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ABSTRACT

In this paper, we introduce a class of weighted Orlicz spaces in the context of double coset spaces related to locally
compact hypergroups in some way, which one can study that either these spaces are convolution algebras.
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1. INTRODUCTION

Orlicz spaces are famous generalizations of Lebesgue spaces,
which are so much applicable in several branches of math-
ematics. See [1] for more details. In the last decades,
many studies have been conducted on these important spaces;
see [2, 3,4, 5, 6,7, 8]. Recently, the authors of [9] intro-
duced and studied weighted Orlicz spaces in the context of
locally compact groups and investigated the cases in which
these spaces form a convolution Banach algebra. A similar
approach has been followed for weighted Orlicz spaces in the
context of locally compact hypergroups [10].

In this paper, we introduce a class of weighted Orlicz spaces
in the context of double coset spaces related to locally com-
pact hypergroups, with the aim of studying when these spaces
are convolution algebras. In what follows, p, denotes the
point-mass measure at x. We first recall some notions regard-
ing locally compact hypergroups; further details can be found
in[11, 12].

Definition 1.1. Assume that 77 is a locally compact Haus-
dorff topological space and that M(¢) is the space of all
Radon measures on .7Z°. Suppose that the mappings

@ M(A) X M(H) — M(H), 0: 58 — H

satisfy the following properties:

(1) M(42) equipped with ® is an algebra;

(2) 6 is a homeomorphism such that 6(0(x)) = x for every
x e A,

(3) px® py is a probability measure whose support is com-
pact;

(4) the mapping

(x,y) — supp(p. ® py)

is continuous, where the family of compact subsets of .77
is equipped with the Michael topology;

(5) 0(px® py) = po(y) ® Po(y) for all x,y € 7. Thus, for
every compactly supported continuous function f : 2 —

C

| F0d(po) @ po) )

_ /}f F(0(1)d(pe ® py)(1);

(6) forevery x,y € S, py ® py = p if and only if y = 6 (x);

(7) the mapping
H XA — M (H), () — pe®py,

is continuous, where M (.5#) is equipped with the cone
topology.
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Then 57, equipped with the above two mappings, is called a
locally compact hypergroup.

Example 1.2. Let 57 = [0,0) with the Euclidean topology.
For every x,y € [0,00), define

1
Px® Py = Z(Plx—y| T Px+y)-
©py = ey 1)

Then [0,0) equipped with this operator is a locally compact
hypergroup.

In the sequel, 7 is a locally compact hypergroup with invo-
lution 8 and convolution ®.

Definition 1.3. For every A,B,C C JZ, define

A®B®C = U{SUPP(PX@)(py@PZ)) :
XEA, yEB, ZGC}.

An element x € 7 is called a center element whenever
supp(px ® po(x)) = Supp(Pe(x) ® px) = {e}.
The set of all center elements of Z is denoted by C(57).

For every t € C(J) and x € J#, the supports supp(px ® p;)
and supp(p; ® p,) are singletons.

Definition 1.4. An element x € 7 is called a commuting
element whenever, for every y € 7,

supp(px ® py) = supp(py ® px).

The set of all commuting elements of 7 is denoted by

Z(2).

Definition 1.5. Let . and ¢ be closed subhypergroups of
. Define

INH)C ={S ®{t}®C 1€ H}.
The space ¥\ 7 /€ is called a double coset space.
When J# = G is a locally compact group,
Z(G)={xe G:xy=yxforally € G}.
For every E C .7\ /€, we declare E to be open whenever
{te. S@{t}®%€ cE}

is open in . This is the quotient topology. Recall also
that .7 has a modular function Ay : 5 — (0,). The
hypergroup is called unimodular whenever A ;- (x) = 1 for all
xe .

2. DOUBLE COSET SPACES

In this section, we study properties of several classes of dou-
ble coset spaces related to locally compact hypergroups.

Theorem 2.1. Assume that . is a subgroup of C(5¢)N
Z(A) and that €’ is a compact subhypergroup of .. Then
the mapping

C(H)x I\AH|EC — S\H|E,
(a, ®{x}®C)— S ®{a}®{x})®FC

is an action of C(J#) on S\ /€.

Proof. First, the mapping is well-defined. Let a € C(.57) and
x,y € #, and suppose that ./ ® {x} ® ¢ = .S @ {y} ® C.
Since . and % contain the identity e, we have x € .Y ®
{y} ® €. Hence there are € . and s € € such that x €
{t}®{y}®{s}. Sincer € ¥ C Z(7),

S®{a}@{x})®F
cse({ae{te{yte{s)e?
=(e{th)e{ade{yte({se?)
cse({deHh)ev.

Therefore,
So{at@{x})@¢ Ccs®{afeyhee. (1)

Similarly, there are u € . and v € € such that y € {u} ®
{x} ® {v}, and hence

Se{atepHhee¢Ccse®({a®{x})@c. ()
By (1) and (2),
Se({ae{h)ed=Se{ade{yh)®?, )

so the mapping is well-defined.

For associativity, let a,b € C(5¢) and x € 5. The supports
of p, ® p,, and p, ® p, are singletons; write them as {ab}
and {bx}, respectively. Then

ab- S @ {x}®C€ =S @ {abx} ®C
=®{albx)}®F
=a- S ®{bx}®C
=a-[b-S®{x}®7].

For continuity, suppose that ag — a in C(5¢) and x4 — x in
. With the Michael topology,

gL R{xg} ®C =S ®{ag} ®{xq} ®C
— S @®{at@{x}®F.

O

Theorem 2.2. Assume that 57 is a unimodular locally com-
pact hypergroup with left Haar measure A, that .% is a sub-
group of C(#)NZ(7) with Haar measure o, and that % is
a compact subhypergroup of .7 with normalized left Haar
measure 3. Then there exists a measure u € M\ /F)
satisfying

/y\,%”/%’ /,Vfio” ,yff(t)d(p“®pX®Pb)(f)
da(a)dBb) (7 @ {x} %) = [ @A) @

Proof. Let n € C.(#\o¢ /¥ ). Then supp(n) is compact.
There is a continuous, compactly supported function & : 57 —
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[0,00) such that, for every . ® {x} ® € € supp(n),

Lo Lo

Define g € C.() by

d(pa ® px ® py)(1)do(a) dB(b) =

gx)=h)nN(L®{x}®%), Xe .
Then
netded)= [ [ [ s0dpopop))
da(a)dB(b), xe .

Define

um = [ s,

Suppose also that j € C.(¢) represents 1) in the same way.

Then
| itm( @{xp06)a ()

=L el ] st

x dA(x)dB(b) a()
_/// j(x)8(a®x®b)dA(x) dB (b) dex(a)

[ || ie@exeom)s

x dA(x)dB(b)de(a)

_/ // jla®x®b)g(x)dA(x)dp (b) da(a).

On the other hand, since ., 77, and ¥ are unimodular,

pa®Px®ph)( )

| ston e (ge6)aw

—//// £t

x dA(x)dB(b)do(a )
_/ // g(x)j(a®x®b)dA(x) dB (b) da(a)

- [ | | ie@exowm)se

x dA(x)dB(b)da(a).

Consequently,

Pa@Px@Ph)( )

| iwn( e xpe®)aac)
H

= / g()n(
I
Relation (5) gives

/gd), /]dl

so U is linear and well-defined. Finally, if g is supported on a
compact set D, then
)|< [ le0lane

I—’/g t)dA(z

A(D )”gHsup < C”nHSup

S @®{x}®C)dA(x). (5)

for a constant C > 0. This completes the proof. O

Setting . = {e} in the preceding theorem yields the follow-
ing fact.

Corollary 2.3. Assume that .77’ is a unimodular locally com-
pact hypergroup with left Haar measure A, and that % is a
compact subhypergroup with normalized left Haar measure
B. Then there exists 4 € M(. /%) satisfying

Lo | ] S04 08B0 du(i) %)
= [ 10a0). ©

Corollary 2.4. Assume that G is a unimodular locally com-
pact group with left Haar measure A, and that % is a compact
subgroup of G with normalized left Haar measure 3. Then
there exists 4 € M(G/%€) satisfying

/G/%ﬂgf (xb) 4B (b) du(x¢) = /Gf(t)dfl(t» %)

Corollary 2.5. Under the assumptions of Theorem 2.2, there
exists a measure U € M(#\.A° /%) such that for every a €
C () and every Borel set E C .S\ /¥,

W(E)=u

Corollary 2.6. Assume that G is a unimodular locally com-
pact group, that . is a subgroup of Z(G), and that € is
a compact subgroup of G. Then there exists a measure
U € M(#\G/€) such that, for every a € G and every Borel
set E C ./\G/¥,

W(E) =

Definition 2.7. The measure in the preceding corollary is
called the C(5¢)-invariant measure on .#’\.7¢ /¢ .

({S®{ax}@¢: Y@ {x}®CcE}). (8)

p({Fax€ : Sx€ € E}). )

In the sequel, 57 is a unimodular locally compact hypergroup
with left Haar measure A, . is a subgroup of C(52°)NZ(.57)
with Haar measure o, and € is a compact subhypergroup of
¢ with normalized left Haar measure 3. We also assume
that p is the C(.5¢)-invariant measure on .\ J# /€.

3. WEIGHTED ORLICZ SPACES ON DOUBLE COSET
SPACES

For compactness, write Oy = . ® {x} ® € and du, =
du(Qy) throughout this section.

Definition 3.1. A continuous convex function @ : [0,0) — R
is called a nice function whenever
@(a)

@
lim 2@ _ 0,  lim —~ —co,
a—0 a a—o

and ®(x) =0 if and only if x = 0.

Throughout this section, & is a nice function, ¢ is its comple-
mentary function, and u,v : .\ /€ — (0,0) are continu-
ous.

Definition 3.2. The set of all Borel subsets K of .7\ /€
such that u(K) is finite is denoted by F (#\/%).
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We assume that

sup / 1(Qyx)V(Qyx) Aty < o0,
yec(x) K
KeF(A\A )

Example 3.3. Assume thatu,v: .7\ /€ — (0, o) are mea-
surable and

C = N ) di, < oo,
PCRICRET

Since u is C(A)-invariant, for every y € C(.%¢) and K €
F(S\H)]E),

Jouewmemdns [ u(0u(0)an
= y\ﬂ/(gu(QX)v(QX) d“e(y)x
= u(Qx)v(Qx)dp, = C.
IN\A|E
Thus,

sup / u(Qyx)v(Qyx) dity < C < oo,
yeC(S) K
KeF(A\A )

Lemma 3.4. Under the preceding assumption, there exists a
measurable function f : .\ /% — R such that

swp [ u(@n)n(@u)o(1£(Q0) ) du < 1.
vec(w) ) I\A |
Proof. Let
A= s [ () dis
yEC(H) K
KeF(S\A)E)

so that 0 < A < eo. Fix Ky € F(S\#° /%) and define
— 41 (XK
fo=¢ (A )
Then, for every x € 7,

XK() (Qx)

0(fo(@)) = H e,

Consequently, for every y € C(7¢),

/y\%’/(gM(ny)v(nyWﬂfo(Qx)I)dux

1
- K/K u(Qy)v(Qyx) dity < 1.
0
O

Since p is C(57)-invariant and C(J#) = {zx: x € C(J2)}
for every z € C(J¢), we have

su

[ H@M@0(F@ID k<1 (10

if and only if, for each z € C(J7),

su

TN AU CRECRIITCRITTEL R

Definition 3.5. A  Borel
& S\H /€ — R belongs to

measurable  function

W =W (Pu,v)(L\H|E)

whenever

161l == sup 18(Q0)f(Qo)[u(@)dux — (12)

feQIINA|E

is finite, where f € Q means that

su

[ H(@@0(F (@) ds < 1

Remark 3.6. If v=1/u, then f € Q whenever

o)]) dpe < 1.
N SR CRIEY

Thus, in the special case v = 1/u, # coincides with the

weighted Orlicz space LY (/\#/%).

Theorem 3.7. With the preceding notation, (%, ]-||,,) is a
Banach space.

Proof. Clearly, ||0]|,, =0. Let & : S\ /€ — [0,0) be
measurable and suppose |||, = 0. Then, for every f € Q,

[ E@)lf(@)lue) du=0.
P\A)E

Set
0(§) ={Qx € AN\A/C:0<E(Q))}-
We have
u(o(&)) =sup{u(K): K C o(&) and K is compact}.

Suppose, to the contrary, that (o (&)) > 0. Then there is a
compact K C 6(&) with 0 < p(K) < 0. Choose ¢ > 1 greater
than or equal to

sup 1(Qyx)v(Qyx) diy
yec(x) /K

and define n = ¢ ' (¢! xk). Then

[ Qo)) dus
< ¢! sup u(ny)"(ny) du, <1.

yec(x) 'K

Hence n € Q, and

0= E(Qx)N(Qx)u(Qx) diy

S\AC

) /K £(Q0)u(0Qy) dits,

which forces u(K) = 0, a contradiction.  Therefore
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1(o(€)) =0, and & = 0 almost everywhere.
It is immediate that, for d > 0 and non-negative ,&;,& € #/,
1dElly =dl&lly, 18 +&ly <&illy +le2lly -

Thus |||, is a norm. Finally, by the Monotone Convergence
Theorem, if (&,) is a sequence of non-negative elements of
W, EeW and §, 1 &, then |6, — ||| . This completes
the proof. O

Definition 3.8. For each & € #/, define the Luxemburg-type
norm

1€l = inf{C >0: ‘Escl:p >/5”\%”/Y’ u(Qx)v(Qx)

Theorem 3.9. For Borel measurable functions £,1 on

S\H|€ and y € C(I),

()')x) | dp

<2l Inlly -

Ly H@IVQIE oty 26

Proof. If ||| =0 or ||n||,,, = 0, the conclusion is clear.
Otherwise, Young’s inequality gives, pointwise,

£ n)
H(@u Do) g 1" T,

0@ |2 gz )+ (i)

The definitions of the two norms therefore imply

El Il
/yw/w”(Qﬂ)"(Qﬂ) 1€l Tnll,,

which proves the assertion after applying the C(J¢)-
invariance of U. O

<2,

Theorem 3.10. If v > 1, then every Borel measurable func-
tion & on #\ /€ satisfies

1€l <2111 -

Proof. The inequality || &[5, < 1 is equivalent to

su

yecor) //\%)/(f OO

)P(18(Qo(y)e)) ity < 1.

Using v > 1 and the preceding theorem,

el =sw{ [

,Iégludux:geﬂ}
< 25up{IE N gl < glly < 1} <20E15 .
O

Definition 3.11. For every measurable function f :
S\ |€ — C, write
feZ =2(d;u,v)

whenever || £, < ee.

Theorem 3.12. With the preceding notation, 2 equipped
with ||-||3 is a Banach space.

Proof. First, since ®(0) =0,

10115 =

Now let f be a non-negative Borel measurable function with
1711 = 0, and put

o(f) ={0: e AN\A/C: f(Qx) # 0}

If u(o(f)) > 0, there is a compact D C o(f) with 0 <
1(D) < oo. Forevery 0 < € < 1andy e C(),

inf{¢ >0:0< 1} =0.

[ w(@n(@)@(f10)dps

NG

= [ Qe (@,)2(f) du
E/DM(Q”‘)V(Q}'X)CD (J;) du, <e.

Letting € | 0 gives u(D) =
almost everywhere.

0, a contradiction. Hence f =0

Next, let &1,&, be non-negative measurable functions and
choose €1,& > 0 such that, fori = 1,2,

éi(QG(y)x)) d,LLXS 1

su

x )P
yec(p //\J?’J/%/ (Qy )V(Qy ) (

i
By convexity of @, set r; = /(€] + &) for i = 1,2. Then

/y\(%/%u(QyX)V(ny)q) ("1 g +r 52) du,

<nf,, H@v (5‘ ) iy

e /y\%;/%“(ny)V(ny)cI) (Ez) duy <ri+rn =1
13)

Thus
181+ &y <& +e.

Taking the infimum over € and &, yields the triangle inequal-
ity.
Finally, suppose that &, — f almost everywhere and set

= liminf &5

Assume f # 0 and 11 < . Without loss of generality,
1€nll5 > 0. There is & > 0 such that, for every 0 < & < &,

f)
* 2P| ) die > 1
yesclzg?f’) /y\%/%u(Qy V(Qyx) (6 L

By Fatou’s lemma,

(ny)V(ny)

of%) )

1 <liminf sup
nmee \yec(#) I INAH|E
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Thus, for every ng € N, there is n > ng such that

1< su

én)
Oy )v(Qyx) @ d,.
yecr) //\%/% 4(Qyx)(Qyx) ( w

and hence ||, ||, > & > 0 along a tail of the sequence.

If n =0, choose a subsequence (&, ) with ||§nk||;/ — 0.

There is ko € N such that ||'g'nk H;/ < 1 for every k > kg. For
such k,

_ /
[&nc Iy S\ 0

énk
< /y\%ﬂ/%u(QyX) (Qy)® <||€nkHW> du, <1.

For each y € C(.5¢), Fatou’s lemma gives

“(QyX)V<ny)q)(€nk) di

0= /,sﬂ\,yf/cgu(QyX)"(ny)q’(f) i,
=fipinf y\%/%u(ny)v(ny)q’(énk) A
< timin] &y =0

Therefore,

»/5”\,%"/%’ u(ny)v(ny)q)(f) dux — 07

which contradicts f # 0. Therefore 0 < 1 < oo,
For each v > 1, ||&,||5, < y for all sufficiently large n, so

/y\% (0@ (i) a,

<[, w220 (”f”%/) i < 1

Another application of Fatou’s lemma yields

)
x O® (L) du,
yesclzgf) /y\;f/gu(Qy )v(Qyx) (7/ u

u(Qyx)v(Qyx) P (i) duy < 1.

< sup liminf
yec(a) "

S\A|E
Hence || f||5 < 7, and therefore
115 <1 = liminf &5

The remaining standard norm and completeness arguments
complete the proof. O

Definition 3.13. Fix p > 0. Define

1/p
= s ([ a@ls@iras)
N
Theorem 3.14. The following conditions are equivalent:
@

0 <inf¢ sup
yeC(I2)

/E(uv>(ny) dpy : .u(E) > O} 5

(ii) forevery p >0,

Wp SLZ(SN\A[C,):;

(iii) for every p,q > 0 with p < g,

Wy CHy
Proof. (i) =
Dy :={Q0x € S\HA[C : |E(Qx)| > n}.

Since np, < |E],

([ wiea) " <iel,.

(if). Let p>0and & € #,,. Forn € N, set

n sup
yeC(H2)

Therefore,

lim sup

(1v)(Qy) dps = 0.
n=e veC(A) Y/ Dn >

Condition (i) implies that pt(D,) = 0 for some n, and hence
EeL™(S\H|C,1).

(if) = (iii). Let 0 < p < g and & € #,. By (ii), there is k > 0
such that |&| < k almost everywhere. Thus

q
sup / ”V)(ny) |§| duy
yeC () S\ |C
< sup / (u )(QyX)‘élp dpl, < oo,
yeC() ) I\H|C
so & e

(iii) = (i). Let 0 < p < g and assume %), C #,. Then there
is a constant C > 0 such that, for every £ € %,

1€ 4 <ClENy ,- (14)

Let 4 (E) > 0 and suppose

sup (uv)(Qyx) dpty < oo.
yeC(#)/E

Then xg € #), and (14) gives

0<C%§ sup

(uv)(Qyx) diy.
yeC()/E

This proves (i). O

4. CONCLUSION

In this paper, we studied weighted Orlicz spaces on double
coset spaces, which induce an invariant measure related to the
center of a hypergroup. In addition, we introduced two novel
norms that are versions of the Orlicz and Luxemburg norms.
The results of this research cover many new function spaces,
with the potential to be studied as convolution modules and
convolution algebras.
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