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Abstract

Recent years have witnessed remarkable developments in fuzzy logic, with interval-valued fuzziness and neg-
ative structures emerging as powerful tools for modeling inaccurate phenomena. The crossing cubic struc-
tures (CCs), as a generalization of the bipolar fuzziness structures, represent a comprehensive mathematical
framework capable of dealing with a wide range of fuzziness and contradictory data, thus expanding research
prospects in this area. This paper has made a new contribution to some algebraic structures by investigating
the concept of CCs on algebraic substructures in a hoop algebra. The concepts of crossing cubic sub-hoops
(CC − SHs) and crossing cubic filters (CCFs) are introduced, and a deeper understanding is sought to ana-
lyze their characteristics. The effect on the relationship between CC − SHs and CCFs is revealed, and the
characterizations of CC − SHs and CCFs are analyzed.

Keywords: Hoop algebras; Sub-Hoops; Filters; Crossing cubic structures; Crossing cubic sub-hoops; Cross-
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1 introduction

Bosbach1, 2 proposed a particular class of algebraic structures under the name of complementary semigroups.
This structure was aimed to expand the study and analysis of multi-value network-based logical systems using
a binary process that achieves interpretability and provides powerful algebraic tools to explore their character-
istics. Based on Bosbach’s work, in the mid-1970s, Buchi and Owens introduced the term “Hoops” to refer to
the commutative complement monoids in their unpublished manuscript entitled “Complemented Monoids and
Hoops”3 . In light of the significant ideas of their manuscript, Blok and Pigozzi4 provided a study of hoops
with dual normal operators analogy with normal Boolean algebras with operators. The first systematic study
of hoops has been presented in Ferreirim’s thesis5 . In the last few years, researchers have further enriched the
study of hoops in deep-structure theorems (see6–9).

The mathematician Zadeh introduced fuzziness structures in the context of his research into systems theory in
1965, to deal with vague and inaccurate information10 . Based on fuzzy sets, Ronsefeld11 utilized the idea of
fuzzy sets to the theory of groups and constructed the notion of fuzziness subgroups of a group. Since then,
numerous papers12, 13 concerning different fuzzy algebraic structures have appeared in the literature and im-
plemented in other algebraic structures such as semigroups, lattices, ideals, rings, vector spaces and modules.
The results of hoop studies have a valuable influence on fuzzy logic and represent a pivotal role in modeling
non-classical logical systems and deepening understanding of multi-value logical systems. Over time, the
concept of these structures has witnessed significant developments at the hands of different researchers, as it
has been scaled up and new, more complex species have emerged, such as intuitionistic fuzziness structures14

, falling shadow theory15 and interval-valued fuzziness structures16 . By combining interval-valued fuzzy sets
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and N -structures, Jun et al.17 introduced a new structure, so called CCs, and they applied it to BCK/BCI-
algebras. Additionally, Ozturk et al.18 developed the concept of crossing cubic on semigroup structures, and
commutative ideal in BCK-algebras. In the context of Lie algebras, Al-Masarwah et al.19 established the idea
of crossing cubic Lie subalgebra. They studied the notions of Lie ideals, homomorphisms and certain funda-
mental results of Lie algebras. In the context of BE-algebras, Al-Masarwah et al.20 presented the notions of
crossing cubic subalgebras and filters, and probed several characteristics of these notions.

In the fuzzification of the hoop algebras, the concept of fuzzy (uncertainty) sets was connected with filter
hoop algebras by Borzooei and Aaly Kologani21 . They studied and discussed the notions of fuzzy filter of
hoops and the relation among them. Also, they studied certain characterizations of fuzzy filters and discussed a
congruence relation on hoops by a fuzzy filter. Then, filter theory and its fuzzy concepts have been investigated,
including studies of numerous features in hoop algebras (see22). Merging the ideas of intuitionistic uncertainty
sets and hoop algebras, intuitionistic fuzzy filters were implemented by Aaly Kologani et al.23 . In the context
of falling shadow ideas, Borzooei et al.24 presented the falling shadow sub-hoops and filters in hoops. They
discussed the relationship between falling uncertainty sub-hoops and falling uncertainty filters. Based on
Lukasiewicz uncertainty structures, Takallo et al.25 applied the Lukasiewicz uncertainty structures to hoop
algebras and investigated some related properties. By expanding the study of21 and inspired by earlier studies,
the notions of CC − SHs and CCFs in hoop algebras are displayed by combining the concepts of fuzzy
hoop algebras and negative uncertainty model of hoop algebras, and characterizations of sub-hoops and filters
according to the features of CCs are provided in the current study.

Figure 1 describes the connection between hoop algebras and certain extensions of fuzzy sets, such as intu-
itionistic fuzzy, falling shadow theory and Lukasiewicz fuzzy sets.
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Figure 1: Contributions toward CC hoop algebras.

This study seeks to assess the performance of CCs on sub-hoops and filters in hoops. We present the concepts
of CC − SHs and CCFs, and analyze of their properties. We reveal the effect of the relationship between
CC − SHs and CCFs. Also, we probe many theories on CCFs and prove them. To make it easier to deal
with these concepts, we analyze certain characterizations of CC − SHs and CCFs, and the aim of our precise
description of our new concept is to paint a clear mental image of it and to define its limits and areas of
application. Table 1 contains certain acronyms and their associated meanings used throughout this present
study.
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Table 1: List of acronyms.

Acronyms Representation
CC(s) Crossing cubic structure(s)

CC − SHs Crossing cubic sub-hoop(s)
CCF(s) Crossing cubic filter(s)

2 Preliminaries

This section covers some fundamental definitions and results of hoops, sub-hoops, filters, and some uncertainty
concepts that will be utilized throughout the study.

2.1 Basic Definitions of Hoop Algebras

This subsection includes certain definitions and results related to hoops, such as sub-hoops and filters of a
hoop.

Definition 2.1 (6). A hoop (V, ⋄, ↪→, 1) is an algebra where (V, ⋄, 1) forms a commutative monoid and meets
the following identities: ∀r, s, u ∈ V,

(V1) r ↪→ r = 1;

(V2) r ⋄ (r ↪→ s) = s ⋄ (s ↪→ r);

(V3) r ↪→ (s ↪→ u) = (r ⋄ s) ↪→ u.

In the hoop V, we identify a partial order relation “≤” by r ≤ s ⇔ r ↪→ s = 1,∀r, s ∈ V.

Definition 2.2 (9). A non-empty subset V̌ of a hoop V is called a sub-hoop of V if it is closed under the
operations “⋄” and “↪→”.

Note that element 1 is presented in every sub-hoop of a hoop.

Proposition 2.3 (9). Let (V, ⋄, ↪→, 1) be a hoop. For any r, s, u ∈ V, we have the following properties:

(1) (V,≤) is a meet-semilattice with r ∧ s = r ⋄ (r ↪→ s);

(2) r ⋄ s ≤ u ⇔ r ≤ s ↪→ u;

(3) r ⋄ s ≤ r, s and rn ≤ r,∀n ∈ N;

(4) r ≤ s ↪→ r;

(5) 1 ↪→ r = r and r ↪→ 1 = 1;

(6) r ⋄ (r ↪→ s) ≤ s, r ⋄ s ≤ r ∧ s ≤ r ↪→ s;

(7) r ↪→ s ≤ (s ↪→ u) ↪→ (r ↪→ u);

(8) r ≤ s ⇒ r ⋄ u ≤ s ⋄ u, u ↪→ r ≤ u ↪→ s and s ↪→ u ≤ r ↪→ u;

(9) r ↪→ (s ↪→ u) = s ↪→ (r ↪→ u);

(10)(r ↪→ s) ⋄ (s ↪→ u) ≤ r ↪→ u;

(11) r ≤ (r ↪→ s) ↪→ s.

Definition 2.4 (9). A non-empty subset V̂ of a hoop V is called a filter of V if it is closed under the operation
“⋄” and is upward closed, i.e., ∀r, s ∈ V,
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(1) r, s ∈ V̂ ⇒ r ⋄ s ∈ V̂;

(2) r ∈ V̂, r ≤ s ⇔ s ∈ V̂.

Lemma 2.5 (9). A subset V̂ of a hoop V is a filter of V if and only if for any r, s ∈ V the following hold:

(1) 1 ∈ V̂;

(2) r ∈ V̂, r ↪→ s ∈ V̂ ⇒ s ∈ V̂.

2.2 Basic Definitions of Crossing Cubic Structures

This subsection covers some basic definitions and results of certain uncertainty concepts.

Definition 2.6 (16). Let V be a nonempty set. An interval valued fuzzy set Ψ̃Ω on V is a function

Ψ̃Ω : V → IΨ[0, 1],

where IΨ[0, 1] denotes the set containing every closed subinterval of [0, 1], and the members of IΨ[0, 1] are
called interval numbers. If ℏ̃ ∈ IΨ[0, 1], ℏ̃ = [ℏ−, ℏ+] with 0 ≤ ℏ− ≤ ℏ+ ≤ 1.

For each two interval numbers ℏ̃ = [ℏ−, ℏ+] and ℵ̃ = [ℵ−,ℵ+], we define

(1) ℏ̃ ⪯ ℵ̃( or ℵ̃ ⪰ ℏ̃) ⇔ ℏ− ≤ ℵ−, ℏ+ ≤ ℵ+( or ℏ− ≥ ℵ−, ℏ+ ≥ ℵ+;

(2) ℏ̃ = ℵ̃ ⇔ ℏ̃ ⪯ ℵ̃ and ℵ̃ ⪰ ℏ̃;

(3) m̃in{ℏ̃, ℵ̃} = [min{ℏ−,ℵ−},min{ℏ+,ℵ+}];

(4) m̃ax{ℏ̃, ℵ̃} = [max{ℏ−,ℵ−},max{ℏ+,ℵ+}].

Definition 2.7 (17). Let V be a nonempty set. A CC of V is an object having the following form:

Ω = {(r, Ψ̃Ω(r),ðΩ(r)) | r ∈ V},

where Ψ̃Ω = [Ψ−
Ω ,Ψ

+
Ω ] : V → IΨ[0, 1] is an interval valued fuzzy set on V and ðΩ : V → [−1, 0] is an

N-function on V.

For the purpose of simplicity, we will employ the symbol Ω = (Ψ̃Ω,ðΩ) for the CC Ω = {(r, Ψ̃Ω(r),ðΩ(r)) |
r ∈ V}.

Definition 2.8 (17). Let Ω = (Ψ̃Ω,ðΩ) be a CC over V. Then, (ω̃, σ)-level of Ω = (Ψ̃Ω,ðΩ) is the crisp set in
V denoted by Γ

(
Ψ̃Ω; (ω̃, σ)

)
and is defined as

Γ
(
Ψ̃Ω; (ω̃, σ)

)
=

{
r ∈ V | Ψ̃Ω(r) ⪰ ω̃,ðΩ(r) ≤ σ

}
,

where ω̃ ∈ IΨ[0, 1] and σ ∈ [−1, 0]. For ω̃ ∈ IΨ[0, 1] and σ ∈ [−1, 0]. The ω̃-level Γ
(
Ψ̃Ω; ω̃

)
and σ-level

Γ
(
ðΩ;σ

)
subsets of Ω can be defined as:

Γ
(
Ψ̃Ω; ω̃

)
=

{
r ∈ V | Ψ̃Ω(r) ⪰ ω̃

}
and Γ

(
ðΩ;σ

)
=

{
r ∈ V | ðΩ(r) ≤ σ

}
.
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3 Crossing Cubic Sub-Hoops

In this section, we apply the CCs to sub-hoops of hoop algebras. We originate the notion of a CC − SH,
and discuss its certain characterizations. We refer to V ̸= ∅ as a hoop, that is (V, ⋄, ↪→, 1) is a hoop, unless
otherwise provided in the text.

Definition 3.1. A CC Ω = (Ψ̃Ω,ðΩ) in V is called a CC − SH of V if the following states are verified, for all
r, s ∈ V.

(i) (
r ⋄ s ∈ V ⇒

(
Ψ̃Ω(r ⋄ s) ⪰ m̃in{Ψ̃Ω(r), Ψ̃Ω(s)},
ðΩ(r ⋄ s) ≤ max{ðΩ(r),ðΩ(s)}

) )
;

(ii) (
r ↪→ s ∈ V ⇒

(
Ψ̃Ω(r ↪→ s) ⪰ m̃in{Ψ̃Ω(r), Ψ̃Ω(s)},
ðΩ(r ↪→ s) ≤ max{ðΩ(r),ðΩ(s)}

) )
.

Example 3.2. Consider a set V = {0, 1, ℓ, ξ}. The following tables display the binary operations “⋄” and “↪→”
on V.

Table 2: Cayley tables for the binary operations “⋄” and “↪→”

⋄ 0 1 ℓ ξ
0 0 0 0 0
1 0 0 1 1
ℓ 0 1 ℓ ℓ
ξ 0 1 ℓ ξ

↪→ 0 1 ℓ ξ
0 ξ ξ ξ ξ
1 1 ξ ξ ξ
ℓ 0 1 ξ ξ
ξ 0 1 ℓ ξ

Then, (V, ⋄, ↪→, ξ) is a hoop. Let Ω = (Ψ̃Ω,ðΩ) be a CC in V which is demonstrated in the following table.

Table 3: Ω = (Ψ̃Ω,ðΩ) is represented tabularly

V Ψ̃Ω(r) ðΩ(r)
0 [0.37, 0.64] -0.69
1 [0.33, 0.61] -0.58
ℓ [0.27, 0.58] -0.37
ξ [0.41, 0.74] -0.77

It is typical to check Ω = (Ψ̃Ω,ðΩ) is a CC − SH of (V, ⋄, ↪→, ξ).

Proposition 3.3. Every CC − SH Ω = (Ψ̃Ω,ðΩ) of V satisfies:

(A) (∀r ∈ V)((1, r) ∈ C(Ω)),

where C(Ω) = {(r, s)|Ψ̃Ω(r) ⪰ Ψ̃Ω(s),ðΩ(r) ≤ ðΩ(s)}.

Proof. This is instantly the result of the amalgamation of (V1) and Definition 3.1.

Theorem 3.4. Let Ω = (Ψ̃Ω,ðΩ) be a CC over a hoop V. Then, Ω = (Ψ̃Ω,ðΩ) is a CC − SH of V if and

only if the nonempty sets Γ
(
Ψ̃Ω; ω̃

)
and Γ

(
ðΩ;σ

)
are sub-hoops of V for all ω̃ = [ω−, ω+] ∈ IΨ[0, 1] and

σ ∈ [−1, 0].
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Proof. Assume that Ω = (Ψ̃Ω,ðΩ) is a CC − SH of V and ω̃ = [ω−, ω+] and σ ∈ [−1, 0] be such that
Γ
(
Ψ̃Ω; ω̃

)
and Γ

(
ðΩ;σ

)
are nonempty. Let r, s ∈ Γ

(
Ψ̃Ω; ω̃

)
∩ Γ

(
ðΩ;σ

)
. Then, Ψ̃Ω(r) ⪰ ω̃, Ψ̃Ω(s) ⪰

ω̃,ðΩ(r) ≤ σ and ðΩ(s) ≤ σ. Hence,

Ψ̃Ω(r ⋄ s) ⪰ m̃in{Ψ̃Ω(r), Ψ̃Ω(s)} ⪰ ω̃,

Ψ̃Ω(r ↪→ s) ⪰ m̃in{Ψ̃Ω(r), Ψ̃Ω(s)} ⪰ ω̃,

that is, r ⋄ s ∈ Γ
(
Ψ̃Ω; ω̃

)
and r ↪→ s ∈ Γ

(
Ψ̃Ω; ω̃

)
. Also, we have

ðΩ(r ⋄ s) ≤ max{ðΩ(r),ðΩ(s)} ≤ σ,

ðΩ(r ↪→ s) ≤ max{ðΩ(r),ðΩ(s)} ≤ σ,

that is, r ⋄ s ∈ Γ
(
ðΩ;σ

)
and r ↪→ s ∈ Γ

(
ðΩ;σ

)
. Therefore, Γ

(
Ψ̃Ω; ω̃

)
and Γ

(
ðΩ;σ

)
are sub-hoops of V.

Conversely, suppose that Γ
(
Ψ̃Ω; ω̃

)
and Γ

(
ðΩ;σ

)
are nonempty sub-hoops of V for all ω̃ = [ω−, ω+] ∈

IΨ[0, 1] and σ ∈ [−1, 0]. Assume there exist r, s ∈ V such that Ψ̃Ω(r) = ã and Ψ̃Ω(s) = b̃. If we take
τ̃ = m̃in{ã, b̃}, then r, s ∈ Γ

(
Ψ̃Ω; τ̃

)
and so r ⋄ s ∈ Γ

(
Ψ̃Ω; τ̃

)
and r ↪→ s ∈ Γ

(
Ψ̃Ω; τ̃

)
. Hence,

Ψ̃Ω(r ⋄ s) ⪰ τ̃ = m̃in{ã, b̃} = m̃in{Ψ̃Ω(r), Ψ̃Ω(s)},
Ψ̃Ω(r ↪→ s) ⪰ τ̃ = m̃in{ã, b̃} = m̃in{Ψ̃Ω(r), Ψ̃Ω(s)}.

Also, assume that there exist a, b ∈ V such that a ⋄ b /∈ Γ
(
ðΩ;σ

)
or a ↪→ b /∈ Γ

(
ðΩ;σ

)
. If a ⋄

b /∈ Γ
(
ðΩ;σ

)
, then ðΩ(a ⋄ b) > max{ðΩ(a),ðΩ(b)}. It follows that a, b ∈ Γ

(
ðΩ;σ

)
, but a ⋄ b /∈

Γ
(
ðΩ;σ

)
for σ = max{ðΩ(a),ðΩ(b)}. This is contradiction, and so ðΩ(r ⋄ s) ≤ max{ðΩ(r),ðΩ(s)}∀r, s ∈

V. In the same manner, the case r ↪→ s /∈ Γ
(
ðΩ;σ

)
performs to contradiction. Thus, ðΩ(r ↪→ s) ≤

max{ðΩ(r),ðΩ(s)}∀r, s ∈ V. Therefore, Ω = (Ψ̃Ω,ðΩ) is a CC − SH of V.

4 Crossing Cubic Filters

Here, we apply the CCs to filters of hoop algebras. We originate the concept of a CCF , and investigate its
characterizations.

Definition 4.1. A CC Ω = (Ψ̃Ω,ðΩ) in a hoop V is called a CCF of V if it satisfies (i) of Definition 3.1 and

(B) (∀r, s ∈ V)(r ≤ s ⇒ (s, r) ∈ C(Ω)).

Example 4.2. Consider the hoop (V, ⋄, ↪→, ξ) which is demonstrated in Example 3.2. Let Ω = (Ψ̃Ω,ðΩ) be a
CC in a hoop V which is represented by the following table.

Table 4: Ω = (Ψ̃Ω,ðΩ) is represented tabularly

V Ψ̃Ω(r) ðΩ(r)
0 [0.33, 0.61] -0.36
1 [0.33, 0.61] -0.53
ℓ [0.39, 0.68] -0.67
ξ [0.41, 0.74] -0.87

It is typical to check Ω = (Ψ̃Ω,ðΩ) is a CCF of (V, ⋄, ↪→, ξ).

Next theorem debates the characterizations of a CCF of a hoop V.
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Theorem 4.3. A CC Ω = (Ψ̃Ω,ðΩ) in a hoop V is a CCF of V if and only if it satisfies the condition (A) and

(C) (∀r, s ∈ V)
(

Ψ̃Ω(s) ⪰ m̃in{Ψ̃Ω(r), Ψ̃Ω(r ↪→ s)},
ðΩ(s) ≤ max{ðΩ(r),ðΩ(r ↪→ s)}

)
.

Proof. Assume that Ω = (Ψ̃Ω,ðΩ) is a CCF of V. Since r ≤ 1 for all r ∈ V, the condition (A) is induced
from the condition (B). Note from (6) of Proposition 2.3 that r ⋄ (r ↪→ s) ≤ s for all r, s ∈ V, and so
(s, r ⋄ (r ↪→ s)) ∈ C(Ω) by the condition (B). It follows from (i) of Definition 3.1 that

Ψ̃Ω(s) ⪰ Ψ̃Ω(r ⋄ (r ↪→ s))

⪰ m̃in{Ψ̃Ω(r), Ψ̃Ω(r ↪→ s)}

and

ðΩ(s) ≤ ðΩ(r ⋄ (r ↪→ s))

≤ max{ðΩ(r),ðΩ(r ↪→ s)}.

Hence, the condition (C) is valid.

Conversely, suppose that Ω = (Ψ̃Ω,ðΩ) satisfies the conditions (A) and (C). The combination of (V1) and
(V3) induces r ↪→ (s ↪→ (r ⋄ s)) = 1 for all r, s ∈ V. It follows from the conditions (A) and (C) that

Ψ̃Ω(r ⋄ s) ⪰ m̃in{Ψ̃Ω(s), Ψ̃Ω(s ↪→ (r ⋄ s))}
⪰ m̃in{Ψ̃Ω(s), m̃in{Ψ̃Ω(r), Ψ̃Ω(r ↪→ (s ↪→ (r ⋄ s)))}}
= m̃in{Ψ̃Ω(s), m̃in{Ψ̃Ω(r), Ψ̃Ω(1)}}
= m̃in{Ψ̃Ω(s), Ψ̃Ω(r)}

and

ðΩ(r ⋄ s) ≤ max{ðΩ(s),ðΩ(s ↪→ (r ⋄ s))}
≤ max{ðΩ(s),max{ðΩ(r),ðΩ(r ↪→ (s ↪→ (r ⋄ s)))}}
= max{ðΩ(s),max{ðΩ(r),ðΩ(1)}}
= max{ðΩ(s),ðΩ(r)}.

Now, let r, s ∈ V be such that r ≤ s. Then, r ↪→ s = 1, and so

Ψ̃Ω(s) ⪰ m̃in{Ψ̃Ω(r), Ψ̃Ω(r ↪→ s)}
= m̃in{Ψ̃Ω(r), Ψ̃Ω(1)} = Ψ̃Ω(r)

and

ðΩ(s) ≤ max{ðΩ(r),ðΩ(r ↪→ s)}
= max{ðΩ(r),ðΩ(1)} = ðΩ(r),

that is, (s, r) ∈ C(Ω). Therefore, Ω = (Ψ̃Ω,ðΩ) is a CCF of V.

Theorem 4.4. Every CCF is a CCS.

Proof. Straightforward.

The opposite of Theorem 4.4 is not generally true, as shown in the following example.
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Example 4.5. Consider the following tables that illustrate the binary operations “⋄” and “↪→” on the set
V = {0, 1, ℓ, ξ}.

Table 5: Cayley tables for the binary operations “⋄” and “↪→”

⋄ 0 1 ℓ ξ
0 0 0 0 0
1 0 1 1 1
ℓ 0 1 1 ℓ
ξ 0 1 ℓ ξ

↪→ 0 1 ℓ ξ
0 ξ ξ ξ ξ
1 0 ξ ξ ξ
ℓ 0 ℓ ξ ξ
ξ 0 1 ℓ ξ

Consequently, (V, ⋄, ↪→, ξ) is a hoop. Let Ω = (Ψ̃Ω,ðΩ) be a CC in V, which is illustrated in the table below.

Table 6: Ω = (Ψ̃Ω,ðΩ) is represented tabularly

V Ψ̃Ω(r) ðΩ(r)
0 [0.43, 0.71] -0.70
1 [0.36, 0.62] -0.75
ℓ [0.29, 0.58] -0.55
ξ [0.56, 0.84] -0.85

It is typical to check that Ω = (Ψ̃Ω,ðΩ) is a CC − SH of (V, ⋄, ↪→, ξ). Note that

Ψ̃Ω(ℓ) = [0.29, 0.58]

≺ m̃in{Ψ̃Ω(1), Ψ̃Ω(1 ↪→ ℓ)}
= m̃in{Ψ̃Ω(1), Ψ̃Ω(ξ)}
= m̃in{[0.36, 0.62], [0.56, 0.84]} = [0.36, 0.62]

and

ðΩ(ℓ) = −0.55

> max{ðΩ(1),ðΩ(1 ↪→ ℓ)}
= max{ðΩ(1),ðΩ(ξ)}
= max{−0.75,−0.85} = −0.75.

Hence, Ω = (Ψ̃Ω,ðΩ) is not a CCF of (V, ⋄, ↪→, ξ).

Proposition 4.6. Every CCF Ω = (Ψ̃Ω,ðΩ) of V satisfies:

(D) (∀r, s ∈ V)
(

Ψ̃Ω(r ⋄ s) = m̃in{Ψ̃Ω(r), Ψ̃Ω(s)},
ðΩ(r ⋄ s) = max{ðΩ(r),ðΩ(s)}

)
.

Proof. Assume that Ω = (Ψ̃Ω,ðΩ) is a CCF of V. Since r ⋄ s ≤ r and r ⋄ s ≤ s for all r, s ∈ V, we have
(r, r ⋄ s) ∈ C(Ω) and (s, r ⋄ s) ∈ C(Ω) by the condition (B). Hence, Ψ̃Ω(r ⋄ s) ⪯ m̃in{Ψ̃Ω(r), Ψ̃Ω(s)} and
ðΩ(r ⋄ s) ≥ max{ðΩ(r),ðΩ(s)}. The combination of these and (i) of Definition 3.1 induces the condition
(D).

Theorem 4.7. Let Ω = (Ψ̃Ω,ðΩ) be a CC in V. Then, it is a CCF of V if and only if it satisfies the conditions
(B) and (D).
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Proof. The necessity is from Definition 4.1 and Proposition 4.6. Let Ω = (Ψ̃Ω,ðΩ) be a CC in a hoop V that
satisfies the conditions (B) and (D). Since r ⋄ (r ↪→ s) ≤ s for all r, s ∈ V, it follows from the conditions (B)
and (D) that

Ψ̃Ω(s) ⪰ Ψ̃Ω(r ⋄ (r ↪→ s)) = m̃in{Ψ̃Ω(r), Ψ̃Ω(r ↪→ s)}

and

ðΩ(s) ≤ ðΩ(r ⋄ (r ↪→ s)) = max{ðΩ(r),ðΩ(r ↪→ s)}.

Since r ≤ 1 for all r ∈ V, the condition (A) is induced from the condition (B). Therefore, Ω = (Ψ̃Ω,ðΩ) is a
CCF of V by Theorem 4.3.

Theorem 4.8. Let Ω = (Ψ̃Ω,ðΩ) be a CC in V. Then it is a CCF of V if and only if it satisfies the conditions
(B) and

(E) (∀r, s, u ∈ V)
(

Ψ̃Ω(r ↪→ u) ⪰ m̃in{Ψ̃Ω(r ↪→ s), Ψ̃Ω(s ↪→ u)},
ðΩ(r ↪→ u) ≤ max{ðΩ(r ↪→ s),ðΩ(s ↪→ u)}

)
.

Proof. Suppose that Ω = (Ψ̃Ω,ðΩ) is a CCF of V and let r, s, u ∈ V. Since (r ↪→ s) ⋄ (s ↪→ u) ≤ r ↪→ u by
(10) of Proposition 2.3, it follows from the conditions (B) and (D) that

Ψ̃Ω(r ↪→ u) ⪰ Ψ̃Ω((r ↪→ s) ⋄ (s ↪→ u))

= m̃in{Ψ̃Ω(r ↪→ s), Ψ̃Ω(s ↪→ u)}

and

ðΩ(r ↪→ u) ≤ ðΩ((r ↪→ s) ⋄ (s ↪→ u))

= max{ðΩ(r ↪→ s),ðΩ(s ↪→ u)}.

This proves the condition (E).

Conversely, let Ω = (Ψ̃Ω,ðΩ) be a CC in a hoop V that satisfies the conditions (B) and (E). Since r ≤ 1 for
all r ∈ V, the condition (A) is induced from the condition (B). If we take r = 1 in the condition (E) and use
(5) of Proposition 2.3, then we have the condition (C). Therefore, Ω = (Ψ̃Ω,ðΩ) is a CCF of V by Theorem
4.3.

Theorem 4.9. Let Ω = (Ψ̃Ω,ðΩ) be a CC in V. Then it is a CCF of V if and only if it satisfies the condition
(B) and

(F) (∀r, s, u ∈ V)
(

Ψ̃Ω(u ⋄ s) ⪰ m̃in{Ψ̃Ω(u ⋄ r), Ψ̃Ω(r ↪→ s)},
ðΩ(u ⋄ s) ≤ max{ðΩ(u ⋄ r),ðΩ(r ↪→ s)}

)
.

Proof. Assume that Ω = (Ψ̃Ω,ðΩ) is a CCF of V and let r, s, u ∈ V. Since (V, ⋄, 1) is a commutative monoid,
and by (6) and (8) of Proposition 2.3, we can write

(u ⋄ r) ⋄ (r ↪→ s) = u ⋄ (r ⋄ (r ↪→ s)) ≤ u ⋄ s.

It follows from the conditions (B) and (D) that

Ψ̃Ω(u ⋄ s) ⪰ Ψ̃Ω((u ⋄ r) ⋄ (r ↪→ s)) = m̃in{Ψ̃Ω(u ⋄ r), Ψ̃Ω(r ↪→ s)}

and

ðΩ(u ⋄ s) ≤ ðΩ((u ⋄ r) ⋄ (r ↪→ s)) = max{ðΩ(u ⋄ r),ðΩ(r ↪→ s)}.

This proves the condition (F).

Conversely, assume that a CC Ω = (Ψ̃Ω,ðΩ) in a hoop V satisfies the conditions (B) and (F). Since r ≤ 1
for all r ∈ V, the condition (A) is induced from the condition (B). Also the assertion of the condition (C) is
induced by taking u = 1 in the condition (F). Hence, Ω = (Ψ̃Ω,ðΩ) is a CCF of V by Theorem 4.3.
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Theorem 4.10. Let Ω = (Ψ̃Ω,ðΩ) be a CC in V. Then it is a CCF of V if and only if it satisfies:

(G) (∀r, s, u ∈ V)
(
r ≤ s ↪→ u ⇒

{
Ψ̃Ω(u) ⪰ m̃in{Ψ̃Ω(r), Ψ̃Ω(s)},
ðΩ(u) ≤ max{ðΩ(r),ðΩ(s)}

)
.

Proof. Assume that Ω = (Ψ̃Ω,ðΩ) is a CCF of V and let r, s, u ∈ V be such that r ≤ s ↪→ u. Then,

Ψ̃Ω(s ↪→ u) ⪰ m̃in{Ψ̃Ω(r), Ψ̃Ω(r ↪→ (s ↪→ u)} = m̃in{Ψ̃Ω(r), Ψ̃Ω(1)} = Ψ̃Ω(r),

and

ðΩ(s ↪→ u) ≤ max{ðΩ(r),ðΩ(r ↪→ (s ↪→ u)} = max{ðΩ(r),ðΩ(1)} = ðΩ(r).

It follows that

Ψ̃Ω(u) ⪰ m̃in{Ψ̃Ω(s), Ψ̃Ω(s ↪→ u)} ⪰ m̃in{Ψ̃Ω(r), Ψ̃Ω(s)},

and

ðΩ(u) ≤ max{ðΩ(s),ðΩ(s ↪→ u)} ≤ max{ðΩ(r),ðΩ(s)}.

This proves the condition (G).

Conversely, let Ω = (Ψ̃Ω,ðΩ) be a CC in a hoop V that satisfies the condition (G). Since r ≤ r ↪→ 1 for all
r ∈ V, it is clear that (1, r) ∈ V for all r ∈ V by the conditions (G). The combination of (11) of Proposition
2.3 and the condition (G) induces the condition (C). Therefore, Ω = (Ψ̃Ω,ðΩ) is a CCF of V by Theorem
4.3.

Theorem 4.11. Let Ω = (Ψ̃Ω,ðΩ) be a CC in V. Then, it is a CCF of V if and only if it satisfies the conditions
(B) and

(H) (∀r, s, u ∈ V)
(

Ψ̃Ω(r ↪→ u) ⪰ m̃in{Ψ̃Ω((r ↪→ s) ↪→ u), Ψ̃Ω(s)},
ðΩ(r ↪→ u) ≤ max{ðΩ((r ↪→ s) ↪→ u),ðΩ(s)}

)
.

Proof. Assume that Ω = (Ψ̃Ω,ðΩ) is a CCF of V and let r, s, u ∈ V. Using (4), (6) and (8) of Proposition 2.3,
we have (r ↪→ s) ↪→ u ≤ s ↪→ u and s ⋄ ((r ↪→ s) ↪→ u) ≤ s ⋄ (s ↪→ u) ≤ u ≤ r ↪→ u. From the conditions
(B) and (D), we imply that

Ψ̃Ω(r ↪→ u) ⪰ Ψ̃Ω(u) ⪰ Ψ̃Ω(s ⋄ (s ↪→ u))

= m̃in{Ψ̃Ω(s), Ψ̃Ω(s ↪→ u)}
⪰ m̃in{Ψ̃Ω(s), Ψ̃Ω((r ↪→ s) ↪→ u)}

and

ðΩ(r ↪→ u) ≤ ðΩ(u) ≤ ðΩ(s ⋄ (s ↪→ u))

= max{ðΩ(s),ðΩ(s ↪→ u)}
≤ max{ðΩ(s),ðΩ((r ↪→ s) ↪→ u)}

This proves the condition (H).

Conversely, suppose that Ω = (Ψ̃Ω,ðΩ) satisfies the conditions (B) and (H). The condition (A) is induced
from (5) of Proposition 2.3 and the condition (B). If we put r = 1 in the condition (H) and use (5) of
Proposition 2.3, we can obtain the condition (C). Therefore, Ω = (Ψ̃Ω,ðΩ) is a CCF of V by Theorem
4.3.

Theorem 4.12. Let Ω = (Ψ̃Ω,ðΩ) be a CC in V. Then, Ω = (Ψ̃Ω,ðΩ) is a CCF of V if and only if the

nonempty sets Γ
(
Ψ̃Ω; ω̃

)
and Γ

(
ðΩ;σ

)
are filters of V for all ω̃ = [ω−, ω+] ∈ IΨ[0, 1] and σ ∈ [−1, 0].
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Proof. Assume that Ω = (Ψ̃Ω,ðΩ) is a CCF of V. Then, it is a CC − SH of V, and so (1, r) ∈ C(Ω) for
all r ∈ V by Proposition 3.3. Let ω̃ = [ω−, ω+] and σ ∈ [−1, 0] be such that Γ

(
Ψ̃Ω; ω̃

)
and Γ

(
ðΩ;σ

)
are

nonempty. Then, there exist r ∈ Γ
(
Ψ̃Ω; ω̃

)
and s ∈ Γ

(
ðΩ;σ

)
which imply that Ψ̃Ω(1) ⪰ Ψ̃Ω(r) ⪰ ω̃ and

ðΩ(1) ≤ ðΩ(s) ≤ σ. Hence 1 ∈ Γ
(
Ψ̃Ω; ω̃

)
∩Γ

(
ðΩ;σ

)
. Let r, s ∈ V be such that r ∈ Γ

(
Ψ̃Ω; ω̃

)
∩Γ

(
ðΩ;σ

)
and r ↪→ s ∈ Γ

(
Ψ̃Ω; ω̃

)
∩ Γ

(
ðΩ;σ

)
. Then, Ψ̃Ω(r) ⪰ ω̃, Ψ̃Ω(r ↪→ s) ⪰ ω̃,ðΩ(r) ≤ σ and ðΩ(r ↪→ s) ≤ σ. It

follows that

Ψ̃Ω(s) ⪰ m̃in{Ψ̃Ω(r), Ψ̃Ω(r ↪→ s)} ⪰ ω̃,

ðΩ(s) ≤ max{ðΩ(r),ðΩ(r ↪→ s)} ≤ σ,

that is s ∈ Γ
(
Ψ̃Ω; ω̃

)
∩ Γ

(
ðΩ;σ

)
. Therefore, Γ

(
Ψ̃Ω; ω̃

)
and Γ

(
ðΩ;σ

)
are filters of V by Lemma 2.5.

Conversely, suppose that Γ
(
Ψ̃Ω; ω̃

)
and Γ

(
ðΩ;σ

)
are nonempty filters of V for all ω̃ = [ω−, ω+] ∈ IΨ[0, 1]

and σ ∈ [−1, 0]. Assume that (1, a) /∈ C(Ω) for some a ∈ V. Then Ψ̃Ω(1) ⪰̸ Ψ̃Ω(a) or ðΩ(1) ≰ ∂Ω(a). If

Ψ̃Ω(1) ⪰̸ Ψ̃Ω(a), then 1 /∈ Γ
(
Ψ̃Ω; ω̃

)
for ω̃ = Ψ̃Ω(a). The case ðΩ(1) ≰ ðΩ(a) induces ðΩ(1) > ðΩ(a)

and so 1 /∈ Γ
(
ðΩ;σ

)
for σ = ðΩ(a). This is a contradiction, and thus (1, r) ∈ C(Ω) for all r ∈ V. For

every r, s ∈ V, let ω̃r, ω̃s ∈ IΨ[0, 1] and σr, σs ∈ [−1, 0] be such that Ψ̃Ω(r) = ω̃r, Ψ̃Ω(r ↪→ s) = ω̃s,

ðΩ(r) = σr, ðΩ(r ↪→ s) = σs. If we take ω̃ = m̃in{ω̃r, ω̃r↪→s} and σ = max{σr, σr↪→s}, then r, r ↪→ s ∈
Γ
(
Ψ̃Ω; ω̃

)
∩ Γ

(
ðΩ;σ

)
. Thus, s ∈ Γ

(
Ψ̃Ω; ω̃

)
∩ Γ

(
ðΩ;σ

)
and so

Ψ̃Ω(s) ⪰ ω̃ = m̃in{ω̃r, ω̃s} = m̃in{Ψ̃Ω(r), Ψ̃Ω(r ↪→ s)},
ðΩ(s) ≤ σ = max{σr, σs} = max{ðΩ(r),ðΩ(r ↪→ s)}.

Therefore, Ω = (Ψ̃Ω,ðΩ) is a CCF of V by Theorem 4.3.

5 Conclusion

The idea of CCs permeates the fabric of modern mathematical evolution, directly affecting the interpretation
of complex phenomena, innovative solutions to complex problems, and improving computing efficiency. This
makes it even more important to study this concept. For this purpose, by using the concept of interval-valued
fuzzy sets with N -structures, we decided to search and investigate this notion on hoop algebras, as sources of
inspiration and ideas for this paper. We scrutinized the concepts of CC − SHs and CCFs, and analyzed their
properties. We revealed the effect of the relationship between CC − SHs and CCFs. We found many theories
on CCFs and proved them. We analyzed the characterizations of CC − SHs and CCFs.

This research offers the enhancement of current scientific knowledge in the world of CCs, stimulating the
development of all-new models and systems. It paves the way for promising future in-depth researches in this
area, see (26). This opens new horizons for practical applications and contributes to the advancement of human
knowledge and meeting the needs of the future. Further, the results of this study can be circulated to include
a set of algebraic structures as an illustration of multi-hoop algebras, pseudo-hoop algebras, Kleene algebra,
and EQ/BL/BCC/BG-algebras.
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