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Abstract

The primary goal of this paper is to study and introduce fuzzy anti-normed linear spaces, as well as, some additional
properties concerning these spaces. From this point of view, some theoretical results are obtained; for example, it
was proved that the space of all linear and fuzzy bounded operators over fuzzy anti-normed linear spaces is fuzzy
complete. Moreover, some additional theoretical results are stated and proved.
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1. Introduction

Finite dimensional fuzzy normed linear spaces were first described by Felbin in 1992 [1] and then he proved the
completeness of the fuzzy normed space's and finite dimensional subspaces, as well as, Felbin proved that the
fuzzy norm and fuzzy equivalency are the same. In 1994, Cheng and Mordeson [2] studied fuzzy normed linear
spaces and fuzzy linear operators and then in the same year they described the algebraic structure and continuity
of the fuzzy linear operator of a linear space. A theorem of common fixed-point in M-fuzzy metric spaces for a
certain property is stated and proved by Sedghi and Shobe in 2006 [3]. The fuzzy norms of strongly and weakly
fuzzy bounded linear operators are defined by Bag and Samanta in 2008 [4], which are used as the fundamental
concept for establishing the fuzzy Hahn-Banach theorem while the concept of 2-fuzzy 2-normed linear spaces
based on a-level 2-norm sets are defined and extended by Somasundaram and Beaula in 2009 [5]. Janfada et al.
[6] introduced some further features of strongly and weakly fuzzy bounded linear operators back in 2011. Reddy
examined the FANLS in 2011 and reported a number of findings, including completeness, boundedness, etc., [7].

As a continuation of the topics mentioned above and within the general trends of fuzzy set theory, Jebrial and
Samanta [8] presented the notion of fuzzy anti-normed linear space (FANLS) in 2010. Later on, in 2012 [9], Dina
et al. modified the definition of fuzzy anti-norm, which is termed as fuzzy ant-norm with relative to a t-conorm.
In 2018 [10], Beaula and Mariya generalized the concept of fuzzy anti-norm for 2-fuzzy 2-anti normed linear space
and studying the continuity and some of its other kinds. An article presented in 2018 by Kocinac including the
finite dimensional fuzzy anti-normed linear space topological properties are studied, including anti-convergence,
statistical fuzzy anti-convergence and boundedness [11]. Then after fuzzy anti- inner product spaces and their
properties are studied by different researchers, such as Sinha in 2019 [12], Ali and Hussein in 2020 [13].

The main theme of this article is to introduce fuzzy anti-normed linear operators, which will provide the basis for
constructing operator FANLSs. In addition, some additional related properties are presented for completeness
purpose.
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2. Basic Definition

In order to make the fundamental concepts and the obtained results of this article as understandable to the reader
as possible, as well as, self-contained. In this section some, but not all, of the basic concepts of the research topics
will be introduced [15-22].

Definition (2.1), [1]: Suppose that Y represents a linear space over a real field K. If a fuzzy subset of Y x R satisfies
the following requirements, it is referred to as a fuzzy anti-norm (AN) on Y. If forall y, u € Y:

1. AN(y,a)=1,Va€ R, witha <0.
2. Forall a € R, with a > 0, AN(y, @) =0 if and only if x = 0.

3. Forall a € R, with « > 0, AN(oy, t) = AN(y,é),v a €K, o #0.

4. Forall o, € R,witha > 0and > 0, AN(u +y, a +B) < max{AN(u, a), AN(Y, B)}.

5. AN(y, ) is non-increasing function of « € R and lim AN(y, o) = 0.
oa— 00

Next, over the linear space X, the pair (X, AN) is referred to as (FANLS).
Example (2.2), [7]: Let (X, ||. |I) be a normed space. Define:

Il

AN(x, t) = {t+ o 16> 0
1ift<0

Then (X, AN) is FANLS.

Definition (2.3), [14]: Assume that (X, AN) is a FANLS and (yy) be a sequence in Y. We say that (yy) is
convergent sequence if there exists y € Y, satisfies AN(yx =y, )< 6 Va >0 and 0<08< 1,k = N, or
AN(yx —y,a) — 0,as k — oo or l1im AN(yy, o) =Y.

Definition (2.4), [14]: Assume that (X, AN) isa FANLS and (yy) be a sequence in Y. We say that (yy) is a Cauchy
sequence (CS) if AN(Yn — Y, )< 6,V a>0and 0< 6 <1, m,n = N.

Definition (2.5), [10]: Assume that X and Y are two FANLSs and L : X — Y is an operator. We say L is fuzzy-
anti-continuous at x, €X if vV 0< a <1,3 0< B <1, AN(X—x,, t)< B implies AN(Lx—Lx,, t)< o, V t>0.

Theorem (2.6): If (X, ANy) and (Y, ANy) are two FANLSSs, then (XX, ANy,y) is FANLS when ANx,.y((u, V), «)
= max{ANx(u, a), ANy(v, )}, ¥V (u, v)€ XXY and o >0.

Proof:
1. For all t <0, ANx,y((u, v), @) = 1, since ANyx(u, a) =1 and ANy (v, a) = 1.
2. Forall t > 0, ANyyy((u, v),a) =0
< max{ANx(u, a), ANy(v,a)} =0
< ANx(u,a)=0 and ANy(v,a)} =0
< u=0andv=0
< (u, v) =(0, 0).
3. ANgyy(a(u, v), a) = ANxyv((ou, V), t)
= max{ANx(ou, a), ANy(ov, a)}
= max{ANx (U, ), ANy(V,; 2)3= ANy (U, V), )
V o >0 and Vo € R with o #0.
4. Forall a, B >0, ANxyy((uq, v1) + (uy, v,), a+B)< max{ANyyy((uy, vq), @), ANy y((uz, v2), B);
ANxyy((ug, vq) + (uz, v2), at+B) = ANxuy ((ug tuy, vi+vy), at+f)
= max{ANyx(u; +u,, a+f), ANy(v,+v,, a+f3)}

= max{ANx(uy, @), ANx(u, B), ANy(vy, a), ANy (v, B)}
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= Max{ANxxy((uy, v1), @), ANxxy((uz, v2), B);

5. ANy,y((u, v), &) is non-increasing function of a since ANx(u, @) and ANy(v, o)} are non-increasing function of
t. Also lim ANy,y((u,v),a) = 0 since lim ANg(u,a) = 0 and lim ANy(v, a) = 0. Hence (XXY, ANgyy) is
FANLS. o o

In a similar way, we can prove the next two corollaries:

Corollary (2.7): If (X;,AN,), (X5, AN,), ..., (Xy, AN}) are kK-FANLSs, then (X, ANy) is FANLS where X = X; X
Xy X o+ X Xpe and ANy ((X1, X5, ..., Xg), &) = Max{AN; (x4, a), AN, (X5, @), ..., AN (X, )}, V U = (X, X5, ..., X,) € X
and a > 0.

Corollary (2.8): If (X, AN) is FANLS, then (XX, AN,) is FANLS, where ANy ((x, X5, ..., Xg), t) = max{AN(x4, 1),
AN(X,, 1), ..., AN(X, )}, V X = (X1, X5, ..., X) € XK and t > 0.

Definition (2.9), [9]: The FANLS (X, AN) is complete if every Cauchy sequence in X converge to a vector in X.
Definition (2.10): Let X # @ and if the fuzzy set AM: Xx X x R — [0, 1] satisfies for all y, p, w € X:
1. AM(y,w),a) =1 if a < 0;
2. Forall o« > 0, AM(y, w, a) = 0 if and only if y = w;
3. For all a >0, AM(y, w, a) = AM(w, y, a);
4. For all a >0, >0, AM(y,w, a + ) < max{AM(y, p, a) + AM(p, w, B)}
Then (X, AM) is a fuzzy anti-metric space (or simply FAMS).

Example (2.11): Let (X, d) be a metric space, define AN(x, y, t) = tfg’gi’), then (X, AN) is FAMS.

Proof: It is clear and hence is omitted.

Example (2.12): Let (Y, d) be a metric space, define AN(w, z,a) = exp[@], then (Y, AN) is FAMS.

Proof: It is clear and hence is omitted.

Theorem (2.13): If (X, AN) is a FANS, then (X, AMy) is FAMS, where AMx(w, z, a) = AN(w — z,a), V w, z € X.
Proof:

1. Forall a < 0, AMg(w,z,a) = 1.

2. Forall o > 0, AMg(w, z,a) =0 if and only if AN(w — z,a) =0 if and only if w — z =0, or equivalently w = z.

[04

3. Forall a > 0, AMg(w, z, a) =AN(W — z,a) = AN(Z —-w, m) = AMx(z, w, ).

4.Foralla>0and B > 0,
AMy(w, z, a+f) = AN(w — z,a+B) =AN(w —y + y — z, a+f)
< AN(w —y,a) + AN(y — z, B) = AMx (w, y, a) + AN(y, z, )
Hence (X, AMy) is FAMS.
Lemma (2.14): The FAM AMy induced by the FAN, AN satisfies for all «, 1, z € X and 6 € R with o #0:
1. AMx(u + z,v + z,t) = AMg(u, v, 1).

2. AMy(ou, ov, t) = AMy (u, v, i).

ol

Theorem (2.15): If (X;, AN;) and (X;, AN,) are two FANSs, then (X, ANy) is fuzzy complete FANS if and only if
(X1, AN,) and (X,, AN,) are fuzzy complete metric spaces, where X = X; x X, and

ANX[(ul, uZ),t] = maX{ANl(ul, t), ANz(uZ, t)}, A (ul, uZ) € X, t > O.

Proof: Let (X;,AN;) and (X,, AN,) are two fuzzy complete FANS. Let (uy) be fuzzy Cauchy sequence in X, then
(ug) = (uqg uzyk), where (u;y) € X; and (uyy) € X,. Hence ANy (uy — up,, t) —0 as k approaches to co and m
approaches to co.

Thus, max [AN; (uyx — Uym, 1), AN, (U, — usm, t)] — 0 when k approaches to co and m approaches to co.
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Hence, AN, (u;x — Uy, t) — 0 in (X;, AN;) when k approaches to co and m approaches to oo and AN, (uy, —
Uy, ) — 0in (X,, AN,), when k approaches to co and m approaches to oo.

Therefore, (u,y) is fuzzy Cauchy sequence in (X;, AN,) and (uyy) is fuzzy Cauchy sequence in (X,, AN,), but
(X4, AN,) and (X,, AN,, ) are fuzzy complete so there is u; € X; and u, € X, such that (uy) fuzzy converges to
u; € X;and (u,y) fuzzy converges to u, € X,. Put u = (uy, u,)

Then u € X and (uy) fuzzy converges to u €X, since
ANy (uy - u, t) = ANx[(uyy, uzi) —(ug, uz), ]
= ANg[(u1x — ug)+ (uzx —uz), t]
= max{ ANy [(u; — uy), t] + ANy [(uzx — up), t]}
By taking limit to both sides as k approaches to co we have ANy (uy -u, t) — 0.

Conversely assume that (X, ANy) is fuzzy complete we will prove that (X;, AN,) and (X,, AN,) are fuzzy
complete. Let (uyy) is fuzzy Cauchy sequence in (X;, AN;) and (u,y) is fuzzy Cauchy sequence in (X,, AN,).

Then AN, (u;x — Uy, t) — 0in (X, AN,) when k approaches to co and m approaches to co and AN, (U, — Uy, t)
— 0in (X;, AN,), when k approaches to co and m approaches to co.

PUt (Uk) = ( ulk, qu) Where (ulk) € Xl aﬂd (qu) € Xz.

Since ANx(ux — up,t) = max{AN;(u;x — Uiy, t), AN, (Uyx — Uspm, )3— 0, when k approaches to co and m
approaches to co. Hence (uy) is fuzzy Cauchy sequence in X, but X is fuzzy complete so there is u = (u;, u,) € X,
such that ANy (uy, -u, t) fuzzy converges to zero. But:

ANX(uk -u, t) = ANX[(ulk! uzk) - (ulv u2)l t]
= ANx[(ugx —uq) + (uzg — uy), ]
= max{AN;[(u;x — uq), t], ANy [(uz — uy), t] }

So AN, [(uyx — uy), t] is fuzzy converges to zero in (X;, AN;) as k approaches to oo and AN,[(uy, — u,), t] fuzzy
converges to zero in (X,, AN,) as k approaches to .

Hence (u,y) fuzzy converges to u; € X, as k — oo and (u,y) fuzzy converges to u, € X, as k approaches to .
It follows that (X,, AN,) and (X,, AN,) are fuzzy complete.
In similar way we can prove the next result

Corollary (2.16): If (X1, AN,), (X,, AN,), ..., (Xi, ANy) are FANS, then (X, ANy) is fuzzy complete FANS if and
only if (X1, AN;), (X5, AN,), ..., (Xi, ANy) are fuzzy complete, where X=X; x X, x...x X; and

ANg[(uy, uy, ..., uy), t] = max{AN; (uy, t), AN, (uy, t), ..., ANg(ug, )}
for all (uq, uy, ..., u,) € Xandt > 0.
In similar way we can prove the next result:

Corollary (2.17): If (X, AN) is FANS, then (XX, AN,) is fuzzy complete FANS if and only if (X, AN) fuzzy
complete where XX =X x X x...x X (k-times), k € N and

AN[(ug,uy, ..., uy), t] = AN (uq, t) + AN(uy, t) + ... + AN(u, t)
for all (uy,uy, ..., uy) € X< and t > 0.
Definition (2.18): If (X, ANyx) and (Y, ANy) are two FANS. Then:

1. The operator: X — Y is called fuzzy continuous at « € X. If for all « € (0, 1),3B € (0, 1), if
ANy [T (w)—T (v), 0] < a, for any v € X satisfying ANy (u — v, 0)< 3,0 >0.

2. 1f (1) is true V « €X, then T is fuzzy continuous on X.

Theorem (2.19): If (X, AN), (Y, ANy) are FANS. Then the operator : X — Y is fuzzy continuous at « € X if
and only if whenever () is fuzzy converges to « €X, then (7 (wy)) is fuzzy convergesto 7' (u) € Y.

Proof: Let (uy) € X, where «, — « and : X — Y is fuzzy continuous at « € X.
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Let a € (0, 1), then 3 B8 € (0, 1) and V v €X satisfying ANx(u — v, t) < B, and hence ANy[T (u)—T (v), t] < «.
Since uy + u, then 3 Ne N if k > N, which implies ANg (1), — u, t) < B.

Therefore k > N implies ANy[T (w)—T (), t] < a. Thus T'(wy) — T (w).
For the converse let «, = w in X implies T ()~ T(w) inY.

To prove that : X—Y is fuzzy continuous at « € X. If : X—Y is not fuzzy continuous at «« € X, thenV 3, €
(0, 1),3 w € X satisfying ANx(u — w, t) < B, but ANy[T (2) =T (w), ] = «.

Now V KeN, 3 4y in X, such that ANy (e — 1w, t) < i but ANy [T (w)—T (), t] = a.

That is 2y = « in X but T'(wy) — T(«). Thus T must be fuzzy continuous at « € X.

Theorem (2.20): Let (X, ANy), (Y, ANy) and (Z, ANz) be FANS and if T : X — Y and § : Y — W are fuzzy
continuous operators then S o 77 : X — Z is a fuzzy continuous operator.

Proof: If (w) is fuzzy sequence which is converge to « €X, then by Theorem 2.19, (Tw,) is fuzzy converge
sequence to («) € Y and using Theorem 2.19 again, we have §(Tw) is a fuzzy convergent sequence to S(w) €
Z or (S o T)(uy) is fuzzy convergent sequence to (S o ) (w) € Z.

Thus § o T is fuzzy continuous.

Theorem (2.21): If (X, AN) is FANS, then the function « — AN(«, t) is a fuzzy continuous function from (X,
AN) onto (R, [.|).

Proof: Let (u;) € X with 2, — 4 so that llim AN(uy —u,t) = 0. Now:

|AN (2, ) — AN(2e, )] | < AN(2y- e, 1)
and upon taking the limit to the both sides of the above inequality as k — oo, implies to:
lli_glolAN(uk, t) —AN(w,t) | < &Lrglo AN(uy -u,t) =0
So, AN(zy, t) — AN(w, t).
Hence « — AN(w) is a fuzzy continuous function from (X, AN) onto (R, |. ).
Theorem (2.22): Let (X, AN) be FANS, then:
1. The addition of two fuzzy continuous functions is a fuzzy continuous function.
2. The scalar multiplication is fuzzy continuous function.
Proof:
1 Ifuy — wand vy — v, thenask — oo
AN[(1y + vy) —(u + 1), t+5] < max{AN(uy — u, t), AN(vy — v, 5)}
taking the limit to the both sides as k — oo, getting:
AN[(uy, + v)-(u + v),t+s] <max{0,0}=0
Hence the function (u, v) — (u + v) is fuzzy continuous function.
2. If uy — wand o — a, then:
AN[ayguy — au, 2t] = N[agey — oy 1 +oy w0 - o, 2t]
< max{AN[oy (uy — «), t], AN[(ax — a)u, t]}

Now:

AN[oy 1y — o, 2t] < max {AN (uk —u, ﬁ) ,AN (u, Iakt—al)}
Taking limit to both sides as k — oo
AN[oag 1y — au] < max{0,0}=0

This proves the scalar multiplication is fuzzy continuous function.
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Proposition (2.23): The operator T of FANS (X, ANx) onto FANS (Y, ANy) is fuzzy continuous at a point « € X
ifand only if V0 < a < 1,3 0 < B < 1, such that, fo(w«, B) = 7~ [fb(T"(u), a)].

Proof: The operator 77 : X — Y is fuzzy continuous at « eX ifand only if v 0 < a < 1,3 0 < 8 < 1, such that
ANy [T(u)—T(w), t] < «a, for all w satisfying ANx(« — w,t) < @ that is w € fb(w, ) implies T (w) €
fb(T(u), o) or T[fb(e, B)] < (T (u), a)].

Thus fb(w, B) < T~ [fo(T(u), a)].

Theorem (2.24): If (X, ANy) and (Y, ANy) are FANS, then the following statements are equivalent:
(i) The operator : X — Y is fuzzy continuous on X.

(i) 771(P) is fuzzy open in X for all fuzzy open subset P of Y.

(iii) 77Y(D) is fuzzy closed in X for all fuzzy closed subset D of Y.

Proof:(i)=(ii). Let T:X—Y be fuzzy continuous on X and let P < Y be fuzzy open. If 7-1(P) is empty or
T~1(P) equal to X then (ii) is satisfied. Thus for 7~1(P) is not empty and 7 ~1(P) not equal to X. Assume that
p € T7YP). ThenT(p)e P. Thus 3 a €(0, 1) satisfying fo(T"(p), a) = P. Since T is fuzzy continuous at p, using
2.23 for this a, 3 B €(0, 1) satisfying fb(p, B) = T~ [fb(T(p), a]) = T~1(P). Thus T~1(P) is fuzzy open in X.

(ii)=(iii). If DcY is a fuzzy closed then Y—D cY is fuzzy open so that 7~(Y—D) c X is fuzzy open by
(i) But 7-1(Y—D) = X - 771(D) so 7-1(D) c X is fuzzy closed.

(iii)=(i). If Dc Y is fuzzy closed then Y—DcY is fuzzy open. Let T(x) € (Y—D), for each
0 < a < 1 since the fuzzy ball fo(T(x), «) is fuzzy open set in Y and so 7~ 1[fb(7(x), )] is fuzzy open in X.
Whenever xe 7 ~[cfb(7(x), )] it implied that we can find 0 < B < 1 with fo(x, B) = T ~*[fb(T(X), o)].

Hence T is fuzzy continuous of X by Proposition 2.23.
3. Fuzzy Bounded Linear Operators over FANLS

In this section, the main results related to this article are stated and proved. These results can be considered the
fundamental cornerstone for future studies on this topic.

Definition (3.1): If (X, ANy) and (Y, ANy) are two FANLS and L:X — Y is an operator, then L is called fuzzy
bounded (FB) operator if for some t > 0 and 0 < ¢ < 1, with:

ANy(Lx, t) < ¢ ANg(x)

Remark (3.2): If (X, ANx) and (Y, ANy) are FANLS, then the set of all bounded linear operators from X to Y and
it is shortened as B*(X, Y). It is clear that B*(X, Y) is a linear space over the field K.

Theorem (3.3): The triple (B*(X, Y), OAN) is FANLS, where OAN : B*(X, Y)x R — [0, 1] is a fuzzy set defined
by: OAN(L, t) = sup AN(Lx, t) for all xeX with AN(x) = 1 and for all t > 0.

Proof:
1. For all t<0, OAN(L, t) = 1 since AN(Lx, t) = 1, for all x € X with AN(x) = 1.

AN(x) =1 if and only if A_N(f.x, t) =0,V x € X satisfying AN(x) = 1, which is equivalent to Lx =0, V x € X if
and only if L= 0.

3. Forall t > 0, with t € R, OAN(aL, t) = sup AN(aLx, t), v xeX satisfying AN(X) = 1, with a € K and o 0.
OAN(aL, t) = sup AN (Ex, ﬁ) ,V xeX satisfying AN(x) = 1 with a € K, a #0.

2. For all t € R,with t > 0, OAN(L,t) = 0 if and only if sup AN(Lx, t) = 0,v x € X satisfying

OAN(aL, t) = OAN(L, ﬁ),v X € X satisfying AN(X) = 1, with a € K, o #0.

4, OAN(L + T, t + s) < max {OAN(L, t), OAN(T, s)}, V L, T € B*(X, Y).
Thus, for all x € X satisfying AN(x) = 1 and hence:
OAN(L + T(x), t + s) = sup AN(L + T)(x), t +s)
=sup AN(L x+ Tx), t +s)
< max {sup AN(Lx, t), sup AN(TX, s)}

54
DOI: https://doi.org/10.54216 /1]NS.260304



https://doi.org/10.54216/IJNS.260304

International Journal of Neutrosophic Science (IINS) 170/. 26, No. 03, PP. 49-57, 2025

< max {OAN(L, t), OAN(T, s)}
5. OAN(L, p) is non-increasing function of p € R and !im OAN(L,t) =0, since tlim AN(x,t) = 0.

Example (3.4): Let (B(X, Y), |I. ||) be a normed space, then (B*(X, Y), OAN) is FANLS, where:

I
_ Il t>0

OAN(E, 1) = e’ T
1, fort<0

Proof:
1. For all t < 0, by the definition given above, we obtain OAN(L, t) = 1.
2. For all t > 0, OAN(L, t) = 0, which is equivalent to ||L|| = 0, i.e, L=0.

3. Forall t > 0 and a € R with a #0, then:
[loT
t+||aL|
_ _lod]Ef
eHlal]]
Il
-t

AT

- OAN(E, ﬁ)

OAN(aL, t) =

4. Forall t,s > 0, then (t +s) > 0 and hence we have to prove that:
OAN(L + T, t + s) < max{OAN(L, t), OAN(T, s)}
Now:

LS ]
t+s+||T+T || o+

OAN(L + T, t +s) — OAN(L, t) =

_ IE+TY+ED - [l ces+{]E+T [}y
(t+s+[|L+T e+ D

]
L

= OAN(L, t)
Similarly, OAN(L + T, t + s)— OAN(T, s) < OAN(T, s)
Hence OAN(L + T, t + s) < max{OAN(L, t), OAN(T, s)}.
5.1ft,s > 0 and t < s, then we have to prove that OAN(T, s) > OAN(L, t). Now:

I Il
S+ e

A

OAN(T, s) — OAN(L, t) =

ITNCe+IED -ITl s +ITID
= A = >0
+ITIbce+IEh

Hence OAN(L, t) < OAN(T, s).
Thus OAN(L, t) is non-increasing

Also, lim OAN(E, t) = lim A _ g,

tooo t+||E|| -

Example (3.5): Let (B(X, Y), |I. ||) be a normed space, then (B*(X, Y), OAN) is FANLS, where:

0, fort> ||f.||

OAN(L,t) = {1’ for t< ”f‘“
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Theorem (3.6): If Y is a fuzzy complete FANLS, then (B*(X, Y), OAN) is fuzzy complete.

Proof: If (L)) is a Cauchy sequence in B*(X, Y), then for all a € (0, 1), there exists N € N, satisfying OAN[Ej —
Ln] <o, Vj,m>N.Thus, forx € Xand j, m > N

ANy[Ljx — Liyx] < ANy[(L; — L,)(X)] < 6ANg[X] (1)
Now, for any fixed x and given 6, € (0, 1) rewrite (9) as:
ANy[Ljx — Liyx] < ANy[(L; — L)(¥)] < 6,ANx[X]

this implies that (LX) is a Cauchy sequence in Y and since Y is fuzzy complete, so (L,x) convergesto y € Y, that
is, Lyx oy,

The vector y depends on x € X and this defines an operator L. : X — Y by L(u) = y. The operator L is linear, since:

Loz + pw] = 111—{1010 Ci[oz + pw]
= a lim Li[z] + B lim Li[w]
= aL[z] + BL[wW]

Using (1) to be holds for all m > j and L,,x » Lx, when m approaches to oo and hence (1) forall j > N and vV x €
X will imply to:

m-oo

m—oo

Hence:
ANy[Lix — Lx| < 6 ANg[X] .2

Therefore, L; — L with j > N is FB using L; is FB and so L = L; — (L; — L) is FB, that is, L € B*(X, Y) from (2) by
taking the supremum over all x with AN(x) = 1. This will imply to:

OAN[L;-I]<6,Vj=N
Thus 7, - T € B*(X, Y).
4. Conclusion

In this paper, we have studied and introduced the fuzzy anti-normed linear spaces, as well as, some additional
properties concerning these spaces. From this point of view, some theoretical results are obtained; for example, it
was proved that the space of all linear and fuzzy bounded operators over fuzzy anti-normed linear spaces is fuzzy
complete. Moreover, some additional theoretical results are stated and proved.
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