ {Z} C P, then ®r(F) C cls(F)
for every subset I of Z.

Theorem 4.6. Let (Z, T, P) be a primal topological space. If RC(Z)\{Z} C P, then ®r(F)NPr(Z—-F) =
0 for every subset F' of Z.
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Proof. Assume that s € ®r(F) N ®r(Z — F) for some s € Z. Then there are S,D € RO(Z, s) with
[S— F]¢ ¢ P and [DN F|¢ ¢ P respectively. Thus, [(SN D) — F]° ¢ P and [(SN D)N F]° ¢ P hence
[SN D¢ ¢ P with [SN D]¢ € RC(Z). Now, since RC(Z) \ {Z} C P, then SN D = (), which is a
contradiction. Thus, ®(F) N Pr(Z — F) = (). O

Corollary 4.7. Let (Z, 1, P) be a primal topological space. f RC(Z)\{Z} C P, then F{,U(Z — F)}, = Z
for every subset I of Z.

Theorem 4.8. Let (Z, 7, P) be a primal topological space. Then the following properties are equivalent:

1. RC(Z)—{Z} C P,
Pr(0) =10,
if F € RC(Z), then ®r(F) — F =),

N

if K¢ ¢ P, then ®r(K) = 0.

Proof. (1) = (2) Since RC(Z) — {Z} C P, then by Theorem2.3|®z(0) = U{D € RO(Z) : D* ¢ P} = .
(2) = (3) Assume that s € ®p(F) — F. Then thereis S € RO(Z,s) suchthat [S — F|° ¢ Pand S — F €
RO(Z,s). But S — F C U{D € RO(Z) : D¢ ¢ P} = ®x(0) which implies that & () # (. Hence
(I)R(F) —F= @

(3) = (4)Let K¢ ¢ P and since ) € RC(Z), then Pr(K) = Pr(K UD) = Pr(0) = 0.

(4) = (1) Suppose that RC(Z) — {Z} ¢ ‘P. Then there is a nonempty set F' € RO(Z) with F¢ ¢ P and by
part (4) ®r(F) = 0. Since F' € RO(Z), by Corollary 2.6|we have F C ®(F) = (. This is a contradiction.
Hence, RC(Z) — {Z} C P. O

A subset F' in a primal topological space (Z, 7, P) is said to be Pr-dense if Fi§ = Z.

Proposition 4.9. Let (Z,7,P) be a primal topological space. Then for s € Z, Z — {s} is Pr-dense iff
Pr({s}) = 0.

Proof. The proof follows from the definition of Pr-dense sets, since Pr({s}) = Z — (Z — {s})% = 0 iff
7= (7~ {s})3 O

Theorem 4.10. Let (Z,7,P) be a primal topological space. If RC(Z) — {Z} C P and F C Z, then F is
Pr-dense iff F is dense in T5,.

Proof. Assume that F'is Pgr-dense, then Fj, = Z and cl%,(F) = F'U F§, = Z. Therefore, F' is dense in 75,.

Conversely, let F' is dense in 75,. Then cl%,(F) = FUFY, = Z. To prove that Fj, = Z, let s € Z with s ¢ F§,.
Then there is W € RO(Z, s) with [W N F|¢ ¢ P. Since RC(Z) \ {Z} C P, then W€ € P. Now we want to
show WEUF € P. If WU F ¢ P, then [W N F|°N[WeU F] ¢ P and hence W¢ U [F* N F] ¢ P and
so W€ ¢ P, which is a contradiction. Therefore, [W N F¢]¢ € P and hence W N F° £ (). Let z € W N F“.
Then, z ¢ F and also z ¢ F'5,. Because if z € F'5, then [W N F]° € P which is a contrary to [W N F]° ¢ P.
Thus, z ¢ F'U F§, = cl%(F) = Z, which is a contradiction. Therefore, we obtain F, = Z and hence F' is
Pr-dense. O

Proposition 4.11. Let (Z, 7, P) be a primal topological space and RC(Z) — {Z} C P. Then, Pg(F) # 0 iff
F contains the nonempty T¥,-interior.

Proof. Let ®(F) # (. By Theorem 2.3|part (2), ®r(F) = U{D € RO(Z) : [D — F]° ¢ P} and hence
there is a nonempty set D € RO(Z) with [D—F]¢ ¢ P. Let D — F = K, where K¢ ¢ P. Now DNK® C F
and hence by Theorem D N K¢ € 74, and so F contains the nonempty 75-interior.

Conversely, suppose that F contains the nonempty 75-interior. Hence there is a nonempty D € RO(Z) and
K ¢PwithDNK CF.SoD—F C K¢ Since K C [D— F|° ¢ P. Hence, U{D € RO(Z) : [D— F]° ¢
P} =Dr(F) #0. O
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The following examples illustrate the relations between the concepts:

Example 4.12. Let Z = {1,2,3} with topology 7 = {0, Z,{1},{3},{2,3},{1,3}} and the primal P =
{0,{1},{2},{1,2}}. Itis clear that RO(Z) = 75 = {0, Z,{1}} and as shown by the following table. If
F C Z, then:

F Fe Frp | (Z-F)g | ®r(F)

[} A 0 {2,3} {1}

Z 0 {2,3} 0 Z
1y {233 ] 0 {2,3} {1}
{2} | {13} ] 0 {2,3} {1}
{3y | {1,2} | {2,3} 1] Z
{1,2} | {3} 0 {2,3} {1}
{1,3} {2} {2,3} 0 Z
{2,3} | {1} | {2,3} 0 A

Example 4.13. Let Z = {1,2,3} with topology 7 = {0, Z, {1}, {3},{2,3},{1,3}} and the primal P =
{0,{1},{2},{3},{1,3},{2,3}}. Itis clear that RO(Z) = 75 = {0, Z, {1}} and as shown by the following
table, if F' C Z, then:

F [ F° | F [(Z=F)% [ ®x(F)

[} Z 0 Z 1]

Z 0 Z 1] Z
{1y {23} | Z {2,3} {1}
{2y | {1,3} | {2,3} A 0
{3} {1,2} 0 Z [

{1,2} | {3} Z 0 Z
{1,3} | {2} z {2,3} {1}
{2,3} | {1} | {2,3} Z 0

Example 4.14. Consider Z = {1,2,3} with topology 7 = 75 = {0, Z,{1},{2},{1,2}} and the primal
P ={0,{1},{2},{3},{1,3},{2,3}}. Itis clear that RO(Z) = {0, Z,{1},{2}} as shown by the following
table. If F' C Z, then:

F [ | Fp [(Z- Py @a()
[} Z 0 Z 1]
Z 0 7z 0 Z
I @3 L3y @3 | (1
2 (L3 [ (23| (L3 | (2
{3} {1,2} ) Z )
L2y 8 | 2 ] Z
L3y [ (3 [ (L3 | (23 | {1
231 [ {0 ({23 | {13} | {2

Example 4.15. Let (R, 7, P) be defined as follows: D € 7iff 1 € D or D = (). Moreover, F' € P iff 1 ¢ F.
If FF C R, then we have two cases:

Case 1. 1 ¢ F. Then, F¢ ¢ P since 1 € F° and RO(R) = {0, R}. Therefore, F'5 = (.
Case 2. 1 € F. Then, F° € Psince 1 ¢ F° and RO(R) = {0, R}. Therefore, F'§, = R

Note that:

0 if 1¢F

FE:(I)R(F):{R if 1eF
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