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Abstract

This paper presents four new types of continuity in the context of supra-soft topological spaces: supra-soft w-
continuity, supra-soft w-irresoluteness, supra-soft contra-continuity, and supra-soft contra-w-continuity. The
main contribution is the clear definitions and detailed study of these concepts, which helps us better understand
how they work and how they are interconnected. We carefully examine how these new concepts connect
among themselves and with analogous concepts in traditional supra-topological spaces. We also demonstrate
how these different forms of continuity behave under common mathematical operations, such as composition
and restriction. To make everything easier to understand, we introduce several examples that emphasize how
these new concepts compare with existing, well-known concepts, giving a better picture of how continuity
works in a more generalized topological settings.
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1 Introduction and Preliminaries

Molodtsov [1] developed the notion of soft sets in 1999 as a novel technique to cope with uncertain data when
modeling real-world situations in various fields, including data science, engineering, economics, and health
sciences. Numerous academics have applied soft set theory as a mathematical tool to real-world situations
(see [2, 3]). Shabir and Naz [4] pioneered the framework of soft topology and researched numerous related
subjects. Then, numerous academics interested in abstract structures tried to broaden topological notions to
encompass soft-topological space.

Mashhour et al. [5] defined supra-topological spaces by omitting the finite intersection constraint from the
classical topology definition. Many topological scholars studied topological concepts using supra-topologies
to investigate their properties [6-9]. The authors of [10] employed supra-topologies to create new rough set
models for modeling information systems. Furthermore, the authors of [11] exploited supra-topologies for
digital image processing.

The concept of supra-soft topological spaces, introduced in 2014, generalizes crisp mathematical structures
to soft ones. It includes concepts like continuity [12], compactness [13], separability [14, 15], and separation
axioms [16, 17]. Research in the field of supra-soft topologies remains vibrant and active.

This paper is aimed at augmenting the field of soft topology by introducing four new types of supra-soft
continuity. The motivation behind it is to generalize the available continuity concepts within the flexible soft
set structure and to provide a better description through various characterizations. Through exploring the
connections with supra-topological spaces and studying their preservation properties, this paper aims to link
different topological structures. Also, certain examples will clarify how these new ideas extend previous ones,
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resulting in an even better understanding of continuity in generalized topological spaces. Last but not least,
the study aims to advance the theory of soft topology and present suggestions for future research.

” Assume that M is a non-empty set and A is a set of parameters. A soft set over M relative to A is a function
G:A— P(M). SS(M,A) will denote the family of all soft sets over M relative to A. The null soft set and
the absolute soft set are denoted by 04 and 14, respectively. Let G € SS(M, A). If G(a) = U forall a € A,
then G is denoted by Cyy. If G (a) = U and G (b) = ¢ for all b € A — {a}, then G is denoted by ay. If
G(a) = {z}and G (b) = I forallbe A— {a}, then G is called a soft point over M relative to A and denoted
by a,. SP (M, A) will denote the family of all soft points over M relative to A. If G € SS(M, A) and
a, € SP(M, A), then a,, is said to belong to G (notation: a,€G) if x € G (a). If {G4 : a € A} = SS(M, A),
then the soft union and soft intersection of {G,, : & € A} are denoted by Tnen Gy, and A aen G, respectively,
and defined by

(TaeaGa) (@) = UaeaGa (a) and (RaeaGa) (@) = NaeaGa (a) forall a € A.

Let SS (M, A) and SS (N, B)
Then a soft map g,, : SS (M
K € SS(N,B). (gpu (H)) (b) = G if u™" (b) = & (gpu (H)) (b) = Vaeu—1yp (H (a)) if u™" (b) # &,
and (g, (K)) (a) = p~* (K (u(a))) foralla € A”

be two families of soft sets, and p : M — N, u : A — B be two maps.
,A) — SS (N, B) is defined as follows: For each H € SS (M, A) and

For concepts and expressions not described here, we refer readers to [18, 19]; supra-soft topological space
(Supra-STS) and supra-topological space (supra-TS) are utilized in this paper.

The sequel will utilize the following definitions:

Definition 1.1. Let (M, R) and (N, Im) be two supra-TSs, and let k : (M, R) — (NN, Im) be a map. Then

(a) [20] h is called supra continuous at € X if for every V' € Im such that h(x) € V, there exists U € X such
that z € U and h (U) < V. If h is supra continuous at each = € X, then h is called supra continuous.

(b) [21] h is called supra w-continuous at x € X if for every V' € Im such that h(z) € V, there exists U € R,
suchthatz € U and h (U) < V. If h is supra w-continuous at each = € X, then h is called supra w-continuous.

(c) [22] h is called supra w-irresolute at x € X if for every V' € Im,, such that h(x) € V, there exists U € R,,
such that z € U and h (U) < V. If h is supra w-irresolute at each « € X, then h is called supra w-irresolute.

(d) [23] h is called supra contra-continuous if =1 (V') € X¢ for every V € Im.

(e) [22] h is called supra contra-w-continuous if A= (V) € (R,,)¢ for every V € Im.

Definition 1.2. [12] Let (M, p, A) and (N, A\, B) be two supra-STSs. A soft map g, : (M,p,A) —
(N, )\, B) is called supra-soft continuous at a soft point a, € SP (M, A) if for every G € X such that

gpu (az) EG, there exists H € p such that a,€H and g,, (H) SG. If g,, is supra-soft continuous at each
soft point a,, € SP (M, A), then gpu 1s called supra-soft continuous.

2 Supra-Soft w-Continuity

In this section, we introduce supra-soft w-continuous maps. We introduce several characterizations of them.
Also, we introduce the correspondence between this concept and its analogous one in general topology. More-
over, we demonstrate how this distinct form of continuity behaves under common mathematical operations,
such as composition and restriction.
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Definition 2.1. Let (M, p, A) and (N, A\, B) be two supra-STSs. A soft map g, : (M, p, A) — (N, \, B)
is called supra-soft w-continuous at a soft point a,, € SP (M, A) if for every G € A such that g,, (a,) €G,
there exists H € p,, such that a,€H and g,, (H) SG. If g,, is supra-soft w-continuous at each soft point
a, € SP (M, A), then gy, is called supra-soft w-continuous.

Theorem 2.2. Let (M, p, A) and (N, \, B) be two supra-STSs. If g,,,, : (M, p, A) — (N, A, B) is supra-soft
w-continuous at a, € SP (M, A), then p : (M, pa) —> (N, Ay(q)) is supra w-continuous at .

Proof. Let V' € A4 such that p(z) € V. Choose G € A such that G (u(a)) = V. Then g, (a.) =
(u(a)) ) €G. Since gpy : (M, p, A) — (N, A, B) is supra-soft w-continuous at a,, then there exists H €
pw such that a,€H and g,,, (H) SG. Thus, we have z € H(a) € (p,), and p (H(a)) = (gpu (H)) (u(a)) <
G (u(a)) = V. On the other hand, by [, (pw), = (pa),,. This shows that p : (M, p,) —> (N, Ay(q)) is supra
w-continuous at x.

Corollary 2.3. Let (M, p, A) and (N, A, B) be two supra-STSs. If g, : (M, p, A) — (N, A, B) is supra-soft
w-continuous, then p : (M, pa) —> (N, Ay(q)) is supra w-continuous.

Theorem 2.4. Let {(M,p,) :a€ A} and {(N,\,) : b€ B} be two families of supra-TSs. Consider the
maps p : M — N, and u : A — B, where u is a bijection and let a, € SP (M, A). Then gy, :
(M, ®aqcapa; A) — (N, ®vepAp, B) is supra-soft w-continuous at a, iff p : (M, pa) —> (N, Ay)) is
supra w-continuous at x.

Proof. Necessity. Let gy, : (M, ®qeapa, A) — (N, Qvep A, B) be supra-soft w-continuous at a,. Then by
Theorem 2.2, p : (M, (®aeapa),) — (N, (®beB>\b)u(a)) is supra w-continuous at . On the other hand, by

Theorem 2.5 of [19], (Ruc4pa), = Pa ad (RbeBAb) 0y = Mu(a)- It follows that p : (M, pa) — (N, Ay(a))
is supra w-continuous at x.

Sufficiency. Let p : (M, ps) — (N, Ay(a)) be supra w-continuous at x. Let G € QuepAy such that
gpu (az) = (u(@)),(, €G. Then p(z) € G(u(a)) € Ay(). So, there exists U € (p,),, such that z € U
and p(U) < G(u(a)). By Theorem 3.10 of [19], ay € (®acapa),- Therefore, we have a,€ay € (®acapa),
and g,,, (arr) SG. This proves that g,y : (M, ®ueapa, A) — (N, Rpep s, B) is supra-soft w-continuous at
Q.

Corollary 2.5. Let {(M, p,) : a € A} and {(N, \y) : b € B} be two families of supra-TSs. Consider the maps
p: M — Nandu: A— B, where u is a bijection. Then g, : (M, Rqeapa, A) — (N, ®pepp, B) is
supra-soft w-continuous iff p : (M, pg) —> (N, Ay(q)) is supra w-continuous for all a € A.

Corollary 2.6. Let p : (M,X) — (N,Im) be a map between two supra-TSs and let w : A — B be a
bijective map. Let a, € SP (M, A). Thenp : (M,R) — (N,Im) is supra w-continuous at x iff g, :
(M, u(R), A) — (N, 1 (Im) , B) is supra-soft w-continuous at a,.

Proof. Foreacha € Aandb € B,letR, = Nand Im;, = Im. Then p (R) = ®aeaN;, and 7 (Im) = Qpe g Iy,
Theorem 2.4 ends the proof.

Corollary 2.7.Letp : (M,X) — (N, Im) be a map between two supra-TSs and let u : A — B be a bijective
map. Then p : (M,R) — (N,Im) is supra w-continuous iff g, : (M, (R),A) — (N, n(Im),B) is
supra-soft w-continuous.

Theorem 2.8. Let (M, p, A) and (N, A\, B) be two supra-STSs. If g,,,, : (M, p, A) — (N, A, B) is supra-soft
continuous at a, € SP (M, A), thenp : (M, p,) — (N, )\u(a)) is supra continuous at x.
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Proof. Let V' € \,(,) such that p(z) € V. Choose G € A such that G (u(a)) = V. Then g,, (az) =
(u(a)), () €G. Since gy, : (M, p, A) —> (N, A, B) is supra-soft continuous at a, then there exists H € p
such that a,&EH and g,, (H) SG. Thus, we have x € H(a) € p, and p(H(a)) = (gpu (H)) (u(a)) <
G (u(a)) = V. This shows that p : (M, p,) —> (N, Ay(q)) is supra continuous at .

Corollary 2.9. Let (M, p, A) and (N, A, B) be two supra-STSs. If g, : (M, p, A) — (N, X, B) is supra-soft
continuous, then p : (M, po) —> (N, Ay(q)) is supra continuous.

Theorem 2.10. Let {(M,p,) :a€ A} and {(N, ) : b€ B} be two families of supra-TSs. Consider the
maps p : M — N and u : A — B, where u is a bijection and let a;, € SP (M, A). Then gp, :
(M, ®acApa, A) — (N, Rpep b, B) is supra-soft continuous at a, iff p : (M, p,) —> (N, )\u(a)) is supra
continuous at x.

Proof. Necessity. Let gy, : (M, ®queapa, A) — (N, ®pep A, B) be supra-soft continuous at a,,. Then by
Theorem 2.8, p : (M, (Qacapa),) — (N, (®bEB)\b)u(a)) is supra continuous at . On the other hand, by

Theorem 2.5 of [19], (®ucapa), = Pa ad (BbeBNb) 4y = Mu(a)- It follows that p : (M, po) — (N, Au(a))
is supra continuous at x.

Sufficiency. Letp : (M, p,) — (N, )\u(a)) be supra w-continuous at 2. Let G € ®pep Ap such that gy, (az) =
(u(a)),(y) EG- Then p(z) € G(u(a)) € Ay(a)- So, there exists U € p, such that z € U and p(U) < G(u(a)).
By Theorem 3.10 of [19], ary € ®qeapa. Therefore, we have a,€ar € ®ueapa and gy (arr) EG. This proves
that g, : (M, ®aecapa; A) — (N, pepp, B) is supra-soft continuous at a,.

Corollary 2.11. Let {(M, p,) : a € A} and {(N, N\p) : b € B} be two families of supra-TSs. Consider the maps
p: M — Nandu: A— B, where u is a bijection. Then g, : (M, Rqeapa,A) — (N, ®pepp, B) is
supra-soft continuous iff p : (M, p,) —> (N , /\u(a)) is supra continuous for all @ € A.

Corollary 2.12. Let p : (M,R) — (N,Im) be a map between two supra-TSs and let w : A — B be
a bijective map. Let a, € SP (M, A). Then p : (M,X) — (N,Im) is supra continuous at z iff g, :
(M, u(R), A) — (N, i (Im) , B) is supra-soft continuous at a,..

Proof. Foreacha € Aandb € B,letR®, = Nand Im;, = Im. Then p (R) = ®aecaN;y, and 7 (Im) = Qpe g Iy,
Theorem 2.10 ends the proof.

Corollary 2.13. Let p : (M,R) — (NV,Im) be a map between two supra-TSs and let uw : A —> B be a
bijective map. Then p : (M,R) — (N, Im) is supra continuous iff g, : (M, (X),A) — (N, n (Im) , B)
is supra-soft continuous.

Theorem 2.14. Let gy, : (M,p, A) — (NN, A, B) be a soft map between two supra-STSs and let a, €
SP (M, A). If g, is supra-soft continuous at a,, then g, is supra-soft w-continuous at a.
Proof. Let G € A such that g, (a,) €EG. Since g,, is supra-soft continuous at a,,, there exists H € p such that

a,€H and g,, (H) SG. Since p < p,,, then H € p,,. It follows that g, is supra-soft w-continuous at a,.

Corollary 2.15. Let gp, : (M,p,A) — (N, A, B) be a soft map between two supra-STSs and let a, €
SP (M, A). If g,, is supra-soft continuous, then g, is supra-soft w-continuous.

The following example will show that the converses of Theorem 2.14 and Corollary 2.15 are not true in general:
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Example 2.16. Let M = N =R, X = {J} u {U € M : U is infinite}, Im = {¥, {5} ,R}, and A = [0, 1].
Define p : (M,X) — (N,Im)andu: A — Abyp(t) =t + 3,and u(a) = aforallt € M and a € A.
Let V = {5}. Then V € Im such that p (2) € V. Conversely, for any U € R with 2 € U, p(U) is infinite
and thus p(U) is not a subset V. Hence, p is not supra continuous at 2. To show that p is supra w-continuous,
let z € M and let W € Im such that p (x) € W. Since {z} = (Qu {z}) — (Q — {z}), (Qu {z}) € X, and
Q — {a} is countable, then {z} € N,. Let U = {z}. Then U € R, z € U, and p(U) = {p(z)} < W.
It follows that p : (M,X) — (N, Im) is supra w-continuous at z. Therefore, by Corollaries 2.7 and 2.13,
Gpu : (M, 1 (R), A) — (N, p (Im) , A) is supra-soft w-continuous but not supra-soft continuous.

Theorem 2.17. Let gy, : (M, p, A) — (N, A, B) be a soft map between supra-STSs. Then the following
conditions are equivalent:

(a) gpu is supra-soft w-continuous.
(b) For each G € ), g,/ (G) € p.
(c) For each K € X%, g,/ (K) € (pw)”.

Proof. (a) — (b): Let G € X and let aIég;ul (G). Then g,y (a;) EG and by (a), there exists H,_ € p,, such
that a,&H,, and g, (Hq,) EG. Therefore, we have g,/ (G) = 0,251 () Ha,» and hence g, (G) € po.

(b) — (c): Let K € A°. Then 13 — K € A, and by (b), g,/ (15 — K) = 14 — g} (K) € p,,. It follows that
Ipu (K) € (pu)”.

(c) — (a): Let a, € SP(M,A) and let G € X such that g, (a;) €G. Then 13 — G € X° and by (b),
9pa (1 — G) = 14 — gl (G) € (po,)". Let H = g,.! (G). Then we have a,€H € p,, and g, (H) =
9pu (9 (G)) EG. It follows that gy, is supra-soft w-continuous.

Corollary 2.18. Let g,, : (M,p,A) — (N, A, B) be a soft map between supra-STSs. Then g, :
(M, p,A) — (N, A, B) is supra-soft w-continuous iff g,, : (M, p,, A) — (N, A, B) is supra-soft con-
tinuous.

Theorem 2.19. Let (M,p, A), (N, A, B), and (L,~, D) be three supra-STSs. If gp,., : (M,p,A) —
(N, X\, B) is supra-soft w-continuous and gp,u, : (N, A\, B) — (L,~, D) is supra-soft continuous, then
I(paop1)(usour) : (M, p, A) — (L,~, D) is supra-soft w-continuous.

Proof. Let G € 7. Since gp,u, is supra-soft continuous, then g, 1u?
w-continuous, then by Theorem 2.17, g} (gp_zlu2 (@) =

pruy
Theorem 2.17, g(p,op, )(usou,) 18 SUpra-soft w-continuous.

(G) € A Since gp, 4, is supra-soft
)(G) € pw. Therefore, again by

g(pz op1)(uz0u1

Theorem 2.20. Let (M, p, A) and (N, A, B) be two supra-STSs. If g, : (M, p, A) — (N, A, B) If is supra-
soft w-continuous, then for any non-empty subset Y < M, (gp) |cy : (Y, py, A) — (N, A, B) is supra-soft
w-continuous.

Proof. Let G € \. Since gy, : (M, p, A) — (N, A, B) is supra-soft w-continuous, then g, (G) € p,, and

0 ((gpu) loy )71 (G) = g;j (G) ACy € (pw)y - Therefore, by Theorem 3.19 of [191, ((gpu) |cy )71 (G) €
(py),,- It follows that (gpu) |cy : (Y, py, A) — (IV, A, B) is supra-soft w-continuous.

Lemma 2.21. Let (M, p, A) be a supra-STS and let Y be a non-empty subset of M. Then H € (py )€ iff there
exists K € p©such that H = KACy.

Proof. H € (py)c iff 14 — H € py, which is true iff there is T' € p such that 14 — H = T'ACy, but in this
caselgy—Tepand H = (14 —T)ACy.
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Theorem 2.22. Let g,,, : (M, p, A) — (N, A, B) be a soft map between two supra-STSsand let M = Y U Z,
where {Cy,Cz} < p° If (gpu) lcy : (Y,py,A) — (N, A\, B) and (9pu) lc, : (Z,pz,A) — (N, )\, B)
are supra-soft continuous, then gy, : (M, p, A) — (N, A, B) is supra-soft continuous.

Proof. Let K € \¢. Then

Gpu (K)

G (K) N4

Gpu (K) A (CyTCyg)

= (95u (K) BCY) T (g (K) AC7)

= () e )™ (B)) O () o)™ (KD)

Since (gpu)lcy @ Y, py,A) — (N, A B) and (gpu) lc, @ (Z,pz,A) — (N, A, B) are supra-soft
continuous, then (((gpu) ley )t (K)) )¢ and (((gpu) lo, ) (K)) € (pz)°. By Lemma 2.21,
) €

((gp) ey )T D), (gpu) ey ) (K) € It follows that g, : (M,p, A) — (N, \, B) is supra-soft
continuous.

Theorem 2.23. Let g,,,, : (M, p, A) — (N, A, B) be a soft map between two supra-STSs and let M = YU Z,
where {Cy, Cz} < (pw)c' If (gpu> loy = (Y, py, A) — (N, A, B) and (gpu> lcy 1 (Z,pz,A) — (N, A\, B)
are supra-soft w-continuous, then g,,, : (M, p, A) — (N, A, B) is supra-soft w-continuous.

Proof. We are going to apply Theorem 2.17. Let K € A°. Then

Gpu (K) = ( )F\ A
= (95u (K r‘CY) v ( mCZ)

(((gpu) ley )™ ) ((9pu) |Cz K)) .

Since (gpu) lcy = Y, py,A) — (N, A, B) and (gpu)|c, : (Z,pz,A) — (N, \, B) are supra-soft w-
continuous, then (((gpu) ey )™ (K)) € ((py),) and (((gpu) | )™ (K)) € (( 2).)". Since by The-
orem 3.19 of [19], (py), = (pw)y and (p,), = (pu)y. then (((g,m oy )™ K)) e ) and

(((@pu) ez )™ (K)) € ((p) )" Therefore, by Lemma 221, ((gpu) ey )™ (K). ((9p0) |cz> : <K> c
(pw)©. Tt follows that g,y : (M, p, A) —> (N, A, B) is supra-soft w-continuous.

Lemma 2.24. Let (M, p, A) and (N, A, B) be two supra-STSs. Consider the projections wps : M x N — M,
Ny M xXN-—N,mp: AxB— Aandng : Ax B— Bon M, N, A, and B, respectively. Then
G (ma) s (M X N,pr(px A),Ax B) — (M,p,A) and g(xy)(xp) : (M x N,pr(px X),Ax B) —
(N, \, B) are supra-soft continuous.

Proof. Let G € pand H € \. Then g(;lM)(M) (G)=Gxlpepr(pxNandg  (H)=1axHe

pr(p x A). Hence, g y and gz () are supra-soft continuous maps.

) (A

Theorem 2.25. Let g, : (M,p,A) — (N, A, B) and g4 : (M,p,A) — (L,7, D) be two soft maps
between supra-STSs. Define s : M — N x Landr : A — B x D by s(m) = (p(m),q(m)) and
r(a) = (u(a),v(a)). If gs : (M, p,A) —> (N x L,pr (A x ), B x D) is supra-soft continuous, then both
9pu and g4, are supra-soft continuous.

Proof. Assume that g, is a supra-soft continuous map. Since gpy, = G(ryos)(rgor) 0 Ggv = G(r0s)(rpor)»
then by Lemma 2.24, we conclude that g,,, and g4, are supra-soft continuous.

Theorem 2.26. Let g, : (M,p,A) — (N, A, B) and g4 : (M, p,A) — (L,7, D) be two soft maps
between supra-STSs. Define s : M — N x Landr : A — B x D by s(m) = (p(m),q(m)) and
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r(a) = (u(a),v(a)). If gsr : (M, p, A) — (N x L,pr (X x ), B x D) is supra-soft w-continuous, then
both g,,, and g, are supra-soft w-continuous.

Proof. Assume that g5, is supra-soft w-continuous. SincCe gpu = g(rxyos)(rpor) A Ggv = G(xos)(xpor)> then
by Lemma 2.24 and Theorem 2.19, we conclude that g,,, and g4, are supra-soft w-continuous.

Theorem 2.27. Let g, : (M, p, A) — (N, A, B) be a soft map between supra-STSs, and let § # Y < M
such that py < p. If there is a,, € SP(Y, A) such that (gp.) |cy : (Y, py, A) — (N, A, B) is supra-soft
continuous at a,, then gp,, is supra-soft continuous at a,,.

Proof. Let G € X such that g, (ay) €G. Since (gpu) |cy : (Y, py, A) — (IV, A, B) is supra-soft continuous
at a,, there exists H € py such that a,€H and g,, (H) SG. Since by assumption py  p, then H € p. This
shows that g,,, is supra-soft continuous at a,,.

Corollary 2.28. Let g5, : (M,p, A) — (N, A, B) be a soft map between supra-STSs. Let {Y, : v € A}
be a cover of M such that for each o € A, py, € p and g,y |y, i supra-soft continuous at each soft point
d, € SP (Y,, A). Then g,, is supra-soft continuous.

Proof. Let a, € SP (M, A). We show that g, : (M, p, A) — (N, A, B) is supra-soft continuous at a,.
Since {Y,, : @ € A} is a cover of M, then there exists a, € A such that z € Y,,_ and so a, € SP (Y, , A).
Since py, S p, then by Theorem 2.27, it follows that g,,, is supra-soft continuous at a,.

Theorem 2.29. Let g, : (M, p, A) — (N, A, B) be a soft map between supra-STSs and let J # Y < M
such that (py) , < p.. If there is a,, € SP(Y, A) such that (gp.) |y : (Y, py, A) — (N, A, B) is supra-soft
w-continuous at a,, then g,,, is supra-soft w-continuous at a,,.

Proof. Let G € X such that g,, (ay) €G. Since (gpu)|cy : (Y,py,A) — (N, B) is supra-soft w-
continuous at a,, there exists H € (py ), such that a,€H and gy, (H) SG. Since by assumption (py),_, < pu»
then H € p,,. This shows that g,,, is supra-soft w-continuous at a,,.

Corollary 2.30. Let gy, : (M, p, A) — (N, A, B) be a soft map between supra-STSs. Let {Y,, : « € A} be
a cover of M such that for each a € A, (py, ), S pu and (gpu) oy, 18 supra-soft w-continuous at each soft
point d, € SP (Y,, A). Then g, is supra-soft w-continuous.

Proof. Let a; € SP (M, A). We show that g, : (M, p, A) — (N, A, B) is supra-soft w-continuous at a.
Since {Y, : @ € A} is a cover of M, then there exists o, € A such that z € Y, and so a; € SP (Y, , A).
Since (pyao )w C pw, then by Theorem 2.29, it follows that g,,, is supra-soft w-continuous at a,.

Theorem 2.31. Let (M, p, A) and (N, A, B) be two supra-STSs with A and B are countable, and let g,,, :
(M, p, A) —> (N, A\, B) be supra-soft w-continuous and surjective. If (M, p, A) is supra-soft Lindelof, then
(N, A\, B) is supra-soft Lindelof.

Proof. Since g, : (M, p,A) — (N, A, B) is supra-soft w-continuous, then by Corollary 2.18, g, :
(M, py, A) — (N, A, B) is supra-soft continuous. Since (M, p, A) is supra-soft Lindelof, then by Theo-
rem 3.18 of [19], (M, p.,, A) is supra-soft Lindelof. Proposition 4.15 of [24], ends the proof.

Definition 2.32. A soft map g, : (M, p, A) — (N, )\, B) is called supra-soft w-closed if g, (F) € (Ay)°
for each F' € p°.

Theorem 2.33. Let g,, : (M,p,A) — (N, A, B) be a supra-soft w-closed map such that for each b, €
SP(N,B), g. (by) is a supra-soft Lindelof subset of (M, p, A). If (N, X, B) is supra-soft Lindelof, then
(M, p, A) is supra-soft Lindelof.
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Proof. Let G = p such that 14 = JgegG. For each b, € SP (N, B), g,,.! (b,) is a supra-soft Lindelof subset
of (M, p, A) and there exists a countable subcollection Gy (by) of G such that g,.! (b)) EJgeg, (v,)G- For each
b, € SP (N, B), put G (by) = Jgeg,(»,)G and H (b,) = 1p — gpu (14 — G (by)). Since gy, is supra-soft
w-closed, then for each b, € SP (N, B), H (b,) € (\,) with b,€H (b,) and g, (H (b,)) G (by). Since
H (by) € (M), there exists K (by) € A such that b, €K (b,) and K (b,) — H (b,) is a countable soft set. For
eachbyeSP(N,B),wehaveK(b)§(K( y) — H (by)) OH (by) and so

Tpu (K (by))

IN21Ne

Gpu (K (by) — H (by)) Og,l (H (by))
gp_ul (K (by) — H (by)) OG (by) .

Since K (b,)—H (by) is a countable soft set and g,,,! (b, ) is a supra-soft Lindelof subset of (M, p, A), there ex-
ists a countable a countable subcollection Gy (by) of G such that g, (K (b,) — H (b,)) S T{G : G € G5 (b,)}
and hence g, (K (b)) S0{G : G € G5 (b,)} TG (by)]

Since {K (by) : by € SP(N,B)} € A\, 1 = Ty esp(n, B)K( ), and (N, A, B) is supra-soft Lindelof, there
exists a countable subset S € SP (N, B) such that 15 = S{K (b,) : b, € S} Therefore,

la = O {ngul(K (by)) by € S}
y)HO[O{G: G e Gi(by)}]
= O{G:G e Gi(by) vGs(by),b, €S}.

|
C
o
m
n
—_
Q
@
m
QO
0
=

This shows that (M, p, A) is supra-soft Lindelof.

3 Supra-Soft w-Irresoluteness

In this section, we introduce supra-soft w-irresoluteness maps. We introduce several characterizations of them.
Also, we introduce the correspondence between this concept and its analogous one in general topology. More-
over, we demonstrate how this distinct form of continuity behaves under common mathematical operations,
such as composition and restriction.

Definition 3.1. Let (M, p, A) and (N, A, B) be two supra-STSs. A soft map gy, : (M, p, A) — (N, ), B)
is called supra-soft w-irresolute at a soft point a, € SP (M, A) if for every G € A, such that g, (a;) €G,
there exists H € p,, such that a,€H and gy, (H) CE. If gpu 18 supra-soft w-irresolute at each soft point
a, € SP (M, A), then gy, is called supra-soft w-irresolute.

Theorem 3.2. Let (M, p, A) and (N, A, B) be two supra-STSs. If g,,,, : (M, p, A) — (N, A, B) is supra-soft
w-irresolute at a; € SP (M, A), thenp : (M, po) — (N, Ay(a)) is supra w-irresolute at .

Proof. Let V' € (X (q))w such that p(z) € V. By Theorem 3.8 of [19], V' € (\,)y(a)- Choose G € A, such
that G (u(a)) = V. Then gpy (az) = (u(a)),, €G. Since gy, : (M, p, A) —> (N, X\, B) is supra-soft w-
irresolute at a,, then there exists H € p,, such that a,€H and g,,,, (H) €G. Thus, we have z € H(a) € (p.,),,
and p (H(a)) = (gpu (H)) (u(a)) € G (u(a)) = V. On the other hand, by Theorem 3.8 of [19], H(a) €
(pa).,- This shows that p : (M, pa) —> (N, Ay(a)) is supra w-irresolute at z.

Corollary 3.3. Let (M, p, A) and (N, A, B) be two supra-STSs. If g,,, : (M, p, A) — (N, X, B) is supra-soft
w-irresolute, then p : (M, p,) — (N , )\u(a)) is supra w-irresolute.

Theorem 3.4. Let {(M,p,) :a€ A} and {(N,\,) : b€ B} be two families of supra-TSs. Consider the
maps p : M — N and u : A — B, where u is a bijection, and let a, € SP (M, A). Then gy, :
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(M, ®acapa; A) — (N, QpepAs, B) is supra-soft w-irresolute at a, iff p : (M, pa) — (N, Ay(a)) is supra
w-irresolute at x.

Proof. Necessity. Let gp, 1 (M, ®acapa, A) — (N, ®pep s, B) be supra-soft w-irresolute at a,. Then by
Theorem 3.2, p : (M, (®acapa),) — (N, (®Rven )\b)u(a)) is supra w-irresolute at x. On the other hand, by

Theorem 2.5 of [19], (®acapa), = Pa and (®b€B)\b)u(a) = Ay(a)- It follows that p : (M, ps) —> (N, /\u(a))
is supra w-irresolute at x.

Sufficiency. Letp : (M, p.) — (N, /\u(a)) is supra w-irresolute at x. Let G € (®pepAp)w such that
9gpu (az) = (u(a)),(,) EG. Then by Theorem 3.10 of [19], G € ®pep(Mv)w- So, p(z) € G(u(a)) €
(Au(a))w- Hence, there exists U € (pq),, such that z € U and p(U) < G(u(a)). By Theorem 3.10
of [19], ay € (®acapa),. Therefore, we have a,€ay € (Racapa), and gp, (av) C@. This proves that
Gpu : (M, ®acapa, A) — (N, @vep b, B) is supra-soft w-irresolute at a.

Corollary 3.5. Let {(M, p,) : a € A} and {(N, \y) : b € B} be two families of supra-TSs. Consider the maps
p: M — Nandu: A— B, where u is a bijection. Then g, : (M, Rqeapa,A) — (N, ®pepp, B) is
supra-soft w-irresolute iff p : (M, p,) — (N , /\u(a)) is supra w-irresolute for all a € A.

Corollary 3.6. Let p : (M,X) — (N,Im) be a map between two supra-TSs and let v : A — B be a
bijective map. Let a, € SP (M, A). Then p : (M,X) — (N,Im) is supra w-irresolute at x iff g, :
(M, (R), A) — (N, x (Im) , B) is supra-soft w-irresolute at a,,.

Proof. Foreacha € Aand b € B, let X, = Nand Im;, = Im. Then pt (X) = ®ueaX, and 7 (Im) = Qpep Imy,
Theorem 3.4 ends the proof.

Corollary 3.7. Let p : (M,X) — (N,Im) be a map between two supra-TSs and let w : A — B be a
bijective map. Then p : (M, R) — (N, Im) is supra w-irresolute iff g, : (M, 1 (R), A) — (N, p (Im) , B)
is supra-soft w-irresolute.

Theorem 3.8. Let (M, p, A) and (N, \, B) be two supra-STSs and let a,, € SP (M, A). Then a soft map
gpu + (M, p, A) — (N, A, B) is supra-soft w-irresolute at a, iff gp,, : (M, p.,, A) — (N, A, B) is supra-
soft continuous at a,.

Proof. Obvious.

Corollary 3.9. Let (M,p, A) and (N, \, B) be two supra-STSs. Then a soft map gy, : (M,p,A) —
(N, A, B) is supra-soft w-irresolute iff g,,, : (M, p,,, A) — (N, Ay, B) is supra-soft continuous.

Theorem 3.10. Let g, : (M, p, A) —> (N, A, B) be a soft map between supra-STSs. Then the following
conditions are equivalent:

(@) gpu = (M, p, A) —> (N, A, B) is supra-soft w-irresolute.

(b) For each G € A, g, (G) € p.

(c) For each F' € (A\,)®, gpu (F) € (pu)”.

(d) Foreach T € SS (M, A), g, (Cl,,, (T)) ECly, (gpu (T)).

(e) For each R € SS (N, B), Cl,,, (9, (R))Sgpa (Clx, (R)).

Proof. (a) — (b): Let G € )\, and let amég;ul (G). Then g, (a;) EG. So, by (a), there exists H € p,, such
that a,EH and g,,,, (H) SG. Therefore, we have a,€HZg,,! (gpu (H))Zg,, (G). Hence, g, (G) € po.
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(b) — (c): Let F € (A,). Then 1p — F € A,. So, by (b), g,/ (1p — F) = 14 — g,/ (F) € po. Thus,
g;ul (F) € (pw)c'

(¢) — (d): Let T € SS (M, A). Since Cly, (gpu (T)) € (Au)®, then by (), g, (Clx,, (gpu (T))) € (pu)®
and we have

Clo, (T) E Cly, (9 (9pu (T)))
S Cl,, (gpu (Clx,(gpu (T))))
= gpu (Cl)\ (gpu( )))
Therefore,

gpu(Clpw (1)) gpu(ggul(cbw (9pu (1))

Cly, (gpu (T)).

N 1Ne

(d) — (e): Let R SS (N, B). By (d),

9pu (Clp., (95u (R))) SO (9pu (9 (R))) ECL, (R).

Thus,

Cly,, (99 (R)) 9yt (9pu (Clp,, (950 (R))))E g5 (Cli,, (R)).

(e) — (a): Let ay € SP (M, A) and let G € A, such that g, (a,) €G. Since G € A, then 15 — G € (\,)°
and Cl,_ (15 — G) = 15 — G. So, by (e),
Clp, (14 = gy, (G)) Clpu (9 (1 = G))
gpu (Cl)\ (]'B - G))
1a — gpa (G).

Iine i

Thus, 14 — g,/ (G) € (p.,) and hence g,/ (G) € p.,. Set H = g,/ (G). Then we have a,EH, H € p,,, and
9pu (H) = gpu (9pa (G)) EG. This shows that g,,,, is supra-soft w-irresolute at a,.

Theorem 3.11. Every supra-soft w-irresolute map is supra-soft w-continuous.

Proof. Let g, : (M, p, A) — (N, A, B) be supra-soft w-irresolute and let G € A < \,,. Then G € )\, and
9pu (G) € pe,. This shows that gp,,, : (M, p, A) — (N, X, B) is supra-soft w-continuous.

The reverse of Theorem 3.11 is not true:

Example 3.12. Let M = R, N = {a,b}, X = {&, M, M — {2} ,M — {1,2}}, Im = {,{a}, N}, and
A = 7. Definep : (M,X) — (N,Im) by p(¢t) = bift € {1,2} and f(t) = aift € M — {1,2}, and
consider the identity map u : A — A. Then p is supra w-continuous. On the other hand, since {b} € Im,,
while p~1 ({b}) = {1,2} ¢ N, then p is not supra w-irresolute. Therefore, by Corollaries 2.7 and 3.7,
Gpu : (M, u(R), A) — (N, p (Im), A) is supra-soft w-continuous but not supra-soft w-irresolute.

Theorem 3.13. Let (M,p, A), (N, A, B), and (L,~, D) be three supra-STSs. If g,,., : (M,p,A) —
(N, A, B) is supra-soft w-irresolute and gp,u, : (N, A\, B) — (L,~, D) is supra-soft w-continuous, then
I(paop1)(usour) : (M, p, A) — (L,~, D) is supra-soft w-continuous.

Proof. Let G € . Since gp,u, is supra—soft w-continuous, then gpw2 (G) € A,. Since gp,, is supra-soft
w-irresolute, then by Theorem 3.10, g, % (9,4, (G)) = g(piopl)(uwul) (G) € p,,. Therefore, by Theorem
2.17, G(poopr)(usou,) 18 Supra-soft w-continuous.

DOI: https://doi.org/10.54216/1JNS.260409 86



International Journal of Neutrosophic Science (IJNS) Vol. 26, No. 04, PP. 77-93, 2025

Theorem 3.14. Let (M, p, A) and (N, A, B) be two supra-STSs. If g,, : (M, p, A) — (N, A, B) is supra-
soft w-irresolute, then for any non-empty subset Y < M, (gpu) |cy : (Y, py,A) — (N, A, B) is supra-soft
w-irresolute.

Proof. Let G € ). Since g, : (M, p, A) — (N, A, B) is supra-soft w-irresolute, then g,.! (G) € p,, and

$0 ((gpu) ey )_1 (G) = g;ul (G) ACy € (pw)y - Therefore, by Theorem 3.19 of [19], ((gpu) |cy )_1 (G) e
(py),,- It follows that (gpu) [cy : (Y, py, A) — (IV, A, B) is supra-soft w-irresolute.

Theorem 3.15. Let g, : (M, p, A) — (N, A, B) be a soft map between two supra-STSsand let M = Y U Z,
where {Cy, Cz} S (pu)" I (gpu) oy = (Y, py, A) — (N, A\, B) and (9pu) |c, ¢ (Z,p2, A) — (N, A\, B)
are supra-soft w-irresolute, then g,,, : (M, p, A) — (N, A, B) is supra-soft w-irresolute.

Proof. We are going to apply Theorem 3.10. Let F' € (A, )¢. Then

gyl (F) pu (F) A4
~L(F) & (Cy OCy)
- (9t (F) 5Cy) O (gt (F) 5C7)

() ey )™ (F)) O (((gpa) ez )™ (1)) -

[
<
£

Since (gpu) loy = (Y,py,A) — (N, \,B) and (gpu) |c, : (Z,pz,A) — (N, A, B) are supra-soft w-
irresolute, then (((gpu) ey )™ (F)) € ((py),) and (((gpu) )" (F)) € ((p,),)". Since by The-
orem 3.19 of [191, (py),, = (p)y and (p,), = (pu)z then (((gpu) oy )™ (F)) € ((pu)y)" and

() lez) ™ () € ((p) )" Therefore, by Lemma 221, ((gpu) |y )™ (F). ((gpa) e ) ™" (F) €
(pw)©. Tt follows that gy, : (M, p, A) —> (N, \, B) is supra-soft w-irresolute.

Theorem 3.16. Let g, : (M, p, A) — (N, A, B) be a soft map between supra-STSs and let &J # ¥ < M
such that (py) , < p.,. If there is a,, € SP(Y, A) such that (gp.) |y : (Y, py, A) — (N, A, B) is supra-soft
w-irresolute at a,, then gy, is supra-soft w-irresolute at a,,.

Proof. Let G € A, such that g,, (ay) €G. Since (gpu)|cy : (Y,py,A) — (N, A, B) is supra-soft w-
irresolute at a,, there exists H € (py),, such that a,€H and g,,, (H) SG. Since by assumption (py)_ S pu»
then H € p,,. This shows that g,,, is supra-soft w-irresolute at a,.

Corollary 3.17. Let gy, : (M, p, A) — (N, A, B) be a soft map between supra-STSs. Let {Y,, : « € A} be
a cover of M such that for each a € A, (py, ), S pu and (gpu) |cy., is supra-soft w-irresolute at each soft
point d, € SP (Y,, A). Then g,, is supra-soft w-irresolute.

Proof. Let a, € SP (M, A). We show that g, : (M,p, A) — (N, A, B) is supra-soft w-irresolute at a.
Since {Y, : @ € A} is a cover of M, then there exists o, € A such that z € Y, and so a; € SP (Y, , A).
Since (py% )w C pu, then by Theorem 3.16, it follows that g,,, is supra-soft w-irresolute at a,,.

4 Supra-Soft Contra-Continuity and Contra-w-Continuity

In this section, we introduce supra-soft contra-continuity and contra-w-continuity. We introduce several char-
acterizations of each of them. Also, we introduce the correspondence between this concept and its analogous
one in general topology. Moreover, we demonstrate how this distinct form of continuity behaves under com-
mon mathematical operations, such as composition.

Definition 4.1. Let (M, p, A) and (N, A\, B) be two supra-STSs. A soft map g,,, : (M, p, A) — (N, X\, B) is
called
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(a) supra-soft contra-continuous if for every G € A, g;UI(G) € p°.

(b) supra-soft contra-w-continuous if for every G € A, g,/ (G) € (p.,)°.

Theorem 4.2. Let (M, p, A) and (N, A\, B) be two supra-STSs. If g,,, : (M, p, A) — (N, A, B) is supra-soft
contra-continuous, then p : (M, p,) — (N , )\u(a)) is supra contra-continuous.

Proof. Let g, : (M, p, A) — (N, A, B) be supra-soft contra-continuous. Let V' € A, (4). Choose G € A such
that G (u(a)) = V. Then g,.!(G) € p¢, and so, p~' (V) = (g, (G))(a) € (pa)°. Hence, p : (M, p,) —
(N , )\u(a)) is supra contra-continuous.

Theorem 4.3. Let {(M,p,) : a € A} and {(N, ) : b€ B} be two families of supra-TSs. Consider the
maps p : M — N and u : A — B, where u is a bijection and let a, € SP (M, A). Then g, :
(M, ®aeapa; A) — (N,@ves Ay, B) is supra-soft contra-continuous iff p : (M, p,) —> (N, Ay(q)) is supra
contra-continuous for all a € A.

Proof. Necessity. Let gpy : (M, ®qcapa; A) — (N, @pep s, B) be supra-soft contra-continuous. Then by
Theorem 4.2, p : (M, (®aecapa),) — (N , (®pe B)‘b)u(a)> is supra contra-continuous. On the other hand, by

Theorem 2.5 of [19], (®acapa), = pa and (®b€B)\b)u(a) = Ay(a)- It follows that p : (M, ps) —> (N, /\u(a))
is supra contra-continuous.

Sufficiency. Let p : (M, pg) —> (N, Ay(q)) be supra contra-continuous for all a € A. Let G € Qpepp. We
will show that (g,,/ (G))(a) € (pa) foralla € A. Leta € A. Since G € @pepXp, then G(u(a)) € Ay(q)-
Since p : (M, pa) — (N, Ay(a)) is supra contra-continuous, then (g, (G))(a) = p~*(G(u(a))) € (pa)*.

Corollary 4.4.Letp : (M,R) — (N, Im) be a map between two supra-TSs and letw : A — B be a bijective
map. Then p : (M,RX) — (N, Im) is supra contra-continuous iff g, : (M, (X),A) — (N, p(Im), B) is
supra-soft contra-continuous.

Proof. Foreacha € Aand b € B, let X, = Nand Im;, = Im. Then pt (X) = ®uecaX, and 7 (Im) = Rpep Iy,
Theorem 4.3 ends the proof.

Theorem 4.5. Let (M, p, A) and (N, A\, B) be two supra-STSs. If g, : (M, p, A) — (N, A, B) is supra-soft
contra-w-continuous, then p : (M, p,) — (N , /\u(a)) is supra contra-w-continuous.

Proof. Let g, : (M, p, A) — (N, A, B) be supra-soft contra-w-continuous. Let V' € ), (,). Choose G € A
such that G (u(a)) = V. Then g;ul(G) € (pw)¢, and so, p~1(V) = (g;ul(G))(a) € ((pw)a)® = ((Pa)w)®-
Hence, p : (M, po) — (N, )\u(a)) is supra contra-w-continuous.

Theorem 4.6. Let {(M, p,) : a € A} and {(N,)p) : b€ B} be two families of supra-TSs. Consider the

maps p : M — N and u : A — B, where u is a bijection and let a, € SP (M, A). Then g, :
(M, ®aeapa; A) —> (N, QpepXs, B) is supra-soft contra-w-continuous iff p : (M, pa) — (N, Ay(q)) is
supra contra-w-continuous for all @ € A.

Proof. Necessity. Let gy : (M, ®ueapa, A) — (N, ®pepp, B) be supra-soft contra-w-continuous. Then
by Theorem 4.5, p : (M, (®qeapa),) — (N, (®bEB)\b)u(a)) is supra contra-w-continuous. On the other
hand, by Theorem 2.5 of [19], (®acapa), = pa and (®b€B}\b)u(a) = Ay(a)- It follows that p : (M, p,) —
(N , )\u(a)) is supra contra-w-continuous.

Sufficiency. Letp : (M, p,) — (N, )\u(a)) be supra contra-continuous for all « € A. Let G € QpepAp. We
will show that (g,,/ (G))(a) € ((pa)w) forall a € A. Let a € A. Since G € ®pepp. then G(u(a)) € Ay(q).
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Since p : (M, pa) —> (N, Ay)) is supra contra-w-continuous, then (g,,/(G))(a) = p~'(G(u(a))) €

((pa)w)c'

Corollary 4.7.Let p : (M, R) — (N, Im) be a map between two supra-TSs and letu : A — B be a bijective
map. Then p : (M, R) — (N, Im) is supra contra-w-continuous iff g, : (M, (R),A) — (N, p(Im), B)
is supra-soft contra-w-continuous.

Proof. Foreacha € Aand b € B, let X, = Nand Im;, = Im. Then pt (X) = ®ueaX, and 7 (Im) = Qpe g Iy,
Theorem 4.6 ends the proof.

Theorem 4.8. Let g, : (M, p, A) — (N, A\, B) be a soft map between supra-STSs. Then the following are
equivalent:

(a) gpu 18 supra-soft contra-continuous.
(b) For each F € \°, g, [ (F) € p.

(c) For each a,, € SP (M, A) and each F' € \° such that g, (a,) EF, there exists H € p such that a,€H and

Proof. (a) — (b): Let F' € X°. Then 1p — F € A, and by (a), 14 — g,/ (F) = g,/ (1 — F) € p°. Hence,
Tpu (F) € p.

(b) — (¢): Leta, € SP (M, A) and let F € \° such that g, (a;) EF. Put H = g} (F). Then a,€H and,
by (b), H € p. Moreover, gp, (H) = gpu (ggul (F)) SF. This ends the proof.

(c) —> (b): Let F' € \¢. Then for each agjgg;ul(F), 9pu (az) EF and by (c), there exists H,, € p such that
ax€H,, and gy, (H,,) SF. Therefore, we obtain g, (F) = O {H,, : a,€g,, (F)} € p.

(b) — (a): Let G € A. Then 1p — G € A, and by (b), 14 — g,,/ (G) = g,,/ (1 — G) € p. Therefore,
9pu (G) € p°. Hence, gy, is supra-soft contra-continuous.

Theorem 4.9. Let g, : (M, p, A) — (N, A, B) be a soft map between supra-STSs. Then the following are
equivalent:

(a) gpu 18 supra-soft contra-w-continuous.
(b) For each F' € \°, g-.} (F) € p,,.

(c) For each a,, € SP (M, A) and each F' € A° such that g, (a,) EF, there exists H € p,, such that a,€H
and g, (H)CF.

Proof. (a) — (b): Let F € \°. Then 13 — F € A, and by (a), 14 — g, (F) = g,/ (13 — F) € (p.,)°. Hence,
-1

Ipu (F) € poo-

(b) — (¢): Leta, € SP (M, A) and let F € A° such that g, (az) EF. Put H = g, 1 (F). Then a,€H and,

by (b), H € p,,. Moreover, gy (H) = gpu (9,, (F)) SF. This ends the proof.

(c) — (b): Let F' € \¢. Then for each axég;ul(F), 9pu (az) EF and by (c), there exists H,, € p,, such that
axEH,, and gy, (Hq,) SF. Therefore, we obtain g} (F) = O {Ha, : a,€g,,! (F)} € po.

x

(b) — (a): Let G € \. Then 1p — G € X%, and by (b), 14 — g,/ (G) = g,. (1 — G) € p,,. Therefore,
9pu (G) € (pu)©. Hence, gp,, is supra-soft contra-w-continuous.

Theorem 4.10. Every supra-soft contra-continuous map is supra-soft contra-w-continuous.
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Proof. Let g, : (M, p, A) — (N, X, B) be supra-soft contra-continuous and let G € X. Then g,/ (G) €
p° € (pw)¢. This shows that gy, : (M, p, A) — (N, A, B) is supra-soft contra-w-continuous.

The reverse of Theorem 4.10 is not true:

Example 4.11. Let M = N = {a,b,c,d}, X = {F,{a},{d},{a,d}, M}, Im = {J, {c},{b},{c,b}, N},
and A = R. Consider the identity maps p : (M,X) — (N,Im) and v : A — A. Then gp, :
(M, (R), A) — (N, (Im) , A) is supra-soft contra-w-continuous but not supra-soft contra-continuous.

Definition 4.12. Let (M, p, A) be a supra-STS and let R € SS(M, A). The soft set A {H € p: REH} is
called the supra soft kernel of R in (M, p, A), and is denoted by ker, (R).

Theorem 4.13. Let g, : (M, p, A) — (N, A, B) be a soft map between supra-STSs. Then the following are
equivalent:

(a) gpu 18 supra-soft contra-continuous.

() gpu(Cl, (R))Skery (gpu(R)) for every R € SS(M, A).

(©) Cly (gpu (1)) Eg,t (ker (T)) for every T € SS(N, B).

Proof. (a) — (b): Let R € SS(M, A). Let bygkem (gpu(R)). Then, there exists G' € A such that g, (R)SG

and bng. Let F = 1p—G. Then we have b,€F € A° and FAgp,(R) = 0p. Thus, RAg,.! (F) = 04. By (a)
and Theorem 4.8, g..! (F) € p. So, Cl, (R) Mgy, (F) = 04. Therefore, we obtain g, (Cl, (R)) AF = 0p

and hence by%gpu(Clp (R)). This shows that g, (Cl, (R))Skery (gpu(R)).

(b) — (c): Let T € SS(N, B). Then by (b),

Gou(Cly (9521 (T)))Ehers (gpulgpid (T))) Ekers (T). Thus,

Cly (95 (T)) Sy (9pu(Cly (95 (T))))E g, (kers (T)).

(c) — (a): Let G € A. Then ker) (G) = G and by (c),

Cly (950 (Q)) Eg, (kera (G)) = gyt (G). Therefore, g, (G) € p°.

Theorem 4.14. Let g, : (M, p, A) — (N, A, B) be a soft map between supra-STSs. Then the following are
equivalent:

(a) gpu is supra-soft contra-w-continuous.

() gpu(Cl,,, (R))Skery (gpu(R)) for every R € SS(M, A).

(©) Cly,, (9pa (T)) Sgpa (kerx (T)) forevery T € SS(N, B).

Proof. (a) — (b): Let R € SS(M, A). Let bygkem (gpu(R)). Then, there exists G € A such that g, (R)SG

and bng. Let F' = 15 —G. Then we have b, €F € A\° and F' " gy, (R) = 0p. Thus, Rﬁg;ul (F) =04.By(a)
and Theorem 4.9, g..! (F) € p.. So, Cl,,, (R) g, (F) = 04. Therefore, we obtain gy, (Cl,,, (R)) AF =

0p and hence by%gpu(Clpw (R)). This shows that g, (Cl,,, (R))Skery (gpu(R)).
(b) — (c): Let T € SS(N, B). Then by (b),

Gpu(Cl,, (g;ul(T)))iker)\ (gpqpt(gp*u1 (T))) Skerx (T). Thus,
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Clp, (95 (1)) €95 (9pu(Cly (95 (T))))E gyl (kers (T)).
(¢c) — (a): Let G € A. Then ker) (G) = G and by (c),

Cl,, (g;ul (G)) §g;u1 (kery (Q)) = g;ul (G). Therefore, g;u1 (G) € (pu)°.

Theorem 4.15. Let (M,p, A), (N, A, B), and (L,~, D) be three supra-STSs. If g,,,, : (M,p,A) —
(N, A, B) is supra-soft contra-continuous and g,,, : (N, A, B) — (L, ~, D) is supra-soft continuous, then
I(psop1)(uzour) : (M, p, A) — (L,~, D) is supra-soft contra-continuous.

Proof. Let G € ~. Since gp,u, is supra-soft continuous, then g];ZIW (G) € A Since gp,q, is supra-soft
. _ _ -1 .
contra-continuous, g, % (9,,%,(G)) = Iprops) (usour) (G) € p°. Therefore, g(,,op,)(uzouy) is supra-soft

contra-continuous.

Theorem 4.16. Let (M,p, A), (N, A, B), and (L,~, D) be three supra-STSs. If g, : (M,p, A) —
(N, X\, B) is supra-soft continuous and gy, : (N, A\, B) — (L,~, D) is supra-soft contra-continuous, then
I(psop1)(usour) : (M, p, A) — (L,y, D) is supra-soft contra-continuous.

Proof. Let G € 7. Since g,,q, is supra-soft contra-continuous, then g, ', (G) € A°. Since gp,, is supra-
; -1 (-1 —1 .

soft continuous, then g, (gp2u2(G)) = G(propr)(usour) (G) € p°. Therefore, g(p,op,)(uzouy) 18 SUpra-soft

contra-continuous.

Theorem 4.17. Let (M,p, A), (N, A, B), and (L,~, D) be three supra-STSs. If g,,,, : (M,p,A) —
(N, A, B) is supra-soft contra-w-continuous and gy,., : (N,A\,B) — (L,~, D) is supra-soft continuous,
then g(p,op,)(ugouy) : (M, p, A) — (L, 7, D) is supra-soft contra-w-continuous.

Proof. Let G € ~. Since gp,u, is supra-soft continuous, then g;21u2 (G) € A Since gp,y, is supra-soft
; -1 (-1 ~1 :

contra-w-continuous, g, %, (9,4, (G)) = Ipmops)(uous) (G) € (pw)®. Therefore, g(p,op,)(uzouy) 1S supra-

soft contra-w-continuous.

Theorem 4.18. Let (M,p, A), (N, A, B), and (L,~, D) be three supra-STSs. If gp,., : (M,p,A) —
(N, A, B) is supra-soft w-continuous and ¢p,,, : (N, A, B) — (L,7, D) is supra-soft contra-continuous,

then g(p,op,) (ugouy) : (M, p, A) — (L, 7, D) is supra-soft contra-w-continuous.

Proof. Let G € ~. Since g;,u, is supra-soft contra-continuous, then g, 1uz (G) € A°. Since gy, , is supra-soft

: -1 -1 —1 :
w-continuous, then g, -, (gmu2 (@) = I (prop1) (uzousr) (G) € (pw)°. Therefore, g(p,op,)(uzouy) iS Supra-soft
contra-w-continuous.

5 Conclusion

In this paper, we introduced four different types of supra-soft continuity: supra-soft w-continuity, supra-soft
w-irresoluteness, supra-soft contra-continuity, and supra-soft contra-w-continuity. We characterized each of
them in different ways. Moreover, we look at the relationship between these novel concepts and their analogue
supra-topological concepts. Furthermore, we demonstrated how they are retained under specific compositions
and restrictions. Finally, we explore some of the connections between these novel notions and well-known
related concepts.

We intend to do the following in the next papers:
(i) Extend supra w-Hausdorff spaces to include supra-STSs.

(ii) Explore how our new notions and results can be applied in digital and approximation spaces, as well as
decision-making problems.
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