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Abstract

This paper introduces and investigates a new class of bi-univalent functions constructed through the Neutrosophic
g-Poisson distribution series. The study focuses on estimating the upper bounds of the basic coefficients |a,|and
las| inthe Taylor series expansion of these functions.
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1. Introduction

Let A denote the class of all analytic functions % defined in the open unit disk U and normalized by the conditions
FO) =0and F'(0) — 1 =0 where U={z€C:|z| <1}, Thus each F € A has a Taylor series
expansion of the form :

T(z)=z+Zanz", z€ U. (1.1)
n=2

According to this, every function F € § has aninverse map F ~! that satisfies the following conditions:
FHF@)=z (z €,
and
F(FIw) =w (Wl <n(F ) r(F)=7).
In fact, the inverse function is given by
Flw)=w—a,w?+ (2a2 — az)w?® — (5a3 — 5a,a; + a,)w* + - . (1.2)

As the class §*(p) of starlike functions of order p in the open unit disk U has been extensively studied and is a
subset of the function class §. By definition, §*(p) is given by the equation (1.11) see [8, 9, 16, 11, 17].
[7] introduced the class y(p), defined as:
Yylp)={F:FeSand Re{F'(2)}>p, ZEU;0<p<1)} (1.3)
Additionally, [5] introduced the class ST (p), given by:
ST(p) = {7—":7—" €S and Re{ 7@

V4

}>p, (ze‘u;OSp<1)}. (1.4)
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(A function Z € A is said to be bi-univalent in U if both & (z) and F ~*(z) are univalent in U
Let X denote the class of bi-univalent functions in U given by (1.1).
According to [3], a function F € A belongs to the class Sz (p) of strongly bi-starlike functions of order p(0 <
p < 1) ifitsatisfies the following conditions:

Fes zF'(2) pT
and | arg 7Q) <7, (zelW
and
wG'(w) pm
arg (W) < 7 (W € ’Ll),

Where G = F ~1 and given by (1.2).
Furthermore, [2, 4] a function F € A falls into the class Sy (p) of bi-starlike function of order p(0 < p < 1) if
it fulfills the following requirements:

T!
f€X and Re(zj:(z()z))>,0 (zeW

and
2o (w G'w)

) >>p (wew),

where G = F ~1 and given by (1.2).
[10] introduced the g-derivative operator % of a function F given by equation (1.1) as follows:

F(z) — F(qz) .
—F@={ -0z ifz#0 (1.5)
@ F(2), ifz=0

for g € (0,1). It is clear that liT{‘L_ :—%T(z) = F '(z) for F is given by equation (1.1).
q—)

[12, 1] A discrete random variable @ is described as following a g-Poisson distribution if it takes the values 0, 1,
2,3, ... with corresponding probabilities.

M g2 o-M 3 M
MMe@ M*e;™ M e,

T, 2L B (1.6)
where M is the parameter, eg is the g-exponential function defined as
ed =1+ 0 + o + o° +---=igm (1.7)
[, T2l " 130, £, T,
[m],! = [m],[m —1],,--,[2],[1], is the g-factorial function see[15].
For a g-Poisson distribution, the probability mass function is expressed as
erZM om
IP@(@ =m) = [m—M,m =012,.... (1.8)
The corresponding g-Poisson distribution series is defined by
P%(Z)=Z+ZMZn,ZEU (1.9)
~ [n—1],!

The ratio test, as referenced in [14], reveals that the series has an infinite radius of convergence. Building on this
foundation, the neutrosophic theory, developed by Smarandache in 1995, offers a robust framework for addressing
uncertain parameters. An example of this is the neutrosophic g-Poisson distribution, which extends the classical
Poisson distribution by incorporating an interval-valued parameter mX. The probability mass function of this
modified distribution is

e;m&. (mN)‘é
(4],

where X = d + [ represents a neutrosophic statistical number, and both the expectation and variance are mX. The
neutrosophic g-Poisson distribution series is given by

RP,(0 = £) = (1.10)
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egmN. (mN)n_1

M,(mR8,2) =z + X7, ol

z',z€eU (1.11)
As stated in [1, 20], the linear operator PB,,x: A — A, constructed using convolution (Hadamard product), is
expressed by

—mR. (mx)n 1

Bux( F(2)) = M, (mR, 2) * F (2) = z+z i ST a,z",z€U (1.12)
4!

Definition 1.1. A function F(z) given by (1.1) is said to be in the class MY, 5 (o, 3, mR) if the following conditions

are satisfied:
arg <(1 -3 <w) + 1— ‘Bmx(T(Z))> p "

f €Xand

and

arg <(1 -3 <w) + 3 — ‘13mx( Q(W))>

Where (0 <p <1, 1=1,x=0, zw € U) and G = F ~* and given by (1.2).

Definition 1.2. A function F(z) given by (1.1) is said to be in the class M3 5 (83, o, mR) if the following conditions
are satisfied.

f €X and Re <(1 -3 (M> J— E]3713:(17’(2))) >R

and

Re <(1 -3 <M) +3— azmx(g(w))) >R

Where (0 <R<1, 3>1, x>0, w,z€ U)and G = F ~* and given by (1.2).
To prove our theorem, we will make use of the following lemma:

Lemma 1.3 [6,13]. If h € H, where H represents all analytic functions in U and satisfy Re(h(z)) > 0, where h(z) =1 +
hyz + h,z? + ---, then |h;| < 2 for each index i.

2. Coefficients bounds for classes Mg(oc 3, mK) and M3 5 (8, o, mX)

Theorem 2.1 Let F(z) given by (1.1) be in the class Mg(oc, AmR),0<p<landi=1. Then
4 121, p

\[Qfo( — 21, (o = D) (e;™ (m®) )*(ec (1 =3 +3[2],)"

and
2p[2],! 4p°
la5] £ T——— - (2.1)
ez ™ (mR)? [ (1 -3) +[3], |(e % (mR) ) (o (1= %) +321,)’|
where
Q7 =2e;™ (mR)? plec (1 —2) + [3],3] +2[2],! p[(1—3) (x ( e, ™ (mR)) ]
Proof To prove the theorem, The inequalities (2.3) and (2 4) are expressed in their equivalent forms.
mx( F
1-3) <w> l— Boux(F@) =@ 1 (2.2)
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1-% +3 - ‘Bmx(g(w)) [g(w)]° (2.3)

Here, p(z) and g(w) are in the class H and satisfy the condltlons defined in Definition 1.1. These functions can
be written as:
p(@) =1+ piz+ pz% + p3z3 + -+ and g(w) =1+ gw + g,w? + gzw3 + -
By equating coefficients in equations (2.2) and (2.3), The following relations are obtained.
e, ™ (mX) [o< 1 -3 +13[2],]a, = ppy, (2.17)

(‘Bmx(g( )))

—my. 2
%[« (1 -3+ [3],3]as + [ 1-» ( (e;mR (mR) ) ]az
4!
-1
=pp2 + %ﬁf (2.18)
—e; ™ (mX) [oc (1 =) +3[2],]a; = pa, (2.19)
and
—-m\. X 2
% [25"" ) [ (1 =3 + [31,3]2a2 — a) + [(1 Y ( D (eom mi)) ]az
4!
-1
= pa + 22D g 220)
Utilizing equations (2.4) and (2.19), The following is derived:
P1= "9 (2.21)
and
2 (g™ (m®) )" (e (1 = 3) +3[21,)" a2 = p2(p? + 42). (2.22)
Subsequently, combining equations (2.18), (2.20), and (2 22) The following is acquired:
2 e;™ (mX)? .
T[ (1—J)+[3]%]a2+2(1—3) (%m (m x)) a?
4!
= p(a, +:pz)+p(p )( ri+ai

Thus, the conclusion is drawn:
2 [2],! p%(q2 + 2)

as = )
97 — [214! (p = 1) (g™ (M) )2(“ Q-1+ 1[2]@)2

4\/@,0

0f — 21,1 (p — 1) (™ () )*(x (1 =) +3[2],)"

This determines the upper bound for |a,| in accordance with (2.13).
Next, for the purpose of establishing the constraint on |as|, By subtracting (2.18) from (2.20), the following is
obtained:

Consequently, we ascertain:

lay| <

eg" (m)? p(p—1)
. [2].! [0( 1=+ [3]%J](Za3 - 2a§) = p(p2 — a2) +T( - GLl)
4!
By applying equation (2.17) and replacing it in equation (2.22) within equation (2.26) The following is obtained:
,0[2]@! P2 —a2)
2e;™ (mX)? [o< (1 —3) + [3],3]

as = + a2 (2.27)

Conversely, it can be stated as,
pl2],! (P2 — a2) N p*(pi+ai)
2e,™ (mR)2 [oc (1 =2) + [B13] 2 (5™ (mx) ) (e (1 — ) +3[2],)°
We can establish the following upper bound for |a;]|:
2p[2],! 4 p?

(2.28)

as =

las] < — + (2.29)
T legm™ ¥ o (1 =0 + BIAI] (e m) ) (o (1 - 3) +3(21,)
Which completes the proof.
Theorem 2.2 Let F(z) given by (1.1) be in the class M3 5(8,0¢,mR),0<B <1andl =1 Then
4(1 - R)[2],!
la,| < CRIE
|2 ;™ (mX)? 2 + [2],! [oc (o —1)(1 = M (e™ (mX) ) ]|
and
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0| < 4(1 — R)? N 2(1-1)[2],! (230)
3= (egm& (mR) )2(0( 1-3+ 1[2]%)2 e;mx. (mR)? [0( a-»n+ [3]¢3]. .
where
2) = [ (1 =3+ [3],3]
Proof It can be inferred from inequalities (2 5) and (2 6), there exist p(z) and g(w) € H such that.
(1-% <M) 3— Bx(F(2)) = R+ (1 —R) p(2) (2.31)
and
1-% (M) 3o Ba(G00) =R A-Baw) (23D
Equating coefficients in (2.31) and (2.32), this leads to:
e,™ (mR) [ (1 —23) +13[2],]a, = (1 — R)py, (2.33)
—-mR. N 2
e T [2](:: ) [ (1 -2 +[3],3]as [(1 -3) 7( (g™ (mX)) ]az =(1-R)p,
(2.34)
—e;™ (mX) [oc (1 =) +3[2],]az = (1 - R)gy, (2.35)
and
—my. 2
% [2]("'”{) [ (1 =) +[3],3](2a3 — a3) + [(1 -)—" ( ( e, ™ (mX)) ]a2
4!
=(1-R)g,. (2.36)
Utilizing equations (2.33) and (2.35), The following is deduced:
P1= —d (2.37)
and
2 (e™ mR) )" (< (1 =3 +3[2],)" a2 = (1 — R)2(p2 + g2) (2.39)

From equations (2.33) and (2.35), it can be concluded that:

2 e;™ (mX)? [ (1 — %) + [3],3] a2 + [2],! [oc (o —1)(1 = N)(e;™" (mK) )2] ai =1 -R)[2], (P2 +a2)
Consequently, we obtain the following:

(1 —R)[2],! (2 + g2)
@ = |— — T 3 (2.41)
2.e;™ (mX)? 23 + [2],! [oc (o —1)(1 = ) (e;™ (mX) ) ]
This determines the upper bound for |a, |, in accordance with (2.29):
4(1 —R)[2],!
lay| < 2 > (2.42)
|2 ;™ (mX)? 2 + 2], [oc (o —1)(1 = ) (e;™ (mX) ) ]|
Next, for the purpose of establishing the constraint on |a|, we subtract (2.34) from (2.36), we get
2e,™ (mX)? N
<N+ BlRles - a) = A -2 - a0, (243)
Alternatively, it can be expressed as:
1-1)[2],! -
a; = a2 _ (N )[ ]4 (p2—4a2) ’ (2.44)
2e;™% (mX)? [ (1 - %) + [3],3]
By using equation (2.38) in equation (2.43), It is found:
_ (1 - B8)*(pf +41) 1 -R®)[2],! (p2 — a2) (2.45)
2 (e;mx. (mR) )Z(OC 1-%+ 1[2]%)2 2e, MR (mK)2 [OC a-»n+ [3] ]
We can establish the following upper bound for |as]|:
4(1 — R)? 2(1 —B)[2],!
las| < . (2.46)

+ )
(e™ ) )’ (o (1= +3[20,)" €™ On)? [ (1= + [313]
Which completes the proof.
3. Corollaries and consequences

By substituting <= 1 in Theorem (2.1), Theorem (2.2), we arrive at the following corollaries, respectively:
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Corollary 3.1. Consider a function F € A of the form described in (1.1) that belongs to the function class

Mg, (1,3,mR),0<p <1landl= 1. Then
4 /[2]%!p
la,| <

\/Qfl — 12051 (o = 1) (g™ (m¥) )* (A —» + 3[2]%)2

and
2p[2],! 4 p*

+
mR. 2 _ 2
(mR) [(1 N+ [3]%3” |(e;mx. (mX) )2 ((1 —n+ 1[2]%) |
Corollary 3.2 Let F(z) given by (1.1) be in the class Mg(ﬁ, 1,mN),0<R<1landi=1. Then
4(1 - R)[2],!
la,| < \/ .

|2 ;™ (mR)2 &

lag| < +—
|ecz

and
4(1 — R)? 2(1 -B)[2],!

(e mw) ) (=0 +302],) & (O [A = +[3153]

By substituting 3 = 1,3 = 0 in Theorem (2.1), Theorem (2.2), we arrive at the following corollaries, respectively:

las| <

Corollary 3.3. Consider a function F € A of the form described in (1.1) that belongs to the function class Mg (x

,1,mR),0<p<landx>=1.Then
4 /[2]%!;)

0° 21,1 (0 — ) (5™ (m))*(121,)°

lay| <

and
2p[2],! 4 p?
|a3| S —mR. 2 —mR 2 2
|e@ (mR)2[[31,]] |(€,¢m - (mX) )" ([21,) |
Corollary 3.4 Let F(z) given by (1.1) be in the class Mg(o, ox,mR),0<f3<1landi =1 Then

412,
la,| < di
|2 65 (mx)2 2% + [21,! [oc (o< —1)(1 = (5™ (m¥) )|
and
A 2[2],!

ol = (e™ (mR) ) (o (1 =) +3[2],)° e N [ (1 -3 + 31,
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