
♦ ISSN: 2995-3162 Vol: 05, No. 01, 2025 ♦ PP. 08–13

Article DOI: https://doi.org/10.54216/PMTCS.050102

FULL LENGTH ARTICLE

LS-Extending Fuzzy Modules

Hassan K. Marhon1,*
1 Ministry of Education, Resafa, Iraq

Email: hassanmath316@gmail.com

Received: November 17, 2024 Revised: January 03, 2025 Accepted: February 05, 2025 ⋆ Corresponding author

ABSTRACT

The main aim of this paper is extend the notion of S-extending fz-modules into LS-extending fz-modules and study
this new notion. This lead us introduce and study other notions such as: purely semisimple, purely extending and
purely Y -extending fz-modules. Moreover, the relationships LS-extending fz-module with the various types.
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1. INTRODUCTION

Throughout this paper R is commutative ring with unity, M
is an R-module and χ is fuzzy module of an R-module,
M denoted by (R-fzmodule). A fz-submodule κ is called
essential (briefly κ ≤e χ), if κ ∩ρ ̸= 01, for any non-trivial fz-
submodule ρ of χ [9] and a proper fz-submodule κ is called
prime fz-submodule whenever rtal ⊆ κ for fz-singleton rt of
R and al ⊆ χ we have either rt ⊆ (κ :R χ) or al ⊆ κ , where

(κ :R χ) = {rt : rt χ ⊆ κ, rt fz-singleton of R}.

Let χ be an R-fzmodule M. If ρ is a fz-submodule of χ ,
then ρ is called a semi-essential (in short S-essential) fz-
submodule of χ , if for all prime fz-submodule η of χ and ρ ∩
η = 01, then η = 01 [1]. A fz-submodule κ of fz-module χ

is called closed (shortly κ ≤c χ), if κ has no proper essential,
that is κ ≤e ρ ≤ χ , then κ = ρ [13]. Hasan in [13] studied
extending fz-module (denoted by F-CS module), where χ is
named extending fz-module if every closed fz-submodule of
χ is a direct summand. In this paper, we introduce a new class
of fz-modules named LS-extending fz-module. This class
of fz-modules lies between F-CS modules and S-extending
fz-module, where χ is named S-extending fz-module if every
S-essential in direct summand of χ [15].

This research consists three sections, in the first section, we
shall give some concepts and properties of fz-sets and fz-

modules. In the second section, we define and we give some
examples and we introduce characterizations and properties
of this class. Section three we study relation LS-extending
fz-module with some types fz-modules.

Next throughout this paper, (shortly fuzzy set, fuzzy sub-
module and fuzzy module is fz-set, fz-submodule and
fz-module).

2. PRELIMINARIES

This section contains some definitions and properties of fz-
sets, fz-modules and fz-submodules, which will use in the
next sections.

Definition 1.1 [21]. Let S be a non-empty set and let I be the
closed interval [0,1] of the real line (real numbers). An fz-set
χ in S (a fz-subset χ of S) is a function from S into I.

Definition 1.2 [22]. Let xl : S −→ I be a fz-set in S, x ∈ S,
l ∈ [0,1], defined by

xl(y) =

{
1, if x = y,
0, if x ̸= y,

∀y ∈ S. (1)
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Then xl is named a fz-singleton. If x = 0 and l = 1, then

01(y) =

{
1, if y = 0,
0, if y ̸= 0.

(2)

Definition 1.3 [22]. Let κ,ρ be fz-sets in S, then:

1. κ = ρ iff κ(x) = ρ(x), ∀x ∈ S.

2. κ ⊆ ρ iff κ(x)≤ ρ(x), ∀x ∈ S.

3. xl ⊆ κ iff xl(y)≤ κ(y), ∀y ∈ S and if l > 0, then κ(x)≥ l.
Thus xl ⊆ κ (x ∈ κl), that is x ∈ κl iff xl ⊆ κ .

Definition 1.4 [22]. Let κ,ρ be fz-sets in S, then:

1. (κ ∪ρ)(x) = max{κ(x),ρ(x)}, ∀x ∈ S.

2. (κ ∩ρ)(x) = min{κ(x),ρ(x)}, ∀x ∈ S.

κ ∪ρ and κ ∩ρ are fz-sets in S. In general, if {κα : α ∈ Λ}
is a family of fz-sets in S, then(⋂

α∈Λ

κα

)
(x) = inf{κα(x) : α ∈ Λ}, (3)(⋃

α∈Λ

κα

)
(x) = sup{κα(x) : α ∈ Λ}, (4)

for all x ∈ S.

Definition 1.5 [16]. Let κ be a fz-set in S. For all t ∈ [0,1],
the set

κt = {x ∈ S : κ(x)≥ t}

is named a level subset of κ .

Remark 1.6 [21]. Assume κ,ρ are fz-subsets of a set S, then:

1. (κ ∩ρ)t = κt ∩ρt for any t ∈ [0,1].

2. (κ ∪ρ)t = κt ∪ρt for any t ∈ [0,1].

3. κ = ρ iff κt = ρt , ∀t ∈ [0,1].

Definition 1.7 [20]. Let f : M −→ N. Let κ be a fz-set in M;
the image of κ , denoted by f (κ), is the fz-set in N defined by

f (κ)(y) =

{
sup{κ(z) : z ∈ f−1(y)}, f−1(y) ̸=∅,

0, otherwise,
(5)

for each y ∈ N, where f−1(y) = {x : f (x) = y}. Let ρ be a
fz-set in N; then the inverse image of ρ , denoted by f−1(ρ),
is the fz-set in M defined by

f−1(ρ)(x) = ρ( f (x)), ∀x ∈ M.

Definition 1.8 [11]. If f : M −→ M̃ is any mapping, a fz-
subset κ of M is called f -invariant if κ(x) = κ(y) whenever
f (x) = f (y), where x,y ∈ M.

Definition 1.9 [21]. A fz-set χ of an R-module M is named
fz-module (R-fzmodule M) if:

1. χ(x− y)≥ min{χ(x),χ(y)}, ∀x,y ∈ M.

2. χ(rx)≥ χ(x), ∀x ∈ M and r ∈ R.

3. χ(0) = 1.

Definition 1.10 [12]. Let χ,ω be two R-fzmodules M (fz-
modules of an R-module M). ω is called a fz-submodule of
χ if ω ⊆ χ .

Definition 1.11 [22]. If κ is fz-submodule of an R-module
M, then the submodule κt of M is called level submodule of
M, where t ∈ [0,1].

Definition 1.12 [9]. Let χ,γ be R-fzmodules M1,M2 individ-
ually. Define

χ ⊕ γ : M1 ⊕M2 −→ [0,1],

(χ ⊕ γ)(h,g) = min{χ(h),γ(g)}, ∀(h,g) ∈ M1 ⊕M2.

χ ⊕ γ is named fz-external direct sum of χ and γ .

Definition 1.13 [11]. Let χ be R-fzmodule M. It is named
semisimple if χ is a sum of simple fz-submodules of χ , where
χ , an R-fzmodule M, is named simple fz-module if χ has
only one proper fz-submodule, which is 01.

Definition 1.14 [9]. A fz-module χ is named uniform fz-
module if κ ∩ρ ̸= 01, for any non-trivial fz-submodule κ and
ρ of χ .

Definition 1.15 [7]. Let χ be R-fzmodule M. χ is named
semiuniform (in short S-uniform) fz-module, if every non-
trivial fz-submodule κ of χ is a semiessential fz-submodule
of χ .

Definition 1.16 [22]. Suppose that κ and ρ are two fz-
submodules of R-fzmodule M. The residual quotient of
κ and ρ , denoted by (κ : ρ), is defined by

(κ : ρ) = {rt : rt is a fz-singleton of R such that rtρ ⊆ κ}.

Definition 1.17 [9]. Let χ be an R-fzmodule M. It is named
fully prime fz-module if every proper fz-submodule of χ is
prime fz-submodule.

Definition 1.18 [9]. A fz-submodule ρ of χ is named pure
fz-submodule of χ , if for each fz-ideal ϖ of R,

ϖχ ∩ρ = ϖρ.

3. LS-EXTENDING FZ-MODULES

In section two, we introduced the notion of a LS-extending
R-fzmodule M (fz-module of an R-module M), by extended
(ordinary), almost semi-extending module. We also state and
prove some basic results about this concept.

Definition 2.1 [2]. An R-module K is named almost semiex-
tending module, for each submodule of K is a semi-essential
in a pure submodule of K.

First, we fuzzify the definition as follows.

Definition 2.2. A sound fz-module χ of an R-module
M is named almost semi-extending fz-module (briefly LS-
extending), if every S-essential fz-submodule is in a pure
submodule of χ .

The following proposition gives the relationship between
LS-extending fz-module and its level.

Proposition 2.3. Let χ be a fz-module of an R-module
M, then χ∗ is a LS-extending module iff χ is LS-extending
fz-module.
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Proof. (⇒) Suppose χ∗ is LS-extending module. We have
to show that χ is LS-extending fz-module. Let κ be fz-
submodule of χ , then κ∗ ≤ χ∗ by Proposition 1.6. Since χ∗

is a LS-extending module, there exists a pure N of χ∗ such
that κ∗ ≤sem N. Define ρ : M −→ [0,1] by

ρ(a) =

{
1, if a ∈ N,

0, otherwise.
(6)

Clearly ρ is a fz-submodule of χ and ρt = N. Since N is pure
of χ∗, it follows that ρ is a pure fz-submodule in χ (see [11,
Proposition 2.1.3]). On the other hand, κ∗ ≤sem ρ∗ = N;
therefore κ ≤sem ρ (see [1, Proposition 3.4]). That is, χ is
LS-extending fz-module.

(⇐) To prove that χ∗ is LS-extending module, let N be a
non-zero submodule of χ∗ and let ρ : M −→ [0,1] be defined
by

ρ(a) =

{
1, if a ∈ N,

0, otherwise.
(7)

It is clear that ρ ≤ χ and ρ∗ = N. Since χ is LS-extending
fz-module, then ρ ≤sem κ , where κ is pure in χ . By [11,
Proposition 2.1.3], ρ∗ is pure in κ∗ and ρ∗ ≤sem κ∗ (see [1,
Proposition 3.4]); therefore χ∗ is LS-extending module. □

Remarks and Examples 2.4.

1. Every semisimple fz-module is LS-extending fz-module.

Proof. Since every fz-submodule of semisimple fz-module
is a direct summand, and pure fz-submodule (see [11,
Proposition 2.2.7]), so by definition it is LS-extending
fz-module.

2. Every S-extending fz-module is LS-extending fz-module.

Proof. Suppose χ is S-extending fz-module and let ρ ≤sem
χ , and a direct summand of χ . Because every direct
summand is pure (see [11, Proposition 2.2.7]), therefore
ρ is S-essential in a pure fz-submodule.

3. Every F-CS module is LS-extending fz-module.

Proof. Since χ is F-CS module, χ is S-extending fz-
module; see the related fuzzy semi-essential and semi-
closed framework in [15]. Hence by Remark 2, χ is LS-
extending fz-module.

4. The converse of (3) is not true. For example, let M be the
Z-module Z8 ⊕Z2 and let χ : M −→ [0,1] be defined by

χ(α,β ) = 1, ∀(α,β ) ∈ Z8 ⊕Z2.

χ is S-extending fz-module; related fuzzy semi-essential
and semi-closed constructions are discussed in [15]. By
(2), χ is LS-extending fz-module but not F-CS module.

5. Every uniform fz-module is LS-extending fz-module. The
converse is not true. For example, let M be the Z-module
Z36 and let χ : M −→ [0,1] be defined by

χ(α) = 1, ∀α ∈ Z36.

For any ρ ≤ χ such that χ∗ =Z36 is S-extending (see [3]),
it follows that χ∗ is LS-extending module by [2, Remarks
and Examples 2.3(4)], so χ is LS-extending fz-module by

Proposition 2.3. All the same, χ∗ contains submodule ρ∗

which is not essential, so ρ is not essential fz-submodule
by [13, Example 2.1].

The next proposition shows that the converse of Remark 2 is
not true. However, it is true under certain conditions. First,
we recall some basic properties of these concepts.

Definition 2.5 [17]. A fz-module χ in M is called divisible
fz-module iff for each αt ⊆ χ with t > 0 and for each r ∈ R,
r ̸= 0, there exists fz-point βt ⊆ χ such that r(βt) = αt , where
r(βt) = (rβ )t .

Definition 2.6 [8]. The R-module K is named Noetherian, if
every submodule of K is finitely generated.

Proposition 2.7. Assume that χ is a divisible fz-module over
principal ideal domain R. Then χ is LS-extending fz-module
iff χ is S-extending fz-module.

Proof. Suppose that χ is LS-extending fz-module and ρ ≤sem
χ , with the pure fz-submodule say κ . Since χ is divisible,
then by [17, Proposition 2.1.3], χt is divisible over principal
ideal domain R. Thus κt ≤⊕ χt [4, Corollary 2.9], so κ ≤⊕ χ ,
by [13, Lemma 2.1.14], and χ is S-extending fz-module. The
converse is clear. □

Proposition 2.8. Let χ be a finitely generated fz-module over
Noetherian ring R. Then χ is LS-extending fz-module iff χ

is S-extending fz-module.

Proof. Assume that χ is LS-extending fz-module and ρ ≤ χ ,
then there exists a pure fz-submodule ν such that ρ ≤sem
ν , so νt is pure (see [11, Proposition 2.1.3]). Since χ is
finitely generated, χt is finitely generated by [9]. But R
is a Noetherian ring, implying that νt is a direct summand
by [4, Proposition 2.10]; thus ν is a direct summand by [13,
Proposition 2.1.14]. The converse is clear. □

Let (∗) mean the following: for a fz-module χ and ρ,ν non-
empty fz-submodules of χ , if ρ∗ ⊆ ν∗ implies that ρ ⊆ ν .

The following proposition gives a characterization of LS-
extending fz-module.

Proposition 2.9. A fz-module χ of an R-module M is LS-
extending fz-module iff every S-closed fz-submodule is a
pure of χ .

Proof. Assume that χ is LS-extending fz-module and ρ ≤sc
χ . By definition of LS-extending fz-module, there exists
a pure fz-submodule ν of χ such that ρ ≤sem ν , so by [1,
Proposition 2.3], ρ∗ ≤sem ν∗. But ρ ≤sc χ , then by [14,
Proposition 2.19], ρ∗≤sc χ∗, therefore ρ∗= ν∗. By condition
(∗), ρ = ν .

Conversely, let ρ ≤ χ . If ρ = 01, clearly 01 ≤sem 01 and
it is pure (see [11, Remark 2.1.2]). If ρ ̸= 01, then there
exists S-closed fz-submodule κ such that ρ ≤sem κ by [14,
Proposition 2.8]. Since κ ≤sc χ , κ is pure in χ . Hence χ is
LS-extending fz-module. □

In [19], the author provides the definition of purely semisim-
ple. We modify the definition as follows.

Definition 2.10. A fz-module χ of an R-module M is named
pure semisimple (briefly P-semisimple), if for every pure fz-
submodule ρ of χ there exists a direct summand κ such that
κ ≤e ρ .

We need the following lemma.

Lemma 2.11. A fz-module χ is purely semisimple iff every
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pure fz-submodule of χ is a direct summand.

Proof. Let ρ be a pure fz-submodule of χ , so there exists
κ ≤⊕ χ such that κ ≤e ρ . But κ is a direct summand, im-
plying that κ ≤c χ [13]; hence ρ = κ and so κ is a direct
summand. □

Proposition 2.12. Assume that χ is a P-semisimple fz-
module, then χ is LS-extending fz-module iff χ is S-
extending fz-module.

Proof. (⇒) Suppose ρ ≤sc χ . Since χ is LS-extending fz-
module, then by Proposition 2.9, ρ is pure fz-module. But
χ is P-semisimple fz-module, so ρ ≤⊕ χ (see Lemma 2.11),
implying that χ is S-extending fz-module.

(⇐) It follows by Remarks and Examples 2.4(2). □

Theorem 2.13. If χ is a P-semisimple fz-module, conse-
quently the following hold:

1. If χ is F-CS, then χ is S-extending fz-module.

2. If χ is S-extending fz-module, then χ is LS-extending
fz-module.

3. If χ is fully prime fz-module, we have the following two
cases:

i. If χ is LS-extending fz-module, then χ is F-CS.

ii. If χ is S-extending fz-module, then χ is F-CS.

Proof.

1. It follows from the defining properties, together with the
fuzzy semi-essential and semi-closed framework in [15].

2. It follows by Remark 2.4(2).

(3.i) Let ρ ≤ χ . If ρ = 01, then ρ is a direct summand. On
the other hand, χ is fully prime fz-module, then by [14,
Remark 2.13], ρ ≤sc χ . Since χ is LS-extending fz-
module, ρ is pure. But χ is P-semisimple, so ρ ≤⊕ χ

by Lemma 2.11.

(3.ii) Since χ is fully prime fz-module, the result follows us-
ing the related semi-essential and semi-closed properties
in [15].

Proposition 2.14. Let χ be LS-extending fz-module and ρ,κ
be any two fz-submodules of χ . If ρ ∩κ ≤sc χ , then ρ ∩κ is
a pure fz-submodule in ρ and κ .

Proof. Since χ is LS-extending fz-module, then by Propo-
sition 2.3, χ∗ is LS-extending and (ρ ∩κ)∗ ≤sc χ∗ (see [14,
Proposition 2.19]), implying that (ρ∩κ)∗ is pure in ρ∗ and κ∗

by [2, Proposition 2.13]. Thus ρ ∩κ is a pure fz-submodule
in ρ and κ by [11, Proposition 2.1.3]. □

Recall that a fz-module is a chained fz-module, if for each
fz-submodules ρ,κ , then ρ ≤ κ or κ ≤ ρ [18].

Proposition 2.15. If ρ is an S-closed fz-submodule of χ

and χ is a chained LS-extending fz-module, then ρ is LS-
extending fz-module.

Proof. Let ρ ≤sc χ and assume κ ≤sc ρ . Since χ is chained,
then by [14, Corollary 2.20], κ ≤sc χ . But χ is LS-extending,
then κ is a pure fz-submodule and since κ ≤ ρ , then κ is pure
in ρ (see [11, Proposition 2.1.13]); that is, ρ is LS-extending
fz-module. □

4. VARIOUS TYPES OF FZ-MODULES WITH THE LS-
EXTENDING

Section three studies certain types of fz-modules such as semi-
uniform, regular, CLS and purely Y -extending fz-modules
which are related with the type LS-extending, and we check
some conditions under which LS-extending fz-modules are
equivalent.

Proposition 3.1. If χ is S-uniform fz-module, then χ is
LS-extending fz-module.

Proof. Since χ is S-uniform fz-module, then χ∗ is S-uniform
module by [7, Theorem 3.15], so χ∗ is LS-extending module
(see [2, Proposition 3.1]), implying that χ is LS-extending
fz-module by Proposition 2.3. □

The converse of Proposition 3.1 is not true. For example, let
M = Z24 as a Z-module and let χ : M −→ [0,1] be defined
by

χ(m) = 1, ∀m ∈ Z24.

It is easy that χ is a fz-module and χ∗ =Z24 is a LS-extending
module by [2, Proposition 3.1], so χ is LS-extending fz-
module by Proposition 2.3. But it is not S-uniform fz-module,
since there exists fz-submodule κ : M −→ [0,1] defined by

κ(n) =

{
1, if n ∈ ⟨8⟩,
0, otherwise,

(8)

which is not S-uniform of χ .

Before giving our next result, we have the following defini-
tion.

Definition 3.2 [11]. A fz-module χ of an R-module M is
named pure simple fz-module if 01 and χ are the only pure
fz-submodules of χ .

Theorem 3.3. Assume that χ is pure simple fz-module, then
χ is S-uniform fz-module iff χ is LS-extending fz-module.

Proof. (⇒) By Proposition 3.1.

(⇐) Since χ is LS-extending fz-module and pure simple fz-
module, then by Proposition 2.3, χ∗ is LS-extending and
by [11, Proposition 3.3.17], χ∗ is pure simple, so χ∗ is S-
uniform module [2, Proposition 3.2]. Thus χ is S-uniform
fz-module (see [7, Theorem 3.15]). □

The condition pure simple from Theorem 3.3 cannot be
dropped. For example:

Example 3.4. Let M = Z12 as a Z-module and µ = χZ12 is
not pure simple fz-module because χ(4) ≤ χZ12 is pure fz-
submodule. However, χZ12 is S-extending fz-module, so it is
LS-extending fz-module, but not S-uniform since χ(4) is not
S-essential fz-submodule of χZ12 .

Recall that a fz-module χ is called F-regular if every fz-
submodule of χ is pure [11].

Proposition 3.5. If χ is F-regular fz-module, then χ is LS-
extending fz-module.

Proof. Since χ is F-regular fz-module, then by [11, Proposi-
tion 3.2.1], χt is F-regular, so χ∗ is F-regular, implying that
χ∗ is LS-extending module (see [2, Proposition 3.4]). Thus
χ is LS-extending fz-module by Proposition 2.3. □

First, we recall some basic properties of these concepts.

11
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Definition 3.6 [13]. Let χ be a fz-module such that

Z(χ) = {xt ⊆ χ : F-ann(xt) is an essential fz-ideal of R}

is named fz-singular submodule of χ . If Z(χ) = χ , then χ is
named singular, and χ is named non-singular if Z(χ) = 01.

Definition 3.7 [13]. A fz-module χ of an R-module M is
named CLS-fzmodule if every Y -closed fz-submodule is
a direct summand in χ , where a fz-submodule ν is named
Y -closed fz-submodule if χ/ν is non-singular fz-module.

Proposition 3.8. Let χ be non-singular fz-module. If χ is a
CLS-fzmodule, then χ is LS-extending fz-module.

Proof. Suppose that ρ ≤sc χ . Since χ is non-singular, then
ρ is Y -closed by [14, Proposition 2.21]. But χ is CLS-
fzmodule, therefore ρ ≤⊕ χ; hence ρ is pure by [11, Propo-
sition 2.2.7], so χ is LS-extending fz-module. □

Recall that an R-module M is called purely Y -extending if
every Y -closed submodule of M is pure [5]. We shall fuzzify
this notion and study its relationship with LS-extending fz-
module.

Definition 3.9. A fz-module χ of an R-module M is named
purely Y -extending fz-module (briefly pY -extending), if
every Y -closed fz-submodule is pure.

Proposition 3.10. Let χ be non-singular fz-module. If χ is
pY -extending fz-module, then χ is LS-extending fz-module.

Proof. Assume ρ ≤sc χ . Since χ is non-singular, ρ is Y -
closed fz-submodule by [14, Proposition 2.21]. But χ is
pY -extending fz-module, therefore ρ is pure, implying that
χ is LS-extending fz-module. □

Proposition 3.11. Every LS-extending fz-module is pY -
extending fz-module if χ is a fully prime fz-module.

Proof. Suppose that χ is LS-extending fz-module and fully
prime, and ρ is Y -closed in χ . If ρ = 01, then ρ is pure
by [11, Remark 2.1.2]. Otherwise ρ ̸= 01. Since χ is fully
prime, then ρ ≤sc χ (see [14, Proposition 2.22]). But ρ is
pure of χ; that is, χ is pY -extending fz-module. □

Theorem 3.12. Let χ be non-singular fz-module; conse-
quently the following hold:

1. If χ is a CLS-fzmodule, then χ is pY -extending fz-
module.

2. If χ is pY -extending fz-module, then χ is LS-extending
fz-module.

3. Provided χ is fully prime and P-semisimple with χ LS-
extending fz-module, then χ is CLS-fzmodule.

Proof.

1. Let ρ be Y -closed of χ . Since χ is CLS-fzmodule, then
ρ ≤⊕ χ . That is, ρ is pure by [11, Proposition 2.2.7], and
we are done.

2. Clearly by Proposition 3.10.

3. Assume that ρ is a Y -closed fz-submodule of χ . If ρ = 01,
then ρ ≤⊕ χ . On the other hand, since χ is fully prime,
then ρ ≤sc χ by [14, Proposition 2.22]. But χ is LS-
extending, implying that ρ is pure. By assumption χ is
P-semisimple, so ρ ≤⊕ χ (see Lemma 2.11); thus χ is
CLS-fzmodule.

Theorem 3.13. Suppose χ is non-singular and fully prime
fz-module, then we have the following:

1. If χ is S-extending fz-module, then χ is LS-extending
fz-module.

2. χ is LS-extending fz-module iff χ is pY -extending fz-
module.

3. If χ is P-semisimple and pY -extending fz-module, then
χ is S-extending.

Proof.

1. It is clear.

2. It follows by Proposition 3.11.

3. Let ρ ≤sc χ . Since χ is non-singular, then by [14, Propo-
sition 2.21], ρ is Y -closed. But χ is pY -extending fz-
module, therefore ρ is pure, and χ is P-semisimple, so by
Lemma 2.11, ρ ≤⊕ χ . Thus χ is S-extending fz-module.

5. CONCLUSION AND DISCUSSION

Our work aims: firstly, we give the definitions of LS-
extending fz-modules; we study the relationship between
LS-extending fz-module and its level modules (see Propo-
sition 2.3). In addition, we give the relation between LS-
extending fz-module and S-extending fz-module (see Re-
mark 2.4(2)). Some equivalent statements for LS-extending
fz-module under sufficient conditions are given in Propo-
sition 2.7 and Proposition 2.8, and relationships of LS-
extending fz-modules with certain types such as semiuni-
form, F-regular, CLS and pY -extending fz-module (see
Theorem 3.3, Proposition 3.5, Proposition 3.8 and Propo-
sition 3.10).
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