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Abstract

The most important applications of an algebra like BCK-Algebra. As a generalization of ring, we study ~-
semi-ring and ~-ring in invarianent neutrosophic set. Neutrosophic concepts are widely used in the field of
mathematics and other sciences, especially in studying the Algebra. In this paper, we present the concept
of neutrosophic y-BCK-Algebras as an example of this generalization. We also present neutrosophic sub-
algebra, neutrosophic ideal and some other type structure algebraic. We proved that if f : AT — Nlisa
homomorphism of neutrosophic v-BCK-algebras AI and NI, then f is injective if and only if neutrosophic
ker(f) = {0I}. Also, we presented, if NI be a normal neutrosophic subalgebra of neutrosophic y-BCK-
algebra Al then ” ~ NI ” is a congruence relation.

Kewords: BCK -Algebra; Semi-ring; Neutrosophic logic; Neutrosophic Set; Simple submodule

1 introduction

The concept of Neutrosophic logic in,” an original extended of fuzzy logic can find it in)* provides a more

basic for uncertainty event, indeterminacy, and lose some data. Neutrosophic algebra present as an important
study of this neutrosophic algebra** where they standard algebra to consists neutrosophic theory 2 Recent
papers”13 have studied advances in our study of neutrosophic y-BCK-algebra, showing novel properties and
classical algebraic structures. These studies not only just theoretical, but also product new concepts for some
results in more of fields, including algebra, concepts analysis, and coding algebra. By investigating these novel
findings, we get more details about neutrosophic algebra. A refined neutrosophic structure® was presented
by dividing the indeterminacy into two parts of sub-indeterminacies. nrefined neutrosophic structures was
introduced as a generalization of refined neutrosophic.? and some properties of modules and fuzzy ideal by "
In'# simple submodules and C-rings. Bipolar fuzzy hyper soft set and its application in decision making
and Mapping on interval complex neutrosophic soft sets in¥ Also, in!® some properties of pythagorean
neutrosophic Set. In this paper, we give some new results on Neutrosophic 7-BCK -Algebra, where we present
new relations of neutrosophic algebra.

2 Preliminaries with some Tools.

In this section we recall some concepts and new results which are necessary for the paper. Let us define
neutrosophic set as the following:
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Definition 2.1. 'Y Fuzzy Set means: Ups = {a(T:(z)), a € U}, where T, : U — POI0, 1] ) is the
membership degree of a, and PO([0, 1]) is the powerset of [0, 1].

Definition 2.2. 2 Neutrosophic group means: (G, *) be any group and (G U I) = {a + bl : a,b €
G}.NE(G) = (< GUI), %) generated by G .

Definition 2.3. Let R be a ring. Then we define neutrosophic ring by: (R, +,.)isany ring, < RU T >=
{z +yl : x,y € R} is said to be neutrosophic ring.

Definition 2.4. ' (AL, *,0I) is said to be neutrosophic BCK-algebra if:

1. [(aIbI)(alcl)|(cIbl) = 01,

2. (al(al % bI))bI =01,

3. al xalal =01,

4. 01 xal == 01,

5. aIbl = blaL = ol — al =bI ¥ al,bl,cl € AL

Note: We explain neutrosophic partial ordering < on Al by al < bl <> al * bl = 01.

Remark 2.5. The following statements are true in (A7, *,01)

1. (al*bI) % (bI*CI) < cI*bl,
2. al” [al* (aI*b])] < el * b,

3. 0 <al,

4. al xbl =0I < al <bl,

5. al bl — aI*CT < bI*cI and cIT+bI? < cI % al,
6. (al *bl)*xcl = (al *cI)*bl,

7. al*bl < cl <5 al*cl <bl,

8. 0I x (al *bI) = (0I xal) % (0I *bI),

9. (al % bI) % al =0,

10. (al*cl) * (bl xcl) < al *bIVal,bl,cl € Al

Note: A neutrosophic BCK-algebra Al is called commutative if b1 * (bI"al) = al (al * bl ), Val, bl € Al
Example 2.6. Suppose that A = {07, al,bl. So, * is defined by:

* ol | al | bl
ol | ol | ol | ol
al | al | ol | ol
bI | b | ol | of

Hence (A1, x,01) is commutative.

Definition 2.7. Let ¢ # I*I neutrosophic subset of neutrosophic BCK-algebra Al. Then I x [ is said to be
neutrosophic ideal of AT if

0I € I"I and oII*bI € I"I,b] € I'] — ol € I"]
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Definition 2.8. 7 Suppose that A;I and A,I be two neutrosophic BCK-algebra. Then h : A;1 — Aol is
called neutrosophic homomorphism if h(al * bI) = h(al) * h(bI),V al,bl € A;I.

Definition 2.9. / Let ¢ # I C neutrosophic BCK-algebra Al is called neutrosophic subalgebra of AI, if
al xbl € I*1, ¥ al, bl € I*.

Definition 2.10. Let ¢ # Al and ¢ # ~I be two sets. Then Al is said to be a neutrosophic ~y-semi-grroup
if JAI x vI x AI — AI; ala(bIBcl) = (alabl)Bel,Yal, bl cl € Al,a, B € I, where the image of (
alabl ) denoted by al abl,al,bl € Al.

Definition 2.11. Let (A, *) and (vI, +) be commutative neutrosophic semigroups. Then AT is called neu-
trosophic vy - Semi-ring if 3AI x vI x Al

1. ala(bl + cI) = alabl + alacl,
2. (al +bl)acl = alacl + blacl,
3. al(a+ B)bl = alabl + alpel.

4. ala(bIfcl) = (alabl)BclVal,bl,cl € Al and o, 8 € I, where the image of (al, «, bI) denoted
by alabl ¥V al,bl,cl € Al,a € yI.

Remark 2.12. Every neutrosophic y-semi- ring is a neutrosophic vI = Al

Definition 2.13. Any neutrosophic y-Semi- ring Al has zero element if 307 € AI; 0] +al = al = al 401
and 0/aal = 0laal = 01.

On other hand, AT is called neutrosophic commutative I - Semi- ring if al abl = blaal, V al,bl, €
Al € v1.

Definition 2.14. Suppose that Al is vI - Semi- ring. So al € AI is called neutrosophic idempotent in Al if
Jal € vI;alaal,al is called o neutrosophic idempotent.

Note that al € Al is called neutrosophic regular element of Al,if3xl € Al;al = alaxifal.

3 Neutrosophic v-BCK-algebra

In this part, we present the concept neutrosophic v-BCK-algebra with more new results.

But before that, we should introduce a definition of y-BCK-algebra as a following:
Definition 3.1. Let A be nutrosophic set with neutrosophic element) I and let v/ be a neutrosophic set. If
JAI x vI x AI — Al satisfies the following:
i. [(alabl)B(alacI)]B(clabl) = ol,
ii. alabl = blaal =01 — al = bl,
iii. aloal = 01,

iv. 0laaL = 0IVa, 8 € yI,al,bl,cl € Al

Then Al is called a neutrosophic v - BCK- algebra.
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a | 0I al bl cI dI el B 1O al bl I dI el
O |01 O OI Or OI oI O | O O O oOr oOr oI
al | al OI al al al al al | al al OI bl bl bl
bl | bI bl OI bl bl bl bl | bI cI Ol cI cI cI
cl|cd cI I Ol cI cl cl|cI dIl dI O dI dI
dl | dI dI dI dI OI dI dil | dI el el el OI el
el | el el el el el ol el | eIl al bl al al OI
v | Ol al bl eI dI el o | Ol al bl I dI el
Ol |OI O OoI OI oI oI ol or or o or or oIl
al | al Ol cI «cI «cI «cl al [al O OI dI dI dI
bl | bI dI OI dI dI dI bl | bI el OI el el el
cl | cI el el OI el el cl | cI al al OI al al
dl | dIl al al al OI al dl | di bl bl bl OI bl
el | el bl bl bl bl ol el | el c¢I cI I I 0

¢ | Ol al bl cI dI el
Ol |OI 0o 0I OI OI OI
al | OI el el el el el
bl | bI al OI al al al
cl | cI bl bl OI bl bl
dl | dI cI cI eI O0I I
el | el dIl dI dI dI OI

o [ Ol al bl B Ol al bl
or[or oI oI OI O [OI 0I OI OI
al | al OI bl bl al | al O al bl
bl | bl ¢l OI I bl | bI bl OI bl

Remark 3.2. Let Al be a neutrosophic v/-BCK-algebra; o € vI. Also
x 1 Al x AI — Al;al * bl = alablVal,bl € Al. So (AI,*,0I) is a neutrosophic BCKalgebra and it is
denoted by (AI),.

Example 3.3. AT = {01,al,bl,cl,dl,el} and vI = {«, 3,0,8,9}.
We have triple operations:

Note 8 that NI = {al,11,21,3I} and vI = {«, 8} and we have ternary operation is defined by:

So, AI and N1 are yvI-BCK-algebras.

Example 3.4. Let Al = {01,2I,yI} and vI = {«, $}. The ternary operation is

a | Ol xI yI B Ol al bl
Or | or 01 oI O | OI 0I 0Ol
xI | xI 0L OI xI | xI 0 yI
yI | yI xI OI yI | yI 0I OI

Then, Al is y/-BCK-algebras.

Example 3.5. Let us consider neutrosophic BCK-alagebra (AT, x,0I) as v — BCK — algebra. If vI = {0I}
and 2101yl is defined by (a1, *,0I) xyI, V al,yI € Al

If AT ={01,b11,bs,b3} and
So, AI is a neutrosophic BCK-algebra. On the other hand, if vI = {0I'}, then

Hence, AT is a neutrosophic «/-BCK-algebra.
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* OI b1 I bg I bg I
0r | of 0 0 oI
bil | boI 0I 0 0]
bol | bol b0yI 0 0f
byl | b3I byl bl O

OF | OF by I bol byl
0l | oI oI oI o
bl | b 0 0I 0f
boI | boI &I 0I O
bsI | bsI by byl O

Definition 3.6. Let ¢ #* AI C yI-BCK-algebra AI. Then, Al is calld neutrosophic subalgebra if alabl €
AlVal, bl € Al

Note that we can define normal neutrosophic subalgebra by the following:
@ # NI C vI-BCK-algebra. Al is called normal neutrosophic subalgebra if:

(xlaal)a(ylabl) € NI Vaxlayl,alabl € NI,a € I, for example:

Let AT = {0I,11,21,3I} and vI = . The triple operation is

a | O 11 21 3I
O [ O O OI OI
1|1 or 1 1I
2121 21 OI 2I
31|31 31 31 01

I, T = {01, 11} is a neutrosophic normal subalgebra.

Now we, introduce a definition of commutative neutrosophic v I-BCK-algebra
~vI-BCK-algebra AT is called commutative neutrosophic v/-BCK-algebra if:

yla(yIfal) = xla(xIByl),Velyl, € Al o, 5 € vI.

On the other hand, a vI-BCK-algebra A[ is patially ordered by xI < yI < xlayl = 0IV a € I, we called
neutrosophic vI-BCK- ordering.

Example 3.7. Al = {01,zI,yl, zI}. So, the ternary operation is

a |0l xI yI BloI xI yl
Or for or or oIl oryor or oI 0Ol
xI | xI 0 xI xI xI | xI 0T xI zI
yI |yl yI 01 yI yI | yI xI 0I «xI
zI | zI zI zI Ol zZ |z yI xI  OI

Then the neutrosophic v/-BCK-algebra is commutative.

Example 3.8. AT = {01,yI,2I},vI = {«,B}. So ternary operation is:

Then, the neutrosophic vI-BCK-algebra Al is commutative.

In the next definition we explain neutrosophic homomorphism.
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a |0l yI zZI B Ol yl
or{or or o OI|OI O OI
yI |yl O OI yI |yl OI xI
zI |z yI O zI | zI yI OI

Definition 3.9. Suppose that Al and NI are neutrosophic v/ — BC'K-algebra f : Al — NI is called
neutrosophic homomorphism if:

flalayl) = f(eDaf(yl) ¥V zl,yl € A, € yI.

And neutrosophic kernel of the mapping f can defined by the following:

Definition 3.10. Let AI, NI are neutrosophic ~y f-BCK-algebra and let f : Al — NI be nutrosophic homo-
morphism. So the following set : {xI € AI; f(«I) = oI} is called neutrosophic kernel of f and denoted by
ker(f) and the set { f(zI); 2] € AI} is called image of f and denoted by Img( f).

Corollary 3.11. Let vI-BCK-algebra be a neutrosophic algebra. Then neutrosophic yvI-BCK-algebra satisfies
cla(zIfyl)ayl = 0IVzl,yl € Al a, 8 € 1.

Proof. We have (zIpyl)a(zIfBzI)a(zIByl) =0I,21,yI,zI € Al,a, 8 € vI. Now putyl = 01,21 = yI,
in above equation. Thus, 2Ia(xIByl) = ayl = 01 O

Theorem 3.12. Let v I-BCK-algebra be a neutrosophic algebra. Then the following are equivalent

1) Al is commutative,

2) xl < yl, then xI = yla(ylBxl),Val,yI € Al,a, 8 € vI.

Proof. Suppose that Al is commutative. So, zla(xIByl) = yla(ylBxI)Val,yI € Al «, 8 € vI. Hence xI
a0l = yla(yIBaI). Therefore, xI = yla(yIfzI). Conversely, let yI < xI, so Xi = yla(ylfzI). Also,
xI < yl,soxlayl = 0I. Hence I = xIa0] = zla(xIfyl). Thus, xla(zIfyl) = yIla(yIOIfzI). O

Lemma 3.13. Let f : Al — NI be a homomorphism of neutrosophic ~y-BCK-algebra AI and N1. Then
neutrosophic ker(f) is a subalgebra of M.

Proof. Let f : M — N be a homomorphism of v-BCK-algebra M and «, y € ker(f). Then, f(x) = f(y) =0
and so f(zay) = f(x)af(y) = 0c0 = 0. Hence xI ayl € neutrosophic Ker(f). Therefore, neutrosophic
Ker(f) is a neutrosophic subalgebra of AI. O

Lemma 3.14. Let f : AI — NI be a homomorphism of neutrosophic v-BCK-algebra Al and NI. Then

(i) f(0)=0
(ii) if elayl = 01, then f(axI)af(yI) = 0.

Proof. (i) Now f(0I) = f(0Ia0I) = f(0I)aef(0I) = O1.

(ii) Suppose xI ayl = 0. Then f(xIayl) = f(0I) implies f(zI)af(yI) = 0I.

O

Theorem 3.15. Let f : Al — NI be a homomorphism of neutrosophic v-BCK-algebras AI and NI. Then f
is injective if and only if neutrosophic ker(f) = {0I}.
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o O 1I 2I 3I B8 ‘ or 1 21 3I
Or | or or or or Oor| or or or oI
IIrp1mI or 1 1I I 1 or 2I 2I
21 121 21 oOI 21 21 (21 31 OI 31
31 {31 31 3I OI 331 11 11 OI

Proof. Suppose neutrosophic ker(f) = {01} and f(zI) = f(yI), for some xI,yI € Al Then f(zlayl) =
f(zDaf(yI) = 0I, that implies xIayl € neutrosophic ker(f) = {07}, implies xI ayl = 01 for all o € .
Similarly, yIaxI = 01for all a € «y. Therefore xI = yI.

Conversely, suppose f is injective and zI € neutrosophic ker(f). Then f(xI) = 0 = f(0I) that implies
aI = 01, implies neutrosophic ker(f) = {0I}. O

Lemma 3.16. Let N1 be a normal subalgebra neutrosophic of v-BCK-algebra Al. If xIayl € NI, for all
xl,ylzlayl € Al, thenylaxzl € NI,«a € vI.

Proof. Suppose that I, yI and xIayl € NI. Also, ylI since NI is anormal neutrosophic subalgebra of Al.
Therefore, ylaxl € NI. Let NI be a normal neutrosophic subalgebra of neutrosophic y-BCK-algebra Al.
Define a relation ” ~ NI ” on AI by I ~ NI if and only if xlayl € N, forany xI,yl € Al,a € 7. O

”»

Theorem 3.17. Let NI be a normal neutrosophic subalgebra of neutrosophic v-BCKalgebra Al. Then
~ NI 7 is a congruence relation.

Proof. Letxl € AI,a € vI. Then the relation ~ N is reflexive, since xlaxl = 0] € N1.

The relation ~ NI is symmetric. Suppose xI ~ NIyl and yI ~ NIzI € NI.Then zIayl € NI and
ylazl € NI,ylazl € NI. Thus

(xlazDa(ylayl) = (xlazl)a0l = zlazl € NI

Since NI is a normal neutrosophic sualgebra. Hence I ~ NIzI. Thel. ~ NI is an equivalence relation.
Let I ~ NIyl and pI ~ NlIgql for any zI,yl,pl and qI € AI. Then zlayl € NI,plall € BI, we
have (zIall) a(ylagql) € NI. Therefore xIapl ~ NIyag, since N is a normal neutrosophic sub-algebra.
Hence ~ N1 congruence relation. O

Definition 3.18. Let VI congruence relation on neutrosophic y-BCK-algebra M. Denoted AI/ n; = {[zI|n; 2] € AT}
where [zI]n; = {yI € Al;xI ~ NIyI}. Define {[zI|nra[yllnt = [tlayl|nr, o € vI, AI /Ny is neu-
trosophic v-BCK-algebra. Then neutrosophic v-BCK-algebra AI/NT is called the quotient neutrosophic
~v-BCKalgebra.

Example 3.19. Let Al = {0I,11,2I,3[} and vI = {a,(}. Then ternary operation is defined by the
following tables

Then, NI = {01, 11} is a normal neutrosophic sub-algebra.

Denoted A7 /NT = {[zI]n;x] € AI}. Define [zI]yrafyl]ns = [xlayl|nr;a € yI.
Then AI/N1 is a quotient neutrosophic y-BCK-algebra.

Theorem 3.20. Let NI be a normal neutrosophic subagebra of a neutrosophic v -BCK-algebra Al. Then
the mapping f : AI — AI/np defined by f(xI);[xI|n; is a surjective homomorphism and neutrosophic
Ker(f) = NI

Proof f(aIayl) = [elayl|ns = f(eD)af(yI) = f(AT) = {f(eI);al € AT} = {[z]]nr;
zl € AT} = AI/NT.

Therefore, f is surjective neutrosophic Ker(f) = {zI € AL, f(zI) = NI} = {eI € AI ; [xIl[nt=NI}=}=
{zI € AI ; [zllyr=[0|n} =12l € Al
xl € NI} = NI O
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4 Conclusions

The (Corollary 1.) indicates the neutrosophic vI-BCK-algebra which satisfies z I« (x I8yl )ayl = 0IVzI, yI €
Al o, 8 € ~vI with some properties of this type of algebra. In (Lemma 1) and (Lemma 2), if f : ATl — NI
be a homomorphism of neutrosophic v-BCK-algebra Al and NI, this means a neutrosophic ker(f) is a sub-
algebra of M and if we have f : Al — NI is a homomorphism of neutrosophic y-BCK-algebra Al and N1,
this imply that f(0) = 0 and if 2Tayl = 01, so f(xI)f(yI) = 0I. Also, we studied if NI be a normal
neutrosophic subalgebra of neutrosophic y-BCK-algebra AI. Then ” ~ NI ” is a congruence relation.
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