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Abstract

In this paper, we study the notion of principal (crisp) fuzzy ideals (resp. filters) on the setting of trellises (or
weakly associative lattices as called by several authors). More specifically, we introduce the notions of L-fuzzy
ideals and L-fuzzy filters on a given trellis and provide basic characterizations of these notions based on their
weakly associative meet and join operations. We pay particular attention to the kind of principal L-fuzzy ideals
(resp. filters) on a given trellis, which are more complicated in the absence of the (associativity) transitivity
property.
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1 introduction

One of the interesting mathematical structures that consider the non-transitive relations is the non-associative
lattice or ”trellis” as it is called by Skala.20, 21 To facilitate the meaning, it is a structure like a lattice (L,≤
,∧,∨) without the property of associativity of the operations ∧ and ∨ (that’s means also the elimination of the
property of transitivity of the order relation ≤). Fried10 was among the first mathematicians who discussed the
notion of non-associative lattice under the name ”tournament-lattice”, and he investigated its various properties
and characterizations. Skala20, 21 discussed this notion based on the notion of pseudo-order relation, which is
a reflexive and antisymmetric relation, but not necessarily transitive. By stipulation of least upper bounds and
greatest lower bounds of finite subsets on a given pseudo-ordered set, the result is the structure of trellis or
weakly associative lattice as it is called in several other papers.

Since its introduction, it has become omnipresent, Skala20, 21 has extended to this structure several known
notions and properties of a lattice. Fried and Grätzer11 presented some useful and important examples of
trellises. Gladstien12 characterized complete trellises of finite length, and Bhatta and Shashirekha1 generalized
this characterization in terms of joins of cycles. In,2, 3 they discussed some fixed point theorems for pseudo-
ordered sets and trellises.

In the fuzzy setting, this notion of trellis was fuzzyfied under the name L-fuzzy complete propelattice,24 and
the Tarski’s fixed point theorem for L-fuzzy complete lattice was extended to this non-transitive fuzzy ordered
structure. Also, some fixed points theorems on fuzzy pseudo-ordered sets were discussed in.9, 23

One of the essential tools in various branches of classical mathematics and its applications is the concept of
ideal and its dual (a filter). For instance, ideals and filters appear in topology to express completeness and
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compactness in metric spaces,6,26 in boolean algebra,22 in the extensive theory of representation of distributive
lattices,7, 14.19 Also in algebraic structures to define congruence relations and quotient algebras,18.25

Generally, the notion of fuzzy ideal (crisp) (resp. filter) has been discussed in detail on a lattice structure; see,
e.g., (4, 8, 15, 17). In these studies, the property of associativity of the lattice meet and join operations has played
a central role in the characterizations of (crisp) fuzzy ideals and filters, in particular, the principal ones.5, 16

Inspired by the usefulness of the notion of (crisp) fuzzy ideal (resp. filter) on a lattice and by the importance of
the notion of trellises introduced by Fried10 and Skala,20, 21 we study in this paper these notions of (crisp) fuzzy
ideals and filters on a trellis. More specifically, we introduce the notion of L-fuzzy down-set (resp. up-set) on
a trellis and discuss its interesting properties. Also, we extend the notion of principal (crisp) fuzzy ideal (resp.
filter) to the setting of trellises. That is the smallest (crisp) fuzzy ideal (resp. filter) containing a given (crisp)
fuzzy singleton. We pay particular attention to what happens in the absence of the (associativity) transitivity
property on trellises. Furthermore, under certain conditions, we prove that this notion of principal (crisp)
fuzzy ideal (resp. filter) on a trellis coincides with the notion of L-fuzzy down-set (resp. up-set) generated by
a (crisp) fuzzy singleton.

The paper is structured as follows: Section 2 revisits essential concepts and properties of pseudo-ordered
sets, trellises, fuzzy sets, and related ideas crucial for this paper. Section 3 introduces the concept of L-fuzzy
trellises on a crisp trellis, defined as an L-fuzzy set stable under the supremum and infimum of the binary op-
erations ⊓ and ⊔. Additionally, we define L-fuzzy ideals (and filters) on a trellis. Section 4 explores intriguing
characterizations of crisp principal ideals (and filters) on a trellis based on the notions of left-transitive (and
right-transitive) elements. Section 5 presents the concept of L-fuzzy down-sets (and L-fuzzy up-sets) on a
trellis analogously to crisp down-sets (and up-sets), and examines their notable properties. In section 6, we
introduce the notion of principal L-fuzzy ideal (resp. principal L-fuzzy filter) on a given trellis, and charac-
terize them via down-sets and up-sets generated by L-fuzzy singletons. Finally, Section 7 offers concluding
comments and suggests directions for future research.

2 Basic concepts

This section serves an introductory purpose. First, we recall some definitions and properties related to pseudo-
ordered sets and trellises. Second, we recall the notion of L-fuzzy set and some related operations that will be
needed throughout this paper.

2.1 Pseudo-ordered sets and trellises

In this subsection, we recall some basic concepts of pseudo-ordered sets and trellises. More information can
be found in.10, 11, 20, 21

Definition 2.1. 20 Let X be a nonempty set. A binary relation on X is called a pseudo-order relation and
denoted by �, if it is reflexive (x� x, for any x ∈ X) and antisymmetric (x� y and y � x implies x = y, for
any x, y ∈ X).

The couple (X,�) is called a pseudo-ordered set (psoset, for short).

Example 2.2. Let X = {a, b, c, d, e} and the binary relation defined on X as follows � = {(a, a), (b, b), (c, c),
(d, d), (e, e), (a, b), (a, c), (a, d), (a, e), (b, c), (b, e), (c, d), (c, e), (d, e)}.
The couple (X,�) is a pseudo-ordered set. We note that � is not transitive because (b, c) and (c, d) ∈ �,
while (b, d) /∈ �.

Remark 2.3. One easily observes that the notion of pseudo-order relation generalizes the notion of order
relation since any order relation on a set X is a pseudo-order relation on X and not conversely.
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For a given pseudo-ordered set (X,�) and A ⊆ X , a preorder relation ≲ (i.e., reflexive and transitive relation)
on A can be defined by: x ≲ y if and only if there exists a finite sequence (a1, ..., an) of elements of A such
that x = a1 � ...� an = y, for any x, y ∈ A.

For a given psoset (X,�), the notions of boundedness, upper bounds (resp. least upper bounds), and lower
bounds (resp. greatest lower bounds) are defined analogously to the corresponding notions on ordered sets.

For a given element x on a given psoset (X,�), we use the following notations:

(i) ↓ x = {y ∈ X : y � x};

(ii) ↑ x = {y ∈ X : x� y};

(i) ⇃ x = {y ∈ X : y ≲ x};

(ii) ↾ x = {y ∈ X : x ≲ y}.

Notice that in the case of an ordered set (i.e., � is transitive), ↓ x (resp. ↑ x) coincides with ⇃ x (resp. ↾ x).

Similarly to the case of ordered sets and lattices, Skala20 defined the so-called trellises as a subclass of psosets.

Definition 2.4. 20 Let (X,�) be a psoset. Then

(i) (X,�) is called a ⊓-semi-trellis if any two elements x, y ∈ X have a greatest lower bound, denoted
x ⊓ y and called the meet (infimum) of x and y;

(ii) (X,�) is called a ⊔-semi-trellis if any two elements x, y ∈ X have a smallest upper bound, denoted
x ⊔ y and called the join (supremum) of x and y;

(iii) (X,�) is called a trellis if it is both ⊓- and ⊔-semi-trellis.

A trellis can also be defined as an algebraic structure (see, e.g., Skala20), a set X equipped with two binary
operations ⊓ and ⊔ that are idempotent, commutative, satisfy the absorption laws (x ⊓ (x ⊔ y) = x and
x⊔(x⊓y) = x, for any x, y ∈ X), and the part-preservation (x⊔((x⊓y)⊔(x⊓z)) = x = x⊓((x⊔y)⊓(x⊔z)),
for any x, y, z ∈ X). The pseudo-order relation, the meet, and the join operations are related as follows: x� y
if and only if x ⊓ y = x; x� y if and only if x ⊔ y = y. Often, the notation (X,�,⊓,⊔) for a given trellis is
used.

A bounded trellis is a trellis that additionally has the smallest element 0 and greatest element 1, which satisfy
0� x� 1, for any x ∈ X.

Remark 2.5. We note that if � is transitive, then it is an order relation, in such case, the operations ⊓ and ⊔
are associative. Further, if � is transitive, then the trellis (X,�,⊓,⊔) is a lattice.

Throughout this paper, X always denotes a trellis (X,�,⊓,⊔) and Xd denotes its pseudo-order dual trellis
(Xd,�,⊔,⊓). Also, to avoid any confusion or miss reading of some equations, L denotes a bounded lattice,
and the notations (≤,∧,∨, 0, 1) refer respectively (the order, min, max, the least element, the greatest element)
on it.

Example 2.6. Let (X,�) be the psoset given in Example 2.2 with ⊓ and ⊔ are given by the following table:

⊓⊔ a b c d e
a a b c d e
b a b c e e
c a b c d e
d a a c d e
e a b c d e
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Figure 1: Hasse diagram of the trellis (X = {a, b, c, d, e},�,⊓,⊔).

Then (X,�,⊓,⊔) is a trellis, and the following Hasse diagram depicts this. The dashed line between b and d
means that b and d are incomparable elements.

Definition 2.7. 21 Let (X,�) be a psoset and a ∈ X . Then

(i) a is called left-transitive element on X if x� y � a implies x� a, for any x, y ∈ X;

(ii) a is called right-transitive element if a� x� y implies a� y, for any x, y ∈ X .

Next, we denote by Xℓt (resp. Xrt) the set of all left-transitive (resp. right-transitive) elements of X

Theorem 2.8. 21 Let X be a trellis and x, a ∈ X . It holds that

(i) If a is left-transitive element, then

(a) x ≲ a, implies x� a;

(b) x� a, implies that x ⊔ y � a ⊔ y, for any y ∈ X .

(ii) If a is right-transitive element, then

(a) a ≲ x, implies a� x;

(b) a� x, implies that a ⊓ y � x ⊓ y, for any y ∈ X .

2.2 L-fuzzy sets

The notion of fuzzy set was first introduced by Zadeh27 as a generalization of the classical set, it is characterized
by the fact of graduation of membership of elements in a set A on a universe X . He expressed the appartenance
degrees in the real interval [0, 1]. Later, Goguen13 extended this notion to L-fuzzy sets, where (L,≤,∧,∨, 0, 1)
is a bounded lattice plays the role of the membership (or the truth) values set replacing the real interval [0, 1].

Definition 2.9. 13 Let X be a nonempty set. An L-fuzzy set on X is an object A = {⟨x, µA(x)⟩ | x ∈ X}
which is characterized by a membership function µA : X → L, where µA(x) is interpreted as the degree of
membership of the element x in the fuzzy set A, for any x ∈ X.

Several operations are defined in the set of L-fuzzy sets, here we will present only those that are related to the
present paper.

Let A = {⟨x, µA(x)⟩ | x ∈ X} and B = {⟨x, µB(x)⟩ | x ∈ X} be two L-fuzzy sets on X , then

(i) A ⊆ B if µA(x) ≤ µB(x), for any x ∈ X;
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(ii) A = B if µA(x) = µB(x), for any x ∈ X;

(iii) A ∩B = {⟨x, µA(x) ∧ µB(x)⟩ | x ∈ X};

(iv) A ∪B = {⟨x, µA(x) ∨ µB(x)⟩ | x ∈ X};

(v) A = {⟨x, 1− µA(x)⟩ | x ∈ X};

(vi) Supp(A) = {x ∈ X | µA(x) > 0};

(vii) Ker(A) = {x ∈ X | µA(x) = 1}.

3 Fuzzy ideals and filters on a trellis

In this section, we introduce and study the notions of L-fuzzy ideal and L-fuzzy filter on a given trellis.
Furthermore, we characterize these notions in terms of the trellis meet and join operations.

3.1 Definitions and examples

We start by recalling the notions of crisp ideal and its dual (filter, as often called) on a given trellis.

Definition 3.1. 21 Let X be a trellis, I and F be two subsets on X . Then

(i) I is called an ideal on X if the following two conditions hold

(a) if x ∈ I and y � x, then y ∈ I;

(b) if x, y ∈ I , then x ⊔ y ∈ I .

(ii) F is called a filter on X if the following two conditions hold

(a) if x ∈ F and x� y, then y ∈ F ;

(b) if x, y ∈ F , then x ⊓ y ∈ F .

Example 3.2. Let X be the trellis given by the Hasse diagram in Figure 1. Then I = {a, b, c} (resp. F =
{c, d, e}) is an ideal (resp. a filter) on X .

Now, we introduce the notions of L-fuzzy trellis, L-fuzzy ideal and L-fuzzy filter.

Definition 3.3. Let (X,�,⊓,⊔) be a trellis and A = {⟨x, µA(x)⟩ | x ∈ X} be an L-fuzzy set on X . Then

(i) A is called a ⊓-semi L-fuzzy trellis if µA(x ⊓ y) ≥ µA(x) ∧ µA(y), for any x, y ∈ X;

(ii) A is called a ⊔-semi L-fuzzy trellis if µA(x ⊔ y) ≥ µA(x) ∧ µA(y), for any x, y ∈ X;

(iii) A is called an L-fuzzy trellis it is both ⊓- and ⊔-semi L-fuzzy trellis.

Example 3.4. Let X be the trellis given by the Hasse diagram in Figure 1, L = [0, 1] and A = {< a, 0.5 >
,< b, 0.4 >,< c, 0.4 >,< d, 0.7 >,< e, 0.5 >} be an L-fuzzy set on X . Then A is an L-fuzzy trellis on X .

The following definitions of L-fuzzy ideals and L-fuzzy filters on a given trellis are natural generalization of
the same notions on a lattice structure.

Definition 3.5. Let (X,�,⊓,⊔) be a trellis and I = {⟨x, µI(x)⟩ | x ∈ X} be an L-fuzzy set on X . Then I is
called an L-fuzzy ideal on X if for any x, y ∈ X , the following conditions are satisfied:

(i) µI(x ⊓ y) ≥ µI(x) ∨ µI(y);
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(ii) µI(x ⊔ y) ≥ µI(x) ∧ µI(y).

Definition 3.6. Let (X,�,⊓,⊔) be a trellis and F = {⟨x, µF (x)⟩ | x ∈ L} be an L-fuzzy set on X . Then F
is called an L-fuzzy filter on X if for any x, y ∈ X , the following conditions are satisfied:

(i) µF (x ⊓ y) ≥ µF (x) ∧ µF (y);

(ii) µF (x ⊔ y) ≥ µF (x) ∨ µF (y).

Example 3.7. Let X be the trellis given by the Hasse diagram in Figure 1 and L = [0, 1]. Then

(i) the L-fuzzy set I = {< a, 0.5 >,< b, 0.3 >,< c, 0.2 >,< d, 0.1 >,< e, 0.1} is an L-fuzzy ideal on
X;

(ii) the L-fuzzy set F = {< a, 0.1 >,< b, 0.2 >,< c, 0.2 >,< d, 0.1 >,< e, 0.5 >} is an L-fuzzy filter
on X .

The following proposition is useful later to avoid writing dual proofs. Its proof is straightforward.

Proposition 3.8. Let X be a trellis, Xd be its pseudo-order-dual trellis and A is an L-fuzzy set on X . Then it
holds that A is an L-fuzzy ideal on X if and only if A is an L-fuzzy filter on Xd and conversely.

3.2 Basic characterization of fuzzy ideals and filters on a trellis

In this subsection, we characterize the notion of L-fuzzy ideals and L-fuzzy filters on a trellis in terms of its
meet and join operations.

We start with the following theorem which provides a characterization of L-fuzzy ideals on a trellis in terms
of its join operation.

Theorem 3.9. Let X be a trellis and I be an L-fuzzy set on X . Then it holds that I is an L-fuzzy ideal on X
if and only if the following condition is satisfied:

µI(x ⊔ y) = µI(x) ∧ µI(y), for any x, y ∈ X .

Proof. Suppose that I is an L-fuzzy ideal on X , then for any x, y ∈ X it holds that µI(x⊔y) ≥ µI(x)∧µI(y).
Since x� x ⊔ y and y � x ⊔ y, it follows from Definition 3.5 (ii) that

µI(x) = µI(x ⊓ (x ⊔ y)) ≥ µI(x) ∨ µI(x ⊔ y) ≥ µI(x ⊔ y) .

In the same manner,
µI(y) ≥ µI(x ⊔ y) .

Hence, µI(x) ∧ µI(y) ≥ µI(x ⊔ y). Thus,

µI(x ⊔ y) = µI(x) ∧ µI(y) .

Conversely, suppose that µI(x ⊔ y) = µI(x) ∧ µI(y) for any x, y ∈ X. Then it is easy to see that

µI(x ⊔ y) ≥ µI(x) ∧ µI(y)

for any x, y ∈ X . Next, we will show that µI(x ⊓ y) ≥ µI(x) ∨ µI(y) for any x, y ∈ X. Let x, y ∈ X, since
x⊔(x⊓y) = x and y⊔(x⊓y) = y then it holds that µI(x⊔(x⊓y)) = µI(x) and µI(y⊔(x⊓y)) = µI(y). From
hypothesis it follows that µI(x)∧µI(x⊓y) = µI(x) and µI(y)∧µI(x⊓y) = µI(y). Hence, µI(x⊓y) ≥ µI(x)
and µI(x⊓ y) ≥ µI(y). Thus, µI(x⊓ y) ≥ µI(x)∨µI(y), for any x, y ∈ X. Therefore, I is an L-fuzzy ideal
on X .
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In the same manner, the following theorem provides a characterization of L-fuzzy filters on a trellis in terms
of its meet operation.

Theorem 3.10. Let X be a trellis and F be an L-fuzzy set on X . Then it holds that F is an L-fuzzy filter on
X if and only if the following condition is satisfied:

µF (x ⊓ y) = µF (x) ∧ µF (y), for any x, y ∈ X .

Proof. The proof is a direct application of Proposition 3.8 and Theorem 3.9.

As corollaries of the above theorems, we obtain the following interesting properties of L-fuzzy ideals and
L-fuzzy filters on a trellis.

Corollary 3.11. Let X be a trellis and I be an L-fuzzy ideal on X . Then for any x, y ∈ X it holds that

(i) If x� y, then µI(x) ≥ µI(y), (i.e., the mapping µI : X → L is antitone).

Corollary 3.12. Let X be a trellis and F be an L-fuzzy filter on X . Then for any x, y ∈ X it holds that

(i) If x� y, then µF (x) ≤ µF (y), (i.e., the mapping µF : X → L is monotone).

4 Fuzzy down-sets and up-sets on a pseudo-ordered set

In this section, we introduce the notion of L-fuzzy down-set (resp. L-fuzzy up-set) on a pseudo-ordered set
and study their properties.

4.1 Definitions and preliminary results

Let (X,�) be a psoset and S be an L-fuzzy set on X .

(i) S is called L-fuzzy down-set if x� y, then µS(y) ≤ µS(x), for any x, y ∈ S;

(ii) Dually, S is called L-fuzzy up-set if x� y, then µS(x) ≤ µS(y), for any x, y ∈ S.

For a given L-fuzzy set S on a psoset (X,�), we denote by:

(i) ⇓ S: the L-fuzzy set associated to S defined as

µ⇓S(x) = sup
y∈↑x

µS(y) ;

(ii) ⇑ S: the L-fuzzy set associated to S defined as

µ⇑S(x) = sup
y∈↓x

µS(y) ;

The absence of the property of transitivity for � leads to the following L-fuzzy sets associated to an L-fuzzy
set S.

(iii) S: the L-fuzzy set associated to S defined as

µS(x) = sup
y∈↾x

µS(y) ;
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(iv) S: the L-fuzzy set associated to S defined as

µS(x) = sup
y∈⇃x

µS(y) .

The following proposition is an immediate result of the above definitions.

Proposition 4.1. Let X be a trellis, Xd be its pseudo-order-dual trellis and S be an L-fuzzy set on X . The
following statements hold:

(i) S is an L-fuzzy down-set (resp. up-set) on X if and only if S is an L-fuzzy up-set (resp. down-set) on
Xd;

(ii) ⇓ S (resp. S) on X coincides with ⇑ S (resp. S) on Xd;

(iii) ⇑ S (resp. S) on X coincides with ⇓ S (resp. S) on Xd.

Remark 4.2. (i) In general, S ⊆ ⇓ S ⊆ S and S ⊆ ⇑ S ⊆ S, but one can observe that if (X,�) is an
ordered set, then ⇓ S = S and ⇑ S = S, for any L-fuzzy set S on X .

(ii) In contrary to the case of ordered sets, one easily verifies that the elimination of the property of transi-
tivity of � makes that ⇓ S (resp. ⇑ S) would not necessarily L-fuzzy down-set (resp. L-fuzzy up-set)
on (X,�), for any L-fuzzy set S on X .

For a given psoset (X,�), the following proposition shows that the associated set S (resp. S) to a given
L-fuzzy set S on X is an L-fuzzy down-set (resp. an L-fuzzy up-set).

Proposition 4.3. Let (X,�) be a psoset and S be an L-fuzzy set on X . It holds that

(i) S is an L-fuzzy down-set;

(ii) S is an L-fuzzy up-set.

Proof. (i) Let x, y ∈ X such that x� y. We show that µS(y) ≥ µS(x).

µS(y) = sup
y∈↾t

µS(t) = sup
y≲t

µS(t)

≤ sup
x�y≲t

µS(t) = sup
x≲t

µS(t)

= µS(x).

Hence, S is an L-fuzzy down-set.

(ii) Follows from Proposition 4.1 and (i).

Next, we introduce the notion of L-fuzzy singleton on a given psoset.

Definition 4.4. An L-fuzzy singleton on a psoset (X,�) is an L-fuzzy set on X given by x̃ = {⟨t, µx̃(t)⟩ |
t ∈ X}, where

µx̃(t) =

{
1 , if x = t
α(t) , otherwise

such that α : X → L− {1} is an arbitrary mapping.
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For a given L-fuzzy singleton x̃ on a psoset (X,�), the associated sets ⇓ x̃ and ⇑ x̃ are defined as:

⇓ x̃ = {⟨t, µ⇓x̃(t)⟩ | t ∈ X}

and
⇑ x̃ = {⟨t, µ⇑x̃(t)⟩ | t ∈ X} ,

where
µ⇓x̃(t) = sup

y∈↑t
µx̃(y) and µ⇑x̃(t) = sup

y∈↓t
µx̃(y) .

One easily verifies that

µ⇓x̃(t) =

{
1 , if t� x

sup
y∈↑t

α(y) , otherwise

and

µ⇑x̃(t) =

{
1 , if x� t

sup
y∈↓t

α(y) , otherwise .

In the same line, the L-fuzzy sets x̃ and x̃ associated set to a given L-fuzzy singleton x̃ on a psoset (X,�) are
defined as:

x̃ = {⟨t, µx̃(t)⟩ | t ∈ X}

and
x̃ = {⟨t, µx̃(t)⟩ | t ∈ X} ,

where
µx̃(t) = sup

y∈↾t
µx̃(y) and µx̃(t) = sup

y∈⇃t
µx̃(y) .

One easily verifies that

µx̃(t) =

{
1 , if t ≲ x

sup
y∈↾t

α(y) , otherwise

and

µx̃(t) =

{
1 , if x ≲ t

sup
y∈⇃t

α(y) , otherwise .

Note that for a given crisp set S on a given psoset (X,�), it holds that

(i) ⇓ S =↓ S = {x ∈ X : x� y, for some y ∈ S};

(ii) ⇑ S =↑ S = {x ∈ X : y � x, for some y ∈ S};

(iii) S =⇃ S = {x ∈ X : x ≲ y, for some y ∈ S};

(iv) S =↾ S = {x ∈ X : y ≲ x, for some y ∈ S};

(v) ⇓ x =↓ x and ⇑ x =↑ x;

(vi) x =⇃ x and x =↾ x.

The following proposition provides a necessary and sufficient condition that ⇓ x̃ (resp. ⇑ x̃) would be coincides
with x̃ (resp. x̃).

Proposition 4.5. Let (X,�) be a psoset and x ∈ X . The following equivalences hold:
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(i) ⇓ x̃ = x̃ if and only if x is a left-transitive element;

(ii) ⇑ x̃ = x̃ if and only if x is a right-transitive element.

Proof. (i) Let (X,�) be a psoset and x ∈ X . Then

µx̃(t) =

{
1 , if t ≲ x

sup
y∈↾t

α(y) , otherwise

Since x is a left-transitive element, it follows from Theorem 2.8 that t ≲ x if and only if t� x. Hence,

µx̃(t) =

{
1 , if t� x

sup
y∈↑t

α(y) , otherwise

= µ⇓x̃(t).

(ii) Follows from Proposition 4.1 and (i).

The following corollary provides a necessary and sufficient condition that ⇓ x̃ (resp. ⇑ x̃) would be an L-fuzzy
down-set (resp. an L-fuzzy up-set).

Corollary 4.6. Let (X,�) be a psoset and x ∈ X . The following equivalences hold:

(i) ⇓ x̃ is an L-fuzzy down-set if and only if x is a left-transitive element;

(ii) ⇑ x̃ is an L-fuzzy up-set if and only if x is a right-transitive element.

Remark 4.7. If we restrict X by X ltr (resp. Xrtr), then ⇓ S (resp. ⇑ S) is an L-fuzzy down-set on X ltr

(resp. L-fuzzy up-set on Xrtr).

4.2 Properties of fuzzy down-sets and up-sets on a trellis

In this subsection, we show some interesting properties of L-fuzzy down-sets and up-sets on a trellis.

The following proposition is immediate.

Proposition 4.8. Let (X,�) be a psoset and S be an L-fuzzy set on X . The following implications hold:

(i) if S is an L-fuzzy down-set, then S =⇓ S;

(ii) if S is an L-fuzzy up-set, then S =⇑ S.

Remark 4.9. The converse of the above implications does not necessarily hold. Indeed, let X be the trellis
given by the Hasse diagram in Figure 1 and S be the L-fuzzy set on X given by S = {< a, 0.8 >,< b, 0.6 >
,< c, 0.2 >,< d, 0.7 >,< e, 0.1 >}. It is easy to verify that ⇓ S = {< a, 0.8 >,< b, 0.6 >,< c, 0.2 >,<
d, 0.7 >,< e, 0.1 >} = S, but S is not an L-fuzzy down-set.

In the same line, the following result holds. The proof is straightforward.

Proposition 4.10. Let (X,�) be a psoset and S be an L-fuzzy set on X . The following equivalences hold:

(i) S is an L-fuzzy down-set if and only if S =⇓ S = S;

(ii) S is an L-fuzzy up-set if and only if S =⇑ S = S.
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The following proposition shows that L-fuzzy down-sets (resp. L-fuzzy up-sets) on a trellis are closed under
the union and intersection of L-fuzzy sets.

Proposition 4.11. Let X be a trellis and R,S be two L-fuzzy sets on X . It holds that

(i) if R and S are two L-fuzzy down-sets, then R ∪ S and R ∩ S are L-fuzzy down-sets;

(ii) if R and S are two L-fuzzy up-sets, then R ∪ S and R ∩ S are L-fuzzy up-sets.

Proof. (i) We only show that R ∪ S is an L-fuzzy down-set, as R ∩ S can be proved analogously. Let
x, y ∈ X such that x � y. Since R and S are L-fuzzy down-sets, and µR∪S(x) = µR(x) ∨ µS(x), it
follows that µR∪S(x) ≥ µR(y) ∨ µS(y) = µR∪S(y). Thus, R ∪ S is an L-fuzzy down-set.

(ii) Follows from Proposition 4.1 and (i).

The following propositions list some properties of L-fuzzy down-sets and L-fuzzy up-sets.

Proposition 4.12. Let X be a trellis and R,S be two L-fuzzy sets on X . The following statements hold

(i) if S ⊆ R, then S ⊆ R and ⇓ S ⊆ ⇓ R;

(ii) (S ∪R) = S ∪R and ⇓ (S ∪R) ⊆⇓ S∪ ⇓ R;

(iii) (S ∩R) ⊆ S ∩R and ⇓ (S ∩R) ⊆⇓ S∩ ⇓ R.

Proof. We only give the proof for as for ⇓ can be proved analogously.

(i) Suppose that S ⊆ R, then µS(x) = sup
y∈↾x

µS(y) ≤ sup
y∈↾x

µR(y) = µR(x). Hence, S ⊆ R.

(ii) On the one hand, we easily verify from (i) that S∪R ⊆ (S∪R). On the other hand, from Propositions 4.3
and 4.11 it holds that S ∪ R is an L-fuzzy down-set. Now the fact that S ∪ R ⊆ S ∪ R implies that
(S ∪R) = S ∪R.

(iii) The proof is similar to that of (ii).

In the same direction, a dual version of Proposition 4.12 can also be obtained for L-fuzzy up-sets. Its proof
follows from Propositions 4.1 and 4.12.

Proposition 4.13. Let X be a trellis and R,S be two L-fuzzy sets on X . The following statements hold

(i) if S ⊆ R, then S ⊆ R and ⇑ S ⊆⇑ R;

(ii) (S ∪R) = S ∪R and ⇑ S∪ ⇑ R ⊆⇑ (S ∪R);

(iii) (S ∩R) ⊆ S ∩R and ⇑ (S ∩R) ⊆⇑ S∩ ⇑ R.

Combining Propositions 4.10, 4.12 and 4.13 leads to the following corollaries.

Corollary 4.14. Let X be a trellis and S be an L-fuzzy set on X . Then it holds that

(i) (S) =⇓ (S) = (⇓ S) = S;
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(ii) (S) =⇑ (S) = (⇑ S) = S.

Corollary 4.15. Let X be a trellis and S be an L-fuzzy set on X . Then it holds that

(i) S is the smallest L-fuzzy down-set containing S;

(ii) S is the smallest L-fuzzy up-set containing S.

Remark 4.16. Note that if S be an L-fuzzy set on a trellis X , then ⇓ (⇓ S) ̸=⇓ S (resp. ⇑ (⇑ S) ̸=⇑ S).
Indeed, let X be the trellis given by the Hasse diagram in Figure 1 and S be the L-fuzzy set on X given by:

S = {< a, 0.8 >,< b, 0.6 >,< c, 0.2 >,< d, 0.7 >,< e, 0.1 >}. It holds that

µ⇓S(a) = sup
y∈↑a

µS(y) = 0.8 such that ↑ a = {a, b, c, d, e},

µ⇓S(b) = sup
y∈↑b

µS(y) = 0.6 such that ↑ b = {b, c, e},

µ⇓S(c) = sup
y∈↑c

µS(y) = 0.7 such that ↑ c = {c, d, e},

µ⇓S(d) = sup
y∈↑d

µS(y) = 0.7 such that ↑ d = {d, e}.

µ⇓S(e) = sup
y∈↑e

µS(y) = 0.1 such that ↑ e = {e}.

Therefore, ⇓ S = {< a, 0.8 >,< b, 0.6 >,< c, 0.7 >,< d, 0.7 >,< e, 0.1 >}. In the same way, we obtain
that ⇓ (⇓ S) = {< a, 0.8 >,< b, 0.7 >,< c, 0.7 >,< d, 0.7 >,< e, 0.1 >}. Thus, ⇓ (⇓ S) ̸=⇓ S.

The following proposition shows the interaction of the support and the kernel with the (resp. ⇓) and (resp. ⇑)
of an L-fuzzy set on a given trellis.

Proposition 4.17. Let X be a trellis and S be an L-fuzzy set on X . The following equalities hold:

(i) Supp(S) =⇃ Supp(S) and Supp(⇓ S) =↓ Supp(S);

(ii) Supp(S) =↾ Supp(S) and Supp(⇑ S) =↑ Supp(S);

(iii) Ker(S) =⇃ Ker(S) and Ker(⇓ S) =↓ Ker(S);

(iv) Ker(S) =↾ Ker(S) and Ker(⇑ S) =↑ Ker(S).

Proof. We only give the proof of (i) for , as the others can be proved analogously.

Let x ∈ Supp(S), then it holds that µS(x) > 0. Hence, sup
y∈↾x

µS(y) > 0. This implies that there exists

t ∈↾ x such that µS(t) > 0. Hence, t ∈ Supp(S). Since t ∈↾ x, it follows that x ∈⇃ Supp(S). Thus,
Supp(S) ⊆⇃ Supp(S).

On the other hand, let x ∈⇃ Supp(S). Then it holds that y ∈↾ x such that µS(y) > 0, then sup
y∈↾x

µS(y) =

µS(x) > 0. Hence, x ∈ Supp(S). Therefore, Supp(S) =⇃ Supp(S)

In the following result, we show that any L-fuzzy ideal (resp. L-fuzzy filter) on a trellis X is an L-fuzzy
down-set (resp. L-fuzzy up-set) on X .

Theorem 4.18. Let X be a trellis and S be an L-fuzzy set on X . The following implications hold
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(i) if S is an L-fuzzy ideal, then S is an L-fuzzy down-set;

(ii) if S is an L-fuzzy filter, then S is an L-fuzzy up-set.

Proof. (i) Let x, y ∈ X such that x� y. Since S is an L-fuzzy ideal, it follows that µS(x) = µS(x ⊓ y) ≥
µS(x) ∨ µS(y). Hence, µS(x) ≥ µS(y). Thus, S is an L-fuzzy down-set.

(ii) Follows from Proposition 3.8, (i) and Proposition 4.1.

In view of Theorem 4.18 and Proposition 4.10, we obtain the following corollary.

Corollary 4.19. Let X be a trellis and S be an L-fuzzy set on X . The following implications hold

(i) if S is an L-fuzzy ideal, then S = S =⇓ S;

(ii) if S is an L-fuzzy filter, then S = S =⇑ S.

Remark 4.20. One can verify that the converse of the above implications of Theorem 4.18 and Corollary 4.19
does not necessarily hold.

5 Principal (crisp) L-fuzzy ideals and L-fuzzy filters on a trellis

In this section, we provide some interesting properties of principal ideal (resp. principal filter) on a given
trellis. In the fuzzy setting, we introduce and study the notion of principal L-fuzzy ideal (resp. principal L-
fuzzy filter) on a trellis. Moreover, we pay particular attention to their characterizations in the absence of the
(associativity) transitivity property.

5.1 Principal ideals and filters on a trellis

In this subsection, we provide some interesting properties and characterizations of principal ideals (resp. filters)
on a given trellis. First, we need to recall the following definitions of an ideal (resp. a filter) generated by a
non-empty subset of a trellis.

Definition 5.1. Let X be a trellis and S be a non-empty subset of X . The ideal generated by S, denoted by ⟨S,
is the intersection of all ideals of X containing S. The filter generated by S, denoted by S⟩, is the intersection
of all filters of X containing S. If S is a singleton {x}, then we write ⟨x the ideal generated by x and x⟩ the
filter generated by x.

Definition 5.2. Let X be a trellis. I and F be two subsets on X . Then

(i) I is called a principal ideal on X , if there exists an element x ∈ X such that I = ⟨x;

(ii) F is called a principal filter on X , if there exists an element x ∈ X such that I = x⟩.

In the case of a lattice L, for any element x ∈ L, the set ↓ x (resp. ↑ x) is an ideal (resp. a filer) on L, and the
principal ideals (resp. principal filters) of L are characterized by these sets. In contrary, in the case of a trellis
X the set ↓ x (resp. ↑ x) is not necessarily an ideal (resp. a filer) on X . In the following proposition, we show
a necessary and sufficient condition that ↓ x (resp. ↑ x) is an ideal (resp. a filer) on X .

Proposition 5.3. Let X be a trellis and x be an element on X . Then it holds that

(i) ↓ x is an ideal on X if and only if x is a left-transitive element;
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Figure 2: The trellis X = {a, b, c, d, e} of Remark 5.5.

(ii) ↑ x is a filter on X if and only if x is a right-transitive element.

Proof. It is easy to check that if ↓ x is an ideal (resp. ↑ x is a filter) on X , then x is a left-transitive (resp. x is
right-transitive) element. Conversely,

(i) Suppose that x is a left-transitive element on X and we show that ↓ x is an ideal.

(a) Let y ∈ ↓ x and z � y. Since x is left-transitive, it follows that z � x. Hence, z ∈↓ x.

(b) Let y, z ∈ ↓ x, then it holds that y� x and z� x. This implies that y ⊔ z� x. Hence, y ⊔ z ∈ ↓ x.
Thus, ↓ x is an ideal.

(ii) Follows from Proposition 3.8 and (i).

Proposition 5.4. Let X be a trellis and x be an element on X . The following implications hold:

(i) if x is a left-transitive element, then ⇃ x is an ideal on X;

(ii) if x is a right-transitive element, then ↾ x is a filter on X .

Proof. (i) Suppose that x is a left-transitive element on X and we show that ⇃ x is an ideal.

(a) Let y ∈ ⇃ x and z � y. Then it holds that z � y ≲ x. Hence, z ≲ x. Thus, z ∈⇃ x.
(b) Let y, z ∈ ⇃ x, then it holds that y ≲ x and z ≲ x. From Theorem 2.8 it follows that y ⊔ z � x.

Hence, y ⊔ z ∈ ⇃ x. Thus, ⇃ x is an ideal.

(ii) Follows from (i) and Propositions 3.8, 4.1.

Remark 5.5. The converse of the above implications does not necessarily hold. Indeed, let X be the trellis
given by the Hasse diagram in the following figure. Notice that ⇃ d = {a, b, c, d} is ideal on X . But, the fact
b� c, c� d and b ⋬ d implies that d is not a left-transitive element on X .

In general, the following result characterizes principal ideals (resp. principal filters) on a given trellis.

Theorem 5.6. Let X be a trellis, x an element on X . The following equivalences hold:

(i) ⇃ x = ⟨x if and only if ⇃ x is a ⊔-semi trellis of X;

(ii) ↾ x = x⟩ if and only if ↾ x is an ⊓-semi trellis of X .
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Proof. We only give the proof of (i), as (ii) can be proved analogously. Let x ∈ X such that ⇃ x is a ⊔-semi
trellis of X , and we show that ⇃ x = ⟨x.

(a) Let y ∈⇃ x and z ∈ X such that z � y. This implies that z ≲ y ≲ x. Since ≲ is transitive, it follows
that z ≲ x. Hence, z ∈⇃ x.

(b) Let y, z ∈⇃ x, then y ≲ x and z ≲ x. Since ⇃ x is a ⊔-semi trellis of X (i.e.; {a ⊔ b} ∈⇃ x for any
a, b ∈⇃ x), it follows that y ⊔ z ∈⇃ x. Hence, ⇃ x is an ideal on X .

Now, we show that ⇃ x is the smallest ideal containing x. Suppose that there exists another ideal J
containing x such that ⇃ x ⊈ J . Then there exists z ∈ X such that z ∈⇃ x and z /∈ J . The fact that
z ∈⇃ x implies that z ≲ x, i.e.; there exist a finite sequence of elements (a1, ..., an) of X such that
z � a1 � ...� an � x. Since J is an ideal containing x, it follows that z ∈ J is a contradiction. Hence,
⇃ x ⊆ J . Thus, ⇃ x = ⟨x.

Combining Proposition 5.3 and Theorem 5.6 leads to the following corollary.

Corollary 5.7. Let X be a trellis and x ∈ X . The following equivalences hold:

(i) ↓ x =⇃ x = ⟨x if and only if x is a left-transitive element;

(ii) ↑ x =↾ x = x⟩ if and only if x is a right-transitive element.

5.2 Principal L-fuzzy ideals and L-fuzzy filters on a trellis

In this section, we introduce the notion of principal L-fuzzy ideal (resp. principal L-fuzzy filter) on a given
trellis. Similarly to the crisp case, we characterize these notions in terms of down- and up-sets generated by
L-fuzzy singletons.

Definition 5.8. Let X be a trellis and x̃ be an L-fuzzy singleton on X , Then

(i) the principal L-fuzzy ideal generated by an L-fuzzy singleton x̃ is the smallest L-fuzzy ideal contains
x̃, denoted by ⟨⟨x̃;

(ii) the principal L-fuzzy filter generated by an L-fuzzy singleton x̃ is the smallest L-fuzzy filter contains x̃,
denoted by x̃⟩⟩.

Next, we characterize principal L-fuzzy ideals (resp. filters) on a trellis in terms of the down-sets (resp. up-sets)
generated by L-fuzzy singletons on that trellis. We start with the following key results.

Proposition 5.9. Let X be a trellis and x̃ be an L-fuzzy singleton on X . The following equivalences hold:

(i) ⇓ x̃ is an L-fuzzy ideal on X if and only if x is a left-transitive element;

(ii) ⇑ x̃ is an L-fuzzy filter on X if and only if x is a right-transitive element.

Proof. (i) Similarly to the crisp case, one can easily prove that if ⇓ x̃ is an L-fuzzy ideal, then x is a
left-transitive element. Conversely, let x ∈ X , then from Theorem 3.9, it suffices to show that

µ⇓x̃(a ⊔ b) = µ⇓x̃(a) ∧ µ⇓x̃(b), for any a, b ∈ X .

The fact that x is a left-transitive element implies that (a⊔ b� x if and only if a� x and b� x). Hence,

µ⇓x̃(a ⊔ b) = sup
a⊔b�t

µx̃(t) = sup
a�t

µx̃(t) ∧ sup
b�t

µx̃(t) .

Thus,
µ⇓x̃(a ⊔ b) = µ⇓x̃(a) ∧ µ⇓x̃(b), for any a, b ∈ X .

Therefore, ⇓ x̃ is an L-fuzzy ideal on X .
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(ii) Follows dually by using (i) and Propositions 3.8, 4.1.

In the following result, we show a characterization of a principal L-fuzzy ideal (resp. L-fuzzy filter) in terms
of a down-set (resp. up-set) generated by an L-fuzzy singleton.

Theorem 5.10. Let X be a trellis, x an element on X . The following equivalences hold:

(i) x̃ = ⟨⟨x̃ if and only if x̃ is a ⊔-semi L-fuzzy trellis of X;

(ii) x̃ = x̃⟩⟩ if and only if x̃ is a ⊓-semi L-fuzzy trellis of X .

Proof. (i) Let a, b ∈ X . First, we show that x̃ is an L-fuzzy ideal on X .

µx̃(a ⊔ b) = sup
t∈↾(a⊔b)

µx̃(t)

= sup
a⊔b≲t

µx̃(t).

Since x̃ is a ⊔-semi L-fuzzy trellis then, it holds that a ⊔ b ≲ t if and only if a ≲ t and b ≲ t. Hence,

µx̃(a ⊔ b) = sup
t∈↾a

µx̃(t) ∧ sup
t∈↾b

µx̃(t)

= µx̃(a) ∧ µx̃(b).

Thus, µx̃ is an L-fuzzy ideal containing x.
Now, we show that µx̃ is the smallest L-fuzzy ideal containing x̃. Let J be another L-fuzzy ideal
containing x̃ i.e., µx̃(t) ≤ µJ(t), for any t ∈ X .

µx̃(t) = sup
y∈↾t

µx̃(y) ≤ sup
y∈↾t

µJ(y)

= µJ(t) = µJ(t).

Thus, x̃ ⊆ J .

(ii) Follows dually by using (i) and Propositions 3.8, 4.1.

In the following proposition, we show that the kernel of a principal L-fuzzy ideal (resp. L-fuzzy filter) is a
crisp principal ideal (resp. filter).

Proposition 5.11. Let X be a trellis and x be an element on X . Then it holds that

(i) Ker(x̃) =⇃ x and Ker(⇓ x̃) =↓ x;

(ii) Ker(x̃) =↾ x and Ker(⇑ x̃) =↑ x.

Proof. (i) We only give the proof of Ker(x̃) =⇃ x, as Ker(⇓ x̃) =↓ x can be proved analogously. From
Proposition 4.17, it holds that Ker(x̃) =⇃ Ker(x̃). This means that

Ker(x̃) =⇃ {t ∈ X | µx̃(t) = 1}.

By the definition of L-fuzzy singleton, we know that µx̃(t) = 1 if and only if t = x. Hence, Ker(x̃) =⇃
{x} =⇃ x.

(ii) Follows from Proposition 4.1 and (i).
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6 Conclusion

In this paper, we have studied the notions of principal ideal and principal filter on a trellis. Their characteriza-
tions are shown in terms of left-transitive (resp. right-transitive) elements on a trellis. We have also introduced
an L-fuzzy version of these notions on a trellis and provided their various proprieties and characterizations.
In addition, we have introduced and studied the notions of L-fuzzy down-sets (resp. up-sets) on a trellis to
facilitate the study of these notions of principal L-fuzzy ideals and L-fuzzy filters. We have paid close atten-
tion to what happens in the absence of the (associativity) transitivity property on trellises. Future work will be
directed to study (intuitionistic) fuzzy ideals and filters on fuzzy trellises.
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