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Abstract

In this paper, we researched and confirmed some of the axioms of JIOPEMES (Neutrosophic orthogonal pen-
tagonal controlled metric space). We used NTOPEMS to translate the Banach contraction principle in the
formerly defined spaces. Several cases were numerically evaluated, and certain findings were supported, in or-
der to review what we found. Furthermore, by demonstrating their existence with a unique and comprehensive
solution, we deliver proof of usage and implementation.
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1 Introduction

Numerous writers have introduced and popularised numerous spaces, explored fixed point theory directly,
and added interest to the field. Bakhtin® and Czerwik® suggested a generalisation of metric spaces in this
connectivity, which they called a b-metric space. Fuzzy sets were created by Zadeh!® Several authors have
benefited in different ways from the development of fuzzy metric spaces, which are metric spaces and fuzzy
sets.

Banach® made various significant findings that established the foundation for the FP hypothesis’ abstraction.
Using a mathematical method, the fuzzy set term let us comprehend the level of ambiguity in the elements.
Kramosil and Michalek coined the term fuzzy metric space (FIM&)!L In2> Schweizer and Sklar coined the
phrase “continuous (€TG) t- norms”.It is well accepted that the Banach contraction principle was crucial to
the onset of IMMS. A vague version of the Banach contraction principle was discussed by Grabiec® With
great work, Park!? developed an intuitionistic fuzzy metric space.

Smarandache coined the phrase “Neutrosophic set” in 1998 and presented it alongside Sowndrarajan,” high-
lighting some significant 919G discoveries. Sowdrarajan and Jeyaraman et al.'¥ verified certain FP findings
in MIMGS in 2020. While the intuitionistic and fuzzy do not address naturalness, the Neutrosophic does.
Sezen!® proposed the premise of controlled fuzzy metric space (¢FINGS), while Milaiki? suggested the notion
of controlled metric space (€9S). Both authors illustrated different contraction mapping results.

As a further extension of fuzzy b-metric spaces, the authors of” established the idea of an extended fuzzy b-
metric space. The idea of controlled metric type spaces was initially put forward in the work'!' A formulation
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of controlled fuzzy metric spaces, which are also generalisations of extended fuzzy b-metric spaces, was
recently proposed in as a generalisation of the concept of controlled - type metric spaces.

Eshaghiet al'® derived the Banach fixed point result while developing the idea of an orthogonal set. Numerous
writers kept working on orthogonal spaces. The idea of control fuzzy metric spaces is being further generalised
in this work™ In particular, we explore the notion of fuzzy metric spaces for orthogonal control.

First, let’s review some fundamental terms associated with the given notions.

2 Preliminaries

Definition 2.1. 'Y A 6-tuple (&,21,7,D, %, <) is called MIMNGS if & is an arbitrary non empty set, * neutro-
sophic €T, < neutrosophic €T ¢ and 2A, J, D are neutrosophic sets on £ x & x (0, 00) satisfying the following
condition: Forall ¢,©,n € 8,3 € (0,00) a) 0 < A(¢,0,3) <1;0<7(¢,0,3) < 1;0<D(5,0,3) < 1;

b) A(s,0,3) +3(5,0,3) +D(,0,3) < 3;

) A(¢,0,3) =1,V3>0,o¢=0;
d) 2(s,0,3) =2A(0,¢,3); for 3 > 0;
e) A(s,0,3) *A(0,n,1) > A(s, 1,5 + 1)¥3,8 > 0;

A(s,0,.) : (0,400) — [0, 1] is neutrosophic €TS and lirf A(¢,0,3) =1
Z—r+00
g)ﬁ(,@,g) Ov5>0<:>§*@
h) 3(,0,5) =3(0,¢,3); for 3 > 0;
D3(c.0,3) % 30,7, 1) < 36,75+ 1%t > 0
D J3(s,0,.) : (0,400) — [0, 1] is neutrosophic €IS and EIE 73(5,0,3) =0;

k)9(5,0,3) =0,V3> 0, ¢=0;

) D(s,0,3) =D(0,c,3); for 3 > 0;
m) D(s,0,3) *D(0,n,1) < D(s,1,5 +1)V3,r > 0;
n) D(c,0,.) : (0,400) — [0, 1] is neutrosophic €IS and Egl D(5,0,3) =0

Then, (&, 2,7,D,*, O) is called a NIINS.

Definition 2.2. % Given T, let & be a non empty set and T: & x & — [1, +00) are incompetent mapping, if
J: R xR — (0,+400) is called as a Controlled metric type (EIMNGS) if

a) 0(s,0,) =0iff¢ = ©;

b) 4(¢,0) = 4(0,¢);

) 6(s,0) < (s, m)d(s,m) + (n, ©)d(n, ©); for every ¢, 0, n € K.

Definition 2.3. ¥ Let & be a non empty set and 7T: & x & — [1, +00), x neutrosophic €I, < neutrosophic
C3¥Cand U, T, ’D are neutrosophic sets on R x £x (0, 0o) satisfying the following condition: Forall¢,0,n € £,
a)0<2A(c,0,3) <1;0<73(¢,0,3) <1;0<D(,0,3) < 1;

b) A(s,0,3) +3(5,0,3) +D(s,0,3) < 3;

c)A(¢,0,0) =0

d)A,0,3) =1,V;3>0,&¢=06;

e) A(c,0,3) = A©,5,3);

A +9) > A (5,0, e ) + 2 (€1 7 ):
g)m(g@ ) : (0, +00) — [0,1] is €TS and le A(s,0,3) = 1;
h) 3(¢,0,0) =1

)7(5,0,3) =0,V3 > 0 & ¢ = ©;
J)J C’G 3) (®v§73)5

k) J(§a77,5 +I') <7J (§,@, ﬁ) o7 (9777’ ﬁ)’

1) 3(<,0,.):(0,400) — [0,1] is €TS and LHJP 3(5,0,3) =0
m) D(5,0,0) =1

n)©(<7®73) = 07V3 >0 S ¢ = (-)’

0)D(¢,0,5) =3(0,¢,3);

D) D75 +1) <7 (5,0, 1y ) 09 (0.1, w85 );
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Q) (5,0,.): (0,4+00) = [0,1] is €TS and Erjrn 3(,0,3) =0
Then, (R, 2, 7,0, *, <) is called a NIEMS.

Definition 2.4. © Assume & be a setand i : & — R and O(7) = {79, w70, u>70 . . . } for some 79 € £, be the
orbit of ;1. A function Q) : & — Ris said to be y - orbitally lower semi continuous at m € Rif {7,} € O(79)
such that 7,, — m then we get 2)(m) > lim inf Q) (7,).

n—oo

Definition 2.5. © Suppose £ # () and let L€ & x £ be a binary relation. Suppose there exist 7, € £ such that
7o L 7or7 L 7 forall 7 € & Thus, £ is known as Orthogonal Set (OS) and is denoted by (&, L).

Definition 2.6. © Assume that (£, 1) is an OS. A sequence {7, } for n € N is known to be an © - sequence if
(VYn, 1 L 7hy1) or (Y0, Thy1 L 1)

Definition 2.7. 18 Suppose & # () and 7, ,&,%,6 : & x & — [1,+00) are considered as a incompetant
mappings, x as €IN, O as €TC, and A, T, D are neutrosophic sets on & x K x (0,+00) is characterized
NMPEMES on K, if for each one (R, A, T, D, *,C) fulfills all ¢, 0,1, w,e,0 € R, # 0,1 # w,w # €,€ #
0,0 # 0O, and 3,1,d, h,v > 0 holds the following:
a)0<2A(c,0,3) <1;0<73(5,0,3) <1;0<D(5,0,3) <1
b) A(,0,3) +3(,0,3) + D(s,0,3) < 3;
) A(s,0,0) = 0;
d)A6,0,3) =1,V;3>0,¢=06;
e) A(¢,0,3) = A(O,¢,3);

A(6, 0,3 +r+0+bh+v)

> 9 (g,n,ﬁ) *2A (17, W, 5o w)) *Ql( 75(5,5)) * 2 (e,mﬁ) * 2 (a,@, (S(;ﬁ));
2) (¢, 0,.) : (0,400) — [0,1] is €TS and ZLHJPOO A(s,0,3) = 1;

h) 3(¢,©,0) = 0;

)73(,0,3) =0,V >0 ¢ =0;

i), 7(9@,3) :j(eagvﬁ);

k) J3(5,0,53+r+0+bh+0)

<3 (s.m7i55) 03 (mws i) 07 (we g2 ) 09 (60 55y ) 0 (70, 5297 ):
D) 3(,0,.):(0,+00) = [0,1] is €TES and im 3(5,0,3) = 0;

m) D(¢,0,0) = 0;
n)9(,0,3)=0,V3>0&¢=0;
0)©(§a®’5) = @(@,C,j);
P)D(s,0,5+r+0+bh+0v)

< (g,n, ﬁ) oD (7], W, 5o w)) oD ( €, 5(5,6)) oD (e,a, ﬁ) oD (a,@, %);
qQ 9(s,0,.) : (0,400) — [0,1] is €IS and Zgrfooﬁ(g,@,g) =0;

Then, (&, 2,7, D,*, ) is called a PEMS.

3 Main results

We have now clarified the meaning of the MOPEMS and included illustrations to support certain of the
arguments.

Definition 3.1. A 7- tuple (R, 2,7, D, %, <, 1) is called an neutrosophic orthogonal pentagonal controlled
metric space MOPEMES if K is an (non empty) orthogonal set, 1,p,&,1,d : & X & — [1,400), where x
is a €T and © as €TC and A, T, © are neutrosophic sets on £ X K x (0, +00), satisfying the following
conditions:
a)0<A(c,0,3) <1;0<73(,0,3) <1;0<D(,0,3) <1
b) 2A(s,0,3) +3(5,0,3) + D(s,0,3) < 3;
c)A(s,0,3) > 0,V,0 € R, 3 > 0suchthat¢ L ©and © L g;
d)AG,0,3) =1 ¢=0V;>0,6,0 € Rsuchthat¢ L © and © L ¢;
e) A(s,0,3) =A(0,¢,3)V3 > 0,5,0 € Ksuch that¢ L © and © L ;

A(s, 0, 5+x+0+h+n)
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2%[((,77,%)*2[(77, ’w(nw))*m( ,g(wé)*Ql( ,ﬁ)*ﬂ(a,@,é(ae))*ﬂ(eab)
A(0,0,0);0r

A<, ©,7(c, mep(n, w)é(w, €)v(e,0)5(0,O) (5 +r+ 0+ b+ 1))

> (o, 1,3) % A, 1) * Aw, &, 0) # A(e, 0, ) * A(r, O, v)

V6, 0,n,w,6,0 € 8,3,5,0,h,0 >0suchthats L n,n L w,w L eel ool ©andg L O;

2) A(¢,0,.): (0,400) = [0,1] is €TGVs, O € Ksuch that¢ L O and © L g;

h) J3(c,0,3) < 0,¥5,0 € &,3 > Osuchthatc 1. ©® and © L ¢;

)73(,0,3) =0 ¢=06V; > 0,6,0 € Rsuch that¢ L © and © L ¢;

0 3(,0,3) =73(0,6,3)V3 > 0,5,0 € Rsuch thats¢ L O and © L g;

k) J3(5,0,5+r+0+h+0v)

<J(< , ‘n(cm)”("v wmw))Oj( ) )Qj( 0 ey )Oj( G’W%OH
3(5, 0, 7(s, me(n, w)é(w, €)1p(e,0)d(0, ©) (3 + r + 0+ b + v))

<3(,1,3)03(n,w,1) 0T (w, €,0)OT(€, 0, §)OT(0, ©,6(0, O)v)
Y6,0,n,w,e,0 € R,3,5,0,h,0>0suchthats L n,n Lw,w Leel o,0l ©andg L O;
D3(,0,.):(0,+00) — [0,1] is €TEVs,O € Rsuchthats L O and © L g;
m) D(5,0,3) <0,Vs5,0 € &,3 > 0suchthats 1| ©and © L g;

,3)=0&¢=0V3>0,6,0 € Asuch thats | Oand © L g;

(g,@,g) D(0,6,3)V3>0,6,0 € Ksuchthat¢ L ©and © L g;
P D(,0,5+r+0+b+0v)

<D (s,n, _[(fm)) oD (77, W, 5o w)) oD (w €, 5(5,6)) oD (e,a, ﬁ) oD (U,@, %); Or
D05, 0, (s, )p(n, w)€ (w, )e )6 (0, ©) (5 + £ + 2+ b+ v))

<D(,1,3)09(N,w, 1) 0D (w, €,0)0D(¢, 0, h)OD(0, 0, 0)

V6,0,n,w, 6,0 € R,3,5,0,h,0>0suchthats L n,n L w,w L e,e lo,ol ©ands L O.

qQ 9(s,0,.): (0,400) — [0,1] is €TGVs,O € Ksuchthats L ©and © L g.

Note:

From the above definition, we show that the following are equivalent:

() A(s,0,3+r+0+bH+0)

0 b
22 (“’7’ i‘l(in)) *2 (77’ W, G, w)) *2 ( 2 Wc)) *2 (6707 We,a)) *2 (U’ o, 5(3’,@))
(i) &A(s, 0, (s, e (n,w)é(w, €)Y (e,0)5(0,0) (5 + £ + 2+ b +v))
> A(s,m,3) x A1, w, ) * A(w, €,0) * A(e, 0, h) x A0, O, v);

(ii)) 3(s,0,3+r+0+ h+0)
w)( (w,g ﬁ) OJ (6,0, ﬁ) (a o, E(U@ )

<3J (< Uh n)) ©J (’77 o)
iv) 3(<, ©, (s, m)p(n, w)é(w, €)Y(e,0)0(0, ©) (5 + & + 0+ bh + v))
< J(¢,m,3)CT(n, w, 1)OT(w, €,0)0T (e, 0, h)OT (0, O, 0)

v)D(,0,5+r+0+bh+0v)
<®(§ n"l(cn)Q@(n’ ’tp(nw)og( ’5(‘36))<>©( ’Sﬁ(é%)O@(U’@"s(‘;’@))

vi) D(s, 0, 71(s, n)p(n, w)é(w, )¢ (€, 0)d(0,©) (5 +r + 0+ b +v)
< 9(¢,1,3)09(n,w, ;)O@(w €,0)09(e,0,5)0D(0,0,0)

Proof. (1) = (ii)

A(6,0,53+r+0+bh+0)

=A(s,n,3) * AN, w, 1) x* A(w, €,0) xA(e, 0, h) *A(0, O, 0)
T(sme(nw)é(w,e)b(€,0)8(0,0); (eme(nw)é(w,e)p(€,0)d(0,0)r

=22 (g T [ (n@)€(@.e)4(e,0)8(0,0) ) 2 ( W [leme(n.w)E@. )6 (€,0)5(c,0) ) *

e (nw)E(w, )t (€,0)5(0,0)D T (nw)E(w, )t (e,0)5(0,0)h
(“ & Temen@)E(@,0w(e,0)3(0,0) ) *9‘(67(’3 e P (n,w)E(w,€) P (€,0)5(,0) )*

( @, Jeme(mw)éw,0)p(c,0)d(a, 9)0) .

2

> s,me(nw)é(w,e)p(e,0)d(0,0)
= 2A((s,0,7(c, n)p(n, w)é(w, €)(e,0)d(0, ©)3
+"i(<7 ne(n, w)é(w, €)Y (e, 0)d(a, O)r + (s, n)p(n, w)é(w, €)Y (€, 0)d(a, ©)d
+7(s, mep(n, w)é(w, €)1 (e, a)d(a, ©)h + (s, n)¢(n, w)E(w, €)Y (e, 0)d (o, O)v))
> A(s, 0, 7(s, n)e(n,w)é(w, )¢ (€,0)d(0,©) (3 + 1 + 0 + b + v))
Similarly, we can easily prove (ii) = (i).
(i) = (i)
3(5,0,3+r+0+b+v)
=73(¢,1,3)03(n, w, )T (w, €,0)0T (e, 0, §)CT (0, 0, 0)
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IN

~ T(s,mp(n,w)é(w,e)p(e,0)6(0,0)5 (s, p(n,w)é(w,e)p(e,0)d(0,O)r
J (C T =[me(n,w)E(@,0)9(e,0)5(a,0) ) ©J ( 95 =6 m e (n,w)é(w,e)$(,0)3(0,0) ) ©

(s, U)SO(TI w)é(w,€)Y(e,0)d(o, @)0) T ( -‘(Cm)w(mw)f(w&)w(670)5(07@)h) o

Y56 [ e(n,w)E@,e)$(€0)5(,0) T [eme(nw)é(w, ) (,0)8(0,0)
( 9. G, n)sa(n w)€(w,€)P(e,0)d(a, 9)0)
J

» Wsme(nw)é(w,e)d(e,0)(a,0)
((<,©,7(s; M (n, w)é(w, €)1 (€, 0)6(0, O)3
(s, M, w)E(w, €)Y (e, 0)d(a, ©)x + T1(s, ) (n, w)é(w, ) ( 0)8(a,©)0
(s, mip(n, w)E(w, (e, @)3(a, O)b + s, mp(n, w)€(w, e)ile, )3 (e, ©)v))
>3(,0, 715, ne(n, w)é(w, €)P(€,0)6(0,0) (3 +r+ 0+ b + U))
Similarly, we can easily prove (ii) = (i). In the same manner, following will be verified

D(s, 0, 5+x+a+b+n)§©(<,n,ﬁ)0© (777 ,@(W))o@( ﬁ)

0D (6,0, 5725) 00 (0.0, 5257 ) or
D(5,0,7(s,n)p(n,w)é(w, €)Y(e,0)(0,0)(5 +r + 0+ h +v))
<D(6,1,3)0D (1, w, 1) OD(w, €,0) OD(e, 0,9(e, 0)h)OD(0,0,6(a,O)v) O

Example 3.2. Let 8 = 3 = MM U B, where M = {—2, -1} and B = {1, 2}. Define a binary relation L by
¢1LlOec¢+0>0.GivenA, 7,0 : B x & x[0,00) = [0,1] as

+\vuu

L~ bothg,® € B
Q[(g)@’[,):{ A

esor otherwise

k_@IGG bothg,® € B
35,0,0) = ] )
1 —e<®¢  otherwise

_ 6
=0 poths,0 € B
e~ — 1 otherwise

D(s,0,1) :{

with a €T % defined by ¢ * to = 1 - to and €TE by ¢1< Ly = 1 - to and 3,1,0,H,0 > 0 where ¢ =
3+r+0+bh+v. Define T,0,£,1%,0 : R x & — [1,4+00) by

— 1; if§7 @ (= m7
0= { max{s,©}, otherwise
_J L if¢,® € M,
a m, otherwise
_ L ifg,® € M,
a m, otherwise
1, if¢,©® € M,
min{[<|, |©[}, otherwise
— 1, lfg, (_:) e m,
0= { max{s + O, |¢c — O[}, otherwise

Then, (&,2(,73,D,x,<, 1) is a neutrosophic orthogonal pentagonal controlled metric space (MOPEMES)
under given suitable domain but it is not a control fuzzy metric space at
¢=O=n=w=e=oc=—-landp,0,h,o=1then, T=p=E=¢ =06 =

A(s,0,¢)
= et £ (o i) <A (ro gim) <2 (w0 adn) +2 (0 wm) <2 (7).
Example 3.3. Let R=7Z = MU B U0, where M = {—o0,...,—3,—2,—1} and

B ={1,2,3,4...00}. Define a binary relation L by¢ L © & ¢+ © > 0.
Given 2,73, : 8 x R x [0,00) — [0,1] by

L

M(s,0,1) = L+ max(c, 0}’ (D
o max{s,0)
J(C»@,L)—ma ()
9,0, = i<, 6 3)

L
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with a €T x defined by ¢1 %10 = t1-19 and CTE by 11 ALy = 1112,V 3,8,0,h,0 > 0 where . = 3+1r+0+bh+v.
Define T, ,,9,d : R x & = [1,+00) by

(s, 0) = { i’lax{g,@}, :)ftlgl:egmesem’ @
60 ={ T e ®
£(5,0) ={ ;x{lg@} gﬂifwiese?ﬁ’ ©
¥(s,0) { Ilr’lin{|g|,|@|}, i)ftlie?w?sém 7
(s, ©) :{ rlr’lax{g-i-@, < — ol gﬂifwiese?ﬁ’ ®

Then, (8,2, 7,0, %, ", 1) is called an neutrosophic orthogonal pentagonal controlled metric space STOPEMS
but it is not a control fuzzy metric space.

Proof. First, we show that ® is an neutrosophic orthogonal pentagonal controlled metric space. The conditions

except{(d), (i), (n)},{(e), (4), (o)}, {(f), (k), (p)} are obvious. Here, we prove {(d), (i), (n)},{(e), (7). (0)}

and {(f), (k). (p)}

@ A(c,0,1) =1 ¢=0V¢,0 € Rt >0suchthats L ©and © L ¢:
Ql(g,@,L)=1,®m:1,(:>L:L—|—max{g,@}(:>max{g,@}:0,<:>§:@
0 73(,0,))=0¢=0Vs,0c R t>0suchthats | ©®and © L :
3(§7@,L):0,®%:07<:>max{§,9}=0,(:)<=®

M) D(,0,.)=0¢=0Vs,0 € K >0suchthat¢ L. ©® and © L ¢:

D(c,0,1) :0,@M =0, max{,0} =0, ¢=06

() A(s,0,t) =A(0,5,t), V5,0 € Rt > 0such that¢ 1 O and© L ¢

Ql(§7@7L) = L+ma)b({§,@} = L+ma}i{@,g} = Q[(@7§,L)

() 3(s,0,1) =3(0,6,1), V6,0 € B¢t > 0suchthat¢ L. Oand © L ¢

3(s,0,0) = Eadelly = sk = 9(0.,)

(0)9(5,0,1) =D(0,¢6,1), V5,0 € Rt > 0suchthat¢ L ©and © L ¢

D(c,0,0) = =dsOl = mdOsl = 9(6,q,1)

0 2A(s, 0, 7(s, me(n,w)é(w, €)Y (e, 0)6(,0) (3 +r +0 + b +v))

> A(s,m,3) x AN, w, 1) * A(w, €,0) xA(e, 0, h) x A(0, O, v)
V¢,0,nw,e,0 € R 3,5,0,h,0 >0 suchthat ¢ L n,n Ll w,wleel ool ©ands L O.

b 0
2 (6"”w<e,o>> A (”’@’ 5<a,@>> )

= max{s, O} < (¢, n)[max{s,n}] + ¢(n, w)[max{n, w}] + {(w, €)[max{w, e}]
+1(€, o) [max{e, o}] + 0(0, ©)[max{c, O}]

= 3r0hv max{c, O} < T(s,n)(3:0hv + r?>0hv + rO%ho + b0 + rohv?)[max{s, n}]
+(n, w) (3800 + 3%0h 4 302ho + 50570 4 30hv?) [max{n, w}]

+&(w, €) (3:0hv + 32rho + 5r2hv + 5rb%v + 5rhv?) [max{w, €}]

+1p(e, o) (3r0h0 + 32100 + 38200 + 31020 + 5rov?)[max{e, o}]

+6(0, ©)(3r0ho + 3210h + 3r°0h + 3r02h + 510h?) [max{c, O}]

3rohomax{s, O} < (¢, n)rohv(3 + 1 + 0 + b + v)[max{s, n}]

+o(n,w)30hv(3 + & + 0+ b + v)[max{n, w}|

+&(w, €)32h0(3 + & + 0 4 b + v)[max{w, e}]

+(e,0)3000(3 +r + 0 + b + v)[max{e, o }]

+9(0,0)3:0h(3 + £ + 0 + b + v)[max{c, O}]

30hvmax{s, ©} < (¢, n)e(n,w)é(w, €)Y(e,0)6(0,0)(3 +r+0+bh +v)

|: rohv(max{s,n}) + 30hv(max{n,w}) + srho(max{w,e})
e(nw)é(w,e)P(e,0)d(0,0) 1 T(s,n)é(w,e)Y(€,0)3(0,0) ' T(s,m)p(n,w)(e,0)d(0,0)
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+ 3rov(max{e,0}) + 3r0h(max{c,0})
A(em)e(nw)é(w,e)d(e,0) 1 T(s,me(nw)é(w,e)i(e0)

< (S, me(n,w)é(w, €)Y (e, 0)d(0,0)(3 +r+d+ b+ 0)

[vohv(max{s, n}) + 30hv(max{n, w}) + srhv(max{w, €})

+3r00(max{e, 0 }) + jroh(max{c, ©})]
< s, me(m,w)é(w, €)ih(e,0)5(0,0)(3 +r+0+ b +v)

[roho(max{c,n}) + joho(max{n, w}) + jrho(max{w, €})

+3r00(max{e, o'}) + 5r0h(max{o, ©})]
+ max{s,n} max{n, w} max{w, e} max{e, 0} max{o, ©}
(s, me(n, w)é(w, €)Y (e, 0)d(a,0) (5 + 1 + 0 + b + 0)5r0h + 5rdhv max{s, O}
< s, mep(n, w)é(w, €)v(€,0)(0, ©) (3 + 1 + 0 + b + v)3r0hv
+(6,me(n,w)é(w, €)(e,0)d(0,0) (3 +r+02+ b +v)

[roho(max{c,n}) + sohv(max{n, w}) + zrho(max{w, €}) + zro0(max{e, o'}) + 5r0h (max{c, ©})]
+ max{s,n} max{n, w} max{w, e} max{e, 0} max{o, ©}
(s, me(n,w)é(w, €)Y (€, 0)d(0, ©)(3 + ¥ + 0 + b + v)5r0hv + 5rdhv max{c, O}
< s mp(n, w)é(w, €)v(€,0)5(0,0)(3 +r + 0+ b+ v)

[5r0ho + [[pdho(max{s, n}) + soho(max{n, w}) + zrho(max{w, €})

+3r00(max{e, o}) + 3roh(max{o, ©})]

+ max{s, n} max{n, w} max{w, e} max{e, o} max{c, O}]]
3roho[T(c, m)p(n, w)€(w, €)Y(e,0)6(a, ©) (5 + 1 + 0 + b + v) + max{c, O}]
< s, mep(n, w)é(w, ) (€,0)5(0,0)(3 +r +d+ b + v)

[[s + (max{s,n}] [r + (max{n, w})] [© + [max{w, e}]] [h + [max{e, o}]] [b + [max{o, O}]]]

T(s,me(nw)é(w,e)¥(e,0)d(0,0)(5+r+0+h+v)
'i(s‘777)¢(n7w)£(w76)¢(6,0)5(07®)(3+zc+0+ahh+u)+maX{sv@}
3robo

Z (3+(max{s,n}[r+(max{n,w})][0+[max{w,e}]][h+[max{e,o}]][o+[max{c,O}]
T(ssmp(n,w)é(w,e)1(€,0)8(0,0) (3+r+0+h+b)
(s, e (n,w)é(w,e)9(e,0)8(0,0) G+r+0+bh+0v)+max{s,0}

3 r 2 v
Z max(en)] " [FFmax(ne)] * [OFmaxda.d]]  hFmax{es)]] [T max{o.0}]
= A(s,0,7(c, e(n, w)é(w, €)ib(€,0)5(0, O) (5 +r +d+ b +1))
= A(s,1,3) * A, w, 1) * A(w, €, 0) x A(e, 0, h) x A0, O, v).
In a similar way we proceed as following,

max{s,0}  max{s, O}
L +max{c,0} ¢+ max{O,c}

&) 3(s, 0, (s, me(n, w)é(w, €)Y (€, 0)6(0,0)(3 +r + 0 + b +v))
< 3(s,m, s, m)3) T (n, w, p(n, w)r) CT(w, €, (w, €)0)CT(€, 0, Y (€, 0)h) OT (0, ©,6(0, ©)v)
V6,0,n,w,e,0 € R,3,1,0,h,0>0suchthats L n,n L w,w L e el ool ©andg L O.
= max{c, O} < (¢, n)[max{c,n}] + ¢(n, w)[max{n,w}] + {(w, €) max{w, e}]
+9 (e, 0)[max{e, o }] + (o, ©)[max{o, O}]
= 1 —zrohvmax{s, 0} > 1 — (7(s, ) (3:0hv + r*0hvrO>ho + Oh0 + rdho?)[max{s, n}]
+¢(n, w) (3:0h0 4 3°0h3O2ho + 30h%0 + 30h0?)[max{n, w}]
+&(w, €) (3:0hv + 3°rbv + 3r°hv + 3rb%v + 5rhv?) [max{w, €}]
+1(e, o) (3r0ho + 32100 + 38200 + 30020 + 5ro0?)[max{e, o'}]
+6(0, ©)(3r0hb + 3210h + 32°0h + 5r02h + 310h?)[max{c, ©}])
1 — zroho max{s,©} > 1 — (T(s,n)rdbo(3 +r + 0 + b + v)[max{s, 7}]
+@(n,w)30h0(3 + 1+ 0 + b + v)[max{n, w}]
+&(w, €)zzhv(3 4+t + 0 + b + v)[max{w, €}]
+9(e,0)3000(3 +r + 0 + b + v)[max{e, o }]
+6(0,0)3:00(3 + t + 0 + h + v)[max{c, O}])
1 — zpohv max{s, 0} > 1 — (TI(s, n)p(n,w)é(w, €)1 (e,0)d(0,0)(3 +r + 0+ b +v)
[ robo(max{s,n}) + 30h0(max{n,w})
P W)E(@,0)P(,0)0(0,0) | T(@mE(w,)d(e,0)(c,0)

+ srhv(max{w,e}) + srov(max{e,0}) + 3roh(max{s,0}) })
T(s,me(n,w)(e,0)é(0,0) T(sme(n,w)é(w,e)d(a,0) e p(nw)é(w,e)p(e,0)

> 1= (s, me(n,w)é(w, €)i(e,0)0(0,0)(3 +r +d+h +v)

oo (max{s, n}) + 30ho(max{n, w}) + zrhv(max{w, €}) + srov(max{e, o'}) + 5r0h(max{s, ©})])
> 1= (s, mep(n,w)§(w, €)(e,0)0(0,0)(3 +r +d+h +v)

[rohv(max{s,n}) + 30hv(max{n,w}) + srho(max{w, €}) + 3r0v(max{e, o})

+3r0h(max{o, ©})] + max{s, n} max{n, w} max{w, e} max{e, o} max{c, ©})

1= [T(s,mep(n, w)§(w, €)i(e, 0)d(0, ©)(3 + £ + 0 + b + v)5r0hv + 5r0hv max{, O}]

3(,0,0) = =73(0,¢,1) (10)
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> 1= (s, me(n, w)€(w, €)Y (e, 0)5(0, ©)(3 + 1 + 0 + b + 0)3r0ho

+(5, e (n, w)é(w, €)4(€,0)0(0,©) (3 +r +0 4 +0)

[rohv(max{s,n}) + 30hv(max{n,w}) + srho(max{w, €}) + zrov(max{e, o})
+3r0h(max{o, ©}) + max{s, n} max{n, w} max{w, e} max{e, o} max{o, ©}))

L —[T(s,me(n, w)é(w, €)(e, 0)0(0, ©)(3 + 1 +d + b + 0)5r0hv + 3r0hb max{c, O}

= 1= (s, me(n, w)é(w, )Y (e, 0)0(a,0)(3 + r + 0+ b + v) [3roho + rohv(max{c, n})
+30hv(max{n, w}) + srhv(max{w, e}) + zrov(max{e, o}) + jroh(max{c, O})

+ max{s, n} max{n, w} max{w, e} max{e, o0} max{o, ©}])

1 — (3x0h0[T(s, M) (n, w)é(w, €)1h(e,0)3(0,©) (5 + & + 0 + b + v) + max{c, O}])

> 1= (s, me(n,w)é(w, e)v(e,0)d(0,0)(3+r+d+h+v)

(5 + (max{s, n}][r + (max{n,w})][d + [max{w, e}]][b + [max{e, o }]][v + [max{c, O}]]]))

1— (o) p(n,w)é(w,e) P (€,0)8(5,0) (3+r+0+bh+0)
(s, e(n,w)é(w,e)9(e,0)5(0,0) (34+1+0+h+v)+max{s,0}

<1-— ( 3r0ho )
= [[3-+max{s,n}][r+(max{n,w})][0+[max{w,e}]][b+[max{e,o }][v+[max{c,O}]]]

max{s,0}
T(eme(nw)é(w,e)v(e,0)8(0,0) (3+r+0+b+v)+max{s,0}
max{s,n} max{n,w} max{w,e} max{e,o} max{c,0}

= [frmax{w}] "+ (max{nw})] ~ [OFmax{w,e}]] * h+max{e,0}]] ~ o+[max{c,6}]]
= 3(5,0, (s, )(n, w)E(w, €)tb(e, 0)8(c, ©) (5 + £ + 2 + b + v))

> 3(¢,1,3)03(n,w, 1) CT(w, €, 0)OT (€, 0, )OI (0, O, 0).

Like wise, In a similar way we proceed prove the following,

p= D(s, 0,75, M e(n, w)é(w, €)Y (€,0)0(0,0) (3 + 1 + 0+ h + 1))

> D(,1,3)0D (1, w, 1) OD(w, €, 0) 0D (e, 0, h) OD (0, O, v).

Now, we show that %[ is not a control fuzzy metric space. Indeed

(<, 0, 7(s, n)p(n, w)é(w, €)yp(e,0)d(0,©)(3 + r + 0+ b + v))

> A(s,m,3) * A(n, w, 1) * A(w, €, 0) x A€, 0, h) *A(0, O, v).

_ s, (nw)é(w,e)Y(€,0)5(0,0) (3+r+3+b+0)
A(sme(n,w)é(w,e)ip(€,0)6(0,0)(3+r+d+h+v)+max{c,0}

Q[(<7 , 3) = 5+ma%{<~,77} ’ 9[(777 w, I’) = ;+ma)xc{n,w} ’ m(wv €, 9) = (—)eraox{w)g}
_ _ v

Q[(E, g, b) ~ bh+max{e, 0}’ Q’[(J’ 67 U) ~ v+max{c,0}

This implies

(H)As, 0,3 +r+0+b+0)

=% (9777 'l(gw)) 2 ("’”7 w(ﬁ,w)) * 2 (”767 5(&)) * 2 (6"’7 1/,(?,0)) 2 ("’@’ 5(0“,@))
V¢,0,nw,e,0 € R, 3,5,0,h,0 >0suchthat¢ L n,n L w,w Ll e,el ool ©andg L O.

T(emenw)é(w,e)(€,0)8(0,0) (G+r+o+h+b)
(s, p(n,w)é(w,e)p(e,0)(0,0)(3+1+0+h+v)+max{s,0}

3 . L . 0 . . v
> 3+max{s,n} r+max{nw} ©O+4max{w,e} h+max{e,0c} v+max{c,0}
Now,let¢ =0=n=w =€ =0 = —1; then

-I(g,n) = 90(7]’“) = {(w, 6) = ¢(€a U) = 5(0’, 6) =1 and

max{s,n} = max{n,w} = max{w, e} = max{e¢, 0} = max{o,©} = —1. This implies that
3+r+o+h+o S R S b v
3tr+0+bh+o—1"3-1 -1 0—-1 h—1 v—1
sroho
= 77;’03[)’0 ]" (11)
G-DE-De-DH-DE-1" 7
Taking 3 = r =0 = h = v = 2, we get a contradiction. O

Theorem 3.4. Let (R, 2,3, D,x, O, L) be an orthogonal complete MOPEMES and define A, T, D : RX K —
[1,400) by such that

lim A(,0,:) =1, lim 3(¢,0,:) =0, lim D(5,0,:) =0 (12)

a—r 00 n—roo n— oo

forall. >0andg,© € R
Let9) : R — Ris an L-continuous, | -contraction and 1 -preserving mapping satisfying

2A(Vs, VO, @) > As, 0,1), (13)
and

3,90, @) <3(s,0,1), (14

D(Ys,90,wt) <D(s,0,1) (15)
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forallt > 0and ¢,© € R, where 0 < p < 1. Furthermore, if for o € &, w € [0,1] andn € 1,2,3,. . ..
33, s, O, [, (O, ), i, (6w, ©), lig, 908,50,
lim £(sp,0), lim £(0,¢,), lim ¥(s,,0), lim ¥(O,s,),
n—00 n— 00 n—00

n—roo
lim 6(s,,0), lim 6(0,¢,) (16)
n—oo n—oo

are all exist and are finite. Also,that,

1i_>m A u,u, ) = Wlu, u, ), 1i_>m J(F" u, u, ) = I(u,u, ), and li_>m DY u,u, ) = D(u,u, i),
. . , an
forall . > 0and¢,© € R where g, = "<, then Q) has a unique fixed point in K.

Proof. Since (R, 2,7,D,x,<, 1) is an Neutrosophic orthogonal G-complete pentagonal controlled metric
space, there exists ¢o € £ and define a sequence {¢,} by ¢, = Y¢,—1 forall n € {1,2,3,...} such that
o Lo, foralld € R.

This yields that ¢y L 2)¢g. Consider

§1=Ds0,52 = V%0 =Vs1,---,5n = V"0 = (Sn—1-

If ¢, = ¢,—1, then g, is a fixed point of . Suppose thats,, # ¢,_1 foralln € N. Since ) is L-preserving, {, }
is an orthogonal sequence. Since ) is an L -contraction, we have and define a sequence {s, } by ¢, = Dsp—1
foralln € {1,2,3,...}.

Without loss of generality, assume that ¢,, # ¢,,41 foralln € {0,1,2,3,...}. With the help of and ,
we deduce

Q[(gnagn-‘rla [/) = 91(23%—17 @Cm [/) Z A (gn—lagna ;) T Z A <§07<17 an> . (18)

Keeping on the same lines, we obtain

L L L
Q[(gnagn+27 [/) Z Ql <§07§23 pn) )Q’l(g’nag’n-{-?nl‘) 2 Ql <§03§37 pn) 7Ql(§n7§n+47l') Z 22[ (§0)§4) pn> 9 (19)

It symbolizes, if m = 1,2, 3,.. .,

2

A(Sn, Snpam+1, L) = A | S05 Samt1, — (20)

n

%

[2

T

Ql(gny gn+4m+3a Z A ( S0y S4m—+3, (22)

3

2
Ql(gn, §n+4m+4a 2 SO §4’m+47 7 (23)

L
2A(Sns Sntam+2,t) > 2A (C Sam+2 n) (2D

bS]

and
L L
j(§n7§n+17 ) (@gn 1;2)§na ) S <gn1)§n7p> Sj (§07§1;pn) . (24)
Keeping on the same lines, we obtain

- L\ A ~ L N L
J(§n7§n+27b> S j (<07§27pn> 7J(§n7<’n+37L) S J (§01<37pn> 7j(§n7§n+4ul’) S J <§07§47 pn) ) (25)

It implies, it m =1,2,3,.. .,

~ ~ L
J(g’n.» §n+4m+17 l’) S J <<07 §4m+17 TL> (26)
~ ~ L
I(Sns Sntamt2:t) < T | S0sSamt2s — | 27
~ L
J(g’n) §n+4m+3a [/) S j S0, §4’m+37 7 ) (28)
~ ~ L
I(Sns Sntamtast) < T | S05 Samt4s o (29)
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Similarly,
L L
D(SnsSnt1rt) = D(Dsn—1,Ysn,t) <D <<n_1,<m p) <D <§o,<1, p”) : (30)
Keeping on the same lines, we obtain
L
©(<n7§n+27b) SQ (§01<27pn> ) (31)
L
©(<n7§n+37lf) S @ (§O;<37n> 9 (32)
b
@@mwbos@cm%éﬂ, (33)

It implies, if m =1,2,3,.. .,

[2

D(Sn, Sntam+1,t) <D (§0,§4m+1, n) (34
D(Sns Sntamt2,L) <D (C CAm+2, an) ; (35)
D (Sns Sntam+3, L) <D | S0, Samets, Ln) (36)
@@MMMngﬁ(%%M%;), (37

Expressing ¢ = £ 4 £ + £ + £ + £ and by using , ,, , and , we obtain

L L L
2[ ) ) Z Q[ 9 Y =\ m ) Y e 7 N m ) Y e 9¢7 N\
(50,5,4) <§0 o 5"(<o,<1 ) <<0 o 5p<p(<1,<z)> <§0 ! 5p2€(<27<3))
o 1’51731/1 (3,54) O BpAa(sarss) )

L L
3(50,55,4) < T {50,514 A RURE I B, )
(50555, ¢) (§0 <1 510 0,§1)) (go 51 5p@(§1’§2)> (go o 5p2§(€27€3))

L L
o3 (o6, ) 0T (061, ——— ) and
<O ! 5p3¢(<3,§4)> <0 ! 5p45(§4,<5)>

L L L
®§,§7L §©<§7§’)<>©<§,§,><>©(§7§7>
(<055, 4) 0 B0y 1) 00 Bpo(sr, 2) 1 5p2E sz, 3)

L L
<>© b b - a /N <>® b 9 -~ Ac/_ N bl
@“@Wmﬂ (“%WM@)

In similar manner, we can deduce

L L
2[ s 5 Z Ql 9 LT VR * Q‘ ’ " 5o(cr. )
(S0, S0 ) <§0 51 5_[(§0,§1)) (go o 590(<1,<2))

2

)a(on )
5p2£(Sa, s3) 5p31(s3,64)

L

(
(go’q’ (5)%p*0(sa, <9)'I(<4,<5)) - <<0’§1’ (5)2p55(<4f<9)s0(<57<6))
(
(

L

(5)2p0(sa, <9)§(<6»<7)> = (go’ o (5)2p75(<4,<9)¢(<77<s))

L
S0, S1, s
Olw%w%@w%@J

L L
j(,(,bgj 0,81, o=~ <>j S0,S1y =~
(501 50:2) (0 ' 5_'(<07€1)) (O ' 5@(%@))

L

L
0T (so,51, ———— | 0T (0,51, ————
(0 ! 5p2§(€2,<3)> (O ' 5p3¢(<3,<4)>
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L L
b b <>/J b b
*0 1 <5>2p45<<4,§9>‘r<<4,<5>> (“ o <5>2p56<§4,<9>so<<5,<6>)

(5)2p85(<4,<9)5(<s,<9)> and

L L
b 77 <>© b 77
(go oL 57(§o,§1)> (go o 590(<1,§2))

L L
$0,S1, T3y <>’D<§,§,>
o 5p2§(<27€3)) O Bpip(ss, )

) i)
1 (5)2p%6 (<, 50) (s, 55) 0 (5)2558 (51, 50) (3, <6)

(
(

) <§0,§1, :
E

(

3 (o5t e 7) 2 (o G e )
(
D

<5>2p65<<4,<9>£<<6,<7>) o0 (“’“’ <5>2p76(<4,<9>w<c7,<8>>

L
S0, 1, ,
oo (5)2p85(§47§9)5(§87§9))

L L
A s S4m ) 29{ RN TN «2 2 50(61, )
(S05 Sam+1,0) (<0 S1 51(%7(1)) (gl * 590(<17<2))

L ¢ ‘
# U (258, o ) * A (@30, = ) * 2 {4y a1y
(Q * 5§(§2,§3)> (CS o 51/)(%,(4)) <§4 e 56(§4’§4m+1)>

L

L L
>A (o 61 = ) * A (o6, ———— ) * A (0,61 75—
<0 ' 5"'(<o,<1)> (0 ! 5p90(<1,<2)> (0 ' 5p2€(<27<3))

L

L
- 2 /7 N\ Ql ) b
5p3¢(§3,€4)> * <§0 o (5)22945((47§4m+1)7(§4,§5))

2

L
S0, S1, * 2 0,61,
00 (5)2P55(<4,<4m+1)<ﬂ(§5,Cﬁ)> (0 ! (5)2]965(917<4m+1)§(<6,<7)>

L
S0, S1,
o (5)21975(91,<4m+1)¢(<7,<8))

¢
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In similar manner, we can deduce
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(5)4p™ 120 (54, Sam+2)0(S8, Sam+2)9(S12, Sam—+2) 1(S12,$13) >

2

44
(5)mpn+4m§(§4;§4m+2)5(§87§4m+2)5(§127§4m+2)~~~5(§4m47§4m+2)6(§4m7§4m+2)) “)

Accordingly, we get

L
A (Sn Sntam3, L) > A (<07 S4m+3, p”)

L

>2l<< 5 >*Ql<< S L)
- ” 175p"—[(§0,§1) O Bpn (e, o)

L L
* A | 50,61, *ﬂ(mm)*ﬂ(mc, >
0:>1 5p”+2§ (s2, <3)> 0> B34 (cs, 4) 0 5246 (04, camrs) 1(sas S5)

L

L
* 2 * A | 0,61,
””5(<4,<4m+3)¢(<7,<8)) (0 ' (5)3p"+85(<4,§4m+3)5(<s,<4m+3)‘i(<s,<9))

§07§17

L L
* Q[ S0, S1, * 91 <§ ,S1, )
( ! n+‘)5(§4;§4m+3)@(§57§6)> 07 >0 (5)2pn 165 (4, camrs )€ (<6, 57)

L
* 2 | <o, $1, )
( 0721 (5)3p™ 96 (54, Sam+3)9(Ss, Sam—+3)(S9, S10)
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* 2

L
0,51,
o (5)310”“05(@17<4m+3)5(<8,<4m+3)§(<10,<11))

* 2

L
S0, S1,
0751 (5)317”“15(91,§4m+3)5(§8,§4m+3)¢(§11,§12))

L
* 2| <o, 1, ...
07>t (5)4pn+126(§47§4m+3)5(§8;§47n+3)6(§127§47n+3)-I(§12;§13)>

L
(5)™p 476Gy, Sam+3) (S8, Sam+3)0(S125 Sam+3) - - - 0(Sam—a, Sam+3)0 (sam, §4m+3)) '

L
A (Sny Snramta, t) > 2A <<o, S4m-4, pn>

L
ZQl S0,S1y T =, < * 2 §,§77
<O ! 5p”'i(<o,<1)) (0 U pprtt (cmz))

L L
* 2 | <o,61, *2A | 0,61, ———— ) *A | 0,51,
o 5pn+2§ (52, <3>> ( ' 5pn+3w<<3,<4>> ( ' <5>2pn+46<<4,<47,L+4>1<<4,<5>>

* 2 S0, 63,

A~ N7 N -7 NN

L L
* A | 0,61,
”+55(§47§4m+4)s0(§5,§6)) <0 ! (5)22?”+65(§4,<4m+4)§(§67§7)>

L

L
*2A | <o,¢1,
”*75(§4,§4m+4)1/}(§7,<8)> < 0221 (5)3p"+85(<4,§4m+4)5(<8,§4m+4)-|(§87<9))

L
S0, S
17 3pnt106(cy, Samya)d(ss, §47n+4)£(§107§11)>

L
S0, S
17 n+116(§47§4m+4)6(g8;§4m+4)'(/)(§11a§12)>

L
S0, S1 * ...
T (5)4p"126(4a, Sumt4)0(S85 Sam+4)0(S125 Samta) N(S12, §13))

L

(
(@
(o
* 2 << 0 (5398 (os, g4m+4)L5(<8, Sam-+4)P(So, <10)>
(
(
(
(

VPTG, Samt-4)0(Ss, Sam+4)0(S12, Sama) - - - (Sam—a, Sam+a)d(samn, §4m+4)) '

and

~ ~ L
T (Sns Sntamtar t) < J <<o7§4m+4, p")

[2

<TJ (0,51, —=——— T S0rS1s BT
(0 ! 5P”-|(§0,<1)> <0 b ppntl (<1,<2)>
L

T

L
0,51, ST 50,61, =——7—— ) ¢TI | c0,51,
O°b ppntag <2,<3)> (0 ' pn+5w<<3,<4)> (0 ! (5)2p”+45(<4,<4m+4)‘i(<47<5))
L

L
ST | <o, 61, >
n+55(§4’§4m+4)%0(§57§6)) (0 Y (5)2p7 66 (ca, samr4)E(s6, 57)
L

L
ST | <o, 61,
"+75(§4,§4m+4)¢(€77§8)> ( 0o (5)3p”+85(§47§4m+4)5(§8,§4m+4)7(§8,§9)>

So <17

So Cla

L
S0 S
17 n+96(§47§4m+4)6(§87§4m+4)§0(§9><10)>

g
(
(
(
o7 (g a1, - )
(
g
(

3pnt1096(6y, Sam+4)9(Ss,s Sam—+4)€(S105$11)

L
S0, S1
" (5)2p M5 (4, Samta)0(S8s Samta) P (S11, §12)>

L
SRS Ol
0 1’ "+125(§4 §4m+4)5(€8,§4m+4)5(§12,§4m+4)7(§12,§13))

L
T

3

0,54,
0o (5)mpnt 4116 Sy, Sam+4)0(S8, Sam4-4)0(S12, Samta) - - - O(Sam—da,s Sam+4)0(SaM, Sarmya) )
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and

2
@ (§n7 Sn4+4m+4, L) S @ <§07 S4dm—+4» pn)

L L
<D (s,5,——=———|OD (50,61, —————
(0 ! 5P”-|(<o,<1)> <0 ! 5p”“s0(<1,<2)>
L

L

L
—— | 0D (50,61, ———— | OD | 0,1,
5p"+2§(<27<3)) (0 ! 5p"+3¢(§3’<4)> (0 ' (5)2p"+45(§4,§4m+4)7(§4a€5)>
L

L
D | 0,41,
(5)2p"+55(§47<4m+4)<,0(§5,§6)> ( 021 (5)2p"+65(§4,§4m+4)f(§6,§7)>

L L
OD | <o, 61, - >
(5)2]7””5(917§4m+4)¢(§77<8)) <0 ! (5)3p"*86(s4, Sam+4)9(S8s Sam—+a) (s, So)

L
S0, S1, -
o (5)3pn+105(§4a§4m+4)5(§87§4m+4>€(§107§11))

v
S0, S1,
071 (5)3p"+115(§4,§4m+4)5(§87§4m+4)7/1(§11,§12))
L

Ol
(5)4p" 126 (54, Sam+4)0(S8, Sam+4)9(S125 Sam—+4) (12, 513) >

0 (0.5 g5 L ) @

(5)mp™ TS (G4, Samta)0(S8, Sam+4)0 (12, Samta) - - - 0(Sam—as Sam+4)0 (54, Sarmta)
Furthermore, for every ¢ and from the inequalities (38) - {3), we have

(
(
(
oD (coxh (5)3pn+95(<4,<4m+4)25(<8,<4m+4)so(<97<w)>
(
(
(

Hm A (S Sppgrt) > 1l ls- vl =1, (46)
n— oo

li_>m I(Sn, Sntqrt) 000000 ... S0=0, 47
1i_>m D(Sn, Sntqrt) 00000 ... C0=0, (48)

as b(Sn,Sntq) < 1/pforalln,g € Nand p € (0,1) i.e., {s,} is an orthogonal G-Cauchy sequence in X.
Since (&,2,7,D,, <, 1) is complete, there exists u € £ such that g, — u as n — oo. Now, since 2) is an
| -continuous mapping, one writes

Hm A(Sp41, Yu, ) = Um A(Ys,, Yu,r) = 1,

lim J(p41, Yu, r) = Um I (Y, Yu, r) = 0,

Im D (spt1, Yu, ) = Im D (Ysp, Yu, ) = 0.

Now, we investigate that ¢ is the fixed point of ).

By applying equations (46)), and (8) and conditions (e), (j) and (o) in definition (3.I)), we have

L L L
A > A ny = ———— A n—1sYSn, — A ny S+l o7
SEERE (g’g 5'I(<,<n)> ’ (iyg b s 5¢(§n,<n+1)> ’ <QJC Pnta 55(<n+17<n+2)>

. L
Q[ n ) mn e ) m " ’ " 50(5n 13, D<)
i <QJC +1: Déntz 51/)(<n+2,<n+3)) i <@g 23 55(<n+37@<)>

L

L L
Z 22[ gjgnj ) *2[ (gn— 7§na ) *Ql (gn7gn ’)
( 5-[(<7 Cn) ! 5PS0(§117 Sn+1 i 5p£(<n+17 §n+2)
L

L
* 2 Sn+1,5Sn ,)*m<§n 71'7) and
( o 5P (Snt25 Sn+3) 2 5p0 (Sn+3, Vs

L L L
j b b S j b mnsy N\ Oj n— b mny - 7 N Oj ny n b -~ N
(& %e0) (g ‘ 5‘i<<,<n>) (% 1 s 5so<<n,<n+1>> <@< Vs 55<<n+1,<n+2>>
L

R L
OJ <@§n+17@§n+2, W) ST <@§n+2a93§7 M)

<7 ( ‘ ) oJ ( L ) o7 ( ‘ )
<T({S,Sny—=—~ Sn—1,Sny 7——F——— SnySndl, T~
57(s, sn) ! 5p0(Sns Snt1 i 5p& (Snt1,Snt2)

L L
<>j Sn s Sn 7) <>j (C’I’L 7$7) 3
( e S (Gnt 2y St a) 2 500 (Snta Vs
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Likewise

L

L L
D ) ) S D YNy T\ oD n—1, ny = /7 \ oD ns n YN
(©3s,0) (g * 57(9%)) (Q‘k b s 5<p(<n,<n+1)> (Qg Dents 5£(§n+17§n+2)>

L

L
D (@§n+17@<n+27 Ww) oD (@Cnﬁa@g’ M>

L

L L
S @ §7 gn? ) <>© (gn 7§n7 ) O@ <§n7 gn b >
( 51(9 gn) ! 5p§0(§n7 Sn+1 A 5p§(§n+15 §n+2)

L L
oD Sn+15Sn ,> oD (gn ,iﬂ,)-
( 2 S (nt 2, Snts) 2 500 (Gutss Vs

Letting n — oo in the above inequalities, we deduce Qs = ¢, i.e., < is a fixed point of Q). By applying the
inequalities and (T4), it is easy to show that < is a unique fixed point of ).

Now, for uniqueness, let w € £ be another fixed point for 2) and let there exist ¢ > 0 such that 2d(u,w, ) #
1,3(u,w,t) # 0,9(u,w, t) # 0. We can obtain

So L u,q0 L w. 49)
Since ) is an L -preserving, this implies that -preserving, this implies that
Do L D" u, YY" L D" w, (50)
for all n € N. From (13)), and we can derive

A (D 0, D" u, ) > A (D 0, Y u, ki) > A (go,u7 L)

k.n
QL (mn§07 @nw7 L) 2 Ql (@ng(% @nwa k[’) Z Ql (§07 W, kin) )
(@ §07Q.j U, [’) (@ §07@nu kb) S (§0,U, k%)

360, 9"w,1) <3 (Y60, ", k) <3 (0,0, 7 ) sand
D (V509" u,) < D (V0. V"u, k) < D (<o, 1)
D (D750, 9"w,1) <D (Y60, "w k) <D (0,0 75 )
We can write

A(u,w, ) =AD" u, Y w, )

L
>Q[ ) ’7
= <<0“ 51<<o7u>)
L
* 2 c,g, 2l<§,§,)
<O ! 07§1)> o2 5p2€(s1,$2)
L

A | 2,63, A(s,w,——— |, 51

i <§2 3 5 <2,<3)>* (gsw 5p45(§3,w)> Gb

J(u,w, 1) =T (D" u,Y"w, 1)
L
J <§Oa ﬂ5‘[(§0’)>
L
<<07<17 §07g1)> O <<17§27 5p2§(<1»<2)>

L
) ) <>j yWs T A/ N )
5 5 <2,§3)) <§3 . 5p45(<3,w))
D(u,w,t) =D (D" u,Y"w, )

<D
(go’ b ‘I(co, >)
L L
oD Sy o7~ OB 182 o s Y
(go o 5¢(<o,<1)) (gl °2 5p2€(<1»<z))

L L
oD (e, | OD (G0, —— ).
(Q * 5p3w(€2,€3)> (Q’ “ 5p45(<3,w))
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for all n € N. By taking limit as n — oo and if

(0, u) = ©(s0,61) = &(s1,52) = ¥(s2,63) = d(s3,w) then we get

Au, w, 1) =1,T(u,w,t) = 0,D(u,w,t) =0 forall . > 0;

Hence v = w. O

Remark 3.5. The opposite is not true: any Neutrosophic orthogonal Pentagonal controlled metric space is a
Neutrosophic Pentagonal controlled metric space

Definition 3.6. Let (&,2,J,D,*, <, 1) be an Neutrosophic orthogonal Pentagonal controlled metric space.
Following that, a sequence {,} is considered to be G-convergent to r, where ¢,{s,} € R if and only if
lim 2A(c,,s,¢) =1 lim J(su,6,¢) = 0and lim D(s,,s,t¢) = 0, for any n > 0 and for all + > 0.

n—oo n—oo n—oo

Definition 3.7. Let (&,2,7,D,,<, 1) be an Neutrosophic orthogonal Pentagonal controlled metric space.
Following that, a sequence {c,} is considered to be G-Cauchy sequence with {¢,} € £ if and only if
lim A(Sn, Sntm, t) = 1, im T(sn, Sptm, ¢) = 0and lim D (<, Sppm, t) = 0, for any m > 0 and ¢ > 0.
n—00 n—o00 n—00

Definition 3.8. Let (#,2(,7,D,*, <, L) be a Pentagonal controlled metric space that is Neutrosophic orthog-
onal; it is G-complete if and only if all of the G-Cauchy sequences are convergent.

Definition 3.9. ) : & — K is L-continuous at ¢y € K in a Neutrosophic orthogonal Pentagonal controlled
metric space (R, 2,7, D, *, O, L) if for each orthogonal sequence {¢, } in X so that if lim 2(z,,z,t) exists
n—oo

and is finite for all ¢ > 0, then lim 2A(Yr,,Vr, ¢) again exists and is finite for all ¢ > 0. Additionally, ) is
n—roo
1 -continuous if 9) is | -continuous at each ¢ € 3. Also 2) is L -preserving if Yr L Yw; hence, r L w.

Remark 3.10. The limit of a convergent sequence in a Neutrosophic orthogonal Pentagonal controlled metric
space does not have to be unique.

Remark 3.11. The convergent sequence in a Neutrosophic orthogonal Pentagonal controlled metric space
does not have to be a Cauchy sequence.

Definition 3.12. Let £ is a Neutrosophic orthogonal Pentagonal controlled metric space, then we define an
open ball B(c, r, 3) with centre ¢, radius ,0 < < 1 and 5 > 0 as follows:

B, r,B) ={0 € R:A,0,8) >1—r}, B(,r,p) ={0 € &:7(s,0,8) < r}, and the corresponding
topology that has been defined as 7, = {D C X : B(s,r, ) C D}.

Example 3.13. Let R = Z = MUDB, where M = {—1,—-2,-3,... }U{0,1} and B = {2,3,4,... }. Define
a binary relation L by¢ 1L © < ¢+ 0 > 0. Define 2, 7,0 : £ x & x [0,00) — [0,1] by

L max{s, O} max{s, ©}
L

A(s,0,1) = m,ﬁ(c,&b) =+ max{c, 0}’

9(s,0,1) = (52)

for all : > 0 and ¢,© € 3 with a continuous t-norm * and t-conorm defined by: 1 * 15 = ¢1 - 2 and
119t = 11 - 9. Define T, 0,£,1,6 : 3 x 3 — [1,00) by

(1, if¢,©® € M,
(,0) = { max{¢,0} otherwise.
1, if¢,® € M,
v(c,0) = { i
(c.©) m otherwise.
1, if¢,® € M,
£(5,0) = { m otherwise.
1, if¢,© € M,
P(s,0) = { min{[¢|,|©|} otherwise.

(1, if¢,® € M,
3(5,0) = { max{s + 0, |c — O]} otherwise.

Then, £ is a Neutrosophic Orthogonal Pentagonal Controlled Metric Space (MOPEMS). Observe that
ILm A(5,0,1) =1, 1Lm 73(¢,0,t) =0 and ILm D(s,0,:) =0.
Now, we define ) : & — K by

s ifceA
— 27 9
Ys = { 1, ifceB, (53)

forall ¢ € R.
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Proof. Observe that if ¢ L O, then clearly )¢ L 2)O. To prove that the contraction is orthogonal for

k€ [(3),1), there are some cases:
(D) If g, € A, then Ys = ¢/2 and PO = © /2. We have

_ _ ke L _
AV, VO, k) =2A (;, g, kL) = rrmed (3).(2)) > o] = A(s, w, ¢).
2)If ¢, 0 € B, then Y¢ = 1 and Q)w =1.In this case
Q[(Q_)g, QJ@’ k:L) = Ql(l’ L, kb) kL+mdx{l 1} = L+max{§ wh T Ql(g,w, L)‘
3)If¢ e Aandw € B, then ¢ = ¢/2 and Yw = 1. Here,

AV, VO, k) =A (5,1, k) = kL—‘rIna)’:{L(%),l} 2w} = 2A(s,0,1).

4$HIf¢eBand O € U, then s = 1 and PO = w/2. This implies that

Q[(QJC @9 kL) = ( bl kb) = % ke Z L = — Q[(g @ L).
’ ’ 720 H»max{l,(%)} t+max{s,©} L

5)If¢,0 € A, then Ys = ¢/2 and YO = O/2. We have

3(<, 90, k) =T (5, 5. k) = ﬁiijxi{;’%} = Lf;);{:{geg)} =3(96,0).

6) If ¢,w € B, then Y¢ = 1 and Yw = 1. In this case,

j(@@ @97 kL) = (la 17 kb) ﬁji?jii{i}l} S ijlji?{goé} j(ga @, [’)'
seXlandw € then¢ = ¢/2 and Yw = ere,

7 If ¢ € A and B, th 2 and 1.H

3,06, kn) =3 (51, bn) = iy < el — a0
¢e€'bandw € X%, then )¢ = 1 an w=uw 1s 1mplies that

8) If ¢ € B and 2, th 1 and 2. This implies th

IV0, 90, k) =T (1,3, ki) = ﬁj:jxl{l}f} < a0l 5(c,0,).

9) If ¢,w € 2, then Ys = ¢/2 and Yw = w/2. We have

(V. V0. k1) =D (5, 3, ke) = modB 3} o maxls0l ¢ @),
10) If 5, w € B, then Ys = 1 and Yw = 1. In this case,

D(Ys, D0, ki) = D(1, 1, ki) = mex{Lll  max{s0} _ (g @),
ID)If¢ceAandw € B, theng—g/Qand‘g)w— 1. Here,

(6,90, k) =D (c 1 k‘L) _ max;; 1} < maxfc wl D(c,0,0).

27
12)If ¢ € B and w € 2, then Y¢ = 1 and Yw = w/2. This implies that

DD, DO, ki) = D (1,2, k) = "2xl13} o madso) _ 5 @),

R —

Hence, it is an | -contraction. Now, we show that 1t is not a contraction. Let ¢, © € 2, then Ys = ¢/2 and

Yw = /2. Here

- ¢ B kt
A(Ys, YO, k) = A (2’ 2’]“> C ke+max{(3),(3)}

3969080 =3 (5.5.0) = kﬁi}fﬁé%}

ke

o, k)=0(22
g(mgﬂm ) [’) @ <2 2
Let¢=0=-2k= (13) and ¢ = 10, so

AYs, VO, k) = TFmax =T, =1 = 1O+max1{0 2,27 =A<, 0,r),
which implies ()5, 20, k) < (s, ©, ). This is wrong.
If lim 2A(sp,s,¢), lim J(sp,,s,¢) and lim D(s,,s,¢),

n—00 r—00 r—00
is finite and exists, then also lim 2A(Ys,,Vs,r), lim I(Vs,, Vs, ),

n—oo n—oo

lim D (Ysn,Ys, r) is finite and exists. This implies that it is L -continuous.

n—oo

Also, observe that lim D(g,, ), lim D(0,¢,), lim W(s,,O), lim W(O,g,),
n—00 n—00 n—00 n—00

lim €&(g,,0), lim €(O,g,), lim R(s,,0), lim R(O,s,),

n—oo n—oo n—oo n—oo

lim T'(s,,®), lim T(O,g,) are all exist and are finite.

n—oo n—oo

All circumstances of Theorem (3.4) are fulfilled and 0 is the unique fixed point of ).
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4 An Application to a Traffic flow network Using Integral Equation

The existence and uniqueness of a solution to a Fuzzy Fredholm type integral equation of second kind are
investigated in this section using Theorem (3.4).

A Fredholm integral equations of second kind would be considered with the context of an orthogonality pen-
tagonal controlled fuzzy metric space may be represented as follows:

b
f(2) = A / ke, Op(t)dt + g(2)

Suppose we want to Model traffic density f(x) in such a Neutrosophic fuzzy metric space, to enforce the
orthogonality in this space with five control functions.

The application of the Fredholm integral equations of the second kind in traffic flow networks provides a
powerful mathematical framework for analyzing and optimizing traffic systems. By modelling interactions
between vehicles, road capacities and external conditions. This equation enables the prediction of traffic pat-
terns and the identification of equilibrium states. Its versatility lies in solving problems related to congestion
management, route optimization and system efficiency.

Let X = C(]e, g, R) be the set of all continuous real - valued functions defined on [e, g]. Now, we consider
the fuzzy Fredhlom-type integral equation of the second kind:

g
C(n) = ¢le) + 1 [ (. c)s(m)deforn,c € [e.g] (55)
where 8 > 0, ¢(c) is a fuzzy function of ¢ € [e, g] and Q) € K. Define A by

B B0 = P s, BT}

. max{s(n),O(n)}
Ielm), Ol = I max{s(n), O}
(

9(<(n),O(n),¢) = inf max{<(n), © n)}’

n€le,g| L

for¢,® € Kand ¢ > 0, with a €INT * defined by 71 * 7o = 71 - 79 and €ZXC by 1 Cry =11 - 7o,
Define T, p,&,1,8 : & X & = [1,00) by

— 1; if§7 @ E m7
0= { max{s,O}, otherwise
1, if¢,© € M,
§,@ = ‘
71 ©) { m, otherwise
1, ifg,® € M,
0= { m, otherwise
_J L ifc,0 ¢ om,
Ve { min{[[, O}, otherwise

(1, if¢,® € M,
3(5,0) = { max{s + 0, |¢c — O]}, otherwise

Then, (R, 2,7,D,, A, L) be a G-complete NODEMS.

Theorem 4.1. Assume that max{(n,c)s(n), (n,c)}0(n) < {s(n),0(n)} for <,0 € 3,k € (0,1), and
Vn,c € le,g]. Also consider [Pdc=g—e <k <1 LetQ: R — Rbe

(i) L-preserving

(ii) L-contraction

(iii) L-continuous

Then, the fuzzy Fredholm-type integral equation of second kind in equation (53) has a unique solution.

DOI: https://doi.org/10.54216/1JNS.260308 127



International Journal of Neutrosophic Science (IJNS) Vol. 26, No. 03, PP. 105-131, 2025

Proof. Define ) : & — &by Vc(n) = ¢(c) + p [?(n, c)e(n)dc for all n, c € [e, g].

(i) Take orthogonality as ¢(n) L O(n ) ( ) + w(n) > 0. We see that ¢(n) and 2<(n) belong to K. So, if
¢(n) L ©(n), then clearly Ys(n) L DO (n).

(ii) Observe that the existence of a fixed point of the operator ) is equivalent to the existence of a solution of
the Fredholm-type integral Equation (53).

(iil) Note that max{(n, ¢)s(n), (n,c)©(n)} < max{s(n),O(n)}

¢)+ /9 max{s(n),0(n)} (56)

(iv) Now, for all ¢, © € &, we have

ke
sup ,
né€le,q] ke + maX{Q‘jg(n)a 2)9(71)}
ke
= sup 7
nele,g) kt +max{(n, c)s(n)de, [ (n,c)O(n)dc}
ke
sup 7
lele.g) kt + [) max{(n,c)s(n), (n,c)O(n)}dc
sup ki
lele,g) Kt + [ max{c(n), ©(n)}dj
s kL
up
S e max (s, 6} 17
> su kL
- lE[eI,)g] ki + kmax{s(n),0(n)}
S .
~ ¢+ max{s(n),O(n)
A(s(n),0(n), 1),

AYs(n),YO(n), kt) =

ke
inf
nele.g) ke + max{Ds (n), VO(n)}’
. ke
= inf 5
nele,g] ki +max{(n, c)s(n)de, [ (n,c)O(n)dc}
. ke
inf g
lele.g) ki + [7 max{(n, c)s(n), (n,c)O(n)}dc
. ke
inf 5 .
t€le.g) kv + [7 max{¢(n), ©(n)}dj
kL
eg] ki +max{s(n),0(n)} [? dj
k:L

inf
lel[r;,g] ki 4+ kmax{s(n),0(n)}
L

=¥ max{s(n), O (n)
=J(s(n),0(n), 1),

D(Ys(n),VO(n), kt) =

(s (n), VO(n), k) =

ke
inf
néle) b+ max{Ds(n), VO (n)}’
= inf e
~ nele.g) ke + max{(n, ¢)s(n)de, [?(n, c)O(n)dc}
. ke
inf g
lele,g) kv 4+ [ max{(n,c)s(n), (n,c)O(n)}dc
. ki
inf 7 -
lele.g) kv + [7 max{¢(n), ©(n)}dj
inf kL
* i€leg] ke + max{s(n),O(n)} [? dj
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< inf ke

= lele,g) kt + kmax{¢(n),O(n)}
= ¢+ max{s(n), O(n)
=9(s(n),0(n),?).

(v) Hence, 2) is an | -contraction.

(vi) Suppose {s,} is an orthogonal sequence in K such that {¢,} converges to x € £&. Because 2) is L-
preserving, {)¢, } is an orthogonal sequence for each n € D. From (ii), we have

A(s(n), 0(n), k) = As(n), O(n), 1),

J(s(n),0(n), k) < I(s(n),O(n),:) and

9(s(n),0(n), ki) <D(s(n),O(n),1)

As nh_)H;O A(¢(n), ©(n), L),nh_{rolo J(s(n),O(n),t) and nangOQ(g(n), ©(n), ) is finite and exists, for all ¢ > 0,
it is clear that

nh_)rrgc 2A(s(n), O(n), ke), nh—>Holo J(s(n),O(n), k) and nh_}rrgo D(s(n), O(n), k) is finite and exists.

Hence, 9) is L -continuous.

Consequently, every condition of Theorem (3.4) is met. As the consequence, there is only one fixed point for
the operator F. This demonstrates that there’s only one solution to the fuzzy Fredholm-type integral equation
4.1). O

Corollary 4.2. Let (R,2,7,9D, %, <, L) be a G-complete MODEMES. Define ) : & — R by
Ds(n) = (c) + pu [*(n, c)e(n)de foralln,c € [e, ).

Suppose the following conditions hold:

(I) max{(n, c¢)s(n), (n,c)O(n)} < max{s(n),0(n)} for x,d € &k € (0,1) and ¥n, c € [e, g].
) [de=g—e<k<L

Then, there is a solution to the integral equation (1) has a solution.

Proof. From Theorem (4.1), we can readily demonstrate it. O

5 Conclusion

The present paper specifies several fixed point theorems and the required criteria for a sequence to be Cauchy
from the point perspective of Neutrosophic orthogonal pentagonal controlled fuzzy metric spaces. In turn,
we streamlined the proofs of some fixed point theorems using pentagonal controlled fuzzy metric spaces with
the well-known contraction conditions via orthogonality. We additionally addressed the Fredholm integral
equation and how network traffic flow uses it. We aspire to further enhance our findings in the conceptual
frameworks of neutrosophic orthogonal hexagonal controlled fuzzy metric spaces and neutrosophic orthogonal
n-controlled metric spaces.
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