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Abstract

This paper is dedicated to study 4-cyclic refined vector spaces, where we classify these spaces by using semi-
module isomorphisms as direct product of classical complex vector spaces. In addition, we study the inner products
defined over these structures and we present sufficient conditions for 4-cyclic refined orthogonality.
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1. Introduction

The concept of n-cyclic refined structures has been defined in [12] as a new generalization of classical algebraic
structures. These structures have been studied widely, where we can find many applications and theoretical studies
in ring theory, group of unit’s problem, and Diophantine equations [1-8]. In addition, many authors studied n-
cyclic refined structures such as spaces and groups [13-19]. In [20-21], we find many interesting results about 3-
cyclic refined matrices and 3-cyclic refined spaces, with 4-cyclic refined matrices.

This has motivated us to study 4-cyclic refined vector spaces. We classify these spaces by using semi-module
isomorphisms as the direct product of classical complex vector spaces. We also study the inner products defined
over these structures and present sufficient conditions for 4-cyclic refined orthogonality. We refer that all results
proved in this paper, can be generalized into 5-cyclic inner spaces and other n-cyclic spaces, and this will be a
good research material for future studies.

2. Main Discussion

Definition:

Let V be a vector space over the real field R, the corresponding 4-cyclic refined vector space is defined as follows:
Vi) = Vo + ZLiVili ; ViEVY.

Theorem:

(V. (), +,") is a module over R, (I)(not a space) with:

{(+): Va(D) x V4 (1) = V(D)
(): Ry (D) X V(1) = V(D)

4 4 4
(VO +ZVL-1L->+ (WO +Zwili> = (Vo + wy) +Z(Vi +w) I,
i=1 =1 i=1

(mo + Z?:l m; IL' ) ) (VO + Z?’:l VL Ii ) = mOVO + (Zi+j51(mod 4) miVj)Il + (Zi+j52(mod 4) miVj)IZ + et
i+ jzaimoa oy MV, .

Theorem: [ 17]
The mapping g: R,(I) » R X R X R X C such that:

such that:

g: (o + X xi ;) = (%0, Do Xi» Xo + X3 + X4 — X1 — X3,%X0 + X4 — X, + i(x; — X3)) is a ring isomorphism.
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Theorem:

Let V,(I) be a 4-cyclic refined vector space over R,(I), then there exists a semi-module isomorphism.
h:V, (D) = V(R) x V(R) x V(R) x V(C).

Proof:

Define h: V,(I) - V XV x V x V(C) such that:

h(Vo + X1 Vili) = (Vo, Bico Viu Vo + Vo + Vo = Vi = V3, Vo + Vg =V, + i(Vy = V3)).

Vo + X, Vil =wo+ Yt ,w;il;, thenV; =w; ;0 <i<4.

Vo = wo, Zizo Vi = Zizow
SOthat V0+V2+V4_V1_V3=W0+W2+W4_W1_W3
V0+V4_V2+i(V1_V3)=W0+W4_W2+i(W1_W3)

Hence , h(V, + Z?=1 ViI;) = h(w, + Z?=1Wi ).
For X = (Vo + Xi1 Vi ), Y = (wo + Xiy w; I;), then:

h(X+Y) =h[(Vo +wo) + T (Vi +w) ;1 = (Vo +wo, oV +wy) Vo + Vo + Vy + wp + wy +w, —
Vl_V3_W1_W3, V0+V4_V2+W0+W4_W2+l(Vl_V3+W1_W3)zh(X)+h(Y).

Form =mg + Xie,m;I; € Ry(I), we have:
h(m-X) = h(a + b, + cl, + dI; + kl,); where:
a = myXx,,

b =myV; + mVy + myV, + m,V; + m,Vs + m3V,,
c =myVy, + myVy + miV; + myV, + myV, + m3Vs,
d =myV; + m3Vy + myV, + myV; + msV, + m,Vs,
k =myV, + m,V, + mV; + myV; + m,V, + m,V,,
Thush(m-X)=(a,a+b+c+d+ka+c+k—b—-da—c+k+i(b—d)),
We have:
a+b+ct+d+k=ELom)Tio V),
a+c+k—b—-—d=myg+my+my—my —mz)Vo+V, +V, =V, = V3),
a—c+k+i(b—d)=[myg—my,+my +i(my —myx)]|[Vo = Vo +V, +i(V; —V3)],
So that h(m - X) = g(m) - h(X).
Assume that h(X) = 0, then:
Vo=0,Vi+V, +V;+V, =0,

Vo +V, -V, =V, =0,
Vo4V, =V, = V3 =0,
Thus:V, =V, =V, =V,,and X = 0.
for (Vo, Vi, Vo, Vs + V4i) € V XV X V X V(C) there exists:
X=Vot L[z =V + W]+ L[; i+ V) = 2n]+ L[s -V =SV + L[s 4+ )+ -
Vo] € VD).
Such that h(X) = (Vy, Vy, Vo, Vs + V40),
hence (h) is a bijection and then it is a semi-module isomorphism.
Remark:

If dim(V) = n with E = {ey, ..., ,,} as a basis of V over R, then:
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1] dim V,(I) = n*.

21K = {h"*(es, €), €, em + €mi) ;1 < i,j, k,m < n} is the basis of V,(I) over R,(I).
It can be proved by a similar discussion of the 3-cyclic refined case.

Example:

For V = R?, then:

4
v,() = {(xo,yo) + Z(xiv)’i) I 5x,y; € R},

dim(V,()) = 2* = 16 ,E = {e; = (1,0), e, = (0,1)}

is a basis of IV over R.
h™'(ej, es,eq,e; tei) =e  +1; E (e;—e)+= el] +1, [4 (e, +e)— e1 + 1 [ (e; —e) — —el]
Iy E(e1 +e) +%€1 - 61] = (1,0) + G: )11 ( 0) 5.
h™(ey, eq,e1,e; +€i) = e, + 1 [Z (e, —e) += ez] +1, [4 (e; +e)— —e2]

1 1 1
I3 [1(31_31) 232 +14[ (e1+e1)+§ez_e1]

C 10+ 090+ (D (020 s (2
h™'(e;, eq,e5,e; +ei) = e +1; [Z (e, —ey) += el] + I, [ (e; +ey) — 1 ] +

1 1 1
13[1(31_3) 5e +14[ (e1+32)+§e1_e1]

=00+ h+ () e+ (G ) e+ (50
h™ (e, ej, e e, +eyi) =e; +1; [Z (e —ey) + %ez] +1, E (e; +ey) — —ez] +

1 1 1
I3 [2(31_32) 232 +14[ (e1+ez)+§ez—el]

=00+ (s (s ()0 s G
Wi (e exerenteni) = e +1, [Z (e;—e) +5 el] +1 [ (s +e)— 2 ] +

1 1 1
[3 [—(62—61 261 +I4[ (ez+el)+§el_61:|

=10+ () h+ () L+ (3 6+ (2L

1 1 1
h™(ey, 5,651 +€qi) = e, +1; [Z (e; —ey) + Eel] +1, [Z (ey +ey) — Eel] +

1 1 1
13[1(62—6) 261 +I4[ (ez+ez)+zel—el]

—00+n () + (2 v () r ()

2

1 1 1
h™ (e, ey €5, 6, + €30) = e, +1; [Z (e; —ey) + Eez] +1, [Z (e; +ey) — Eez] +

1 1
62 +I4[ (62 +ez) +§ez _el]

1
I3 [Z (e; —e3) — 2
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= 1,0+ (03) h + (0.5) Is + L, (~1,1).
, 1 1 1
h='(ey eq,e1,e5 + i) = e, + 13 [Z (e1—e)+5 ‘31 + 1 [4 (e; te) — ] +

1 1
_el +I4 I:Z(el +el) +Eel - 62]

1
I3 [Z (e1—ey) — 2

=D +(3,0)1+(0,2) I +1,(1,-1).
h™1(e, ey, 61,61 +e1i) = e, + I [ (e;—e))+= el] +1, [4 (e;+e5) — —el]
1 1
I3 [Z(ez e) — _91] +1, [4_ (e2+e) +5 561~ ez]
=D+ )h+ (T )E+EE) LG
h™l(ey e, €581 +€10) = e, + 1, [— (e, —e) += el] +1, [ (e, +ey) — z ] +

1 1 1
13[_(32_32) 231 +I4[4(32+32)+ 31_32]

1 1 1 -
=OD+(0)h+(F )R +(50)k+ (3
1 ) 1 1
h™t(ey €5, €56, + €21) =€, + 13 [Z (e; —ex) +5 ez] + 1 [ (e; +e;) — _ez] +
1 1 1 1
I [Z(ez —e) — 52 + 1, [Z(ez +e;) +§ez - ez]
1 -1
= (0,1) + (0,5) L+ (0,7) L.
1 ) 1 1
h™"(ey, €5, €16, + €30) = e +1; [Z (e2—e) +5 32] + 1 [ (e; +e1) — _92] +
1 1 1
[3 [—(62—61 262 +I4[ (ez+el)+§ez_61:|
-1 3
=0+ ()L + G+ (F ) e+ ()0
h_l(ez, 62, 61, 6‘2 + ezl) = 62 + [1 I:Z (62 6‘1) + ez] + 12 [4 (6’2 + el) - _ez]
1 1 1
13[1(62_6) 262 +[4[4(62+61)+ 62—62]
- +1 -1 1 -1
=(0,1)+( )11+(4 )12+( )13+( ).
1
h™ (e, eq, 65,1 +e1i) = e, +1; [Z (e —ey) += el] +1, [4 (e; +ey) — —el] +
1 1 1 1
I3 [Z(el —ey) — 531] +1, [Z(e1 +e;) +Ee1 - ez]
3 -1 3 -3
=0+ (G + (G DR+ (G e+ ()

1 1 1
h™(ey e, 65,65 +e30) = ey + 13 [— (e, —ey) + Eez] + 1, [Z (e; +e,) — Eez] +

1 1
[ (e1 tey) — 92 +I4[ (31_ez)+_ez_ez]

2
=(O’1)+( )11+(4 4)12+(4 4)I3+(1 _43)14
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h_l(EZ, €q,€e1,6; + ezi) =€y + Il [ (0) + = 62] + [2 [4 (261) +

I3 [4_ 0) - 32] +1, [ (2e;) + %ez - ez]

=OD+(0)n+(-)L+(0-3) L+ (3 -3)L.

So that, the basis of V,(I) is:

1 1 1 1 1 1 1 1
{(1 +§Il _513,0),(1 +§IZ _214_,511 _EIZ _513 + 214)

3 1 1 1 1 1 1
(1+ZI]__ZIZ_113_114,_111"'112 I3+ 14_)

<1+11 11 11 11 11+11)(1+11+11+11 31 11 11 31+31>
271 272 3 2T 41T 2Ty g2 g3 T )

1 1 1 1 3 1 1 1 1 1
(5114‘14_,1_513_14_),(1"'111_212_41 4]4,411+412+413+4I4)

101 1 1 3 3 11 1 3
(1—14,511—513+14),(211—112—213+Zl4,1+211+112+213—214),

1 1 1 1 1 1 1 1
(511 - 512 _213 + 514, 1 +512 - 514),(0,1 +Ell _513),

1 11 +1I 1I 3I 31 1I 1I +3I 1I+1I 1I +1I 1+3I 1I 1I
(1-3n N ah) (3h+gh gl gl leghogh =gl
B 41‘*>'

3 1 1 3 1 1 1 3 1 1 1 1 1 1 1 3
(le _le _ZI3 +ZI4,1 _le +ZIZ _ZI3 _214_),(111 +le +ZI3 +ZI4,1 +le _le _ZI?, _114),
1 1 1 1 1 1
(512 + 514' 1+ 511 - 512 - 513 - 514)}-

Definition:
LetX =xo +Yr 1 ,Y =y, + i,y I; € V,(I) with:
h(X) = (x0’2?=0xi’xo + X4+ Xy — X — X3, X0 + X4 — X +i(x; — x3)),
h(Y) = Vo, ZicoYir Yo + Ya + Y2 = Y1 = V3, Y0 + ¥4 — Y2 +i(y1 — ¥3)),
assume that {,): V x V — R is an inner product on V, we define ¢: V,(I) x V,(I) = R,(I) such that:
p(X,Y) = g7 ((h(X)), (h(Y))); where:
(R, h(Y)) = ((x0, Yo (Timo Xi» Do Yid {Xo + X2 + X4 — Xy — X3, Y0 + V2 + Yo — Y1 — ¥3), (X + X4 —
X2, Yo tVa — ¥2) + (X1 — X3, 1 — ¥3) +i(—{xp + X4 — X3, ¥1 — ¥3) +{x1 — X3, Y0 + Y2 — ¥2))).
(@) is called the 4-cyclic refined inner product.
Example:
ForV =R%and X = (1,0) + (1, -1 + (0,11, + (1,115 + (0,1)1,,
Y=01+QCDL+ QDL+ (1,115 + (1, -1)1,, we have:
xO = (1'0) ’ yO = (0'1)' (xO'yO) = 0

4 4 4 4

in = (3,2),2% = (313)l (Z%’;Z)’i) = 15

i=0 i=0 i=0 =0

Xo + Xy + x4 —x1 —x3 = (1,2) — (2,0) = (—1,2)

Yoty +ya—yi—ys=(21)—-(1,2)=(1,-1)

5
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((Xo+x,+xs— X — X3, Y0+ Y2+ Ya—y1 —y3)=—1-2=-3
Xo — X3 + x, = (1,0) — (0,1) + (0,1) = (1,0)

x1 —x3 = (0,-2)
y1—y3 = (3,0)
(Xo = X2+ x4, Y0 +Ys —¥2) =0
Also: (% — 3,1 —y3) =0

(01 =3,V + Vs — Vo) —{xg + X4 — X3,V —y3)=2—-3=—-1
Thus (X, Y) = g7 (0,15,-3,0 - ) = 0+ I [ (18) = 3| + L, [ (12) = 2 ()] + L [ (18) + ] + L, [ (12) +
2(0) = 0] = 41, + 31, + 51 + 31,
Definition:
Letm = my + Yy m; I; € R,(I), we define:
m= g‘l(mO,Z?zo m;,my +my, + my —my — Mg, My + my —m, — i(my — m3)) =g~ (g(m)).
Example:
Considerm = 1 + 2I; + I, + I; + 21, then:
gm) =1,7,1,24+10),g(m) = (1,7,1,2 = i)
=g 1712 -D=1+L[>6) - +L[:@®) - @] +L[@+]+ L E® +i@-1] =1+
L +1, + 21, + 2I,.
Remark:
Form =mq + X m;I; € R,(I), we have:
g (gm)) = g7 (mo, Tiomy, my + my + my —my —mg,my —my + my — i(my —m3)) =my +
I E (2m; + 2m;) —% (my — m3)] +1, E (2mg + 2m; + 2m,) —%(mo —m, + m4)] +13 E 2m; + 2my3) +
%(m1 - m3)] +1, E (2mgy + 2m, + 2my,) + ;(m0 —m, + my) — mo] =my +mzly + myl, + myls + myl,.
Definition:
Letm=my+ Y ml;,n=ny+ Y n I, €R,(I), we define:
m = nif and only if:

(g(m),g(n) ERXRXRXR ie my =mgn =ng
4

4
my =ng, zmiZZni
i=0

i=0
| my+m, +my —2my 2ny+n, +n,—2n
k mo_m2+m42n0_n2+n4

It is easy to check that (<) is a partial order relation on C(R4(I)) ={m=my+YX,ml; ER,(I);m=
m,i.e. m; = ms}.

Theorem:

Let (V,(I), ) be a 4-cyclic refined real inner product space, then:
1] ¢(X,X) € C(Ry(D),and (X, X) = 0

2] IfpX,X) =0,thenX =0

e, V) = oY, X)

1 {(p(X +Y,2)=0X,2)+o(Y,2)
X, Y +2)=9X,Y) +9(X,2)
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em-X,Y)=moeX,Y)
1 {fp(X,m ‘V)=melX,Y)

Where X,Y,Z € V,(I),m € R,(I).
Proof:

It is similar to 3-cyclic refined case.
Definition:

Let X,Y € V,(I), then:

11X LY ifandonlyif (X,Y) = 0.
21 IX1I* = (X, X).

Remark:

From the definition of ¢, we get:
xo Lyo, Xicoxi L Yoy
Xo+ X+ X=X —X3 LYo+ Yo +Va—Y1— V3
(X0 + %4 — X2, ¥0 t Ya—¥2) +{x1 —X3,1 —¥3) =0
(X1 — X3,Y0 + Ya — ¥2) = (xo + X4 — X3, y1 — ¥3)
Also, if X LY, then: [|X + Y|I? = [|IXII? + ||Y]|%

X LY ifandonly if:{

Remark:

I1X1l = g~ (llxoll, %o + x4 + %z — 21 = 311,120 + x4 — X112 + g — x5112)

4
2.
i=0
For example, take:
X=0,1+ 1,0+ (1,01, + (—1,3)I5 + (0,1)I,, we can see:

4
i=0

Xo+ X4+ % — X1 — x5 = (2,2) — (0,3) = (2,—1), l|xp + x4 + X, — %, — x3]| = V5,

Xo + X5 —x, = (1,2) = (1,0) = (0,2), llxg + x5 — %12 = 4, x; — x3 = (2,=-3), |lx; — %31 = 13,

X1l = g7 (VZNZIVENTT) = VZ+ L [E(VZ = B) + 2| + 1 [ (V29 + VB) = 2 + 1 [(225) -
(=) +3 -2

4
xo = (LDl =VZ, ) x = @25), -V,
i=0

4

3. Conclusion

In this paper, we studied the 4-cyclic refined vector spaces, where we classified these spaces by using semi-module
isomorphisms as direct product of classical complex vector spaces. In addition, we studied the inner products
defined over these structures and we present sufficient conditions for 4-cyclic refined orthogonality.
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