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Abstract

In this paper, we study the group of units problem of three different non-commutative logical extensions rings, where we classify
the group of units of the rings (NCR)z,,, (NCR); ,and (NCR); ,as semi direct products of well-known abelian groups as the
P

following:

UN € R)z,, = (Zp-1 X Zg_1) % [(Zp X Zg) % (Zp-1 X Zq-1),

U(NCR)z,, = (Zy X Zn—2) (Zyn & (Zy X Zyn-2)),

UN € R)z, = Zyep % (Zy2 X Zp2_p).
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1. Introduction

Extending rings to generalized rings is an interesting research direction, where it can produce some generalized structures with more
general properties. Inserting logical elements to a classical algebraic ring can generate some special rings. For example the n-cyclic
refined rings [3,5] and their group of units classification [4]. The concept of non-commutative logical extension of a ring was
suggested in [2] as follows: If R is a ring, then the non-commutative logical extension of R is defined with:

(N c R)g ={x+yN, + +zN, ;x,y,z € Z,5, N;* = NyN, = Ny, N,* = N,N; = N, }.
An interesting open research question was asked in [2]:

How can we classify the group of units of a non-commutative logical extension (N < R)y. This question was answered partially in
[1] by classifying the group of units of two different non-commutative logical extensions. This has motivated us to study the group
of units problem of three different non-commutative logical extensions rings, where we classify the group of units of the rings
(NCR) Zpg> (NCR) Zznand (NCR) 2,5 semi direct products of well-known abelian groups as the following:

UN € R)z,, = (Zpo1 X Zgq—1) & [(Zp X Zg) & (Zpo1 X Zg_1),
U(NCR)z,, = (Zy X Zyn-2) & (Zyn < (Zy X Zyn-2)),

UN € R)z , = Zyz_p % (Z2 X Zy2_y).
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2. Main Discussion
Definition:
The non- commutative logical extension of Z,, is:

(N ©R)z,, = {x +yN; + +2N; ;%,y,2 € Zpg, Ny* = NyN, = Ny, N;* = NoNy = N }.

pa’
We denote to its group of units by G = U(N c R) Zpq-
Remark:
Anelement t = t, + t;N; + t,N, € G, if and only if:
{ to € U(Zpq)
to+ 1t + 1t € U(Zyg)
Also, t™1 = to™ — t1to (ty + ty + t) TING + taty T (tg + g + E5)TIN,.
Theorem:
LetG = U(N c R)qu, then:
1116l =palp - D*(a - 1)*
212(6) = U(Zpy)
31K = {1 +x(N; —N,);x € qu} is a normal subgroup of G.
418 = {1 +xN;;1+x€ U(qu)} is a subgroup of G.
SIT ={1+xN; + yN,; 1+ x +y € U(Zp,)} is a subgroup of G.

61K = Zpy,S = Zy 1 X Zg_4

qr
NT =(Z,xZy) % (Zpy X Zq4)

81G = (Zyy X Zyq) x [(Z,x2Z,) ¢ (Zyoy X Zy_q)]

Proof:

—|4]—|5] can be proved easily by a similar discussion of [1].
1] x = x¢ + xyN; + x,N, € G if and only if:

{ Xo € U(Zpq)
Xo + %1+ %3 € U(Zpgq)

For every possible value of xy, = ty, xg + x4 + x, = t1, then x; + x, = t; — t,, and we get pq different values of x;.
And for every value of x;, we have okne corresponding value of x,.

This implies that:

IGl=@-D@-Dx@-1(@q-1) Xpq=pe-1*9g-1

2] An element x = xy + x;N; + x,N, € Z(G) if and only if for every y = y, + y;N; + y,N, € G, we have xy = yx.
This implies that:

X1y, = x¥y;. Fory, =0,y; =1 —y,, we have:

x3(1 = o) = 0 = pqlxz(1 — o)

pq t x5, pq t 1 — yythat is because x,, 1 — y, < pq.

We can assume that p|1 — y, =y, = 1(mod p) for all y, € U(Z,q) or q|1 — yo, =Yy, = 1(mod q) for all y, € U(Zpq).

We know that y, = pq — 1 € U(Z,4), that is because gcd(yy,pq) = 1, and y, # 1(mod p), ¥, # 1(mod pq), thus pq|x, and
x2 = O.

Now, fory; = 0,y, = 1 — y,, we have:
x1(1=y0) = 0= pqlx:(1 = yo).
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If pq|xy, then x; = 0.

If pq t x,then pg t 1 — y, that is because |1 — y,| < pq.

We have two possible cases:

pl1 —yoorq|1 — yo =y, = 1(mod p) or y, = 1(mod q) for all y, € U(Z,g).

For y, = pq —1 € U(Z,,) and y, # 1(mod p), y, Z 1(mod q), thus pq|x; and x; = 0.

Hence x = xo € U(Zpq) and Z(G) = U(Zpq) = Zp—1 X Zgq_4.

6] It can be proved by a similar discussion of [ ].

7] 1t is clear that SNK ={1} and K < T,S < Twith |T| = [S.K|=|S|.|[K| =T =K < § = Z,q x U(Z,q) = (Zp qu) «
(Zp-1% Zg-1)-

8] It is clear that Z(G) NT = {1}, and |G| = |Z(G).T| = 1Z(&)|.IT| =G =Z(G).T =G =Z(G) «x T = (Z,_y X Z;_4)
[(2, % 2,) o (Zys X Zg1))

Definition:

The non-commutative logical extension of Z,n is:

(NCR)z,, = {x + YNy + +2N, ;x,y,2 € Zn,N;* = NiN, = N, N,* = NN, = N, ).

We denote by G = U(NCR)ZZn'

Remark:

11K = {1+ x(N; — N,) ; x € Z,n} is a normal subgroup of G.

21S ={1+xN;;1+ x € U(Z,n)} is a subgroup of G.

3T ={1+xN, + yN,; 1+ x +y € U(Z,n)} is a subgroup of G.

AK=Z,m,S=U(Zyp) 27y X Zn—2

51nS={1},K<T,S<T

6]|T| = 2m. 271 = 2271 = |[K.S| = |K|.|S| = T = K.S = Zyn X (Zy X Zyn-2).

Result:

H=U(Zy») <Z(G) = H<G,and |H.T| =2""12"02"1 =231 = |G|, hence G = H.T = (Zy X Zyn-2) & (Zyn « (Z, X
Zyn-2)).

Definition:

The non-commutative logical extension of the ring Z,2 with (p) as a prime is defined as follows:
(N c R)sz ={a+bN, +¢cN, ;a,b,c € Z,2, N, = NyN, = Ny, N,* = N, N, = N}
We denote to the group of units U(N € R), ,by G.

P

Remark: [2]
X =x9 + x;N; + x,N;, € G, if and only if:
{ xo € U(Z,2)
Xo+ X + %, € U(Z,2)
x7 = x0T — a0 (g + X+ x2)TING + 2207 (g + X1 + x5) 71N,
Result: [2]
U(Z,2) is non abelian group in general.
Theorem:

Let G = U(N Cc R); ,, then:
p

112(6) = U(Z,2)
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21 1G] = p*(p — 1)*

Proof:

1] letx = x4 + x;N; + x,N, € Z(G), thenVy = y, + y;N; + y,N, € G, we have:

Xy =YX < X1Y2 = X2)1.

Take {y y_z - Oy then x,y; = 0 = x,(1 —y,) = 0 = p?|x,(1 — y,)
—Yo
plx;
= {p —y forall y, € U(sz).
Take{ = 11y, = 0= x,(1 - y) = 0= p?|x; (1 — )

plx;
= {p —y forall y, € U(sz).

This implies that: y, = 1(mod p) for all y, € U(Z,2).

We know that y, = p? — 1 is a unit in Z,,2, hence:

p? — 1 = 1(mod p) = p? = 2(mod p) which is impossible.

This means that: p?|x,, p?|x, =x; = x, = 0.

Thus x = xo € U(Z,2), and Z(G) = U(Z,).

2] For every x = xy + x;N; + x,N, € G, we have:

{ %o € U(Z,2) - { |{xo; %0 € U(Z,2)}| = p(p — 1)
X+ X, +x; € U(Z,2) [{xo + 21 +x, €U(Z2)}| =p(p— 1)

For every possible value: x, = tg, xo + x1 + x5, = t;.

We have x; + x, = t; — to(p?different values of x; + x;),

So that:|G| = p(p — 1) x p(p — 1) x p* = p*(p — D

Theorem:

LetG =U(N c R)sz, then:

11T = {1 +a;N, +a,N,;1+a,+a, € U(sz)} is a subgroup of G.

21K = {1 +a(N;, —N,);a€ sz} is a normal subgroup of G.

31S={1+aN,;1+ac€ U(sz)} is a subgroup of G.

4K =7,,5=U(Z,)

51G=2(G) xT =U(Z,2) o« (U(Zy2) x Z,2)

Proof:

1] By a similar discussion of [1], we get that T is a subgroup of G.

2] It can be proved as [1].

3] It is similar to the proof mentioned in [1].

4] Define f: K = Zp2,g:S - U(sz) such that:

f(l+a®;, —N,))=a,g(1+aN) =1+a,

(f) and (g) are well defined group homomorphisms, that is because:

x'=1+4+aN, =y =1+ bN,;
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Then: { a=b = { fe)=50) = {f,g are well defined.

l+a=1+b lgx) =91
{X-Y=1+(a+b)(N1—Nz) { fGy)=a+b=fx)+f»)
x.y =1+ (a+b+ab)N, gix'.y)Y=1+a+b+ab=0A+a)(1+b)=gxNg®")

Iff(x)=0=x={1} = k. (f) = {1}.

Ifglx)=1=a=0=x"={1} = k..(g9) ={1}.

For each a € Z,2, there exists x = 1 + a(N; — N,) € K such that f(x) = a.

For each a € U(sz), there exists x' = 1+ (a — 1)N; € S such that g(x") = a.

This means that f,g are group isomorphisms, hence:

(K, %) = (Zy2,+),(S,x) = U(Z,2).

5] Itisclearthat SN K = {1}ands < T,K < T.

Also, IT| = [{(a1,a,) € (2,2)"1 + ay + @, € U(2,2)}| = p2.p(@ = 1) = p*(@ — 1) = ISL.IK| = IS. K],
Hence T =S o K and T = U(Z,2) « Z 2.

On the other hand, we have:

2O NT={1}12(@).TI = 1ZGI.IT] = (p(p = D).p*(p = 1) = p*(® — D* = |G| = G =Z(G).T, hence:
G = U(Z,2) o (Z,2 < U(Z,2))

Remark:

Since U(sz) =] sz_p, then:

G=Zyp (2,2 Zy2 ).

3. Conclusion

In this paper, we studied the group of units problem of three different non-commutative logical extensions rings, where we classified
the group of units of the rings (NCR) Zpg® (NCR) Zyn and (NCR) 2,588 semi direct products of well-known abelian groups as the

following:
UN € R)z,, = (Zpo1 X Zg—1) < [(Zy X Zg) % (Zp_y X Zq1),
U(NCR)z,, = (Zy X Zyn-2) & (Zyn < (Zy X Zyn-2)),

U(N c R)sz =72, (22 X Zy2 ).
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