
International Journal of Neutrosophic Science (IJNS) Vol. 26, No. 04, PP. 77-93, 2025

Supra Soft Continuity Via Supra Soft Omega Open Sets
Dina Abuzaid1 , Samer Al-Ghour2,˚

1Department of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah 21589, Saudi Arabia
2Department of Mathematics and Statistics, Jordan University of Science and Technology, Irbid, Jordan

Emails: dabuzaid@kau.edu.sa; algore@just.edu.jo

Abstract

This paper presents four new types of continuity in the context of supra-soft topological spaces: supra-soft ω-
continuity, supra-soft ω-irresoluteness, supra-soft contra-continuity, and supra-soft contra-ω-continuity. The
main contribution is the clear definitions and detailed study of these concepts, which helps us better understand
how they work and how they are interconnected. We carefully examine how these new concepts connect
among themselves and with analogous concepts in traditional supra-topological spaces. We also demonstrate
how these different forms of continuity behave under common mathematical operations, such as composition
and restriction. To make everything easier to understand, we introduce several examples that emphasize how
these new concepts compare with existing, well-known concepts, giving a better picture of how continuity
works in a more generalized topological settings.
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1 Introduction and Preliminaries

Molodtsov [1] developed the notion of soft sets in 1999 as a novel technique to cope with uncertain data when
modeling real-world situations in various fields, including data science, engineering, economics, and health
sciences. Numerous academics have applied soft set theory as a mathematical tool to real-world situations
(see [2, 3]). Shabir and Naz [4] pioneered the framework of soft topology and researched numerous related
subjects. Then, numerous academics interested in abstract structures tried to broaden topological notions to
encompass soft-topological space.

Mashhour et al. [5] defined supra-topological spaces by omitting the finite intersection constraint from the
classical topology definition. Many topological scholars studied topological concepts using supra-topologies
to investigate their properties [6-9]. The authors of [10] employed supra-topologies to create new rough set
models for modeling information systems. Furthermore, the authors of [11] exploited supra-topologies for
digital image processing.

The concept of supra-soft topological spaces, introduced in 2014, generalizes crisp mathematical structures
to soft ones. It includes concepts like continuity [12], compactness [13], separability [14, 15], and separation
axioms [16, 17]. Research in the field of supra-soft topologies remains vibrant and active.

This paper is aimed at augmenting the field of soft topology by introducing four new types of supra-soft
continuity. The motivation behind it is to generalize the available continuity concepts within the flexible soft
set structure and to provide a better description through various characterizations. Through exploring the
connections with supra-topological spaces and studying their preservation properties, this paper aims to link
different topological structures. Also, certain examples will clarify how these new ideas extend previous ones,
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resulting in an even better understanding of continuity in generalized topological spaces. Last but not least,
the study aims to advance the theory of soft topology and present suggestions for future research.

”Assume that M is a non-empty set and A is a set of parameters. A soft set over M relative to A is a function
G : A ÝÑ PpMq. SSpM,Aq will denote the family of all soft sets over M relative to A. The null soft set and
the absolute soft set are denoted by 0A and 1A, respectively. Let G P SSpM,Aq. If Gpaq “ U for all a P A,
then G is denoted by CU . If G paq “ U and G pbq “ H for all b P A ´ tau, then G is denoted by aU . If
G paq “ txu and G pbq “ H for all b P A´ tau, then G is called a soft point over M relative to A and denoted
by ax. SP pM,Aq will denote the family of all soft points over M relative to A. If G P SSpM,Aq and
ax P SP pM,Aq, then ax is said to belong to G (notation: axrPG) if x P G paq. If tGα : α P ∆u Ď SSpM,Aq,
then the soft union and soft intersection of tGα : α P ∆u are denoted by rYαP∆Gα and rXαP∆Gα, respectively,
and defined by

prYαP∆Gαq paq “ YαP∆Gα paq and prXαP∆Gαq paq “ XαP∆Gα paq for all a P A.

Let SS pM,Aq and SS pN,Bq be two families of soft sets, and p : M ÝÑ N , u : A ÝÑ B be two maps.
Then a soft map gpu : SS pM,Aq ÝÑ SS pN,Bq is defined as follows: For each H P SS pM,Aq and
K P SS pN,Bq, pgpu pHqq pbq “ H if u´1 pbq “ H, pgpu pHqq pbq “ YaPu´1pbqp pH paqq if u´1 pbq ‰ H,
and

`

g´1
pu pKq

˘

paq “ p´1 pK pu paqqq for all a P A.”

For concepts and expressions not described here, we refer readers to [18, 19]; supra-soft topological space
(Supra-STS) and supra-topological space (supra-TS) are utilized in this paper.

The sequel will utilize the following definitions:

Definition 1.1. Let pM,ℵq and pN, Imq be two supra-TSs, and let h : pM,ℵq ÝÑ pN, Imq be a map. Then

(a) [20] h is called supra continuous at x P X if for every V P Im such that hpxq P V , there exists U P ℵ such
that x P U and h pUq Ď V . If h is supra continuous at each x P X , then h is called supra continuous.

(b) [21] h is called supra ω-continuous at x P X if for every V P Im such that hpxq P V , there exists U P ℵω

such that x P U and h pUq Ď V . If h is supra ω-continuous at each x P X , then h is called supra ω-continuous.

(c) [22] h is called supra ω-irresolute at x P X if for every V P Imω such that hpxq P V , there exists U P ℵω

such that x P U and h pUq Ď V . If h is supra ω-irresolute at each x P X , then h is called supra ω-irresolute.

(d) [23] h is called supra contra-continuous if h´1 pV q P ℵc for every V P Im.

(e) [22] h is called supra contra-ω-continuous if h´1 pV q P pℵωq
c for every V P Im.

Definition 1.2. [12] Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. A soft map gpu : pM,ρ,Aq ÝÑ

pN,λ,Bq is called supra-soft continuous at a soft point ax P SP pM,Aq if for every G P λ such that
gpu paxqrPG, there exists H P ρ such that axrPH and gpu pHq rĎG. If gpu is supra-soft continuous at each
soft point ax P SP pM,Aq, then gpu is called supra-soft continuous.

2 Supra-Soft ω-Continuity

In this section, we introduce supra-soft ω-continuous maps. We introduce several characterizations of them.
Also, we introduce the correspondence between this concept and its analogous one in general topology. More-
over, we demonstrate how this distinct form of continuity behaves under common mathematical operations,
such as composition and restriction.
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Definition 2.1. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. A soft map gpu : pM,ρ,Aq ÝÑ pN,λ,Bq

is called supra-soft ω-continuous at a soft point ax P SP pM,Aq if for every G P λ such that gpu paxqrPG,
there exists H P ρω such that axrPH and gpu pHq rĎG. If gpu is supra-soft ω-continuous at each soft point
ax P SP pM,Aq, then gpu is called supra-soft ω-continuous.

Theorem 2.2. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. If gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft
ω-continuous at ax P SP pM,Aq, then p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra ω-continuous at x.

Proof. Let V P λupaq such that ppxq P V . Choose G P λ such that G pupaqq “ V . Then gpu paxq “

pu paqqppxq
rPG. Since gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-continuous at ax, then there exists H P

ρω such that axrPH and gpu pHq rĎG. Thus, we have x P Hpaq P pρωqa and p pHpaqq “ pgpu pHqq pupaqq Ď

G pupaqq “ V . On the other hand, by [, pρωqa “ pρaqω . This shows that p : pM,ρaq ÝÑ
`

N,λupaq

˘

is supra
ω-continuous at x.

Corollary 2.3. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. If gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft
ω-continuous, then p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra ω-continuous.

Theorem 2.4. Let tpM,ρaq : a P Au and tpN,λbq : b P Bu be two families of supra-TSs. Consider the
maps p : M ÝÑ N , and u : A ÝÑ B, where u is a bijection and let ax P SP pM,Aq. Then gpu :
pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq is supra-soft ω-continuous at ax iff p : pM,ρaq ÝÑ

`

N,λupaq

˘

is
supra ω-continuous at x.

Proof. Necessity. Let gpu : pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq be supra-soft ω-continuous at ax. Then by

Theorem 2.2, p : pM, pbaPAρaqaq ÝÑ

´

N, pbbPBλbqupaq

¯

is supra ω-continuous at x. On the other hand, by

Theorem 2.5 of [19], pbaPAρaqa “ ρa and pbbPBλbqupaq “ λupaq. It follows that p : pM,ρaq ÝÑ
`

N,λupaq

˘

is supra ω-continuous at x.

Sufficiency. Let p : pM,ρaq ÝÑ
`

N,λupaq

˘

be supra ω-continuous at x. Let G P bbPBλb such that
gpu paxq “ pupaqqppxq

rPG. Then ppxq P Gpupaqq P λupaq. So, there exists U P pρaqω such that x P U

and ppUq Ď Gpupaqq. By Theorem 3.10 of [19], aU P pbaPAρaqω . Therefore, we have axrPaU P pbaPAρaqω
and gpu paU q rĎG. This proves that gpu : pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq is supra-soft ω-continuous at
ax.

Corollary 2.5. Let tpM,ρaq : a P Au and tpN,λbq : b P Bu be two families of supra-TSs. Consider the maps
p : M ÝÑ N and u : A ÝÑ B, where u is a bijection. Then gpu : pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq is
supra-soft ω-continuous iff p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra ω-continuous for all a P A.

Corollary 2.6. Let p : pM,ℵq ÝÑ pN, Imq be a map between two supra-TSs and let u : A ÝÑ B be a
bijective map. Let ax P SP pM,Aq. Then p : pM,ℵq ÝÑ pN, Imq is supra ω-continuous at x iff gpu :
pM,µ pℵq , Aq ÝÑ pN,µ pImq , Bq is supra-soft ω-continuous at ax.

Proof. For each a P A and b P B, let ℵa “ ℵ and Imb “ Im. Then µ pℵq “ baPAℵm and τ pImq “ bbPB Imb.
Theorem 2.4 ends the proof.

Corollary 2.7. Let p : pM,ℵq ÝÑ pN, Imq be a map between two supra-TSs and let u : A ÝÑ B be a bijective
map. Then p : pM,ℵq ÝÑ pN, Imq is supra ω-continuous iff gpu : pM,µ pℵq , Aq ÝÑ pN,µ pImq , Bq is
supra-soft ω-continuous.

Theorem 2.8. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. If gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft
continuous at ax P SP pM,Aq, then p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra continuous at x.
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Proof. Let V P λupaq such that ppxq P V . Choose G P λ such that G pupaqq “ V . Then gpu paxq “

pu paqqppxq
rPG. Since gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft continuous at ax, then there exists H P ρ

such that axrPH and gpu pHq rĎG. Thus, we have x P Hpaq P ρa and p pHpaqq “ pgpu pHqq pupaqq Ď

G pupaqq “ V . This shows that p : pM,ρaq ÝÑ
`

N,λupaq

˘

is supra continuous at x.

Corollary 2.9. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. If gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft
continuous, then p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra continuous.

Theorem 2.10. Let tpM,ρaq : a P Au and tpN,λbq : b P Bu be two families of supra-TSs. Consider the
maps p : M ÝÑ N and u : A ÝÑ B, where u is a bijection and let ax P SP pM,Aq. Then gpu :
pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq is supra-soft continuous at ax iff p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra
continuous at x.

Proof. Necessity. Let gpu : pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq be supra-soft continuous at ax. Then by

Theorem 2.8, p : pM, pbaPAρaqaq ÝÑ

´

N, pbbPBλbqupaq

¯

is supra continuous at x. On the other hand, by

Theorem 2.5 of [19], pbaPAρaqa “ ρa and pbbPBλbqupaq “ λupaq. It follows that p : pM,ρaq ÝÑ
`

N,λupaq

˘

is supra continuous at x.

Sufficiency. Let p : pM,ρaq ÝÑ
`

N,λupaq

˘

be supra ω-continuous at x. Let G P bbPBλb such that gpu paxq “

pupaqqppxq
rPG. Then ppxq P Gpupaqq P λupaq. So, there exists U P ρa such that x P U and ppUq Ď Gpupaqq.

By Theorem 3.10 of [19], aU P baPAρa. Therefore, we have axrPaU P baPAρa and gpu paU q rĎG. This proves
that gpu : pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq is supra-soft continuous at ax.

Corollary 2.11. Let tpM,ρaq : a P Au and tpN,λbq : b P Bu be two families of supra-TSs. Consider the maps
p : M ÝÑ N and u : A ÝÑ B, where u is a bijection. Then gpu : pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq is
supra-soft continuous iff p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra continuous for all a P A.

Corollary 2.12. Let p : pM,ℵq ÝÑ pN, Imq be a map between two supra-TSs and let u : A ÝÑ B be
a bijective map. Let ax P SP pM,Aq. Then p : pM,ℵq ÝÑ pN, Imq is supra continuous at x iff gpu :
pM,µ pℵq , Aq ÝÑ pN,µ pImq , Bq is supra-soft continuous at ax.

Proof. For each a P A and b P B, let ℵa “ ℵ and Imb “ Im. Then µ pℵq “ baPAℵm and τ pImq “ bbPB Imb.
Theorem 2.10 ends the proof.

Corollary 2.13. Let p : pM,ℵq ÝÑ pN, Imq be a map between two supra-TSs and let u : A ÝÑ B be a
bijective map. Then p : pM,ℵq ÝÑ pN, Imq is supra continuous iff gpu : pM,µ pℵq , Aq ÝÑ pN,µ pImq , Bq

is supra-soft continuous.

Theorem 2.14. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between two supra-STSs and let ax P

SP pM,Aq. If gpu is supra-soft continuous at ax, then gpu is supra-soft ω-continuous at ax.

Proof. Let G P λ such that gpu paxqrPG. Since gpu is supra-soft continuous at ax, there exists H P ρ such that
axrPH and gpu pHq rĎG. Since ρ Ď ρω , then H P ρω . It follows that gpu is supra-soft ω-continuous at ax.

Corollary 2.15. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between two supra-STSs and let ax P

SP pM,Aq. If gpu is supra-soft continuous, then gpu is supra-soft ω-continuous.

The following example will show that the converses of Theorem 2.14 and Corollary 2.15 are not true in general:
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Example 2.16. Let M “ N “ R, ℵ “ tHu Y tU Ď M : U is infiniteu, Im “ tH, t5u ,Ru, and A “ r0, 1s.
Define p : pM,ℵq ÝÑ pN, Imq and u : A ÝÑ A by p ptq “ t ` 3, and upaq “ a for all t P M and a P A.
Let V “ t5u. Then V P Im such that p p2q P V . Conversely, for any U P ℵ with 2 P U , ppUq is infinite
and thus ppUq is not a subset V . Hence, p is not supra continuous at 2. To show that p is supra ω-continuous,
let x P M and let W P Im such that p pxq P W . Since txu “ pQ Y txuq ´ pQ ´ txuq, pQ Y txuq P ℵ, and
Q ´ txu is countable, then txu P ℵω . Let U “ txu. Then U P ℵω , x P U , and p pUq “ tp pxqu Ď W .
It follows that p : pM,ℵq ÝÑ pN, Imq is supra ω-continuous at x. Therefore, by Corollaries 2.7 and 2.13,
gpu : pM,µ pℵq , Aq ÝÑ pN,µ pImq , Aq is supra-soft ω-continuous but not supra-soft continuous.

Theorem 2.17. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs. Then the following
conditions are equivalent:

(a) gpu is supra-soft ω-continuous.

(b) For each G P λ, g´1
pu pGq P ρω .

(c) For each K P λc, g´1
pu pKq P pρωq

c.

Proof. (a) ÝÑ (b): Let G P λ and let axrPg´1
pu pGq. Then gpu paxqrPG and by (a), there exists Hax P ρω such

that axrPHax
and gpu pHax

q rĎG. Therefore, we have g´1
pu pGq “ rYaxrPg

´1
pu pGq

Hax
, and hence g´1

pu pGq P ρω .

(b) ÝÑ (c): Let K P λc. Then 1B ´ K P λ, and by (b), g´1
pu p1B ´ Kq “ 1A ´ g´1

pu pKq P ρω . It follows that
g´1
pu pKq P pρωq

c.

(c) ÝÑ (a): Let ax P SP pM,Aq and let G P λ such that gpu paxqrPG. Then 1B ´ G P λc, and by (b),
g´1
pu p1B ´ Gq “ 1A ´ g´1

pu pGq P pρωq
c. Let H “ g´1

pu pGq. Then we have axrPH P ρω and gpu pHq “

gpu
`

g´1
pu pGq

˘

rĎG. It follows that gpu is supra-soft ω-continuous.

Corollary 2.18. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs. Then gpu :
pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-continuous iff gpu : pM,ρω, Aq ÝÑ pN,λ,Bq is supra-soft con-
tinuous.

Theorem 2.19. Let pM,ρ,Aq, pN,λ,Bq, and pL, γ,Dq be three supra-STSs. If gp1u1 : pM,ρ,Aq ÝÑ

pN,λ,Bq is supra-soft ω-continuous and gp2u2 : pN,λ,Bq ÝÑ pL, γ,Dq is supra-soft continuous, then
gpp2˝p1qpu2˝u1q : pM,ρ,Aq ÝÑ pL, γ,Dq is supra-soft ω-continuous.

Proof. Let G P γ. Since gp2u2 is supra-soft continuous, then g´1
p2u2

pGq P λ. Since gp1u1 is supra-soft
ω-continuous, then by Theorem 2.17, g´1

p1u1

`

g´1
p2u2

pGq
˘

“ g´1
pp2˝p1qpu2˝u1q

pGq P ρω . Therefore, again by
Theorem 2.17, gpp2˝p1qpu2˝u1q is supra-soft ω-continuous.

Theorem 2.20. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. If gpu : pM,ρ,Aq ÝÑ pN,λ,Bq If is supra-
soft ω-continuous, then for any non-empty subset Y Ď M , pgpuq |CY

: pY, ρY , Aq ÝÑ pN,λ,Bq is supra-soft
ω-continuous.

Proof. Let G P λ. Since gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-continuous, then g´1
pu pGq P ρω and

so ppgpuq |CY
q

´1
pGq “ g´1

pu pGq rXCY P pρωqY . Therefore, by Theorem 3.19 of [19], ppgpuq |CY
q

´1
pGq P

pρY qω . It follows that pgpuq |CY
: pY, ρY , Aq ÝÑ pN,λ,Bq is supra-soft ω-continuous.

Lemma 2.21. Let pM,ρ,Aq be a supra-STS and let Y be a non-empty subset of M . Then H P pρY q
c iff there

exists K P ρc such that H “ K rXCY .

Proof. H P pρY q
c iff 1A ´ H P ρY , which is true iff there is T P ρ such that 1A ´ H “ T rXCY , but in this

case 1A ´ T P ρc and H “ p1A ´ T q rXCY .
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Theorem 2.22. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between two supra-STSs and let M “ Y YZ,
where tCY , CZu Ď ρc. If pgpuq |CY

: pY, ρY , Aq ÝÑ pN,λ,Bq and pgpuq |CZ
: pZ, ρZ , Aq ÝÑ pN,λ,Bq

are supra-soft continuous, then gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft continuous.

Proof. Let K P λc. Then

g´1
pu pKq “ g´1

pu pKq rX1A
“ g´1

pu pKq rX pCY rYCZq

“
`

g´1
pu pKq rXCY

˘

rY
`

g´1
pu pKq rXCZ

˘

“

´

ppgpuq |CY
q

´1
pKq

¯

rY

´

ppgpuq |CZ
q

´1
pKq

¯

.

Since pgpuq |CY
: pY, ρY , Aq ÝÑ pN,λ,Bq and pgpuq |CZ

: pZ, ρZ , Aq ÝÑ pN,λ,Bq are supra-soft

continuous, then
´

ppgpuq |CY
q

´1
pKq

¯

P pρY q
c and

´

ppgpuq |CZ
q

´1
pKq

¯

P pρZq
c. By Lemma 2.21,

ppgpuq |CY
q

´1
pKq, ppgpuq |CZ

q
´1

pKq P ρc. It follows that gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft
continuous.

Theorem 2.23. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between two supra-STSs and let M “ Y YZ,
where tCY , CZu Ď pρωq

c. If pgpuq |CY
: pY, ρY , Aq ÝÑ pN,λ,Bq and pgpuq |CZ

: pZ, ρZ , Aq ÝÑ pN,λ,Bq

are supra-soft ω-continuous, then gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-continuous.

Proof. We are going to apply Theorem 2.17. Let K P λc. Then

g´1
pu pKq “ g´1

pu pKq rX1A
“ g´1

pu pKq rX pCY rYCZq

“
`

g´1
pu pKq rXCY

˘

rY
`

g´1
pu pKq rXCZ

˘

“

´

ppgpuq |CY
q

´1
pKq

¯

rY

´

ppgpuq |CZ
q

´1
pKq

¯

.

Since pgpuq |CY
: pY, ρY , Aq ÝÑ pN,λ,Bq and pgpuq |CZ

: pZ, ρZ , Aq ÝÑ pN,λ,Bq are supra-soft ω-

continuous, then
´

ppgpuq |CY
q

´1
pKq

¯

P ppρY qωq
c and

´

ppgpuq |CZ
q

´1
pKq

¯

P ppρ
Z

qωq
c. Since by The-

orem 3.19 of [19], pρY qω “ pρωqY and pρ
Z

qω “ pρωqZ , then
´

ppgpuq |CY
q

´1
pKq

¯

P ppρωqY q
c and

´

ppgpuq |CZ
q

´1
pKq

¯

P ppρωqZq
c. Therefore, by Lemma 2.21, ppgpuq |CY

q
´1

pKq, ppgpuq |CZ
q

´1
pKq P

pρωq
c. It follows that gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-continuous.

Lemma 2.24. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. Consider the projections πM : MˆN ÝÑ M ,
πN : M ˆ N ÝÑ N , πA : A ˆ B ÝÑ A, and πB : A ˆ B ÝÑ B on M , N , A, and B, respectively. Then
gpπM qpπAq : pM ˆ N, pr pρ ˆ λq , A ˆ Bq ÝÑ pM,ρ,Aq and gpπN qpπBq : pM ˆ N, pr pρ ˆ λq , A ˆ Bq ÝÑ

pN,λ,Bq are supra-soft continuous.

Proof. Let G P ρ and H P λ. Then g´1
pπM qpπAq

pGq “ G ˆ 1B P pr pρ ˆ λq and g´1
pπM qpπAq

pHq “ 1A ˆ H P

pr pρ ˆ λq. Hence, gpπM qpπAq and gpπN qpπBq are supra-soft continuous maps.

Theorem 2.25. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq and gqv : pM,ρ,Aq ÝÑ pL, γ,Dq be two soft maps
between supra-STSs. Define s : M ÝÑ N ˆ L and r : A ÝÑ B ˆ D by spmq “ pppmq, qpmqq and
rpaq “ pupaq, vpaqq. If gsr : pM,ρ,Aq ÝÑ pN ˆ L, pr pλ ˆ γq , B ˆ Dq is supra-soft continuous, then both
gpu and gqv are supra-soft continuous.

Proof. Assume that gsr is a supra-soft continuous map. Since gpu “ gpπN˝sqpπB˝rq and gqv “ gpπL˝sqpπD˝rq,
then by Lemma 2.24, we conclude that gpu and gqv are supra-soft continuous.

Theorem 2.26. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq and gqv : pM,ρ,Aq ÝÑ pL, γ,Dq be two soft maps
between supra-STSs. Define s : M ÝÑ N ˆ L and r : A ÝÑ B ˆ D by spmq “ pppmq, qpmqq and
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rpaq “ pupaq, vpaqq. If gsr : pM,ρ,Aq ÝÑ pN ˆ L, pr pλ ˆ γq , B ˆ Dq is supra-soft ω-continuous, then
both gpu and gqv are supra-soft ω-continuous.

Proof. Assume that gsr is supra-soft ω-continuous. Since gpu “ gpπN˝sqpπB˝rq and gqv “ gpπL˝sqpπD˝rq, then
by Lemma 2.24 and Theorem 2.19, we conclude that gpu and gqv are supra-soft ω-continuous.

Theorem 2.27. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs, and let H ‰ Y Ď M
such that ρY Ď ρ. If there is ay P SP pY,Aq such that pgpuq |CY

: pY, ρY , Aq ÝÑ pN,λ,Bq is supra-soft
continuous at ay , then gpu is supra-soft continuous at ay .

Proof. Let G P λ such that gpu payqrPG. Since pgpuq |CY
: pY, ρY , Aq ÝÑ pN,λ,Bq is supra-soft continuous

at ay , there exists H P ρY such that ayrPH and gpu pHq rĎG. Since by assumption ρY Ď ρ, then H P ρ. This
shows that gpu is supra-soft continuous at ay .

Corollary 2.28. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs. Let tYα : α P △u

be a cover of M such that for each α P △, ρYα Ď ρ and gpu |CY α
is supra-soft continuous at each soft point

dz P SP pYα, Aq. Then gpu is supra-soft continuous.

Proof. Let ax P SP pM,Aq. We show that gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft continuous at ax.
Since tYα : α P △u is a cover of M , then there exists α˝ P △ such that x P Yα˝

and so ax P SP pYα˝
, Aq.

Since ρYα˝
Ď ρ, then by Theorem 2.27, it follows that gpu is supra-soft continuous at ax.

Theorem 2.29. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs and let H ‰ Y Ď M
such that pρY qω Ď ρω . If there is ay P SP pY,Aq such that pgpuq |CY

: pY, ρY , Aq ÝÑ pN,λ,Bq is supra-soft
ω-continuous at ay , then gpu is supra-soft ω-continuous at ay .

Proof. Let G P λ such that gpu payqrPG. Since pgpuq |CY
: pY, ρY , Aq ÝÑ pN,λ,Bq is supra-soft ω-

continuous at ay , there exists H P pρY qω such that ayrPH and gpu pHq rĎG. Since by assumption pρY qω Ď ρω ,
then H P ρω . This shows that gpu is supra-soft ω-continuous at ay .

Corollary 2.30. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs. Let tYα : α P △u be
a cover of M such that for each α P △, pρYα

qω Ď ρω and pgpuq |CY α
is supra-soft ω-continuous at each soft

point dz P SP pYα, Aq. Then gpu is supra-soft ω-continuous.

Proof. Let ax P SP pM,Aq. We show that gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-continuous at ax.
Since tYα : α P △u is a cover of M , then there exists α˝ P △ such that x P Yα˝

and so ax P SP pYα˝
, Aq.

Since
`

ρYα˝

˘

ω
Ď ρω , then by Theorem 2.29, it follows that gpu is supra-soft ω-continuous at ax.

Theorem 2.31. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs with A and B are countable, and let gpu :
pM,ρ,Aq ÝÑ pN,λ,Bq be supra-soft ω-continuous and surjective. If pM,ρ,Aq is supra-soft Lindelof, then
pN,λ,Bq is supra-soft Lindelof.

Proof. Since gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-continuous, then by Corollary 2.18, gpu :
pM,ρω, Aq ÝÑ pN,λ,Bq is supra-soft continuous. Since pM,ρ,Aq is supra-soft Lindelof, then by Theo-
rem 3.18 of [19], pM,ρω, Aq is supra-soft Lindelof. Proposition 4.15 of [24], ends the proof.

Definition 2.32. A soft map gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is called supra-soft ω-closed if gpu pF q P pλωq
c

for each F P ρc.

Theorem 2.33. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a supra-soft ω-closed map such that for each by P

SP pN,Bq, g´1
pu pbyq is a supra-soft Lindelof subset of pM,ρ,Aq. If pN,λ,Bq is supra-soft Lindelof, then

pM,ρ,Aq is supra-soft Lindelof.

DOI: https://doi.org/10.54216/IJNS.260409 83



International Journal of Neutrosophic Science (IJNS) Vol. 26, No. 04, PP. 77-93, 2025

Proof. Let G Ď ρ such that 1A “ rYGPGG. For each by P SP pN,Bq, g´1
pu pbyq is a supra-soft Lindelof subset

of pM,ρ,Aq and there exists a countable subcollection G1 pbyq of G such that g´1
pu pbyq rĎrYGPG1pbyqG. For each

by P SP pN,Bq, put G pbyq “ rYGPG1pbyqG and H pbyq “ 1B ´ gpu p1A ´ G pbyqq. Since gpu is supra-soft
ω-closed, then for each by P SP pN,Bq, H pbyq P pλωq

c with byrPH pbyq and g´1
pu pH pbyqq rĎG pbyq. Since

H pbyq P pλωq
c, there exists K pbyq P λ such that byrPK pbyq and K pbyq ´ H pbyq is a countable soft set. For

each by P SP pN,Bq, we have K pbyq rĎ pK pbyq ´ H pbyqq rYH pbyq and so

g´1
pu pK pbyqq rĎ g´1

pu pK pbyq ´ H pbyqq rYg´1
pu pH pbyqq

rĎ g´1
pu pK pbyq ´ H pbyqq rYG pbyq .

Since K pbyq´H pbyq is a countable soft set and g´1
pu pbyq is a supra-soft Lindelof subset of pM,ρ,Aq, there ex-

ists a countable a countable subcollection G2 pbyq of G such that g´1
pu pK pbyq ´ H pbyqq rĎ rY tG : G P G2 pbyqu

and hence g´1
pu pK pbyqq rĎrY tG : G P G2 pbyqu rY rG pbyqs

Since tK pbyq : by P SP pN,Bqu Ď λ, 1B “ rYbyPSP pN,BqK pbyq, and pN,λ,Bq is supra-soft Lindelof, there
exists a countable subset S Ď SP pN,Bq such that 1B “ rY tK pbyq : by P Su. Therefore,

1A “ rY
␣

g´1
pu pK pbyqq : by P S

(

“ rYbyPS rrY tG : G P G2 pbyqus rY rrY tG : G P G1 pbyqus

“ rY tG : G P G1 pbyq Y G2 pbyq , by P Su .

This shows that pM,ρ,Aq is supra-soft Lindelof.

3 Supra-Soft ω-Irresoluteness

In this section, we introduce supra-soft ω-irresoluteness maps. We introduce several characterizations of them.
Also, we introduce the correspondence between this concept and its analogous one in general topology. More-
over, we demonstrate how this distinct form of continuity behaves under common mathematical operations,
such as composition and restriction.

Definition 3.1. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. A soft map gpu : pM,ρ,Aq ÝÑ pN,λ,Bq

is called supra-soft ω-irresolute at a soft point ax P SP pM,Aq if for every G P λω such that gpu paxqrPG,
there exists H P ρω such that axrPH and gpu pHq rĎG. If gpu is supra-soft ω-irresolute at each soft point
ax P SP pM,Aq, then gpu is called supra-soft ω-irresolute.

Theorem 3.2. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. If gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft
ω-irresolute at ax P SP pM,Aq, then p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra ω-irresolute at x.

Proof. Let V P pλupaqqω such that ppxq P V . By Theorem 3.8 of [19], V P pλωqupaq. Choose G P λω such
that G pupaqq “ V . Then gpu paxq “ pu paqqppxq

rPG. Since gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-
irresolute at ax, then there exists H P ρω such that axrPH and gpu pHq rĎG. Thus, we have x P Hpaq P pρωqa
and p pHpaqq “ pgpu pHqq pupaqq Ď G pupaqq “ V . On the other hand, by Theorem 3.8 of [19], Hpaq P

pρaqω . This shows that p : pM,ρaq ÝÑ
`

N,λupaq

˘

is supra ω-irresolute at x.

Corollary 3.3. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. If gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft
ω-irresolute, then p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra ω-irresolute.

Theorem 3.4. Let tpM,ρaq : a P Au and tpN,λbq : b P Bu be two families of supra-TSs. Consider the
maps p : M ÝÑ N and u : A ÝÑ B, where u is a bijection, and let ax P SP pM,Aq. Then gpu :
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pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq is supra-soft ω-irresolute at ax iff p : pM,ρaq ÝÑ
`

N,λupaq

˘

is supra
ω-irresolute at x.

Proof. Necessity. Let gpu : pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq be supra-soft ω-irresolute at ax. Then by

Theorem 3.2, p : pM, pbaPAρaqaq ÝÑ

´

N, pbbPBλbqupaq

¯

is supra ω-irresolute at x. On the other hand, by

Theorem 2.5 of [19], pbaPAρaqa “ ρa and pbbPBλbqupaq “ λupaq. It follows that p : pM,ρaq ÝÑ
`

N,λupaq

˘

is supra ω-irresolute at x.

Sufficiency. Let p : pM,ρaq ÝÑ
`

N,λupaq

˘

is supra ω-irresolute at x. Let G P pbbPBλbqω such that
gpu paxq “ pupaqqppxq

rPG. Then by Theorem 3.10 of [19], G P bbPBpλbqω . So, ppxq P Gpupaqq P

pλupaqqω . Hence, there exists U P pρaqω such that x P U and ppUq Ď Gpupaqq. By Theorem 3.10
of [19], aU P pbaPAρaqω . Therefore, we have axrPaU P pbaPAρaqω and gpu paU q rĎG. This proves that
gpu : pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq is supra-soft ω-irresolute at ax.

Corollary 3.5. Let tpM,ρaq : a P Au and tpN,λbq : b P Bu be two families of supra-TSs. Consider the maps
p : M ÝÑ N and u : A ÝÑ B, where u is a bijection. Then gpu : pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq is
supra-soft ω-irresolute iff p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra ω-irresolute for all a P A.

Corollary 3.6. Let p : pM,ℵq ÝÑ pN, Imq be a map between two supra-TSs and let u : A ÝÑ B be a
bijective map. Let ax P SP pM,Aq. Then p : pM,ℵq ÝÑ pN, Imq is supra ω-irresolute at x iff gpu :
pM,µ pℵq , Aq ÝÑ pN,µ pImq , Bq is supra-soft ω-irresolute at ax.

Proof. For each a P A and b P B, let ℵa “ ℵ and Imb “ Im. Then µ pℵq “ baPAℵa and τ pImq “ bbPB Imb.
Theorem 3.4 ends the proof.

Corollary 3.7. Let p : pM,ℵq ÝÑ pN, Imq be a map between two supra-TSs and let u : A ÝÑ B be a
bijective map. Then p : pM,ℵq ÝÑ pN, Imq is supra ω-irresolute iff gpu : pM,µ pℵq , Aq ÝÑ pN,µ pImq , Bq

is supra-soft ω-irresolute.

Theorem 3.8. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs and let ax P SP pM,Aq. Then a soft map
gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-irresolute at ax iff gpu : pM,ρω, Aq ÝÑ pN,λω, Bq is supra-
soft continuous at ax.

Proof. Obvious.

Corollary 3.9. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. Then a soft map gpu : pM,ρ,Aq ÝÑ

pN,λ,Bq is supra-soft ω-irresolute iff gpu : pM,ρω, Aq ÝÑ pN,λω, Bq is supra-soft continuous.

Theorem 3.10. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs. Then the following
conditions are equivalent:

(a) gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-irresolute.

(b) For each G P λω , g´1
pu pGq P ρω .

(c) For each F P pλωqc, g´1
pu pF q P pρωqc.

(d) For each T P SS pM,Aq, gpu pClρω
pT qq rĎClλω

pgpu pT qq.

(e) For each R P SS pN,Bq, Clρω pg´1
pu pRqqrĎg´1

pu pClλω
pRqq.

Proof. (a) ÝÑ (b): Let G P λω and let axrPg´1
pu pGq. Then gpu paxqrPG. So, by (a), there exists H P ρω such

that axrPH and gpu pHq rĎG. Therefore, we have axrPH rĎg´1
pu pgpu pHqqrĎg´1

pu pGq. Hence, g´1
pu pGq P ρω .
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(b) ÝÑ (c): Let F P pλωqc. Then 1B ´ F P λω . So, by (b), g´1
pu p1B ´ F q “ 1A ´ g´1

pu pF q P ρω . Thus,
g´1
pu pF q P pρωqc.

(c) ÝÑ (d): Let T P SS pM,Aq. Since Clλω
pgpu pT qq P pλωqc, then by (c), g´1

pu pClλω
pgpu pT qqq P pρωqc

and we have

Clρω
pT q rĎ Clρω

`

g´1
pu pgpu pT qq

˘

rĎ Clρω

`

g´1
pu pClλω

pgpu pT qqq
˘

“ g´1
pu pClλω pgpu pT qqq.

Therefore,

gpupClρω
pT qq rĎ gpupg´1

pu pClλω
pgpu pT qqqq

rĎ Clλω
pgpu pT qq.

(d) ÝÑ (e): Let R P SS pN,Bq. By (d),

gpu
`

Clρω

`

g´1
pu pRq

˘˘

rĎClλω

`

gpu
`

g´1
pu pRq

˘˘

rĎClλω
pRq.

Thus,

Clρω

`

g´1
pu pRq

˘

rĎg´1
pu pgpu

`

Clρω

`

g´1
pu pRq

˘˘

qrĎg´1
pu pClλω

pRqq.

(e) ÝÑ (a): Let ax P SP pM,Aq and let G P λω such that gpu paxqrPG. Since G P λω , then 1B ´ G P pλωqc

and Clλω
p1B ´ Gq “ 1B ´ G. So, by (e),

Clρω
p1A ´ g´1

pu pGqq “ Clρω
pg´1

pu p1B ´ Gqq

rĎ g´1
pu pClλω

p1B ´ Gqq

“ 1A ´ g´1
pu pGq.

Thus, 1A ´ g´1
pu pGq P pρωqc and hence g´1

pu pGq P ρω . Set H “ g´1
pu pGq. Then we have axrPH , H P ρω , and

gpu pHq “ gpu
`

g´1
pu pGq

˘

rĎG. This shows that gpu is supra-soft ω-irresolute at ax.

Theorem 3.11. Every supra-soft ω-irresolute map is supra-soft ω-continuous.

Proof. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be supra-soft ω-irresolute and let G P λ Ď λω . Then G P λω and
g´1
pu pGq P ρω . This shows that gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-continuous.

The reverse of Theorem 3.11 is not true:

Example 3.12. Let M “ R, N “ ta, bu, ℵ “ tH,M,M ´ t2u ,M ´ t1, 2uu, Im “ tH, tau , Nu, and
A “ Z. Define p : pM,ℵq ÝÑ pN, Imq by p ptq “ b if t P t1, 2u and f ptq “ a if t P M ´ t1, 2u, and
consider the identity map u : A ÝÑ A. Then p is supra ω-continuous. On the other hand, since tbu P Imω

while p´1 ptbuq “ t1, 2u R ℵω , then p is not supra ω-irresolute. Therefore, by Corollaries 2.7 and 3.7,
gpu : pM,µ pℵq , Aq ÝÑ pN,µ pImq , Aq is supra-soft ω-continuous but not supra-soft ω-irresolute.

Theorem 3.13. Let pM,ρ,Aq, pN,λ,Bq, and pL, γ,Dq be three supra-STSs. If gp1u1
: pM,ρ,Aq ÝÑ

pN,λ,Bq is supra-soft ω-irresolute and gp2u2
: pN,λ,Bq ÝÑ pL, γ,Dq is supra-soft ω-continuous, then

gpp2˝p1qpu2˝u1q : pM,ρ,Aq ÝÑ pL, γ,Dq is supra-soft ω-continuous.

Proof. Let G P γ. Since gp2u2 is supra-soft ω-continuous, then g´1
p2u2

pGq P λω . Since gp1u1 is supra-soft
ω-irresolute, then by Theorem 3.10, g´1

p1u1

`

g´1
p2u2

pGq
˘

“ g´1
pp2˝p1qpu2˝u1q

pGq P ρω . Therefore, by Theorem
2.17, gpp2˝p1qpu2˝u1q is supra-soft ω-continuous.
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Theorem 3.14. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. If gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-
soft ω-irresolute, then for any non-empty subset Y Ď M , pgpuq |CY

: pY, ρY , Aq ÝÑ pN,λ,Bq is supra-soft
ω-irresolute.

Proof. Let G P λω . Since gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-irresolute, then g´1
pu pGq P ρω and

so ppgpuq |CY
q

´1
pGq “ g´1

pu pGq rXCY P pρωqY . Therefore, by Theorem 3.19 of [19], ppgpuq |CY
q

´1
pGq P

pρY qω . It follows that pgpuq |CY
: pY, ρY , Aq ÝÑ pN,λ,Bq is supra-soft ω-irresolute.

Theorem 3.15. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between two supra-STSs and let M “ Y YZ,
where tCY , CZu Ď pρωq

c. If pgpuq |CY
: pY, ρY , Aq ÝÑ pN,λ,Bq and pgpuq |CZ

: pZ, ρZ , Aq ÝÑ pN,λ,Bq

are supra-soft ω-irresolute, then gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-irresolute.

Proof. We are going to apply Theorem 3.10. Let F P pλωqc. Then

g´1
pu pF q “ g´1

pu pF q rX1A
“ g´1

pu pF q rX pCY rYCZq

“
`

g´1
pu pF q rXCY

˘

rY
`

g´1
pu pF q rXCZ

˘

“

´

ppgpuq |CY
q

´1
pF q

¯

rY

´

ppgpuq |CZ
q

´1
pF q

¯

.

Since pgpuq |CY
: pY, ρY , Aq ÝÑ pN,λ,Bq and pgpuq |CZ

: pZ, ρZ , Aq ÝÑ pN,λ,Bq are supra-soft ω-

irresolute, then
´

ppgpuq |CY
q

´1
pF q

¯

P ppρY qωq
c and

´

ppgpuq |CZ
q

´1
pF q

¯

P ppρ
Z

qωq
c. Since by The-

orem 3.19 of [19], pρY qω “ pρωqY and pρ
Z

qω “ pρωqZ , then
´

ppgpuq |CY
q

´1
pF q

¯

P ppρωqY q
c and

´

ppgpuq |CZ
q

´1
pF q

¯

P ppρωqZq
c. Therefore, by Lemma 2.21, ppgpuq |CY

q
´1

pF q, ppgpuq |CZ
q

´1
pF q P

pρωq
c. It follows that gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-irresolute.

Theorem 3.16. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs and let H ‰ Y Ď M
such that pρY qω Ď ρω . If there is ay P SP pY,Aq such that pgpuq |CY

: pY, ρY , Aq ÝÑ pN,λ,Bq is supra-soft
ω-irresolute at ay , then gpu is supra-soft ω-irresolute at ay .

Proof. Let G P λω such that gpu payqrPG. Since pgpuq |CY
: pY, ρY , Aq ÝÑ pN,λ,Bq is supra-soft ω-

irresolute at ay , there exists H P pρY qω such that ayrPH and gpu pHq rĎG. Since by assumption pρY qω Ď ρω ,
then H P ρω . This shows that gpu is supra-soft ω-irresolute at ay .

Corollary 3.17. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs. Let tYα : α P △u be
a cover of M such that for each α P △, pρYα

qω Ď ρω and pgpuq |CY α
is supra-soft ω-irresolute at each soft

point dz P SP pYα, Aq. Then gpu is supra-soft ω-irresolute.

Proof. Let ax P SP pM,Aq. We show that gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft ω-irresolute at ax.
Since tYα : α P △u is a cover of M , then there exists α˝ P △ such that x P Yα˝

and so ax P SP pYα˝
, Aq.

Since
`

ρYα˝

˘

ω
Ď ρω , then by Theorem 3.16, it follows that gpu is supra-soft ω-irresolute at ax.

4 Supra-Soft Contra-Continuity and Contra-ω-Continuity

In this section, we introduce supra-soft contra-continuity and contra-ω-continuity. We introduce several char-
acterizations of each of them. Also, we introduce the correspondence between this concept and its analogous
one in general topology. Moreover, we demonstrate how this distinct form of continuity behaves under com-
mon mathematical operations, such as composition.

Definition 4.1. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. A soft map gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is
called
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(a) supra-soft contra-continuous if for every G P λ, g´1
pu pGq P ρc.

(b) supra-soft contra-ω-continuous if for every G P λ, g´1
pu pGq P pρωqc.

Theorem 4.2. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. If gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft
contra-continuous, then p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra contra-continuous.

Proof. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be supra-soft contra-continuous. Let V P λupaq. Choose G P λ such
that G pupaqq “ V . Then g´1

pu pGq P ρc, and so, p´1pV q “ pg´1
pu pGqqpaq P pρaqc. Hence, p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra contra-continuous.

Theorem 4.3. Let tpM,ρaq : a P Au and tpN,λbq : b P Bu be two families of supra-TSs. Consider the
maps p : M ÝÑ N and u : A ÝÑ B, where u is a bijection and let ax P SP pM,Aq. Then gpu :
pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq is supra-soft contra-continuous iff p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra
contra-continuous for all a P A.

Proof. Necessity. Let gpu : pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq be supra-soft contra-continuous. Then by

Theorem 4.2, p : pM, pbaPAρaqaq ÝÑ

´

N, pbbPBλbqupaq

¯

is supra contra-continuous. On the other hand, by

Theorem 2.5 of [19], pbaPAρaqa “ ρa and pbbPBλbqupaq “ λupaq. It follows that p : pM,ρaq ÝÑ
`

N,λupaq

˘

is supra contra-continuous.

Sufficiency. Let p : pM,ρaq ÝÑ
`

N,λupaq

˘

be supra contra-continuous for all a P A. Let G P bbPBλb. We
will show that pg´1

pu pGqqpaq P pρaqc for all a P A. Let a P A. Since G P bbPBλb, then Gpupaqq P λupaq.
Since p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra contra-continuous, then pg´1
pu pGqqpaq “ p´1pGpupaqqq P pρaqc.

Corollary 4.4. Let p : pM,ℵq ÝÑ pN, Imq be a map between two supra-TSs and let u : A ÝÑ B be a bijective
map. Then p : pM,ℵq ÝÑ pN, Imq is supra contra-continuous iff gpu : pM,µ pℵq , Aq ÝÑ pN,µ pImq , Bq is
supra-soft contra-continuous.

Proof. For each a P A and b P B, let ℵa “ ℵ and Imb “ Im. Then µ pℵq “ baPAℵa and τ pImq “ bbPB Imb.
Theorem 4.3 ends the proof.

Theorem 4.5. Let pM,ρ,Aq and pN,λ,Bq be two supra-STSs. If gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft
contra-ω-continuous, then p : pM,ρaq ÝÑ

`

N,λupaq

˘

is supra contra-ω-continuous.

Proof. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be supra-soft contra-ω-continuous. Let V P λupaq. Choose G P λ
such that G pupaqq “ V . Then g´1

pu pGq P pρωqc, and so, p´1pV q “ pg´1
pu pGqqpaq P ppρωqaqc “ ppρaqωqc.

Hence, p : pM,ρaq ÝÑ
`

N,λupaq

˘

is supra contra-ω-continuous.

Theorem 4.6. Let tpM,ρaq : a P Au and tpN,λbq : b P Bu be two families of supra-TSs. Consider the
maps p : M ÝÑ N and u : A ÝÑ B, where u is a bijection and let ax P SP pM,Aq. Then gpu :
pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq is supra-soft contra-ω-continuous iff p : pM,ρaq ÝÑ

`

N,λupaq

˘

is
supra contra-ω-continuous for all a P A.

Proof. Necessity. Let gpu : pM,baPAρa, Aq ÝÑ pN,bbPBλb, Bq be supra-soft contra-ω-continuous. Then

by Theorem 4.5, p : pM, pbaPAρaqaq ÝÑ

´

N, pbbPBλbqupaq

¯

is supra contra-ω-continuous. On the other
hand, by Theorem 2.5 of [19], pbaPAρaqa “ ρa and pbbPBλbqupaq “ λupaq. It follows that p : pM,ρaq ÝÑ
`

N,λupaq

˘

is supra contra-ω-continuous.

Sufficiency. Let p : pM,ρaq ÝÑ
`

N,λupaq

˘

be supra contra-continuous for all a P A. Let G P bbPBλb. We
will show that pg´1

pu pGqqpaq P ppρaqωqc for all a P A. Let a P A. Since G P bbPBλb, then Gpupaqq P λupaq.
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Since p : pM,ρaq ÝÑ
`

N,λupaq

˘

is supra contra-ω-continuous, then pg´1
pu pGqqpaq “ p´1pGpupaqqq P

ppρaqωqc.

Corollary 4.7. Let p : pM,ℵq ÝÑ pN, Imq be a map between two supra-TSs and let u : A ÝÑ B be a bijective
map. Then p : pM,ℵq ÝÑ pN, Imq is supra contra-ω-continuous iff gpu : pM,µ pℵq , Aq ÝÑ pN,µ pImq , Bq

is supra-soft contra-ω-continuous.

Proof. For each a P A and b P B, let ℵa “ ℵ and Imb “ Im. Then µ pℵq “ baPAℵa and τ pImq “ bbPB Imb.
Theorem 4.6 ends the proof.

Theorem 4.8. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs. Then the following are
equivalent:

(a) gpu is supra-soft contra-continuous.

(b) For each F P λc, g´1
pu pF q P ρ.

(c) For each ax P SP pM,Aq and each F P λc such that gpu paxqrPF , there exists H P ρ such that axrPH and
gpu pHq rĎF .

Proof. (a) ÝÑ (b): Let F P λc. Then 1B ´ F P λ, and by (a), 1A ´ g´1
pu pF q “ g´1

pu p1B ´ F q P ρc. Hence,
g´1
pu pF q P ρ.

(b) ÝÑ (c): Let ax P SP pM,Aq and let F P λc such that gpu paxqrPF . Put H “ g´1
pu pF q. Then axrPH and,

by (b), H P ρ. Moreover, gpu pHq “ gpu
`

g´1
pu pF q

˘

rĎF . This ends the proof.

(c) ÝÑ (b): Let F P λc. Then for each axrPg
´1
pu pF q, gpu paxqrPF and by (c), there exists Hax P ρ such that

axrPHax
and gpu pHax

q rĎF . Therefore, we obtain g´1
pu pF q “ rY

␣

Hax
: axrPg

´1
pu pF q

(

P ρ.

(b) ÝÑ (a): Let G P λ. Then 1B ´ G P λc, and by (b), 1A ´ g´1
pu pGq “ g´1

pu p1B ´ Gq P ρ. Therefore,
g´1
pu pGq P ρc. Hence, gpu is supra-soft contra-continuous.

Theorem 4.9. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs. Then the following are
equivalent:

(a) gpu is supra-soft contra-ω-continuous.

(b) For each F P λc, g´1
pu pF q P ρω .

(c) For each ax P SP pM,Aq and each F P λc such that gpu paxqrPF , there exists H P ρω such that axrPH
and gpu pHq rĎF .

Proof. (a) ÝÑ (b): Let F P λc. Then 1B ´F P λ, and by (a), 1A ´ g´1
pu pF q “ g´1

pu p1B ´F q P pρωqc. Hence,
g´1
pu pF q P ρω .

(b) ÝÑ (c): Let ax P SP pM,Aq and let F P λc such that gpu paxqrPF . Put H “ g´1
pu pF q. Then axrPH and,

by (b), H P ρω . Moreover, gpu pHq “ gpu
`

g´1
pu pF q

˘

rĎF . This ends the proof.

(c) ÝÑ (b): Let F P λc. Then for each axrPg
´1
pu pF q, gpu paxqrPF and by (c), there exists Hax P ρω such that

axrPHax
and gpu pHax

q rĎF . Therefore, we obtain g´1
pu pF q “ rY

␣

Hax
: axrPg

´1
pu pF q

(

P ρω .

(b) ÝÑ (a): Let G P λ. Then 1B ´ G P λc, and by (b), 1A ´ g´1
pu pGq “ g´1

pu p1B ´ Gq P ρω . Therefore,
g´1
pu pGq P pρωqc. Hence, gpu is supra-soft contra-ω-continuous.

Theorem 4.10. Every supra-soft contra-continuous map is supra-soft contra-ω-continuous.
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Proof. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be supra-soft contra-continuous and let G P λ. Then g´1
pu pGq P

ρc Ď pρωqc. This shows that gpu : pM,ρ,Aq ÝÑ pN,λ,Bq is supra-soft contra-ω-continuous.

The reverse of Theorem 4.10 is not true:

Example 4.11. Let M “ N “ ta, b, c, du, ℵ “ tH, tau , tdu , ta, du ,Mu, Im “ tH, tcu , tbu , tc, bu , Nu,
and A “ R. Consider the identity maps p : pM,ℵq ÝÑ pN, Imq and u : A ÝÑ A. Then gpu :
pM,µ pℵq , Aq ÝÑ pN,µ pImq , Aq is supra-soft contra-ω-continuous but not supra-soft contra-continuous.

Definition 4.12. Let pM,ρ,Aq be a supra-STS and let R P SSpM,Aq. The soft set rX
␣

H P ρ : RrĎH
(

is
called the supra soft kernel of R in pM,ρ,Aq, and is denoted by kerρ pRq.

Theorem 4.13. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs. Then the following are
equivalent:

(a) gpu is supra-soft contra-continuous.

(b) gpupClρ pRqqrĎkerλ pgpupRqq for every R P SSpM,Aq.

(c) Clρ
`

g´1
pu pT q

˘

rĎg´1
pu pkerλ pT qq for every T P SSpN,Bq.

Proof. (a) ÝÑ (b): Let R P SSpM,Aq. Let byrRkerλ pgpupRqq. Then, there exists G P λ such that gpupRqrĎG

and byrRG. Let F “ 1B ´G. Then we have byrPF P λc and F rXgpupRq “ 0B . Thus, RrXg´1
pu pF q “ 0A. By (a)

and Theorem 4.8, g´1
pu pF q P ρ. So, Clρ pRq rXg´1

pu pF q “ 0A. Therefore, we obtain gpu pClρ pRqq rXF “ 0B

and hence byrRgpupClρ pRqq. This shows that gpupClρ pRqqrĎkerλ pgpupRqq.

(b) ÝÑ (c): Let T P SSpN,Bq. Then by (b),

gpupClρ
`

g´1
pu pT q

˘

qrĎkerλ
`

gpupg´1
pu pT qq

˘

rĎkerλ pT q. Thus,

Clρ
`

g´1
pu pT q

˘

rĎg´1
pu pgpupClρ

`

g´1
pu pT q

˘

qqrĎg´1
pu pkerλ pT qq.

(c) ÝÑ (a): Let G P λ. Then kerλ pGq “ G and by (c),

Clρ
`

g´1
pu pGq

˘

rĎg´1
pu pkerλ pGqq “ g´1

pu pGq. Therefore, g´1
pu pGq P ρc.

Theorem 4.14. Let gpu : pM,ρ,Aq ÝÑ pN,λ,Bq be a soft map between supra-STSs. Then the following are
equivalent:

(a) gpu is supra-soft contra-ω-continuous.

(b) gpupClρω
pRqqrĎkerλ pgpupRqq for every R P SSpM,Aq.

(c) Clρω

`

g´1
pu pT q

˘

rĎg´1
pu pkerλ pT qq for every T P SSpN,Bq.

Proof. (a) ÝÑ (b): Let R P SSpM,Aq. Let byrRkerλ pgpupRqq. Then, there exists G P λ such that gpupRqrĎG

and byrRG. Let F “ 1B ´G. Then we have byrPF P λc and F rXgpupRq “ 0B . Thus, RrXg´1
pu pF q “ 0A. By (a)

and Theorem 4.9, g´1
pu pF q P ρω . So, Clρω

pRq rXg´1
pu pF q “ 0A. Therefore, we obtain gpu pClρω

pRqq rXF “

0B and hence byrRgpupClρω
pRqq. This shows that gpupClρω

pRqqrĎkerλ pgpupRqq.

(b) ÝÑ (c): Let T P SSpN,Bq. Then by (b),

gpupClρω

`

g´1
pu pT q

˘

qrĎkerλ
`

gpupg´1
pu pT qq

˘

rĎkerλ pT q. Thus,
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Clρω

`

g´1
pu pT q

˘

rĎg´1
pu pgpupClρ

`

g´1
pu pT q

˘

qqrĎg´1
pu pkerλ pT qq.

(c) ÝÑ (a): Let G P λ. Then kerλ pGq “ G and by (c),

Clρω

`

g´1
pu pGq

˘

rĎg´1
pu pkerλ pGqq “ g´1

pu pGq. Therefore, g´1
pu pGq P pρωqc.

Theorem 4.15. Let pM,ρ,Aq, pN,λ,Bq, and pL, γ,Dq be three supra-STSs. If gp1u1 : pM,ρ,Aq ÝÑ

pN,λ,Bq is supra-soft contra-continuous and gp2u2
: pN,λ,Bq ÝÑ pL, γ,Dq is supra-soft continuous, then

gpp2˝p1qpu2˝u1q : pM,ρ,Aq ÝÑ pL, γ,Dq is supra-soft contra-continuous.

Proof. Let G P γ. Since gp2u2
is supra-soft continuous, then g´1

p2u2
pGq P λ. Since gp1u1

is supra-soft
contra-continuous, g´1

p1u1

`

g´1
p2u2

pGq
˘

“ g´1
pp2˝p1qpu2˝u1q

pGq P ρc. Therefore, gpp2˝p1qpu2˝u1q is supra-soft
contra-continuous.

Theorem 4.16. Let pM,ρ,Aq, pN,λ,Bq, and pL, γ,Dq be three supra-STSs. If gp1u1
: pM,ρ,Aq ÝÑ

pN,λ,Bq is supra-soft continuous and gp2u2
: pN,λ,Bq ÝÑ pL, γ,Dq is supra-soft contra-continuous, then

gpp2˝p1qpu2˝u1q : pM,ρ,Aq ÝÑ pL, γ,Dq is supra-soft contra-continuous.

Proof. Let G P γ. Since gp2u2
is supra-soft contra-continuous, then g´1

p2u2
pGq P λc. Since gp1u1

is supra-
soft continuous, then g´1

p1u1

`

g´1
p2u2

pGq
˘

“ g´1
pp2˝p1qpu2˝u1q

pGq P ρc. Therefore, gpp2˝p1qpu2˝u1q is supra-soft
contra-continuous.

Theorem 4.17. Let pM,ρ,Aq, pN,λ,Bq, and pL, γ,Dq be three supra-STSs. If gp1u1
: pM,ρ,Aq ÝÑ

pN,λ,Bq is supra-soft contra-ω-continuous and gp2u2 : pN,λ,Bq ÝÑ pL, γ,Dq is supra-soft continuous,
then gpp2˝p1qpu2˝u1q : pM,ρ,Aq ÝÑ pL, γ,Dq is supra-soft contra-ω-continuous.

Proof. Let G P γ. Since gp2u2 is supra-soft continuous, then g´1
p2u2

pGq P λ. Since gp1u1 is supra-soft
contra-ω-continuous, g´1

p1u1

`

g´1
p2u2

pGq
˘

“ g´1
pp2˝p1qpu2˝u1q

pGq P pρωqc. Therefore, gpp2˝p1qpu2˝u1q is supra-
soft contra-ω-continuous.

Theorem 4.18. Let pM,ρ,Aq, pN,λ,Bq, and pL, γ,Dq be three supra-STSs. If gp1u1 : pM,ρ,Aq ÝÑ

pN,λ,Bq is supra-soft ω-continuous and gp2u2 : pN,λ,Bq ÝÑ pL, γ,Dq is supra-soft contra-continuous,
then gpp2˝p1qpu2˝u1q : pM,ρ,Aq ÝÑ pL, γ,Dq is supra-soft contra-ω-continuous.

Proof. Let G P γ. Since gp2u2
is supra-soft contra-continuous, then g´1

p2u2
pGq P λc. Since gp1u1

is supra-soft
ω-continuous, then g´1

p1u1

`

g´1
p2u2

pGq
˘

“ g´1
pp2˝p1qpu2˝u1q

pGq P pρωqc. Therefore, gpp2˝p1qpu2˝u1q is supra-soft
contra-ω-continuous.

5 Conclusion

In this paper, we introduced four different types of supra-soft continuity: supra-soft ω-continuity, supra-soft
ω-irresoluteness, supra-soft contra-continuity, and supra-soft contra-ω-continuity. We characterized each of
them in different ways. Moreover, we look at the relationship between these novel concepts and their analogue
supra-topological concepts. Furthermore, we demonstrated how they are retained under specific compositions
and restrictions. Finally, we explore some of the connections between these novel notions and well-known
related concepts.

We intend to do the following in the next papers:

(i) Extend supra ω-Hausdorff spaces to include supra-STSs.

(ii) Explore how our new notions and results can be applied in digital and approximation spaces, as well as
decision-making problems.
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