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Abstract

This work adds to the burgeoning knowledge of soft topology. First, we continue the study of soft locally
closed sets. We present several characterizations of soft locally closed sets. Also, we investigate their behaviors
using specialized soft topologies as product and subspace soft topologies. Then, we define and investigate the
concept of soft dense-in-itself spaces. In particular, we characterize soft dense-in-itself subspaces in terms
of locally closed sets. Given a soft topological space (N, p, M), the collection of soft locally closed sets of
(N, p, M) forms a soft topology on N relative to M which is denoted by p;. We obtain several symmetries
between the (N, p, M) and (N, p;, M). In particular, we show that (NN, p, M) is soft Tp (resp. soft T, soft
indiscrete) iff (N, p;, M) is soft Ty (resp. soft discrete, soft connected). Moreover, we show that if (N, p;, M)
is soft T (resp. soft Alexandroff), then (N, p;, M) is soft discrete (resp. soft Alexandroff) but not conversely.
In addition to these, we obtain several characterizations and relationships of both soft locally indiscrete spaces
and soft submaximal spaces. In particular, we show that (N, p, M) is soft locally indiscrete if and only if
p = p;- In the last section, via the soft locally closed sets, we define and investigate soft [c-regularity as a
stronger form of soft regularity. Finally, the paper deals with the correspondence between some concepts in
soft topology and their analog concepts in classical topology.

Keywords: Soft locally closed sets; Soft submaximal spaces; Soft Alexandroff spaces; Soft locally indiscrete
spaces; Soft regular spaces

1 Introduction and Preliminaries

The area of topology that focuses on the fundamental set-theoretic concepts and techniques is known as general
topology. It serves as the foundation for other branches of topology, including differential topology, algebraic
topology, and geometric topology. Locally closed sets—the intersection of an open set and a closed set— as
defined in [1] are essential to topology. Locally compact subspaces of a Hausdorff space are shown to be locally
closed in [2]; a completely regular space is locally compact as a subspace of its Stone-Cech compactification if
and only if it is locally closed in it; and a subspace of a Hausdorff locally compact space is locally compact if
and only if it is locally closed. The author in [3] studied the spaces that are locally closed in every embedding.
The author in [4] showed the importance of locally closed sets in the subject of simple extension. In [5, 6],
the authors defined three generalizations of continuity via locally closed sets and obtained a decomposition of
continuity. The authors in [7] characterized locally closed sets in the a-topology. Submaximal spaces are TSs
where each subset is locally closed, defined in [1]; hence, many general topology works use this notion [8].

Scientists in fields such as economics, systems engineering, medical science, and artificial intelligence often
struggle to build complicated systems that account for uncertainty. Traditional probability, fuzzy set [9],
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and rough set [10] theories are widely used “mathematical” strategies for dealing with such circumstances.
However, due to parameter constraints, they may not always give satisfactory results. Molodtsov [11] explored
soft set theory, a novel method for dealing with uncertainty that improves on previous approaches. Molodtsov’s
approach to object lighting uses soft sets, which are a parametrized collection of universal subsets. Unlike
previous methods, soft set theory does not impose precise constraints, and parameters can be chosen in a
variety of formats, such as phrases, words, integers, and mappings. This makes the theory adaptable and easy
to use in real-world scenarios (see [12, 13]). Using soft sets, several mathematical structures appeared, and
many research papers appeared in those structures.

Shabir and Naz [14] initiated the structure of soft topology and investigated many related topics. Then, several
researchers interested in abstract structures attempted to extend topological concepts to include soft topological
spaces. For instance, concepts such as soft compactness [15], soft separation axioms [16—18], soft metrics [19],
and soft submaximal [20, 21] were introduced. Furthermore, some researchers have investigated the concept
of generalized open sets in soft topologies, such as soft semi-open sets [22], and soft locally closed sets [23].

In this paper, we continue the study of soft locally closed sets. We provide many characterizations of each
of the soft locally closed sets, soft locally indiscrete spaces, and soft submaximal spaces. Also, we examine
their behaviors using specific soft topologies such as product and subspace soft topologies. Then we define
and explore the concept of soft dense-in-itself spaces. Specifically, we define soft dense-in-itself subspaces
in terms of locally closed sets. Moreover, we will look at the soft topology generated by soft locally closed
sets, where we prove some correspondences in possessing some soft topological properties between it and the
original soft topology. In addition, we study soft [c-regularity as a stronger form of soft regularity. Finally,
the paper deals with the correspondence between some concepts in soft topology and their analog concepts in
classical topology.

For convenience, TS will now stand for topological space.

Let (N,p, M) and (N, <) be a soft TS and a TS, respectively. Let H € SS(N, M) and V < N. Then
Int,(H) and Clo,(H), Bd,(H), Ints(V), and Clog (V') will denote the soft interior of H in (N, p, M),
the soft closure of H in (N, p, M), the soft boundary of H in (N, p, M), the interior of V in (N, S), and the

closure of V' in (N, &), respectively. p¢ and 3¢ will denote the collection of all soft closed sets in (N, p, M)
and the collection of all closed sets in (N, <), respectively.

The sequel will utilize the following definitions:

Definition 1.1. [1] Let (N, ) be a TS and let V < N. Then V is a locally closed setin (N, %) if V =Un F
for some U € S and F' € 3°. LC () represents the collection of all locally closed sets in (N, ).

LC (9) forms a soft base for a topology on N, which is denoted by ; [8].

Definition 1.2. A TS (NV, ) is called

(a) [2] dense-in-itself if {x} ¢ S foreach z € N;

(b) [1] submaximal if LC (¥) = P(N);

(c) [8] lc-regular if for each 2z € N and each W € LC (S) such that x ¢ W, there are {U, V} < < such that

zeUWcCV,andU NV = .

Definition 1.3. [5] A map g : (N,S) — (S,R) is called LC-continuous if g~ (U) € LC (3) for each
UeX.

Definition 1.4. Let (N, p, M) be a soft TS and let H € SS (N, M). Then
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(a) [22] H is a soft semi-open set in (N, p, M) if HEClo, (Int, (H)). SO (p) represents the collection of
all soft semi-open sets in (N, p, M).

(b) [23] H is a soft locally closed set in (N, p, M) if H = K n G for some K € p and G € p°. LC (p)
represents the collection of all soft locally closed sets in (N, p, M).

(c) [23] H is a soft co-locally closed set in (N, p, M) if 1oy — H € LC (p). COLC (p) represents the
collection of all soft co-locally closed sets in (N, p, M).

Definition 1.5. A soft TS (N, p, M) is called

(1) [20] soft submaximal if LC (p) = SS(N, M);

(2) [17] soft T} if SP(N, M) < p%

(3) [17] soft Ty, if for any a,, b, € SP(N, M) with a, # by, there exist {G, K'} < p such that a,€G — K and
beK — G;

(4) [17] soft regular if for each a, € SP (N, M) and each H € p¢ such that a,¢ H, there are {G, K} < p such
that a,€G, HCK, and GARK = Oq;

(5) [24] soft T} j if SP(N, M) < p U p%

(6) [25] soft Tp if SP (N, M) < LC (p);

(7) [26] soft connected if p N p® = {Orq, Laq}-

(8) [27] soft Alexandroff is for any v S p, N ge, H € p.
(9) [28] soft locally indiscrete (soft 1.i) if p = p°.

Definition 1.6. [23] A soft map fg, : (N, p, M) — (S,0,R) is called soft LC-continuous if ' (K) €
LC (p) for each K € 0.

Definition 1.7. [14]. Let (N, p, M) be asoft TS and let &F # Y < N. Then the soft topology {GACy : G € p}
is denoted by py .

Definition 1.8. [15] Let (N, p, M) and (R, x, £) be two soft TSs. Then the soft topology over N x R relative
to M x Lhaving {T x S: T € pand S € x} as a soft base is denoted by pr (p x x).

2 Soft Locally Closed Sets

Theorem 2.1. Let (N, p, M) be a soft TS and let H € LC (p). Then H (m) € LC (p,,) for each m € M.
Proof. Let m € M. Since H € LC (p), then we find G € p and K € p° such that H = GAK. So, we have
H (m) = G (m) n K (m) with G (m) € p,, and K (m) € (p,,)°. Hence, H (m) € LC (py).

Theorem 2.2. Consider the soft TS (N, ®merNi,, M) generated by the collection {(N,N,,) : m € M} of
TSs. Then H € LC (@®mem B ) iff H (m) € LC (R,,,) for each m € M.

Proof. Necessity. Let H € LC (®memNm ). Letm € M. Thenby Theorem 2.1, H (m) € LC ((@®memNm),,)-
Conversely, since (Dmerm R, ),, = Ri,. Therefore, H (m) € LC (R,;,).
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Sufficiency. Let H (m) € LC (R,,) for each m € M. Then for each m € M, we find G,,, € X, and
K, € (N,,)¢ such that H (m) = G, 0 K,,. Define G, K € SS (N, M) by G (m) = G, and K (m) = K,,
for each m € M. Then, we have G € @memNim, K € (@mem®n)S, and H = GAK. Tt follows that
HelLC (@meMNm)

Corollary 2.3. For a given TS (IV,X) andaset R, H € LC (7 (R)) iff H (r) € LC (X) for each r € R.
Proof. For each r € R, let X,. = Y. Then 7 (X) = ®,exN,. Thus, we obtain the result by applying Theorem

2.2.

Theorem 2.4. Let {(N,R,,,) : m € M} and {(5,S,) : r € R} be two collections of TSs. Let g : N — S and
u : M — R be maps with u being injective. Then fq,, : (IV, BrmemNm, M) — (S, Brer Sy, R) is soft
LC-continuous iff g : (N, R,;,) —> (S, Su(m)) is LC-continuous for each m € M.

Proof. Necessity. Let fo, @ (N, @®memBNm, M) — (S,@,er S, R) be soft LC-continuous. Let m €
M. Let V e Syum). Then (u(m)), € @rerSy. So, ! (u(m))y) € LC (®merRn) and by The-
orem 2.2, (fn! ((u(m))y)) (m) € LC(Ry). Since u : M — R, f.} ((u(m)),) = mg-1) and

qu
50, (fr! (w(m))y,)) (m) = (mg-1(v)) (m) = ¢=* (V) € LC (R,,). This shows that ¢ : (N,R,,) —
(S, Sy(my) is LC-continuous.

Sufficiency. Let ¢ : (N,R,,) — (S, %u(m)) be LC-continuous for each m € M. Let K € @®,.erS.
Then, K (r) € S, for each 7 € R. Foreachr € R, ¢ : (N,N,-1(,)) — (S, S;) is LC-continuous and so,
g " (K(r)) € LC (Ry-1(,). Thus, foreachm € M, (f.} (K)) (m) = ¢~ (K (u(m)) € LC (Ry-1(u(m))) =

qu

LC (X,,). Therefore, by Theorem 2.2, fq_u1 (K) € ®memRsy,. This shows that fo,, : (N, BmepRim, M) —
(S, ®rerSr, R) is soft LC-continuous.

Corollary 2.5. Let ¢ : (N,8) — (5,9) and u : M — R be two maps where u is injective. Then
q: (IV,N) — (8, 9) is LC-continuous iff fg,, : (N, 7 (R) , M) — (5,7 (F),R) is soft LC-continuous.
Proof. Foreachm € M andr € R, letX,;, = Rand . = . Then 7 (N) = Be m Vi, and 7 (F) = Brern Sy
Theorem 2.4 ends the proof.

Theorem 2.6. Let (IV, p, M) be a soft TS and let H € SS (N, M). Then T.FA.E:

(a) H € LC (p).

(b) We find K € p such that H = KAClo,(H).

(c) Clo,(H) — H € p°.

(d) HS (10 — Clo,(H)) € p.

(e) HSInt, (HT (1p — Clo,(H))).

(f) We find {G, T} < p®suchthat H =G —T.

(g) We find {U,V} S psuchthat H =U — V.

Proof. (a) —> (b): By (a), we find K € p and G € p° such that H = K~AG. Since we have HCG € p¢, then
Clo,(H)SG. Thus, HEK8Clo,(H)SKAG = H. Hence, H = K~Clo,(H).

(b) — (c): By (b),
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Clo,(H)— H = Clo,(H) — (KAClo,(H))
= Clo,(H)A (1p — (KAClo,(H)))
= Clo (YA (L~ K) O (Lag — Clog(H))
= (Clo,(H)A(Ipm — K)) T (Clo,(H)A (1pg — Clo,(H)))
= (Clo,(H)A (1pm — K)) S0
= Clo,(H)A (1pm — K) € p°.

(c) —> (d): Since by (¢), 1p — (HO (Lyg — Clo,(H))) = (Iy — H) 5Clo,(H) = Clo,(H) — H € p°,
then HO (1pq — Clo,(H)) € p.

(d) —> (e): Since HE (HU (1 — Clo,(H))) and by (d), HO (1p — Clo,(H)) € p,then HEInt,, (HO (1pq — Clo,(H))).
(e) — (a): Let K = Int, (HO (1p4 — Clo,(H))). Then K € p and by (e), HS K. Thus, we have

H K&Clo,(H)
Int, (HS (1a — Clo,(H))) 5Clo,(H)
(HO (1p — Clo,(H))) ~Clo,(H)
H.

FIne I 1ne

Hence, H = K~Clo,(H). Therefore, H € LC (p).

(a) — (f): By (a), we find R € p and G € p° such that H = RAG. Let T = 1, — R. Then, we have
{G,T}cpandG—T =G —(1pm — R) = RAG = H.

(f) — (g): By (f), we find {G, T} < p®suchthat H = G —T. LetU =1y —Tand V = 15y — G. Then
(U VYCpandU -V = (I —T) — (Ip = G) = (Il — T) 3G = G — T = H.

(2) — (a): By (g), we find {U,V} < psuchthat H = U — V. Then, H = UR (1py — V) with U € p and
1p — V€ p° Hence, H € LC (p).
Theorem 2.7. If (N, p, M) is soft T7 and ¢J # Y < N such that py = SS (Y, M), then Cy € LC (p).

Proof. Since py = S5 (Y, M), then for each m,, € SP (Y, M), we find G, € p such that m,, = G,,,, ACy.
LetG = OmyeSP(Y,M)Gmy~ Then G € p.

Claim. Cy = GAClo, (Cy).

Cy = Om,esP(y,M)My
Omyespv,m) (Gm, ACy )
GACy
GAClo, (Cy).

Proof of Claim.

Nl

To see that GAClo, (Cy) SCl, let us assume the contrary that there is an a,& (GAClo, (Cy)) — Cy.
Since a,€G, then we find m, € SP (Y, M) such that a,€G,,,. Since am%Cy, then a, # m,. Since
(N, p, M) is soft T, then we find {U,V'} < p such that a,€U — V and m,e€V — U. Since a,€UNGy,, € p
and a;EClo, (Cy), then (URG,,,) ACy # Op. But (URG,,) ACyEGrm,,ACy = my. Therefore,
(UAGy,) ACy = m,, and hence, m,EU, a contradiction.

By the above claim and Theorem 2.6 (d), H € LC (p).

Definition 2.8. A soft TS (N, p, M) is said to be soft dense-in-itself if p N SP (N, M) = &.

Theorem 2.9. Let (N, p, M) be a soft TS such that (N, p,,, ) is dense-in-itself for each m € M, then (N, p, M)
is soft dense-in-itself.
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Proof. Let us assume the contrary, that we find m,, € p n SP (N, M). Then m, (m) = {«} € p,, and so,
(N, pr) is not dense-in-itself, which is a contradiction.

Theorem 2.9’s opposite need not be true:

Example 2.10. Let N = {1,2}, M = {a,b}, and p = {Orq, 1rq,a10b2}. Then the soft TS (N, p, M)
is soft dense-in-itself. Conversely, since p, = {&, N, {1}} and p, = {, N, {2}}, then neither (N, p,) is
dense-in-itself nor (N, p,) is dense-in-itself.

Theorem 2.11. Let {(N,X,,) : m € M} be a collection of TSs. Then (N, ®memNim, M) is soft dense-in-
itself iff (V, N,,,) is dense-in-itself for each m € M.

Proof. Necessity. Let (N, ®em N, M) be soft dense-in-itself. Let k € M. Let us assume the contrary, that
there is € N such that {z} € Xj. Then k,, € SP (N, M) N ®re m By Thus, (N, Bpe R, M) is not soft
dense-in-itself, a contradiction.

Sufficiency. Let (N,R,,) be dense-in-itself for each m € M. Let p = @®pem Ny, Then, p,,, = N, for each
m € M. Thus, by Theorem 2.9, (N, p, M) = (N, ®memBim, M) is soft dense-in-itself.

Corollary 2.12. For a given TS (N, R) and a set R, (N, 7 (R),R) is soft dense-in-itself iff (/V,X) is dense-
in-itself.

Proof. For each r € R, let X,. = X. Then 7 (R) = ®,exN,. Thus, we obtain the result by applying Theorem
2.11.

Theorem 2.13. Let (N, p, M) be soft dense-in-itself and let ¢§ # Y < N such that py = SS (Y, M). Then
Int, (Cy) = Opm.

Proof. Let us assume the contrary, that we find m,elnt, (Cy) CCy. Then, my € SS(Y,M) = py. So,
there is G € p such that m,, = GACy. Since m,€Int, (Cy)SCy, then m, = GAInt,(Cy) € p. Thus,
(N, p, M) is not soft dense-in-itself, a contradiction.

Theorem 2.14. Let (N, p, M) be soft dense-in-itself and let F # Y < N such that py = S5 (Y, M). Then
1./\/1 — Cy € LC(p) lffCY € pc.

Proof. Necessity. Let 1,y —Cy € LC (p). Then we find G € psuch that 1, —Cy = GAClo, (1p — Cy) =
GA (1pm — Int, (Cy)). By Theorem 2.13, Int, (Cy) = Opq and so, Ly — Cy = GA(Iy —0pq) = G.
Therefore, 1, — Cy € p and hence, Cy € p°.

Sufficiency. If Cy € p°, then 1y — Cy € p € LC (p).

Lemma 2.15. Let (N, p, M) be a soft TS and let & # Y < N. Then for each m € M, (py),, = (Pm)y-

Proof. To show that (py),, < (pm)y. let V € (py),,. Then we find K € py such that K (m) = V.
Pick G € p such that K = GACy. Then K (m) = (GACYy)(m) = G (m) n'Y. Therefore, we have
G (m) € ppand V = G (m) nY; hence, V € (pm)y. To show that (p,,)y S (py),,, let V € (pm)y-
Then there U € p,, such that V. = U n Y. Pick G € p such that U = G(m). Then GACy € py and so,
(GACy) (m) =G(m)nY =UnY =V e (py),,

Theorem 2.16. Let (N, p, M) be a soft TS and let &J # Y < N such that py = SS (Y, M). Then for each
me M, (pm)y = P(Y).
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Proof. Let m € M. Lety € Y. Then m, € SS (Y, M) = py and so, {y} = (my) (m) € (py),,. Thus, by
Lemma 2.15, {y} € (o )y . This shows that (p,, ), = P(Y).

Theorem 2.16’s opposite need not be true:

Example 2.17. Let N = {1,2}, M = {a,b}. Let K,G € SS (N, M), where K (a) = {1}, K (b) = {2},
G (a) = {2}, and G (b) = {1}. Let p = {Or1, L, K, G} .Consider the soft TS (N, p, M). Let Y = N. Then
(pa)y = (pv)y = P(Y) while py # 55 (¥, M).

Theorem 2.18. Let {(V,R,,) : m € M} be a collection of TSs and let &J # Y < N. Then (®memNm)y =
SS (Y, M) iff X,,, = P(Y) for each m € M.

Proof. Necessity. Let (®memNm)y = SS (Y, M). Letm € M. Then by Theorem 2.16, ((®memNm),, )y =
P(Y) But (@mGMNm)m = Nm HCHCG, Nm = P(Y)

Sufficiency. LetR,,, = P(Y') foreachm € M. Letm,, € SS (Y, M). Then by assumption, {y} € P(Y) = 8,,
and so, my € SS (Y, M) @mem Nm)y = (®memBim )y This shows that (BpepmRi )y = SS (Y, M).

Corollary 2.19. Let (N,X) be a TS, R be a set, and & # Y < N. Then (7 (R)),, = SS (Y, M) iff
Ry =P(Y).

Proof. For each r € R, let X,. = X. Then 7 (X) = @®,exN,. Thus, we obtain the result by applying Theorem
2.18.

Example 2.20. Let N = R and let X be the usual topology on R. Let M = {a,b} and Y = {L :n e N}.
Then (N, 7 (R), M) is soft T1. Since Xy = P(Y"), then by Corollary 2.19, (7 (X)), = S5 (Y, M). Thus, by
Theorem 2.7, Cy € LC (1 (R)).

Theorem 2.21. Let (N, p, M) be a soft TS and let &J # Y < N such that Cy € LC (p). Then LC (py) <
LC (p).

Proof. Let H € LC (py). Then we find K € p such that H = K~Clo,, (H) = K~ (Clo,(H)ACy) =
(KACYy) AClo,(H). Since Cy € LC (p), then we find T' € p such that Cy = TAClo,(Cy). There-
fore, H = (KA (TAClo,(Cy))) AClo,(H) = (KAT) A (Clo,(Cy)AClo,(H)) with KAT € p and
Clo,(Cy)AClo,(H) € p°. Hence, H € LC (p).

Theorem 2.22. Let (N, p, M) be a soft TS and let Y < P (N) — {} such that {Cy : Y € Y} < p. Let
He SS(N,M).If HRCy € LC (py) foreach Y € Y, then H € LC (p).

Proof. Since HACy € LC (py) for each Y € ), then for each Y € ), we find G (Y) € py such
that HACy = G (Y) AClo,, (HACy) = G(Y)AClo,(HACy)ACy = G(Y)AClo,(HACY). Since
{Cy :YeY}cp then{G(Y):Y €Y} < p. Now, for each

Y eV, G(Y)AClo,(H) = G(Y)ACyAClo,(H)SG (Y) AClo,(HACy) = HNCy. Let G = OyeyG (Y).
Then G € p and H = GAClo,(H). It follows that H € LC (p).

Theorem 2.23. Let (N, p, M) be a soft TS and let Y < P (N) — {J} such that {Cy : Y € Y} < p° and
{Cy : Y € Y} is soft locally finite. Let H € SS(N,M). If HACy € LC (py) for each Y € Y, then
He LC (p).

Proof. Since HACy € LC (py) for each Y € ), then for each Y € Y, we find G (Y') € py such that
HACy = G(Y)AClo,, (HACy) = G(Y) AClo,(HACy)RCy = G (Y) AClo,(HACY). ForeachY €
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Y, wefind K (Y) € psuchthat G (Y) = K (Y) ACy andhence HACy = G (Y) = (K (Y) ACy) AClo,(HACY).
Since {Cy : Y € Y} < p°, then foreach Y € Y, Clo,(HACy )SClo,(H)AClo,(Cy) = Clo,(H)ACy and
so, HACy = (K (Y) ACy) AClo,(HACy) = K (Y) AClo,(HACy). Let mz€H. Since {Cy : Y € YV}
is soft locally finite, then {Cy : Y € Y} is soft point finite, and so we find a finite sub-collection ; < Y
such that m,€Cy for each Y € Y; and mgC%Cy foreach Y € Y — ). Since {Cy : Y € Y} < p°
and {Cy : Y € YV} is soft locally finite, then {Cy : Y € Y — Y1} € p° and, by Proposition 5.2 of [29],
O{Cy :YeY—-W} e p LetU,, = (lpy—0O{Cy:YeY-}DNAR{K(Y):Y €)}). Then
my€U,, € p. Let U = O{Uy, : muEH}. Then U € p and HEUAClo,(H). Let a,€UNClo,(H).
Since a,€U, then a,€U,,, for some m,EH. Since a,eClo,(H) = O {Clo,(HACy) : Y € Y}, then there is
Yy € Y such that a,€Clo,(H~Cy ); hence Yy € Yy and U,,, K (Y). Thus, a,€K (Yy) AClo,(HXCy,) =
HX~Cy,SH. It follows that H = UAClo,(H). Therefore, H € LC (p).

Theorem 2.24. Let (N, p, M) and (R, x, L) be two soft TSs. If H € LC(p) and K € LC(x), then
H x K e LC (pr(p x x))

Proof. Since H € LC (p) and K € LC (x), then we find G € p and W € x such that H = GAClo, (H) and
K = WACL, (K). Thus, we have G x W € pr (p x x) and
Hx K (GAClo, (H)) x (WACI, (K))
(G xW)A(Clo, (H) x Cly (K))
(G X W)F\Clpr(px)() (H X K)

Therefore, H x K € LC (pr (p x x)).

Theorem 2.25. For a soft T} space (N, p, M), TEA.E:
(@) He LC (p)iff 1y — H e LC (p).
(b) LC (p) is closed under finite soft union.
(c) For each G € p and each m,€Bd, (G), we find U € p such that m, = URBd, (G).
(d) For each T € SO (p) and each m,€Bd, (T'), we find U € p such that m, = UABd,, (T).
() SO (p) = LC (p).
Proof. (a) — (b): Let {H, K} < LC (p). Then by (a), {1y — H,1p — K} < LC (p). So,
(Im—H)A(Ipm — K) =10 — (HUK) € LC (p). Thus, again by (a), HOK € LC (p).
(b) — (a): It is sufficient to show that H € LC (p) implies 15— H € LC (p). Let H € LC (p). Then we find
UepandT € p®suchthat H = URT. Then 1y —H = (1p —U) O (Ipg — T) with 1p—U € p© < LC (p)
and 1pq —T € p < LC (p). Thus, by (a), 1pq — H € LC (p).
(b) — (¢): Let G € p and let m,€Bd, (G) = Clo,(G)AClo, (1p — G) = Clo,(G)A (1pm — G). Since
(N, p, M) is soft Ty, then m, € p° < LC (p). Moreover, we have G € p < LC (p). Thus, by (¢), GOm, €
LC (p). So, we find K € p such that

GOm, = KA~Clo, (GOmy)

= KA (Clo, (G) Omy)

(
(KAClo, (G)) O (KAmy)
(KAClo, (G)) Omy.

Claim. m, = Bd, (G) "K.

Proof of Claim. We have m,€Bd, (G). Moreover, since GOm, = KAClo, (GOm,), then m,EK. There-
fore, m,SBd, (G) A K. Conversely, let a,& (Bd, (G) A K). Since
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Bd,(G)AK  (Clo,(G)A (1y — G)) AK
(KAClo, (G)) & (1y — G).,

then a,€ KA Clo, (G) and a,€1 ¢ — G. Thus, a,€ (KAClo, (G)) Om, = GUm,. Since a,€1 4 — G, then
a, = my,. Therefore, Bd, (G) NKSm,.

(¢) — (d): Let T € SO (p) and let m,€Bd,, (T). Since T € SO (p), then T<Clo,(Int, (T)) and so
Clo, (T) SClo,(Int, (T)); hence Clo, (T') = Clo,(Int, (T)). Thus,

Bd, (T)

Clo,(T)~ Clo, (1pm —T)
Clo,(Int, (T))AClo, (1p —T)
Clo,(Int, (T ))ﬁClop(lM Int, (T))
Bd, (Int, (T)).

Since Int, (T') € p and mzEBd, (Int, (T)), then by (c), we find U € p such that m, = UNBd,, (Int, (T)).
Since m,€UABd, (T) SUAClo,(Int, (T)), then m, = UNBd,, (T).

Fne

(d) — (e): Let T' e SO (p). For each a,€T'~Bd, (T), by (d), we find U, € psuchthata, = U,, ABd, (T).
LetU = Int, (T) O (O {U,, : az€TABd, (T)}). Then U € p.

Claim. T' = UAClo,(T).

Proof of Claim. To show that TCU, let a,€T — Int, (T)SClo,(T) — Int,(T) = Bd,(T). Then
a,€T~Bd, (T) and so, a,EU,, ST {U,, : a,€TABd, (T)}. Therefore, TCU. Hence, TSU~Clo,(T).
To show that UAClo,(T)ZT, let us assume the contrary that there is m,& (U~Clo,(T)) — T Since mygT,
then myglntp (T'). Since m,€U, then my€ {U,, : a,€TABd, (T)}, then we find a,€TRBd,, (T') such that
my€U,, . Since m,€Clo,(T) — Int, (T) = Bd, (T), then my,eU,, ~ABd, (T) = a,. Thus, m, = a,. But
a-€T while mygT, a contradiction.

This claim shows that 7' € LC (p).

(e) — (a): We will show that UOD € LC (p) foreach U € pand D € p°. Let H = USUD with U € p and
Dept.LetV=U—-D.ThenV € p,H=V3ID,and VAD = 0pq. Let T = V3 (Clo, (V) AD). Since
V e pand

Vv T
Clo, (T)
CZOP(VO (Clo, (V)AD))
Clo, (V)T (C’lop(Clop( )AD))
Clo, (V) G (Clo, (V) AD)

= Clo, (V),

I INeINe

then T' € SO (p).
Thus, by (e), T' € LC (p) and hence, we find G € p such that T' = GAClo, (T).
Since Clo, (T') = Clo, (V), then T = G~ Clo, (V).
Let R = GG (1p — Clo, (V). Then R € p and
RAClo, (H) = RAClo, (V

RA (Clo, (V

5D)
) OD)
= (RAClo, (V ))k:J

O (

(RAD)
(GmC’lop( )) (RAD)
= (V3 (Clo, (V) AD)) O ((GS (1pm — Clo, (V1)) AD)
(VG (Clo, (V) AD)) G (((GAD) O((1m — Clo, (V) AD)
(VO (GAD)) T ((C’lop( )AD) S(1p — Clo, (V) AD)
= (VG (GAD)) O (DA (Clo, (V) S(1m — Clo, (V))))
(VO (GAD)) U (DA1pm)
(VO (GAD))TOD
VoD
H.
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Therefore, H € LC (p).

3 The Soft Topology p;

Given a soft TS (N, p, M), LC' (p) forms a soft base for a soft topology on N relative to M, which is denoted
by pi.

Theorem 3.1. Let (N, p, M) be a soft TS. Then p U p° is a soft subbase for (N, p;, M).

Proof. Let G € p; — {0} and let m,€G. Since LC (p) is a soft base for (N, p;, M), there is H € LC (p)
such that m,EHCG. Pick K € pand G € p¢ such that H = K AG. This ends the proof.

Theorem 3.2. Let (N, p, M) be a soft TS. Then for any m € M, (pm), = (p1),,-

Proof. To show that (p.,), < (p1),,, let U € (pm), — {J}. Let x € U. Then there is V € LC (p,,,) such that
xeV cU.Pick S € p,,and T € (p,,)° such that V = S n T. Pick K € p and G € p° such that K (m) = S
and G(m) = T. Thus, we have KAG € LC (p) < p; and so, (KAG) (m) = K(m)nG(m) =SnT =V.
Therefore, V' € (p;),,,. This shows that U € (p;),,,. To show that (p;),, S (pm);, let U € (p1),, — {T}. Let

x € U. Pick F € p; such that U = F(m). Since m,EF € py, then there is H € LC (p) such that m,EHCF;
hence, x € H (m) < F(m) = U. By Theorem 2.1, H (m) € LC (p,,,). It follows that U € (p;,),.

Theorem 3.3. Consider the soft TS (N, ®mer N, M) generated by the collection {(N,R,,,) : m € M} of
TSs. Then (BmemNm); = Bmert Rm);-

Proof. To show that (Brmem®im); S Pmem Rin);, let G € (BmerNim); — {Oad}. Let a € M. Then G(a) €
(@mem®in);),- By Theorem 3.2, ((@memBm);), = (@mermNm),),- Moreover, we have, (DmermNim), =
R,. Therefore, we have G(a) € (R,),. It follows that G € @yert (Ni);. To show that @pers (Nin), <
(Bmem®im);s let G € (Bmer (Rin);) — {Oa}. Let az€G. Then x € G(a) € (X,),. Pick V e LC (R,) such
that x € V < G(a); hence, a,€ay SG. Moreover, by Theorem 2.2, ay € LC (®memNrm). It follows that
Ge ((‘BmEMNm)l~

Corollary 3.4. For a given TS (N, X) and a set R, (7 (X)), iff 7 (¥;).

Proof. For each r € R, let X, = . Then 7 (X) = @®,<rN,. Thus, we obtain the result by applying Theorem
3.3.

Theorem 3.5. For any soft TS (N, p, M), p < p;.

Proof. Obvious.
Equality cannot take the place of inclusion in Theorem 3.5:
Example 3.6. Let N = R, M = Z, and P = {OM, 1M7 C@}. Then pPlL = {OM, 1M, C@, CR_Q}. SO, P # Pl

Theorem 3.7. A soft TS (N, p, M) is soft Ty iff (N, p;, M) is soft Tp.

Proof. Necessity. Obvious.
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Sufficiency. Let (N, p;, M) be soft Ty and let a,, b, € SP (N, M) such that a, # b,. Then there is T' € py,
say a,ET and b,¢T. Pick H € LC (p;) such that a,€ HST. Pick G € p and K € p° such that H = GAK. If
b,¢G, then we are done; otherwise b,€1 ¢ — K € p and a,¢10 — K.

Theorem 3.8. A soft TS (IV, p, M) is soft T iff p; is soft discrete.

Proof. Necessity. Let (N, p, M) be soft Tp. Then SP (N, M) < LC (p) < p;. Hence, p; is soft discrete.

Sufficiency. Let p; be soft discrete. Let m, € SP (N, M). Since p; is soft discrete, then m,, € p;. So, there is
H e LC (p) such that m,€HSm,. Thus, m, = H € LC (p). Therefore, (N, p, M) is soft Tp.

Corollary 3.9. If (N, p, M) is soft T}, then p; is soft discrete.

Remark 3.10. The implication in Corollary 3.9 may not be valid in reverse, as demonstrated by Example 4.3
of [25]. Additionally, it demonstrates that we cannot substitute soft 7 for soft T in Theorem 3.7.

Theorem 3.11. For a soft TS (N, p, M), TEAE:

(@) (N, p, M) is soft indiscrete.

(b) (N, p1, M) is soft indiscrete.

(©) (N, p1, M) is soft connected.

Proof. (a) — (b): Suppose, on the contrary, that there is G € p; — {01, 1a1}. Pick H € LC (p) — {01, 101}
such that HCG. Pick G € p and K € p¢ such that H = GAK. Since H # 04, then G # 0 and K # 0.
Since G € p = {Op, Ipq} and K € p© = {Opq, 1), then G = K = 1pq. Thus, H = 1y A p = 1o,
which is a contradiction.

(b) — (c): Obvious.

(c) — (a): Suppose on the contrary that there is G € p—{0 4, 14} By Theorem 3.1, we have {G, 1, — G} <
o1 — {01, Laq}. Therefore, (N, p;, M) is not soft connected, a contradiction.

Theorem 3.12. Every soft Alexandroff soft T space is soft Tp.

Proof. Let (N, p, M) be soft Alexandroff and soft Ty. Let m, € SP (N, M). Let H = A {G € p: m, € G}.
Since (N, p, M) is soft Alexandroff, then H € p.

Claim. m, = HAClo, (mg).

Proof of Claim. Clearly that m,€H ~Clo, (m;). To end the proof, suppose on the contrary that there is
byeHAClo, (my) such that mg # by,. Since (N, p, M) is soft Ty, there is K € p such that (m,€K and
b,¢K) or (m,¢K and b,&K). Let m,&K and b,¢K. Since m,&K € p, then HEK. Since b,€H, then
b,EK. But b,éK, a contradiction. Let m,¢K and b,EK. Since b,€K~H € p and byeClo, (my), then
me A (KAH) # 0q; hence, m, €K . But mm%K, a contradiction.

Theorem 3.13. If (N, p, M) is soft Alexandroff, then (N, p;, M) is soft Alexandroff.

Proof. Let 6Cp; with AregT # O0pq. Let mp€R7esT. Then m €T for each T € &. Thus, for each
T € ©, there are Gr € p and K7 € p° such that m,€Gr~NKpCST. Since (N, p, M) is soft Alexandroff,
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then Ao Gr € p. Also, we have Areo K1 € p°. Therefore, we have m,€ (AreoGr) A (Arec K1) €
LC (p) and (ﬁTeeGT) A (ﬁTE@KT) = F/\TE@ (GTF\KT) i?\Te@T; hence fNWTeeT € pr. This shows that
(N, p1, M) is soft Alexandroff.

Theorem 3.14. If (N, p, M) is soft Tp, then (N, p,,,) is Tp for each m € M.

Proof. Assume that (V, p, M) is soft Tp. Let m € M. Letx € N. Then m, € SP (N, M). Since (N, p, M)
is soft Tp, then m, € LC (p). Thus, by Theorem 2.1, m, (m) = {z} € LC (pn,). Therefore, (N, pp,) is Tp.

The implication in Theorem 3.14 may not be valid in reverse, as demonstrated by the following example:

Example 3.15. Let N = {1,2}, M = {a,b}. Let K,G € SS (N, M), where K (a) = {1}, K (b) = {2},
G (a) = {2}, and G (b) = {1}. Let p = {Opq, L rq, K, G} .Consider the soft TS (N, p, M). Then, (N, p,) and
(N, pp) are discrete TSs, and so they are Tpp spaces. On the other hand, since a; ¢ LC (p), then (N, p, M) is
not soft Tp.

Theorem 3.16. Consider the soft TS (N, @,,e mRim, M) generated by the collection {(N,N,,) : m € M} of
TSs. Then (N, ®mem N, M) is soft T iff (N, R,,,) is Tp for each m € M.

Proof. Necessity. Let (N, ®merNim, M) be soft Tp. Let a € M. Then by Theorem 3.14, (N, (Dmer¥im),)
is T'p. Since (BmemBin), = N, then (N, R,) is Tp.

Sufficiency. Let (N,R,,,) be Tp for each m € M. Let a, € SP (N, M). Since (N,R,) is Tp, then {z} €
LC (X,). Thus, by Theorem 2.2, a,, € LC (e mNi ). Therefore, (N, B pmRin, M) is soft Tp.
Corollary 3.17. For a given TS (N, R) and aset R, (N, 7 (R),R) is soft T iff (N, N) is Tp.

Proof. For each r € R, let X, = X. Then 7 (X) = @®,czN,. Thus, we obtain the result by applying Theorem
3.16.

Theorem 3.18. If (N, p, M) is soft Alexandroff, then (N, p,,) is Alexandroff for each m € M.

Proof. Assume that (N, p, M) is soft Alexandroff. Let m € M. Let ® < p,, such that nyeoU # . For

each U € @, Pick Gy € p such that Gy (m) = U. Since (N, p, M) is soft Alexandroff, then Ayea Gy € p;
hence, (RyeaGu) (m) = NyeaU € pu,. It follows that (N, p,,) is Alexandroff.

Question 3.19. Let (N, p, M) be a soft TS such that (N, p,,) is Alexandroff for each m € M. Is it true that
(N, p, M) is soft Alexandroff?

Theorem 3.20. Consider the soft TS (N, @®,,e mNim, M) generated by the collection {(N,N,,) : m € M} of
TSs. Then (N, ®merm N, M) is soft Alexandroff iff (N, X,,) is Alexandroff for each m € M.

Proof. Necessity. Let (N, ®mermNm, M) be soft Alexandroff. Let a € M. Then by Theorem 3.18,
(N, (Bmem®m),) is Alexandroff. Since (BmermNm), = Nq, then (IV, R,) is Alexandroff.

Sufficiency. Let (N, X,,,) be Alexandroff for each m € M. Let ©C @ert Nip, With ApegT # 0p4. For each
me M, {T (m):T e o}, and so, nrecT (M) = (AreaT) (M) € R,,. Hence, AreaT € SmermNim.-

Corollary 3.21. Fora given TS (IV,X) andaset R, (N, 7 (X) , R) is soft Alexandroff iff (IV, X) is Alexandroff.
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Proof. For each r € R, let X, = X. Then 7 (X) = @,czN,. Thus, we obtain the result by applying Theorem
3.20.

The implication in Theorem 3.13 may not be valid in reverse, as demonstrated by the following example:

Example 3.22. Let N = R and let X be the usual topology on R. Let M = {a, b}. Since (N, R) is Tp, then
by Corollary 3.17, (N, 7 (X), M) is soft Tp. So, by Theorem 3.8, p; is soft discrete. Thus, (N, (7 (R)),, M)
is soft Alexandroff. Conversely, since (N, R) is not Alexandroff, then by Corollary 3.21, (N, 7 (), M) is not
soft Alexandroff.

Theorem 3.23. Let (N, p, M) and (R, x, £) be two soft TSs. Then (N x R, pr (p x x), M) is soft Tp iff
(N, p, M) and (R, x, L) are soft Tp.
Proof. Necessity. Let (N x R,pr(p x x), M x L) be soft Tp. Let a, € SP (N, M) and b, € SP (R, L).

Then (a,b), ) € SP (N x R,M x L). So, (a,b),,, € LC (pr(p x x)). Then there is G € pr (p x X)
such that ‘

(@,9) 5.y = CACLopr (o) ((a, b)(w)) — GA (Clo, (ag) x Cloy, (by)).

Since (a,b), ,) EG € pr(p x x), then there are U € p and V' € x such that (a,b), €U x VZG. This
implies that

(@,0) () = (U x V) A (Clo, (az) x Cloy (by)) = (UAClo, (az)) x (VACloy (by)).

Hence, a, = UNClo, (a;) and b, = VACloy (by). It follows that (N, p, M) and (R, x, L) are soft Tp.
Sufficiency. Let (N, p, M) and (R, x, L) be soft Tp. Let (a,b)(m’y) € SP(N x R,M x L). Then a, €
SP(N,M)and b, € SP(R,L). So, a, € LC (p) and b, € LC (x). Thus, by Theorem 2.24, a, x b, =
(a,) ;) € LC (pr (p x x)). Therefore, (N x R, pr (p x x), M) is soft Tp.

Theorem 3.24. Every soft T’ /; space is soft Tp.

Proof. Let (N, p, M) be soft T, and let a, € SP (N, M). Then, a, € pu p° < LC (p). Hence, (N, p, M)
is soft Tp.

The implication in Theorem 3.24 may not be valid in reverse, as demonstrated by the following example:

Example 3.25. Foreachn € N, let A, = {n,n+1,...} and let X = {J} U {A, : n € N}. Since for each
neN,wehave A, eX,N— A, 1 €N and {n} = A, n(N—A,;1) € LC (N), then (N, R) is Tp. On the
other hand, it is clear that {2} ¢ X U R°. Let M = {a, b}. Then, (N, 7 (X), M) is soft Tp but not soft T} /5.

4 Soft Locally Indiscreteness and Soft Submaximality

Theorem 4.1. For a soft TS (N, p, M), TEA.E:
(@) (N, p, M) is soft Li.
(®) p = pi.

(©) LC (p) < p.
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(d) LC (p) < p°.

(e) {Clo, (F): FeSS(N,M)} < p.

Proof. (a) — (b): Let (N, p, M) be soft Li. We will show that p; < p. Let H € p; — {04} and let m,EH.
Pick G € p and K € p° such that H = GAK. Since (N, p, M) is soft 1.i, then K € p and so, H = GAK € p.
Therefore, H € p.

(b) — (c): Since LC (p) < p; and by (b), p = p;, then LC (p) < p.

(c) — (d): Always we have p = LC (p). So, by (c), p° S p; hence, p = p°. Therefore, by (c), LC (p) € p°.

(d) — (e): Let F' € SS (N, M). Since always we have p & LC (p), then by (d), p S p©; hence, p = p°.
Since Clo, (F) € p, then Clo, (F) € p.

(e) — (a): We will show that p° < p. Let G € p°. Then by (e), Clo, (G) = G € p.

Theorem 4.2. Every soft 1.i space is soft Alexandroff.
Proof. Let (N, p, M) be soft 1i. Let ¥ < p. Since (N, p, M) is soft Li, then p = p° and so, ¥ < p°. Thus,
(NWGE\I/G € pc = p.

The soft TS in Example 3.6 is soft Alexandroff but not soft Li.

Theorem 4.3. For a soft T3 space (N, p, M), TEA.E:

(@) (N, p, M) is soft discrete.

(b) (N, p, M) is soft L.i.

(¢) (N, p, M) is soft Alexandroff.

Proof. (a) — (b): Obvious.

(b) — (c): Follows from Theorem 4.2.

(c) — (a): Let m, € SP(N,M). Since (N, p, M) is soft Ty, then m, = A {G € p: m,EG}. Since
(N, p, M) is soft Alexandroff, then & {G € p : m,€G} € p; hence m, € p. Therefore, (N, p, M) is soft
discrete.

Theorem 4.4. Every soft Tj soft 1.i space is soft 77 .

Proof. Let (N, p, M) be soft Ty and soft Li. Let m, € SP (N, M). Suppose on the contrary that there
is b,eClo, (m,) such that m, # b,. Since (N, p, M) is soft Ty, then there is K € p such that (m,€K

and bng) or (mI%K and b,€K). Let m,eK and by%K. Since (N, p, M) is soft Li, then 1y — K € p.
Since by€1p¢ — K and b,eClo, (my), then (1 — K) Amy # Opq; hence, m,€1lpa — K. But bng, a
contradiction. Let ngK and b,eK. Since b, €K € pand b,eClo, (my), then m; K # 0pq; hence, m, K.
But mmgK , a contradiction.

Theorem 4.5. For a soft Ty space (N, p, M), TE.A.E:
(@) (N, p, M) is soft discrete.

(b) (N, p, M) is soft Li.
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Proof. (a) — (b): Obvious.

(b) — (a): Follows from Theorems 4.3 and 4.4.

Theorem 4.6. If (N, p, M) is soft submaximal, then (NN, p,,,) is submaximal for each m € M.

Proof. Assume that (N, p, M) is soft submaximal. Let m € M. Let V & N. Then my € SS (N, M).
Since (N, p, M) is soft submaximal, then my € LC (p). Thus, by Theorem 2.1, my (m) = V € LC (pm).
Therefore, (N, p,,) is submaximal.

The implication in Theorem 4.6 may not be valid in reverse, as demonstrated by the following example:

Example 4.7. Let N = {1,2} and M = {a,b}. Let K,G € SS (N, M), where K (a) = {1}, K (b) = {2},
G (a) = {2}, and G (b) = {1}. Let p = {Opn, 1 r, K, G} .Consider the soft TS (N, p, M). Then, (N, p,)
and (N, pp) are discrete TSs, and so they are submaximal spaces. On the other hand, since a; ¢ LC (p), then
(N, p, M) is not soft submaximal.

Theorem 4.8. Consider the soft TS (N, ®merNi,, M) generated by the collection {(N,R,,) : m € M} of
TSs. Then (N, ®mepmBim, M) is soft submaximal iff (IV, N,,,) is submaximal for each m € M.

Proof. Necessity. Let (N, e mNim, M) be soft submaximal. Let @ € M. Then by Theorem 4.6, (N, (®merNim),)
is submaximal. Since (e mNm), = Nq, then (N, R,) is submaximal.

Sufficiency. Let (N,R,,) be submaximal for each m € M. Let K € SS (N, M). Then K(m) € LC (X,,)
for each m € M. Thus, by Theorem 2.2, K € LC (®memRm). Therefore, (N, ®memNm, M) is soft
submaximal.

Corollary 4.9. For a given TS (N, X) and aset R, (N, 7 (X),R) is soft submaximal iff (N, X) is submaximal.
Proof. For each r € R, let X,. = X. Then 7 (X) = ®,exN,. Thus, we obtain the result by applying Theorem
4.8.

The following two examples show that ”’soft submaximality” and “’soft local indiscreteness” are independent
concepts:

Example 4.10. Let N = {1,2,3} and X = {F, N, {1},{2,3}}. Then (IV,R) is locally indiscrete but not
submaximal. Let M = Q. Then by Corollary 1 of [18] and Corollary 4.9, (N, 7 (X),.M) is soft L.i but not
soft submaximal.

Example 4.11. Let N = {1,2,3,4} and X = {J, N, {1},{2},{1,2},{1,2,3},{1,2,4}}. Then (N,R)
is submaximal but not locally indiscrete. Let M = Q. Then by Corollary 4.9 and Corollary 1 of [18],
(N, 7 (X), M) is soft submaximal but not soft L.i.

Theorem 4.12. For a soft 1.i space (N, p, M), TEAE:

(@) (N, p, M) is soft T;.

(b) (N, p, M) is soft T' /5.

(©) (N, p, M) is soft Tp.
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(d) (N, p, M) is soft Tj.

(e) (N, p, M) is soft discrete.

(f) (N, p, M) is soft submaximal.

Proof. (2) — (b), (b) — (c), (¢) — (d), () —> (f), and (f) — (c) are obvious.
(d) — (a): Follows from Theorem 4.4.

(a) — (e): Follows from Theorem 4.3.

5 Soft Ic-Regularity

Definition 5.1. A soft TS (N, p, M) is called soft [c-regular if for each a,, € SP (N, M) and each H € LC (p)
such that a,¢H, there are {G, K} < p such that a,€G, HCK, and GAK = 0.

Theorem 5.2. A soft TS (N, p, M) is soft lc-regular iff for each a, € SP (N, M) and each T € COLC (p)
such that a, €T, there is G € p such that a,EGZClo, (G) ST.

Proof. Necessity. Assume that (N, p, M) is soft lc-regular. Let a, € SP (N, M) andlet T € COLC (p) such
that a,&T. Then, we have a,¢1, — T € LC (p) and by soft lc-regularity of (N, p, M), there are {G, K} < p
such that a,€G, 1y — TS K, and GARK = 04. Thus, we have a,6GZ1, — KZT. Since G110 — K € p°,
then Clo, (G) S1 ¢ — KCT. This ends the proof.

Sufficiency. Let a, € SP (N, M) and let H € LC (p) such that ay¢ H. Then a,&1, — H € COLC (p) and
by assumption, there is G € p such that a,€GEClo, (G) Sl — H. Let K = 154 — Clo, (G). Therefore,
we have {G, K} < p such that a,€G, HCK, and GARK = 0. Hence, (N, p, M) is soft lc-regular.

Theorem 5.3. Every soft [c-regular space is soft regular.

Proof. Let (N, p, M) be soft lc-regular. Let a, € SP (N, M) and let T € p such that a,€T. Since 1y — T €
p¢ < LC(p), then T € COLC (p). Thus, by Theorem 5.3, there is G € p such that a,€GSClo, (G) ST.
This shows that (N, p, M) is soft regular.

Theorem 5.4. If (N, p, M) is soft lc-regular, then (N, p,,,) is lc-regular for each m € M.

Proof. Assume that is (N, p, M) is soft lc-regular. Let m € M. Letxz € N and V € LC (p,,) such that
x ¢ V.PickU € p,, and W € (p,,)“ suchthat V = U n W. Pick T'€ p and S € p© such that U = T'(m) and
W = S (m). Then, we have TRS € LC (p) and m,¢T™S. Thus, by soft lc-regularity of (N, p, M), there
are {G, K}  p such that m,&€G, TRSCK, and GRK = 0,4. Therefore, we have {G (m), K (m)} S p,,
€ Gm),V =UnW=T(m)nS(m)< K(m),and G (m) n K (m) = . It follows that (N, p,,) is
lc-regular.

The following example shows that the inverse of the implication in Theorem 5.4 may not be true:

Example 5.5. Let N = {1,2}, M = {a,b}. Let K,G € SS (N, M), where K (a) = {1}, K (b) = {2},
G (a) = {2},and G (b) = {1}. Let p = {Opq, 1, K, G, a1, GTay }. Consider the soft TS (N, p, M). Then,
(N, po) and (N, pp) are discrete TSs, and so they are [c-regular spaces. Suppose that (N, p, M) is soft regular.
Since a1€a; € p, then there is G € p such that a1EGSClo, (G) Sa;. Thus, G = Clo,(G) = a;. But
Clo,(a1) = K # aq. Therefore, (N, p, M) is not soft regular. Hence, (V, p, M) is not soft lc-regular.
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Theorem 5.6. Let {(N,R,,,) : m € M} be a collection of TSs. Then (N, ®yne N, M) is soft le-regular iff
(N, N,,) is lc-regular for each m € M.

Proof. Necessity. Assume that (N, @ pm N, , M) is soft lc-regular. Then by Theorem 5.4, (N, (@merNim),,)
is lc-regular for each m € M. But (®nem Vi), = R, for each m € M. This completes the proof.

m

Sufficiency. Assume that (N,R,,) is lc-regular for each m € M. Let a, € SP(N, M) and let H €
LC (®memNy,) such that ang. Since H € LC (®memNim), then by Theorem 2.2, H (a) € LC (X,).
Since ay¢H, then 2 ¢ H(a). Since (N,R,) is lc-regular, then there are {U,V} < R, such that z € U,
H(a)<V,andU nV = . Define G, K € SS(N, M) by

U if m=a V if m=a
G(m)_{@ if m#a andK(m)_{N if m#a’

Then, we have {G, K} S ®mem Ny, such that a,€G, HEK, and GRK = 0. It follows that (N, ®,ne Ry, M)
is soft [c-regular.

Corollary 5.7. For a given TS (N, R) and aset R, (N, 7 (R) , R) is soft lc-regular iff (N, X) is [c-regular.

Proof. For each r € R, let X, = R. Then 7 (X) = @®,<rN,. Thus, we obtain the result by applying Theorem
5.6.

The following example shows that the inverse of the implication in Theorem 5.3 may not true:

Example 5.8. Let X be the usual topology on R and let M = {a, b}. It is proved in Example 4.6 of [8] that
(N,N) is regular but not [c-regular. Thus, by Corollary 4 of [18] and Corollary 5.7, (N, 7 (X), M) is soft
regular but not soft [c-regular.

Theorem 5.9. Let (N, p, M) and (R, x, £) be two soft TSs. If (N x R,pr (p x x), M x L) is soft lc-regular,
then (N, p, M) and (R, x, L) are soft [c-regular spaces.

Proof. Assume that (N x R,pr(p x x), M x L) is soft lc-regular. To show that (N, p, M) is a soft lc-
regular space, let a,€H € COLC (p). Pick A € p and B € p° such that H = AUB. Then A x 1, €
pr(pxx) and B x 1z € (pr(pxx))"; hence, H x 1 = (AUB) x 1z = (Ax1.)0 (B x 1) €
COLC (pr(p x x)). Pick by€l,. Then we have (a,b), , EH x 1z € COLC (pr(p x x)). So, by
Theorem 5.2, there is T' € pr(p x x) such that (a,b), ETSCloy,(pxy) (T)SH x 1z. Pick U € p
and V' € x such that (a,b), €U x VZT. Therefore, (@,0) () EU X VEClo, (U) x Cloy (V) =
Cloyr(pxx) (U x V) EClop,(pxy) (T)EH x 1z. Thus, we have a,€USClo, (U)SH. Hence, again by
Theorem 5.2, (N, p, M) is soft lc-regular. Similarly, we can show that (R, x, £) is soft lc-regular.

Question 5.10. Let (N, p, M) and (R, x, £) be soft lc-regular spaces. Is (N x R, pr (p x x), M x L) soft
lc-regular?

Theorem 5.11. Let (N, p, M) be a soft [c-regular space and let & # Y < N such that Cy € LC (p), then
(Y, py, M) is soft lc-regular.

Proof. Let ' € LC ((p)y ) and a,€Cy — T. By Theorem 2.21, T' € LC (p). Since a,eCy — T, then
ay,€lp — T. Since (N, p, M) is soft lc-regular, then there are {G, K} < p such that a,€G, TSK, and
GAK = Opq. Thus, we have {GACy, KACy} € py, a,€GACy, and T = TARCyEGACy . Therefore,
(Y, py, M) is soft lc-regular.
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6 Conclusion

In this paper, we continue the study of soft locally closed sets. We present characterizations of these sets and
investigate their behaviors using specialized soft topologies. Also, we define and investigate soft dense-in-
itself spaces; in particular, we characterize soft dense-in-itself subspaces in terms of locally closed sets. Given
a soft TS (N, p, M), LC (p) forms a soft base for a soft topology on N relative to M, which is denoted by
pi. We study some relations between (N, p, M) and (N, p;, M). In particular, we show that (N, p, M) is
soft locally indiscrete if and only if p = p;. Moreover, several characterizations and relationships of both soft
locally indiscrete spaces and soft submaximal spaces are given. In addition to these, we define and explore
soft [c-regularity as a stronger form of soft regularity. Finally, we discuss the relationship between some soft
topological notions and their classical counterparts.

We intend to do the following in the next papers:

(1) Define new continuity concepts between soft topological spaces using soft locally closed sets.
(ii) Define some generalizations of soft locally closed sets.

(iii) Define soft [c-normality.

(iv) Investigate how our new concepts and findings can be applied to digital and approximation environments,
as well as decision-making difficulties.

(v) Trying to solve the Questions 3.19 and 5.10.
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