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Abstract

Let M be the direct product of an associative ring R. In the work the concepts of Endo Bi-Antiderivation, Jordan
Endo Bi-Antiderivation and Quasi Endo Bi-Antiderivation on a ring M are introduced, furthermore the relations
between these bi-additive mappings are given. As essential point, we searched for appropriate conditions that make
equivalence between Jordan Endo Bi-Antiderivation and Quasi Endo Bi-Antiderivation. Also, we prove the same
results for the generalized case of neutrosophic rings.
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1. Introduction

In present work, we continue the series of papers concerning new bi-additive mapping of prime rings. For any
#«,w € R, the commutator # w- wz symbolized by [z, w] [1]. An m-torsion free ring R is a ring with the
characteristic that mw =0, for w € R implies that w=0, where m is a positive integer [2]. R is known as prim -
ring if z, w € R such that «Rw =(0) this implies either «= 0 or w= 0 [3].Take note that the statements below
are equivalent:

= Ris prime - ring.

= The zero ideal of R is a prime — ideal in the non-abelian sense.

= R is one where the right annihilator of non-— zero ideal is merely {0}.

R is known as semi primeness if «« R 2« =(0) that is « =0 [3]. An additive map p:R +— R is known as a relatively
commuting if [p(w), #]" =0,Vu €ER,n =2 and n € Z [4] While if (n = 1), then p is known as commuting on
R [5]. We are frequent uses of the commutator identities [« w, t]=[u, r]w +u [w, r ], and [« , w ¥]= [u, ] +
r[u, w][6]. Additive map D: R — R is known derivation if D(ur)=D(u)r+ u D(xr) V 2, r € R[7] . Posner [7]
gave the first key result on concerning the centralizing % commuting maps . He demonstrates that the existences
of nontrivial centralizing derivation of a prime ring R requires R must be commutative. A biadditive map £: R X
R — R is known as Symmetric if L( #«, v) = L (v, %) correct Vz« ,vv €R [8] . D: RX R — R is known
symmetric biderivation if D (zw, v) =D (%, v)w + 2D (w, v) satisfy V #, v, w € R [9]. Note that any
commuting mapping p give space to define a symmetric biderivation given by D ( #, v ) = [p(#), v], for each
« v €R [10].

Neutrosophic rings as generalizations of classical rings defined and studied by many authors [12-13]. The main
idea of a neutrosophic ring is to extend the classical ring R by adding a logical element refers to indeterminacy
[14].

The main goal in the present research is to introduce some new double- acting bi-additive mappings related with
derivations and ant derivations. In addition, the same results will be discussed on the generalized case of
neutrosophic rings.
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2. Preliminaries

Definition 2 .1: Let M be the direct product of a ring R . A bi-additive map g : M — M is called Endo Bi-
Antiderivation if the following holds:

Tww,st )=T(w,t)(v,s)+(w,t)T (v,5),
forall s, t,v, w €R.
A map T is known as Jordan Endo Bi-Antiderivation on M if the following holds:
T(w? s%) =T(w, s) (w,8) +(w, s) T(w, s), forall w, s € R.

Example 2.2: Let M be the direct product of the ring R, where R= {(g g) ra,b € Q} .

Then the bi-additive T: M — M define by:

(o 50 =@ oG ) 5 oh e

is an Endo Bi-Antiderivation on M.

Example 2.3: If p is an Antiderivation of ring R and M is the direct product of R and 7 be a bi- additive
mappings on § defined by

T(x, 8) = (p(x), p(s8)), forall (r,s) €S.
Then T is Endo Bi-Antiderivation on M.

Remark 2.4:

Endo Bi-Antiderivation /_\ Jordan Endo Bi-Antiderivation.

In general, the opposite is not true.

Example 2.5:

Let R ={(£ *Z) f,gheEN,and a € 1}, where V= Q[x ] is the polynomial ring with property that s2=0,
and | be an ideal of V" generated by s.

When M direct product of R and 7: M — M be a bi-additve mapping define by:
f g 9_,0 a (0 B
T((a h)’ ([3 k)) B ((0 0)’ (0 o))'

Then T is a Jordan Endo Bi-Antiderivation but not Endo Bi-Antiderivation.

Definition 2.6: Let M be the direct product of a ring R . A bi-additive map 7: M — M is called a Quasi Endo
‘Bi-Antiderivation if the following holds:

T(ww,n?) =T (w, n)(v,n) + (0,n) T(v,n),
forall n,v,w€R.
Remarks 2.7:

Endo Bi-Antiderivation /_\ Quasi Endo Bi-Antiderivation

Jordan Endo Bi-Antiderivation
In general, the converse is not true
Lemma 2.8: [11] If R is 2- torsion free semiprime ringand a, 6, w € R the relation
awb + bwa =0

holds, hence awb6=6wa =0 is fulfilled, Yo € R.
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Lemma 2.9: Suppose M is the direct product of aring R and 7 is a Jordan Endo Bi-Antiderivation on M, then
foralla ,6,y,v,z€R.

i- T(y? ab + ba) = T(y, 6) (y, a)+(u, B) T (4, a) + T(y, a) (u, B)+ (4, @) T (u, b)
ii- T'(ab + ba,y?) =T (6,u) (a, y)* (b, y) T(@w+ T(a y) 6w+ (a,y) T(6,u)

iii- T(yv + vy,ab + ba) = T(v, b) (y, a) +(v, b) T(y, a) +T(y, 6) (v, a) + (y, 6) T(v,a) + T(y, a) (v, b) +
(W, a) T(v,b)+ T(v,a)y, B) +(v, a) T(y, b)

iv- T'(aba,y’)= T(a, y) (6,4) (a,u) + (@) T(b,u) (@, W+ (a,y)(b,u) T (ay)
V- T(4®,aba) = T(y,a) (u,6)(y, )+ (4, ) T(y,b) (4, a) +(a,y)(u, 6) T(y, @)

vi- T (u? azb +bza) = T(y,6)(4,2)(q, @) +(y , 6) T(y,2) (4, a) + (u,6) (W2) T(ya) + T(ya)(y,2z)(y
b)+ (y, ) T(y,2) (4, 6)+ (y, a)(y, 2) T(y, b).

vii- T'(azb + bza, 4*) =T (6,9 (z,u)(a, W) + (6,4) T(z, W) (&, W+ (b, W) (z,0) T(a, W+ T(a,W(z Wby +
(@) T (z,w) (b,w+ (a,w) (z,v) T(b,u)

Proof: (i) For T isaJordan Endo Bi-Antiderivation, we have:
T(? (a+6)?)= T(4 a+b)(y, a+b)+ (y a+b) T(y,a+b)

=Ty, a)(y, a) + T(u, a)(y, B) + T(y, b) (u, &)+ T(y, b) (u, B)+ (4, a) T(u, @) + (y, B) T(y, @) +(y, @) T(y,
B) + (4, 6) T(y , B) ........ (1)

From another standpoint
T3 (@ +6)?)= T3 a®>+ab+ba+6%) =TY? a?) + T(? ab+ ba) + T(4? 62)
= T(y?.a%) + T(y? ab+ ba) + T(y? 62)
=T (u,a)(y,a)*(y,a)T(y a)+T Q> ab+ba)+T(y,b)(y, b) +(y, b) T'(u, b)
With an instant consideration to the last two relations we can conclude that:
T(y? ab + ba) = T(u, b) (¢, a)+(u, b) T(y, &)+ T(y, a) (u, b)+ (y, @) T(y ,b)
(iii)- A linearization of (i) gives:

T(v+w)?ab+ba)=T(v +w,b)(v+w a)+(v+tw a)T(v+w b))+ T(v+wa)(v+wb)+(v+
w,b) T(v+ w,a)

=7 (v,b) (v,a)+ T (v,b) (w, a)+ T(w,b) (v, a)+ T(w, b) (w, a) +( v,a) T (v, b)+ (v, a) D (w, b) +(w,a)
D (v, b) + (w, a) D (w, b) +D(v,a) (v, b) +D (v, a) (w, b) + T(w, a) (v, b) + T(w, a) (w, b) + (v, b) T(v,a)
+(v, b) T(w,a) +(w, b) T(v, a)+ (w, b) T(w, @) .....(2)

In a second view, we have:
T((v+w)?ab+ ba)= T(v? +vw + wv + w?,ab + ba)

= T(v?,ab + ba)* T(vw + wv,ab + ba)+ T(w?,ab + ba)
Depending on the part (i), the last relation becomes

= TJ(v, b) (v,a) + (v, B)T (v,a)+ T(v,a) ( v, B)+ (v, a)T(v, b) + T(vw + wv,ab + ba) + T(w,
b)(w, a)+(w, b) T (w, a)+ T(w, a) (w, b)+ (w, a) T(w, b) 3

The out putting of relations (2) and (3) are for same expression, this leads us to:

T(vw + wv,ab + ba) =T (v, b) (w, a) + T(w,b) (v, a)*+ (v,b) T(w, a) +(w,a) T(v,b6)+T(v,a) (w, b)
+ T(w, a) (v, b) +(v,a) T(w, b)+ (w, b) T(v,a)

(vi)- Putting ((ab + ba), y?) instead of (b, y) in (ii) gives:

T(a(ab+ba) + (ab+ba)a,y?®) = T((ab +ba) ,y?) (a,y)+ ((ab+ba),y?) T(a,y) + T(a,y) ((ab +
ba), y*) + (a,u) T((ab + ba),y?)

=Tb,y)(a, ) (au+bd,u)T(ay (auy)+ T(a y) 6,y) (a,y* (a,y)T(6y) (aw+(ay)(by) T(ay)
+(b,u) (a,u) T(a,u) +T(a,u) (au)b,u) +T(ay)by) (@) +(au) TG, u)(a, yv) +(ay) 6,u) T(a,y)
+(aw) T(a, ) (bu)+(ay (a,vTbBuU) @)

However, the left side of the above equation can be expressed in the form:
T (a(ab + ba) + (ab + ba) a,y®) = T(a®b + 2aba + ba? ,y?)
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= T(a%b + ba?,y3) + 2T (aba,y3) (5)
The substitution (a2, y?) instead of (a, y) in (ii), gives:
T(a*b + ba?,y’) = T(b,u)(a®u?) + (b, u) T(a?y?) + T(a*u?) (b,u)+ (a* u?) T(6,u)
= T(b,y)(a,y) (a,u) + (b, ) T(a,y) (a, ) +(b,y)(au) T(ay)+ T(ay) (ay) (b,y)+ (@ T (ay) (b,
u+ (a,v) (a,u) T7(6, v)
In view of above equation, the relation (4) can be given as follows:

T(a(ab+ba)+(ab+ba)ay®) = 2T(aba,y®) + T(bB,y)(a,y)lay + b,y T(ay(ay +
G.w(aw T(aw+ T(@w@wbuw + (@ T @y b,y +@y) (au) TG,y ....... (6)

Again, since out putting of relations (4) and (6) are for same expression, we arrive at:
2T (aba,y’) =27 (a,y) (b,u) (@ y) +2(ay) T (by)(ay) +2(a,y) (b,u) T(ay)
Thatis T'(aba,y’)= T(a,y) (b,y)(a,u)+(a,y) T(b,y) (ay)+(a,u)(by) T(ay)
(iv)-According to the part (v), we have:

T (3, awa) = T(y, a)(y,w)(y,a) +(y,a) T(y, w)(u, a) + (4, a)(y, @) T(y, a).

The linearization of above relation gives:

T (a+b)w(@+b)=7(u,(a+6)(u,0) . (a+6)+, (a+6))T(u,w) (4(a+b)+(u(a+
b)) (w @) T (y, (a + b))

=7 (y,a) (y,w) (U, A+ 7 (y,a)(y,w)(y,b)+ T (y,0) (yw) (y a) + +T (yb)(y,w)(yb) + (u,
a) T (yw) (ya)+(a) T (yw)(b)t+ (4 b6) T (4w) (@ a) +(y 6) T (4 w) ([ b)+(ya) (yw) T (ya)+
(wa) (Y ) T (y,6) + (y,b) (4, w) T (g a)+(yb) (4w T (yb)...(7)

From another perspective, we see:
T (g3 (@a+b)wla+b)=T (43 ava + awb +bwa + bwb)
=T (¥ awa)+ T (Y3 awb+ bwa) + D (43, bwb)

= T (0%, awb+ bwb)+ T(y, a) (y,w) (g, a)+ (4, a)T (4, ) (y,a)+ @ a)(yw) T(a)+ T(y,b)(y,w)
W, 6)+ (4, 6)T (y,w) (4,6)+(46) (yw) T(y,b).....8)

From the equality of the equations (7) and (8), we conclude:

T, a w 6 + bz6)= T(y,a)(y,w) Wb +(y , a T(yw) (4,6) + (ya) (Qw) T(yb)
+ T (y,6)(u, w)(y, a)+ (u, 6) T(y ) (u,a)* (y, b)(y, w) T(y, a)

Definition 2.10: Let M be the direct product of a ring R and 7: M — M be a Jordan Bi-Antiderivation, we
define:

X2= T(vw, x2)- T(w, x)(v, x) - (w,x) T(v,x)

Lemma 2.11: Let M be the direct product of aring R and 7: M — M be a Jordan Endo Bi- Antiderivation, then
forallx ,v, w,y €ER.

M XL +Xy =0

(i) X=X

(iii) X +Y)yy =X +Yy

Proof:(i)- For any x ,v, w € R, we have:

x#) +x:) = T(V(J.),X,z)— T(w,x)(v, x) —((/J, X) T(V, X)+ T((A)V, x2)_ T(V, X,)(OJ, X)
(v, x) T(w,x)

=T (vw + wv, X2)=T (v, x )(w,x) = (v, x) T(w,x) T(w,x)(v, x) = (@, x) T(v,x)

=TV, x)(@,x)+@,x) T(0,x)+T(w,x)( v, x)+w,x) T, x)- TV, x) (0, x)-(v,y) T(w, x)-T(,
x)(v, x)=(w,x) T(v,x)=0

(i) X7 = TvU + w),x) - T(U + @0),x)(v,x) = (U + @),x) T®,X)

= T(qux.z)‘l‘ T(V(U,Xz)— T(H:X)(V:X)_ T(w,X)(U,X)_(q'X.)T(U'X.)_
(0,%) T(V,x)

:]C;l + X
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(iii)-
X +Yy = Tw, x+»?) = T(w,&+) (v.&+9) - @ &+ ) T &+)

= T(V(J),X'Z) +T(Vw,y2) +ZT(V(U'XJ’) - T(wa)(va) - T(w,X)(V,}’) - T(“’:}’)(VJ’) -
-T(CUJ’)(V'X') - (Q),X)T(V,X) - (a),x) ‘T(V' }’) - (ﬂ),}’) ‘T(V'X‘) - (wJ’) T(V‘Y)

= T(V(J),X'Z) + T(Vw,yz) - T((L),X)(V,X) - ((L),X) T(V,X) - T(w,}’)(V:Y) - (CU:Y) T(V:Y)
=X¢ + Y

Lemma 2.12: Let M be the direct product of aring R and T: M’ — M be a Jordan Endo Bi-Antiderivation ,V x
WY, v,w ER.

[(v, x), (@ x)] (y, x) X" + X (4, x) [(v, x), (@, x)]=0
Proof:  According to the part (iv) of Lemma (2.9), we have:

T (wov,x*) =T (v, x)(0,X) (1,%) + (v,X) T(,%) (1,%) + (v,%)(0,x) T(v,x)
Putting (wmw, x3) instead of (w, x) in the above relation, we get:

T (vomwv,x°)= T (v, x)(0mw, x*) (v, x) + (v, x) T(0mw, x3,x) (v,%) + (v,X) (WMo, x3) T(v,X)
Again, T(wvw,x*)= T(0,%)(v,x) (@,%) + (0,%) T@©,%) 0,x) + (©,3)@,x) T(0,X)

Now, the substitution (vmy, x3) instead of (v, x ) in above relation, we arrive at:

T (wvmvw,x*)= T (w,x)(vmv,x*) (w,x) + (©,x) T(vmv,x*) 0,x) + (0,x)(vmv,x*) T(o,X)
Set z= vomwv + wvmvw, then

T (z,x%)= D(wvomwv,x°) + T( wvmvw,x>)

= T (v,x)(0mw,x*)(v,%) + (v,%) T (omw,x%,x) (v,x) + v, x)(wmw,x*) T(v,x) +
T (w,x)(vmv, x3) (0, %) + (w,%x) T(vmv,x3) 0,X) + (0, X)(vmy, x3) T(w, x)

=T, x)(w, x)(m, x)(w, ), x)+ @, x) T(w, x)(Mm, X) (0, )@, x)+ @ DN(w, x)T(M, X)o,
X, x) + @, (o, x)(M, x) T(w, (@, X)+ @, DN, NmM, (0, x)Tw, x)+ T(w, )@, (M,
X)W, X)(w, X)+ (w, X) T, (M, x) (v, (0, x) + (0, Y@, X) T, x) @V, (o, x)+ (0, ),
x)(m, )T (v, x)(w, X) + (0, (v, x)(m, %) (v, X) T(w, X)... (9)

Now, replacing (a, x) and (b, x) by (vw, x?) and (wv, x?) respectively in the part (iiv) of Lemma (2.9), we
arrive at:

T (vomvw + vomve, x°) = T (e, x)(m, x)(vw, x*) + (vo, x*) T(m, x) (vo, )+ (vo, x*)(m, X)
T (o, x*) + T (vw, x)(m, X)(vo, x*) + (o, x*) T(m, x) (vo, x)+ (vo, x2) (M, X) T@0,X) ...... (10)

According to the equality of the equations (9) and (10) implies that:
(v, x) (w,x) (m, X) X’ + (w, ) (v, x) (M, X)X + X (m, X) (0, x) (W, x) + X5 (M, x) (v,x) (0, x) =0
Since X’ =-Xg , then [(v,x), (@, x)] (m, X) X’ + X’ (m, x) [(v, ), (w, x)]=0

Theorem 2.13: Let M be the direct product of a 2-torsion free prime ring R and 7: M — M is a Jordan Endo
‘Bi-Antiderivation, then T is Quasi Endo Bi-Antiderivation on M.

Proof: Let R is a commutative ring, consequently so is M, then we get:
T(sr+7rs,t2) = 2T (s, %)

=T e)(s,)+ @) T8+ T8 (8) + (s,8) T(r,t)

=2{T(rt)(s,t)+ (,8) T(s,8)}, for £.,5,7 ER.
Hence by 2-torsionty free of M

T(sr,t2) = T(r,1)(st) + (1) T(s,t), for £.,5,r ER.
Now, if R is a non— commutative, then using Lemma (2.12), get:
[(s,8), (v, £)] (0, 8) X5 + X5 (4, %) [(s, %), (r, £)] =0, for &5, 7, yE R.

Thus, using Lemma 2.9 get:  [(s,1), (rt)] (y©)XI =0, vy sr, y €ER
Since R is a hon-commutative ring, thus primeness of R give
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XT=0 ,vrs€eR
Thatis T(sr,t%) = T(r,8)(st) + (,8) T(s,b).

Lemma 2.14: Let M be the direct product of a neutrosophic ring R and 7: M — M be a Jordan Endo Bi-
Antiderivation ,\Vx ,y ,v,w € R.

[(v, x), (@ x)] (. x) X" + X (y, x ) [(v, x), (@, x)]=0
Proof:  According to the part (iv) of Lemma (2.9), we have:
T wov,x*) =T v, x)(@,%) (v,%) + ©,%) T (0,%) %) + ©,x)(@0,%) T(v,X)
Putting (wmw, x3) instead of (w, x) in the above relation, we get:
T (vomwv,x°)= T@,x)(wmw, x%) (v, x) + (v, x) T(wmw, x*,x) (v,x) + (v,%) (wMw, X*) T(V,X)
Again, T (wvw,x%)= T(0,x)(v,%) (@,%) + (©,%) T@, %) ©,%) + (0,3 @, %) T(w,X)
Now, the substitution (vmy, x3) instead of (v, x ) in above relation, we arrive at:
T (wvmvw,x°)= T (w,x)(vmv,x*) (w,x) + (©,x) T(vmv,x*) 0,x) + (0,x)(vmv,x*) T(o,X)
Set z= vomwv + wvmvw, then
T (3,x%)= D(womwv,x°) + T( wvmvw,x>)

= T(v,x)(wmw,x*)(v,x) + (1,%) T (wmw, x*,x) (¥,%) + (v, ) (wmw,x*) T(v,x) +
T (w, ) (vmy, x3)(w,x) + (0,%) T(mv,x*) 0,x) + (0, x)(vmv, x*) T(w, X)

=T, x)(w, x)(m, x)(w, )V, x)+ @, x) T(w, x)(M, X) (0, )@, x)+ @ DN (o, x)T(M, X)o,
X)W, x) + @, N(w, x)(M, x) T(w, )@, x)+ @, DN(w, I0mM, ) (0, x)Tw, x)+ T(w, ), x)(m,
X)W, x)(w, X) + (w, X) T, x)(M, X) (v, X)(0, X) + (0, )V, X) T(M, x) v, X)(0, x)+ (0, x)(V,
x)(m, )T (v, x)(w, X) + (0, x)(v, X)(m, %) (v, X) T(w, X)... (9)

Now, replacing (a, x) and (b, x) by (vw, x?) and (wv, x?) respectively in the part (iiv) of Lemma (2.9), we
arrive at:

T (vomvw + vomve, x°) = T (e, x)(m, x)(vw, x*) + (vo, x*) T(m, x) (vo, )+ (vo, x*)(m, X)
T (o, x*) + T (vw, x)(m, X)(vo, x*) + (o, x*) T(m, x) (vo, x)+ (vo, x?) (M, X) T@V,X) ...... (10)

According to the equality of the equations (9) and (10) implies that:
(v, x) (w,x) (m, X) X’ + (w, ) (v, x) (M, X)X + X (m, X) (0, x) (v, x) + X5 (M, x) (v,x) (0, x) =0
Since X’ =-Xg  then [(v,x), (@, x)] (m, X) X’ + X’ (m, x) [(v, ¥), (w, x)]=0

Theorem 2.15: Let M be the direct product of a 2-torsion free prime neutrosophic ring Rand 7: M — M isa
Jordan Endo Bi-Antiderivation, then T is Quasi Endo Bi-Antiderivation on M.

Proof: Let R is a commutative ring, consequently so is M, then we get:
T(sr+7rs,t2) = 2T (s, %)

=T e)(s,)+ @) T8+ T8 (t) + (s,8) T(r,t)

=2{T7(r)(s,t)+ (L) T(s,t)} for t,s,7r ER.
Hence by 2-torsionty free of M

T(sr,t2) = T(r,1)(st) + (1) T(s,t), for £.,5,r ER.
Now, if R is a non— commutative , then using Lemma (2.12), get:
[(s,8), (v, £)] (0, 8) X5 + X5 (4, 8) [(s, %), (r, £)] =0, for &5, 7, yE R.

Thus , using Lemma 2.9 get: [(s,1), (r,t)] (u, )X =0, vy Sr, y €ER
Since R is a non commutative ring, thus primeness of R give

XI'=0 ,vr,seR
Thatis T (sr,t%) = T(r,t)(s,t) + (1) T(s,t) .
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3. Conclusion

In this paper, we studied the direct product of an associative ring R and the concepts of Endo Bi-Antiderivation,
Jordan Endo Bi-Antiderivation and Quasi Endo Bi-Antiderivation on a ring M .Furthermore the relations between
these bi-additive mappings are given. In addition, we searched for appropriate conditions that make equivalence
between Jordan Endo Bi-Antiderivation and Quasi Endo Bi-Antiderivation. Also, we proved the same results for
the generalized case of neutrosophic rings
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