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Abstract

The concentration of linear operators is unpretentious to prove in measurable space L,[0,1] but there is few works
in weighted space, here we will include characteristics of approximate of unrestrained functions in measured space
by lined operators via direct and converse approximation theorems. In addition, the relationship between modulus
of softness and K- functional where, we proven are together tools equivalence.
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1. Introduction

Weighted spaces are pleasant in many branches of mathematics and specifically the approximation theory see
[1,2,3], the authors introduce some concept which closed related with weighted space.

Measurable spaces with one variable were presented by Sharapll [3] provide us with important tolls for explaining
various application in mechanic like modelling of electro rhea logical fluids. As a problem of this fact, introduced
on the fundamental results of these space have been studied recently in the integral operators. Corresponding
problems of approximation functions can be found in the studies.

In 2022 Auad and Klaeif established some theorems of Best co-proximal and Co-chebyshev in weighted space and
their found the relationship among better approximate. In addition, best simultaneous approximate. of unbounded
functions [4]. In 2021 Ahmet, introduce some approximation properties of functions in terms positive linear
operators of the trigonometric series in weighted space with one variable [7]. To learn more about the concept of
approximation of functions in more detail, see the following references [8, 9 ].

One of the most important notes observed in investigations of approximation of functions is definition off modulus
of smoothness and K-functional, which will provide us the better tools for dealing with the degree best
approximation of unbounded functions also direct and inverse theorems.

In this work, we want to present the equivalent relationship between the two approximation tools, the modulus
smoothness function and K-functional; we can use this relationship to prove the direct and opposite formulae of
unrestricted functions in measured spaces.

Let L,,,[—1,1] denoted the space of all unrestricted functions with criterion given by
1
lollep = (f_11|<p(x)€(x)|p dx) P < oo )

,1<p<oo£:[-1,1] » R*x € [-1,1]and ¢ € L,,[—1,1] weight function belong to the space G which contain
of all weight functions. The degree of best approximation is given by
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Ee(@)ep = inf o = prllep @
PLEPK
k € N, py is polynomial of degree less than or equal k and [P, the subspace of weighted space L,,[—1,1] contain
the polynomial py,.
Fork € N and § > 0, the modulus of smoothness of unbounded functions is define by

0e(9,8)ep = sup 185 0O, - ®)
k>68
Where, 85 () = T, (-1 (§) 08 + ), @)
as well as the K-functional of unrestricted functions in weighted space equipped by
Ki(@,8)ep = inf {Il 9 = allep + 6|2, }, (5)
/A 4

where W subspace of weighted space L,,[—1,1].
Let & € Ly, [—1,1]*, denoted the multivariable function with d variable, d € N and multi smoothness of modulus
with d variables by

0 (F 8 opa = sup 2% 4 ?f(-)”{,‘p’d (6)
k>8
Also, multi K-functional of unrestricted functions in measured space equipped via
K (§,8)ep = inf {115 = Dllepa + 6941, .} ()
Pepd

2. Auxiliary lemmas

In this section, we introduce some lemma,s which essential it’s in our major outcomes and through these lemmas,
we will study the basic properties of modulus of smoothness.

Lemma2.1[4]:Letk €N,§ >0and g € L,[-1,1], 1 < p < . Then

. For any a > 0, we have [[A5 p|| | < (a + D*[[a5 o] .

i. 8k pll < 241 pl,.

i [ pll, = 87+ D],

Lemma 2.2 [4] The modulus of smoothness wy (p, §),, satisfies the following

i. Fori<j, wij(p,8), < 2/ 'w;(p,8), .

ii. Fora >0, w;(p, ad), < (a + 1) w;(p, 8),.

Now, we define the following operator

(e, ) = [1 oGy (< t,u >)du;k €N, (6)
i+a

where, G (x) = 32, £() =2 PE(x), x € [-1,1], (7)

P¢ is Gegenbour polynomial with index a and & continuous function on positive real numbers with zero such that
&(w) =1,uelo01].

Lemma 2.3[3] Let ¢ € L,,[—1,1], P the subspace of weighted space L,,[—1,1]and 1 < p < co. Then

i. I (p,t) € P and Ti(p,t) = @(t), fort € [-1,1].
ii. Fork € N; [IT(@, )llep < Cllolle, , C positive constant
iii. For k € N; |l¢ —Ti(@, )llyp < CEL( ),y , C positive constant.

Lemma 2.4 [4] For ¢ € L,,[—1,1]and 1 < p < oo. Then

AsTi(@,t) = Ti(Af(p, 1)) -

In particular for § > 0,

wi (@ — T (9),8)p < Cwie (@, 8) 4 -

Proof: We define the operator with following property on the closed interval [—1,1],

M, u) = p(Buw), for B € [—1,1].
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From definition the operator I, (¢, t), A% ¢(x) and lemma 2.1, we obtain
Mp(Te (@) w) = [, p(W)Gy (< fu, v >)dv
= f_11<p(v)Gk (<u,B v >)dv
= [, 0(Bv)Gi (1< w,v >]dv
= Fk(J\/[,;(fp),u) .
Now, [|a5(¢ = Te(p.- D, = 1a5(e) — 25T, NI,
= [|a5(¢) — (@50, D,
< (1+0||as. ),
sup|[a5(e — Ti(e, D, , < A+ C) sup|a§(e, DI,

Wi(@ —Ti(9,.),8)ep < (1 +C) wi(®,8)gp -

3. Main theorems

We begin with frontal and reverse theorems for best approximation of unbounded functions in L,,[—1,1] via
modulis of softness through some lined operators which belong subspace of L,,[—1,1].

Theorem 3.1 Let ¢ € Lp,[—1,1], 1 < p < o and C positive constant dependent on p. Then
E(@)ep < C(p)wi(@,8),,  Where § = k™1
Proof: Fork =1, 1 < p < oo, using lemma 2.1, (2) and (3), we have
Ee(@)ep < I9() =T, Illep < [, i@, ), du
< C(p)wk (o, 5)€,p .
Now, for k > 1, we follows the induction mathematical on k, by lemma 2.1 and lemma 2.3, we have the following:
Suppose that the following inequality hold
Ex(@)ep < C(p)wi(,8),, , forsome k > 1.
The definition of T} (¢, t) implies I‘EJ (p,t) =0.

s0,{|o() - FEJ("”')MM < CElp() =Ty (@, e

< C(Pwi <<p(-) - FEJ(%-))

&p
On other hand, using lemma 2.3and lemma 2.4, we obtain.

wk+1<<ﬂ(-)—rlEJ ((P.-).x>
7

For €N , (<p(.) ~ T (o, 6)) = C()j* " 2 dx + C(k)j*2* |[o(.) -
4 [‘p
1 d
F{%J(fp,-)“fp fzixk%
< G Do (00 = Ty, ),x) + €027 00~ Ty 0.0
4 2p 4 2p
Choosing i such that
1 _ w1
Z <CMC (k)27 < 5
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s, o) = g0 < o (00 ~Tgo0x)
ry ) 4 D

< C wk+1((p! 5){’,1)'
Theorem 3.2 For ¢ € L,,[—1,1], 1 < p < oo, C positive constant and k natural numbers. Then
Wi (9,867 S CET* X M T E 1 ()0 -
Proof: From lemma 2.1 and 2.3 , we have

Wk (@, 87 ep = supl|Bz (e, ), < 2*l0lley

< 2%(llp () = T, e + 1T (@, L)
< 2%(C Ex(@)op + T (@, Dllep)

24(C Ex(@)ep + (€ + 1) Ex(9)e)
CE B i Eina () -

IA

IA

4. Approximation via a new pair of approximate tools

In this part, we present additional two tools of modulus of smoothness and K-functional on the weighted and apply
them to find the better approximation on the weighted space. In addition, both the frontal and the reverse
approximate. Theorems are considered in terms gadget K-functional function on weighted space.

Now we begin to present the proof of the equivalence of the two gadgets of degree k, which are K-functional and
modulus of smoothness. Moreover, we introduced anther operator to approximate unbounded functions in
weighted space is called the differential operator it is one of the important operator that have been used in our
current work and is symbolized by A(g) which as interpolate with the function .

The differential operator A, ;(¢) are connected to usual partial derivative when the independent variable has more
than one in terms the following form

9 n n
oGl = %0 - 6T 60,0 = T 605 (0) ®)

On the other hand, the direct approximation theorem of the function ¢ in weighted space and the converse theorem
of the same function are both considered in this section.

Now, we start to prove that modulus of smoothness and K-functional are equivalence.

Theorem 4.1 Let ¢ € Ly,[—1,1], 1 < p < o and k natural number. Then

Wi (9,8)pp = Ki(9,6)e, , for 6> 0. ©)
Proof: From lemma 2.1 (ii) and (iii), we obtain

las@ll,, < lellep and [[25@I,, < 85 =D, , + [1A5Il,,

<llg = llzp + 8 l191lep,

= W (9,8)p < C Ki(9,6)ep (10)
We need to prove that the converse of (10), its sufficient that proof of (6) complete.
From (5) , lemma 2.1 and lemma 2.3, we obtain

Kie(9,8)2p < 900D = T, llep + 6*[[ DD, ],
< Wk (@,8)ep + 6*57F (85T, )],
< Coe(@,8)gyp -

We shall, study the degree of better approximate. Of unrestricted functions in measured space via the differential
operator. A, ;(¢)

Theorem 4.2 Let ¢ € L,,,[-1,1],1 < p < o, and k natural number. Then

C
Eak(@)ep < maxEx(Dip)ep -

Proof: From lemmas 2.3 and 2.4 , we have
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D®T, (g, ) = D® [ oGy (< t,u >)du = [1 D@ pw)G, (< t,u >)du and D®T, (@, t) =
-1 -1
I,D® (@,t).

Thus, Ez (@) ep < Eak(@=Tk(0))ep + Ea (T (90))ep
< C K (0—T(@))ep + C K (T (@) ep

< Emax{|0® (o ~ L), + IDP @), )

(9

< L max Ex(Dj@) ey

5. Approximation of multi- functions

In this part, we present new types of multivariable functions to approximate them using new approximation tools.
We will start by studding the elementary features of multi modulus of smoothness. Moreover, the frontal and
reverse formulas of multi functions in terms multi smoothness modulus are considered as well as, the connection
inter alia multi K-functional and multi smoothness of modulus has been given.

New, we introduce some propositions which need its in our main results.
proposition 5.1: If § € L,,[—1,1]4,1 < p < oo andk € N, then

k k
185, 5O, , < Wl*IDSl,,
Proof: Let Ay(u,v) = §(Pyy, v). Foreach u;,u, > 0 and v = (vy, vy, ..., v4)
Ag(uq + Uy, v) = F(Pauysuy, V) =Ag (uy, Pa oy v).

From definition difference symmetric ofA§ ,, that
Af F) = fou fou ka Ag(uy + upy + -+ ug, v)duy ...duy
= [} o fy DI MG (0, Pyyruy,. gy V) Aty o duty
So, ||A% 4 g(.)||wd < fy o Sy IPEAG (0, Papiysuy, gy v)||mdu1 wduy .
Also, [[454 SO, < J5 ...f;”DSkg(.)”&p‘ddul e dy

< ”k||DL’fk3(-)”€,p,d'

Proposition 5.2: If § € L, ,[-1,1]%,1 < p < o and k € N, then

I 0 (FWopa < CCONFOllep.a
i, Fors>1landu€ RY, w4 6u)rpa < CCkp)(1 + kS /P6 w0 (Fu)ep -

i, Leti,j e NU{0}andu € (o,zil.]_)
L 0 (FWopa < CUK) 012 (& Wepa + CANFIlep,a-
Thus, using 5.2, we have established the upper and lower limits of the inequality estimates

wkd(%, %)t’,p,d < C(i' k)”DL’:k%(')”{’,p,d (8)

ID5BON, < € 5 0@ Depa ()

Theorem5.3: Let & € L,,[—1,1]%,1 < p < o0, k € Nand 9 be operator in Q%is subspace of L, ,,[—1,1]%. Then,
there is constant C dependent on k and psuch that

Ex(®epa < Ck, D)0 (& V)epa ¥ > 0.
Proof: We take the difference between the function & and the operator 9), then

15 = D@ =2[F (F 1] - [ 85 B v . dve) aj]

From, Minkowski,s inequality, we have
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IBC) = DOllepa < Clp)2 {j,f_l |50 s dvl|, dv,.. dvd}dj

= Ckp)2ff {klf’ ARGz at g sy dvy| - dv, ...dvd}dj (10)
4p,d

Since,
”% 1]]2‘:172:(117‘1 A)’f,d F(u) dv”{ ; = ”%(fofwﬂ“'vdA LW dv — va+ Vg Akd F(u) dv)”['p’d
< sup ”mf(mm Hva)/d d () dv”

{’pd

sup || fo T A sy av]|
p.d

(j+va+-- +vd)/d

= 0 (& V)epa + Ok &V iepa = 2 0k (& V)opa-
From (10) and (11), we obtain

150 = 9Ollepa < Clm) 2 {75 - ) 0x® By, dv, .. dvafdj

< Cle,p)wi® (& V)epa ;fy 1280 =Clp)wp® (B ¥)epa - (1)

Theorem5.4: Let§ € L,,,[—1,1]%,1 < p < o0, k € N and 2 be operator in Q%is subspace of L, ,[—1,1]¢. Then,
there is steady C count on k and psuch that

0§ Depa ~ K (& Depa-
Proof: From (9) and (11), we have
K (§ Depa < CU6P) 0 (FDepa (12)
From another direction, by propositions 5.1 and 5.2, we get
0@ Depa < 0 (S~ R Depa + 0 D epa
S Cl,plIFC) = RO ppa + C(k,p)llDL’fk?R(-)ll{,M (13)

By using (12) and (13), we attain the equivalent inter alia K-functional and modulis of softness in multi weighted
spaces.

Theorem5.5: Let§ € Ly, [— 1,1]%,1 < p < o, k € N. Then, there is constant C dependent on k and p such that
1 ckp)wj . _
w0 (S, Depd < jp Y oG+ D E (¥)opa -

Proof: Let 8 be the best algebraic approximation polynomial of & in the multi weighted spaceL,,, [-1,1]¢

Also, j = 1,2,3, ...such that 2/ < i < 2/*1, we have
1 1 1
w (3, Depd < w (- Lo+t Depa T wkd(ﬁzj+1,;)e,p,d .

. : J
Since, 2(1+1)kEzk(i§)€,p,d < 2%k Zfzzk—1+1 Ei(¥)epa (14)

From proposition 5.2, we have

1
W (F — £2i+1ﬂ_)€,p,d < Ck,p)||FC) - 532j+1(-)||{,‘p_d = C(k,D)Ej+1(X) e pa

2U+DK 2(1 Dk

S Clp) == E,i(@epa s Clk,p)—— 22k Zl k11 VT E (&) ppa - (15)
From another direction, using propositions 5.1& 5.2 and (14), we obtain

wkd(ﬁzj“'l'%)f,p,d < @”Dskgziﬂn C(k p) ||Dkk531( )+ Z (D5k82i+1 - Dlljkgzi)”f’p’d

4, d
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< C(Z(k’p) ”Dlljkﬁl(-)”e,p, C(k o + ”Z O(D‘lljngH-l - Dllfkﬁzi)”flpld'

< C({:p){llﬁl(-)”f,p,d + 120 (8,001 — 22")”{’,;:,:1,}

C(kp)

{Eo(g’)#pd + ||Z 2(i+1)kE2i(g)€'p'd”{’,p,d,}

< ) {Eo(?f)epd + 28E (B epa + |2 2(i+1)kE2i(%){’.p,d”&pld,}

C(k,p) j i i
< S E @) epa + 2Es B epa + Ty T2 s sy MR ()}

< B () epa + T T E (B ep.a) (16)

l

From (14), (15) and (16), we get

1 C(k )
wkd(ﬁzﬂl:;){,p,d =< - {Zm 20— 1+1 (Hl)kEm(S')fpd + Eo(g)t’pd + Zm 1m(l+1)kEm(g)€,p,d}

C(k,p) i
< lk"{ 2D (B epa + Eo®epa)

C(k,p) i—
< — ik { m=1 (l 1)Em(%)€,p,d}-

The proof of theorem followed.

6. Conclusion

The concentration of linear operators was unpretentious to prove in the measurable space L,[0,1] but there were
few works in weighted space. In this work, we included characteristics of the approximation of unrestrained
functions in measured space by linear operators via direct and converse approximation theorems. We also explored
the relationship between the modulus of softness and the K- functional, where we proved that these tools were
equivalent. For more future work, these provided tools can be combined with both [10-11].
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