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ABSTRACT

Rough sets provide a mathematical framework for approximating subsets using lower and upper bounds determined
by equivalence relations, effectively modeling uncertainty in classification and data analysis. These foundational
concepts have been further extended to structures such as Hyperrough Sets and Superhyperrough Sets. In this
paper, we introduce the definitions of Hyperrough Cubic Sets and Superhyperrough Cubic Sets, and explore their
fundamental properties. We hope that these developments will promote further research into applications such as
decision-making based on Rough Set Theory and its extensions.
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1. PRELIMINARIES AND DEFINITIONS

This section provides an introduction to the foundational
concepts and definitions required for the discussions in this
paper. Throughout this study, all sets are assumed to be finite.

1.1 Rough Set, HyperRough Set, and Superhyperrough Set

A rough set approximates a subset using lower and upper
bounds determined by equivalence classes, thereby capturing
both certainty and uncertainty in membership [1, 3, 6, 8, 11,
13]. The following definitions formalize these concepts.

Definition 1.1 (Rough Set Approximation). Let X be a
nonempty universe of discourse, and let R ⊆ X ×X be an
equivalence relation (also called an indiscernibility relation)
on X [12]. The relation R partitions X into disjoint equiva-
lence classes, denoted by [x]R for each x ∈ X , where

[x]R = {y ∈ X | (x,y) ∈ R}.

For any subset U ⊆ X , the lower approximation U and the
upper approximation U are defined by:

1. Lower Approximation:

U = {x ∈ X | [x]R ⊆U}.

This set contains all elements whose entire equivalence
class is contained within U ; these elements definitely be-
long to U .

2. Upper Approximation:

U = {x ∈ X | [x]R ∩U ̸=∅}.

This set contains all elements whose equivalence class has
a nonempty intersection with U ; these elements possibly
belong to U .

Thus, the pair (U ,U) forms the rough set representation of
U , satisfying

U ⊆U ⊆U .

The HyperRough Set extends rough set theory by incorpo-
rating multiple attributes. Related foundations and hybrid
rough–hypersoft constructions are discussed in [5, 6, 7, 8, 9].

Definition 1.2 (HyperRough Set). Let X be a nonempty finite
universe, and let T1,T2, . . . ,Tn be n distinct attributes with
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corresponding domains J1,J2, . . . ,Jn. Define the Cartesian
product

J = J1 × J2 ×·· ·× Jn.

Let R ⊆ X ×X be an equivalence relation on X , with [x]R
denoting the equivalence class of x. A HyperRough Set over
X is a pair (F,J), where:

• F : J → P(X) is a mapping that assigns to each attribute
value combination a = (a1,a2, . . . ,an) ∈ J a subset F(a)⊆
X .

• For each a ∈ J, the rough set approximations of F(a) are
defined as

F(a) = {x ∈ X | [x]R ⊆ F(a)},

F(a) = {x ∈ X | [x]R ∩F(a) ̸=∅}.

Here, F(a) comprises all elements whose equivalence classes
are completely contained within F(a), while F(a) contains
elements whose equivalence classes intersect F(a). Addition-
ally, the following properties hold for all a ∈ J:

• F(a)⊆ F(a).

• If F(a) =∅, then F(a) = F(a) =∅.

• If F(a) = X , then F(a) = F(a) = X .

Example 1.3 (HyperRough Set). Let

X = {x1,x2,x3,x4}

be a finite universe and define an equivalence relation R ⊆
X ×X by

[x1]R = {x1,x2} and [x3]R = {x3,x4}.

Let T1 and T2 be two attributes with domains

J1 = {red,blue} and J2 = {circle,square},

respectively. Then the Cartesian product is

J = J1 × J2 = {(red,circle),(red,square),

(blue,circle),(blue,square)}.

Define a mapping

F : J → P(X)

by setting:
F(red,circle) = {x1,x2},

F(red,square) = {x1},
F(blue,circle) = {x3,x4},

F(blue,square) =∅.

For each a ∈ J, the rough approximations of F(a) are given
by

F(a) = {x ∈ X | [x]R ⊆ F(a)},

F(a) = {x ∈ X | [x]R ∩F(a) ̸=∅}.

For instance, for a = (red,circle) we have F(red,circle) =
{x1,x2}. Since for each x∈ {x1,x2} the equivalence class [x]R

(which equals {x1,x2}) is entirely contained in F(red,circle),
it follows that

F(red,circle) = F(red,circle) = {x1,x2}.

Thus, (F,J) constitutes a HyperRough Set over X .

Definition 1.4 (n-SuperHyperRough Set). Let X be a
nonempty finite universe, and let T1,T2, . . . ,Tn be n distinct
attributes with respective domains J1,J2, . . . ,Jn. For each at-
tribute Ti, let P(Ji) denote its power set. Define the set of all
possible attribute value combinations as

J = P(J1)×P(J2)×·· ·×P(Jn).

Let R ⊆ X × X be an equivalence relation on X . An n-
SuperHyperRough Set over X is a pair (F,J), where:

• F : J → P(X) is a mapping that assigns to each attribute
value combination A = (A1,A2, . . . ,An) ∈ J (with Ai ⊆ Ji
for all i) a subset F(A)⊆ X .

• For each A ∈ J, the lower and upper approximations are
defined as

F(A) = {x ∈ X | [x]R ⊆ F(A)},

F(A) = {x ∈ X | [x]R ∩F(A) ̸=∅}.

Thus, F(A) consists of all elements whose equivalence classes
are entirely contained in F(A), and F(A) includes those ele-
ments whose equivalence classes intersect F(A). The follow-
ing properties hold for all A ∈ J:

• F(A)⊆ F(A).

• If F(A) =∅, then F(A) = F(A) =∅.

• If F(A) = X , then F(A) = F(A) = X .

• For any A,B ∈ J,

F(A∩B)⊆ F(A)∩F(B),

F(A∪B)⊇ F(A)∪F(B).

Example 1.5 (n-SuperHyperRough Set). Let

X = {x1,x2,x3}

and consider the equivalence relation R ⊆ X ×X defined by

[x1]R = {x1,x2} and [x3]R = {x3}.

Let T1 be an attribute with domain

J1 = {red,blue}.

Then the power set of J1 is

P(J1) = {∅,{red},{blue},{red,blue}}.

Define a mapping

F : P(J1)→ P(X)
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by:
F(∅) =∅,

F({red}) = {x1},
F({blue}) = {x2,x3},

F({red,blue}) = X .

For each A ∈ P(J1), the rough approximations are given by

F(A) = {x ∈ X | [x]R ⊆ F(A)},

F(A) = {x ∈ X | [x]R ∩F(A) ̸=∅}.

Consider A = {red} so that F({red}) = {x1}. Since [x1]R =
{x1,x2} is not a subset of {x1}, we have

F({red}) =∅.

However, as [x1]R ∩{x1} ̸=∅ and [x2]R = {x1,x2} also inter-
sects {x1}, it follows that

F({red}) = {x1,x2}.

Thus, the pair (F,P(J1)) defines an n-SuperHyperRough Set
(with n = 1) over X .

1.2 Rough Cubic Sets

The concept of cubic sets has been extensively studied in
various contexts such as fuzzy and neutrosophic frame-
works [4, 10, 14]. Similarly, research has also been conducted
on the application of cubic sets within rough set theory [2].
We present the formal definition of Rough Cubic Sets below.

Definition 1.6 (Rough Cubic Sets). Let X be a nonempty set
and let

R = ⟨R,r⟩ : X ×X → ([0,1]× [0,1])

be a cubic relation on X . A cubic set on X is given by a
mapping

A = ⟨A,λ ⟩ : X → ([0,1]× [0,1]),

where for each x ∈ X , A(x) (or equivalently, ⟨A(x),λ (x)⟩)
represents the membership degree of x in an interval-valued
and crisp manner.

Using the cubic relation R, we define two rough operators
on cubic sets as follows. For every cubic set A = ⟨A,λ ⟩ on
X , define the lower rough approximation N(A) and the upper
rough approximation H(A) by

N(A)(x) =
⋃
y∈X

(
A(y) t Rc(y,x)

)
, ∀x ∈ X ,

H(A)(x) =
⋂
y∈X

(
A(y)uR(x,y)

)
, ∀x ∈ X .

Here, t denotes a chosen t-norm (e.g., the minimum opera-
tion), u denotes the corresponding t-conorm (e.g., the max-
imum operation), and Rc represents the complement of the
cubic relation R.

If N(A) = H(A) (that is, if the lower and upper approxima-
tions coincide), then A is called a definable cubic set. Other-
wise, A is termed undefinable, and the pair (N(A),H(A)) is
referred to as a rough cubic set.

2. RESULTS OF THIS PAPER

This section presents the results obtained in this paper.

2.1 Hyperrough Cubic Sets

We provide the definition of Hyperrough Cubic Sets as fol-
lows.

Definition 2.1 (Hyperrough Cubic Set). Let X be a nonempty
set and let

R = ⟨R,r⟩ : X ×X → ([0,1]× [0,1])

be a cubic relation on X . Denote by CS(X) the collection of
all cubic sets on X (each cubic set A being given by a mapping
A = ⟨A,λ ⟩ : X → ([0,1]× [0,1])). Let J be a nonempty set
(interpreted as an index set of attribute value combinations).
A Hyperrough Cubic Set over X is defined as a mapping

F : J →CS(X).

For each a ∈ J, denote Aa = F(a) and define the lower and
upper rough approximations of Aa with respect to the cubic
relation R by

N(Aa)(x) =
⋃
y∈X

(
Aa(y) t Rc(y,x)

)
, ∀x ∈ X ,

H(Aa)(x) =
⋂
y∈X

(
Aa(y)uR(x,y)

)
, ∀x ∈ X ,

where t is a chosen t-norm (for instance, the minimum op-
eration), u is the corresponding t-conorm (for instance, the
maximum operation), and Rc denotes the complement of the
cubic relation R.

The pair (N(Aa),H(Aa)) constitutes the rough approximation
of the cubic set Aa. Thus, the structure (F,J) is called a
Hyperrough Cubic Set on X .

Example 2.2 (Hyperrough Cubic Set Example). Let X =
{x1,x2,x3} and suppose a cubic relation R = ⟨R,r⟩ on X
is given (for simplicity, assume that for each pair (xi,x j),
R(xi,x j) provides an interval and a crisp value). Let J = {a}
be a singleton index set. Define a cubic set A on X by

A(x1) = ([0.3,0.7],0.5),

A(x2) = ([0.4,0.8],0.6),

A(x3) = ([0.2,0.6],0.4).

Then define the hyperrough cubic set F : J →CS(X) by set-
ting F(a) = A. The rough approximations N(A) and H(A)
are computed from A using the operators

N(A)(x) =
⋃
y∈X

(
A(y) t Rc(y,x)

)
,

H(A)(x) =
⋂
y∈X

(
A(y)uR(x,y)

)
.

Thus, (F,{a}) constitutes a Hyperrough Cubic Set that, by
definition, generalizes the rough cubic set (N(A),H(A)) and,
if the cubic structure were degenerate, would coincide with a
hyperrough set.

Theorem 2.3. A Hyperrough Cubic Set generalizes both
Rough Cubic Sets and Hyperrough Sets.
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Proof. If the index set J is a singleton (say, J = {a0}),
then the mapping F reduces to F(a0) = Aa0 , and the Hy-
perrough Cubic Set (F,J) becomes the rough cubic set
(N(Aa0),H(Aa0)) induced by the cubic relation R.

Conversely, if the cubic structure degenerates (i.e., if the sec-
ondary component of each cubic set is constant so that every
cubic set reduces to an interval-valued fuzzy set), then the
rough approximations N(Aa) and H(Aa) coincide with those
defined for hyperrough sets. Hence, a Hyperrough Cubic Set
encompasses both rough cubic sets (when J is trivial) and
hyperrough sets (when the cubic structure is degenerate).

2.2 n-Superhyperrough Cubic Sets

We provide the definition of n-Superhyperrough Cubic Sets
as follows.

Definition 2.4 (n-Superhyperrough Cubic Set). Let X be a
nonempty set and let

R = ⟨R,r⟩ : X ×X → ([0,1]× [0,1])

be a cubic relation on X . Suppose that T1,T2, . . . ,Tn are n dis-
tinct attributes with respective domains J1,J2, . . . ,Jn. Define
the attribute domain as

J = P(J1)×P(J2)×·· ·×P(Jn),

where P(Ji) denotes the power set of Ji. An n-
Superhyperrough Cubic Set over X is defined as a mapping

F : J →CS(X),

such that for each A= (A1,A2, . . . ,An)∈ J, if we denote AA =
F(A) and define its lower and upper rough approximations
(with respect to the cubic relation R) by

N(AA)(x) =
⋃
y∈X

(
AA(y) t Rc(y,x)

)
, ∀x ∈ X ,

H(AA)(x) =
⋂
y∈X

(
AA(y)uR(x,y)

)
, ∀x ∈ X ,

then the pair (N(AA),H(AA)) constitutes the rough approxi-
mation of the cubic set AA. The structure (F,J) is called an
n-Superhyperrough Cubic Set on X .

Example 2.5 (n-Superhyperrough Cubic Set). Let X =
{x1,x2,x3,x4} and let R = ⟨R,r⟩ be a given cubic relation
on X . Assume there are two attributes T1 and T2 with do-
mains J1 = {p,q} and J2 = {r,s}, respectively. Then, define
the attribute domain as

J = P(J1)×P(J2).

For instance, an element of J could be A = ({p},{r,s}). For
each A ∈ J, define a cubic set AA on X ; for example, let

A({p},{r,s})(x1) = ([0.2,0.5],0.4),

A({p},{r,s})(x2) = ([0.3,0.6],0.5),

and similarly define A({p},{r,s})(x3) and A({p},{r,s})(x4). Then,
define the mapping

F : J →CS(X)

by setting F(A) = AA for each A ∈ J. For every A ∈ J, com-
pute the lower and upper rough approximations N(AA) and
H(AA) using the cubic relation R. The pair (F,J) is then an
n-Superhyperrough Cubic Set on X , which, by our previous
theorem, generalizes both the Hyperrough Cubic Set and the
n-Superhyperrough Set.

Theorem 2.6. An n-Superhyperrough Cubic Set generalizes
both Hyperrough Cubic Sets and n-Superhyperrough Sets.

Proof. If we restrict the attribute domain J to a singleton (i.e.,
when each Ji is a singleton so that J itself is a singleton), then
the mapping F reduces to a mapping into CS(X), and the
n-Superhyperrough Cubic Set reduces to a Hyperrough Cubic
Set.

Alternatively, if the cubic structure is degenerate (so that
every cubic set becomes an interval-valued fuzzy set), then
the mapping F : J →CS(X) effectively maps into the collec-
tion of fuzzy sets, and the rough approximations coincide
with those defined for n-Superhyperrough Sets. Thus, an
n-Superhyperrough Cubic Set encompasses both Hyperrough
Cubic Sets and n-Superhyperrough Sets.
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