
 
International Journal of Neutrosophic Science (IJNS)                                                  Vol. 26, No. 02, PP. 11-19, 2025 

11 
DOI: https://doi.org/10.54216/IJNS.260202 

  

  

 

 

 

New Class of Equivalence Classes of Neutrosophic Fuzzy Delta- 

Algebras 

 

Azeez Lafta Jaber1, Hussein S ALallak2, Jaafer Hmood Eidi3, Shuker Khalil4,* 

1Department of Mathematics, College of Education, University of Sumer, Iraq 
2General Directorate of Curricula. moe. Iraq 

3Department of Mathematics, College of Education, Mustansiriyah University, Baghdad, Iraq 
4Department of Mathematics, College of Science, University of Basrah, Basrah 61004, Iraq 

Emails: azeezlafta@gmail.com; hus201ein@gmail.com ; drjaffarmath@uomustansiriyah.edu.iq; 

shuker.khalil@uobasrah.edu.iq 

 

Abstract  

This work analyzes neutrosophic fuzzification in 𝛿 −algebra, applies novel classes of neutrosophic fuzzy (𝑁𝐹) to 

algebra, and explores the ideas of 𝑁𝐹𝛿 −ideal (𝑁𝐹𝛿 − 𝐼), 𝑁𝐹𝛿 −subalgebra (𝐼𝐹𝛿 − 𝑆𝐴), δ-homomorphism, and 

𝑁𝐹δ −ideal (𝑁𝐹𝛿 − 𝐼), exploring some of their descriptions. We shall demonstrate a variety of applications, including 

the notations ≃H, ≃G , ≃𝐽 and ⋈𝛼 on 𝑁𝐹𝛿 − 𝑆𝐴(𝑉) = {𝑀 / 𝑀 is 𝑁𝐹𝛿 − 𝑆𝐴 of 𝑀}. We will also investigate their 

equivalence classes, evaluate our findings in light of the unique ideas offered in this work, and investigate related 

characteristics. 

Keywords: Neutrosophic Fuzzy set; δ −algebra; Neutrosphic fuzzy 𝛿 −subalgebra; Equivalence Classes.  

1. Introduction 

In 1965, Zadeh [1] introduced the concept of a fuzzy set (𝐹𝑆), which is a class of objects with a continuous range of 

membership grades. Atanassov [2] presented the intuitionistic fuzzy set (𝐼𝐹𝑆) in 1986. In addition to providing the 

opportunity to accurately describe the issue based on current knowledge and observations, the idea of non-

membership, which seems to be more accurate at quantifying uncertainty, also makes it possible to use current 

information and perception to describe the problem. In 1999, Smarandache [3] proposed the notion of neutrosophic 

sets. Subsequently, numerous mathematicians in various fields [4–7] are studying the notion of neutrosophic fuzzy 

sets. 

In 2021, the concept of 𝛿 −algebra [8] was shown. Next, the concept of intuitionistic fuzzy 𝛿 −algebra was described 

[9], and addressed its applications. After that, Abbas et al. [10] introduced new varieties of Neutrosophic. Atshan and 

Khalil [11] suggested and explored numerous varieties of 𝜌− algebra, including neutrosophic / full neutrosophic / 

complete neutrosophic 𝜌− ideal / subalgebra. Recently, the notion of algebra is discussed in neutrosophic [12] and 

other non-classical sets like fuzzy set [13-16], soft set [17,18], permutation set [19-21], and others. 

In this study, we will examine notions such as (𝑁𝐹𝛿 −I), (𝐼𝐹𝛿 − 𝑆𝐴), 𝛿 −homomorphism, and (𝑁𝐹𝛿 − 𝐼). A number 

of applications, including the notations ≃H, ≃G , ≃𝐽 and ⋈𝛼 on 𝑁𝐹𝛿 − 𝑆𝐴(𝑉) will also be demonstrated on the set 

𝑁𝐹𝛿 − 𝑆𝐴(𝑉)  = {𝑀 / 𝑀 𝑖𝑠 𝑁𝐹𝛿 − 𝑆𝐴 of 𝑀}. Additionally, we will examine and talk about their equivalency 

classes.   
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2. Preliminaries 

Here, a few definitions that are necessary for our new results are reviewed in this section. 

Definition 2.1[8]: A triple (V,∗,0) is called a δ −algebra (δ − A) if 0 ∈ 𝑉 and fulfilling the  following assumptions: 

i. 𝜏 ∗  𝜏 = 0   

ii. 0 ∗  𝜏 = 0     

iii. If 𝜏 ∗ κ = 0 and κ ∗ 𝜏 = 0 →𝜏 = κ, for all 𝜏, κ ∈ 𝑉, 

iv. For all 𝜏 ≠ κ ∈ 𝑉 − {0} →  𝜏 ∗ κ = κ ⋇ 𝜏 ≠ 0, 

v. For all 𝜏 ≠ κ ∈ 𝑉 − {0} → (𝜏 ∗ ( 𝜏 ∗ κ)) ∗ (κ ∗ 𝜏) = 0. 

Definition 2.2 [8]: Let 𝑉 ≠ ∅. Then M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏)) ≻| 𝜏 ∈ V} is a neutrosophic set, 

whereMH(𝜏): V [0,1], MG(𝜏): V [0,1], and MJ(𝜏): V [0,1] are functions. Values MH(𝜏), MG(𝜏)  and MJ(𝜏)  

indicate to the degree of membership (𝑀𝑒. ), non-membership (𝑁 − 𝑀𝑒. ), 𝑎𝑛𝑑 indeterminate (𝐼𝑛. ) of 𝜏 to M, 

respectively.   

Definition 2.3 [9]: Let ∅ ≠ K ⊆ V, where (V,∗,0) is a (δ −A), K is said to be δ − subalgebra (δ − SA) of V if  𝜏 ∗ κ ∈
K, for any 𝜏, κ ∈ K. 

Definition 2.4[8]:  

Let (V,∗,0) be a (δ − A) and ∅ ≠ K ⊆ V. 𝐾 is said to be a δ −ideal of V if  

i. 𝜏, κ ∈ K  → 𝜏 ∗ κ ∈ K, 

ii. 𝜏 ∗ κ ∈ K and κ ∈ K → 𝜏 ∈ K, for all 𝜏, κ ∈ V. 

Definition 2.5 [2]: 

Let εG(k) = 1 −  ζG(k) − ϑG(k) be the IFS index or hesitation margin of  of indeterminacy of 
k in G is the degree k ∈ ℱ  to the IFS  G and  εG(k) ∈ [0,1], i.e., G(k): ℱ [0,1] and  0 ≤ G(k) ≤ 1, for all k  ℱ ∙
   

Definition 2.6 [22]:  

Let H = (ζH, ϑH) be an IFS in ℱ with s ∈ [0,1]. Then M(ζH, s) = {k ∈ ℱ|ζH(k) ≥ s} is said to be a ζ −level s −cut of 

 H. 

Definition 2.7[22]:  

Let H = (ζH, ϑH) be an IFS in ℱ with s ∈ [0,1]. Then N(ϑH, s) = {k ∈ ℱ|ϑH(k) ≤ s} is said to be a ϑ −level s −cut  

of H. 

3. A Neutrosphic Fuzzy 𝜹-subalgebras in 𝜹-algebras.  

In this section, we look into and examine a number of new concepts, including 𝛿 −homomorphism, (𝑁𝐹𝛿 − S𝐴), 

(NFδ − I), and (NFδ − I). Some basic properties are also given. 

Definition 3.1: Assume that (𝑉,∗,0) is a  𝛿 − algebra (briefly, 𝛿 − 𝐴) and M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏)) ≻| 𝜏 ∈

V} is an (𝑁𝐹𝑆) of  𝑉. We say 𝑀 is a neutrosphic fuzzy  𝛿 −  subalgebra of  𝑉 (briefly, 𝑁𝐹𝛿 − S𝐴) if such that;  

(i) MH(𝜏 ∗ κ) ≥ min {MH(𝜏), MH(κ)},  

(ii) MG(𝜏 ∗ κ) ≤ max {MG(𝜏), MG(κ)}, 

(iii) MJ(𝜏 ∗ κ) ≥ min{MJ(𝜏), MJ(κ)} , ∀ 𝜏, κ ∈ V. 

Example 3.2: Assume that 𝑉 = {0, 𝑟, 𝑠, 𝑝} is a set, and let (∗) be defined on V as indicated by the Table1: 
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Table 1: (𝑉,∗,0) is (𝛿 − 𝐴). 

 

 

 

      

 

 

 

 

Then (𝑉,∗,0) is a (𝛿 − 𝐴). Let each one of  MH = ( 0          𝑟          𝑠         𝑝
0.5       0.3       0.3      0.5

) ,  MG = ( 0          𝑟          𝑠          𝑝
0.3       0.6       0.6      0.3

) and MJ =

( 0          𝑟          𝑠          𝑝
0.2       0.1       0.1      0.2

) be a (𝐹𝑆) for (𝑀𝑒. ), (𝑁 − 𝑀𝑒. ), 𝑎𝑛𝑑 (𝐼𝑛. )of 𝑀 respectively. Then 𝑀 is a (𝑁𝐹𝛿 − 𝑆𝐴) of  𝑉. 

Definition3.3: Let (𝑉,∗,0) be a  𝛿 − algebra (briefly, 𝛿 − 𝐴) & M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V} be 

a (𝑁𝐹𝑆) of  𝑉. Then 𝑀 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑  a neutrosphic fuzzy  𝛿 − ideal of 𝑉 (briefly, 𝑁𝐹𝛿 − I) if such that 

i. MH(𝜏 ∗ κ) ≥ min {MH(𝜏), MH(κ)} ,  MG(𝜏 ∗ κ) ≤ max{MG(𝜏), MG(κ)},  and  MJ(𝜏 ∗ κ) ≥ min{MJ(𝜏), MJ(κ)}.  

ii. MH(𝜏) ≥ min {MH(𝜏 ∗ κ), MH(κ)}, MG(𝜏) ≤ max {MG(𝜏 ∗ κ), MG(κ)}, MJ(𝜏) ≥ min{MJ(𝜏 ∗

κ), MJ(κ)} , ∀ 𝜏, κ ∈ V. 

Example 3.4: 

By using Table1, we consider that (V,∗,0) is a (𝛿 − 𝐴). Let MH = ( 0          𝑟          𝑠         𝑝
0.3       0.2       0.2      0.3

)  be  a (𝐹𝑆) for (𝑀𝑒. ) of 𝑀, 

MG = ( 0          𝑟          𝑠          𝑝
0.4       0.6       0.6      0.4

)  be  a  (𝐹𝑆) for (𝑁 − 𝑀𝑒. ) of 𝑀, and MJ = ( 0          𝑟          𝑠          𝑝
0.3       0.2       0.2      0.3

) be a (𝐹𝑆) for (𝐼𝑛. ) of 𝑀. 

Hence 𝑀 is a (𝑁𝐹𝛿 − 𝐼) of  V . 

Definition 3.5: Let (V,∗,0) be a  𝛿 − algebra (briefly, 𝛿 − 𝐴) and M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V} is 

an (𝑁𝐹𝑆) of  𝑉. We say 𝑀 is a neutrosphic fuzzy  pseudo 𝛿̅ − ideal of 𝑉 (briefly, 𝑁𝐹𝛿̅ − I) if such that 

i. MH(0) ≥ MH(κ) , MG(0) ≤ MG(κ), and  MJ(0) ≥ MJ(κ).  

ii. MH(𝜏 ∗ κ) ≥ min {MH(𝜏), MH(κ)} ,  MG(𝜏 ∗ κ) ≤ max {MG(𝜏), MG(κ)}  and  MJ(𝜏 ∗ κ) ≥

min{MJ(𝜏), MJ(κ)} , ∀ 𝜏, κ ∈ V. 

Example3.6: By using Table (1) in Example (3.2) and a neutrosphic fuzzy set, we get 𝑀 is a neutrosphic fuzzy  𝛿̅ − 

ideal of 𝑉. 

Note 3.7: Based on the aforementioned definitions, we shall consider the following: 

i. M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V} is (𝑁𝐹𝛿 − 𝑆𝐴) if it is (𝑁𝐹𝛿 − 𝐼),  

ii. Let 𝑀 be a (𝑁𝐹𝛿 − 𝑆𝐴) and such that [Definition (3.3)-(ii)], then 𝑀 is (𝑁𝐹𝛿 − 𝐼), 

iii. M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V} is (𝑁𝐹𝛿 − 𝑆𝐴) if it is (𝑁𝐹𝛿̅ − 𝐼),  

iv. Let 𝑀 be a (𝑁𝐹𝛿 − 𝑆𝐴) and such that [Definition (3.5)-(i)], then 𝑀 is (𝑁𝐹𝛿 − I).  

Lemma 3.8: Let (V,∗,0) be a (𝛿 −A) and M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V} be a (𝑁𝐹𝛿 − 𝑆𝐴) of  𝑉, then 

MH(0) ≥ MH(𝜏),  MG(0) ≤ MG(𝜏), and MJ(0) ≥ MJ(𝜏)  ,∀ 𝜏 ∈ V.  

Proof: Assume that 𝜏 ∈ V. Hence MH(0) = MH(𝜏 ∗ 𝜏) ≥ min{MH(𝜏), MH(𝜏)} = MH(𝜏) , 𝜗𝐻(0) = MG(𝜏 ∗ 𝜏) ≤
max{MG(𝜏), MG(𝜏)} = MG(𝜏), also MJ(0) = MJ(𝜏 ∗ 𝜏) ≥ min{MJ(𝜏), MJ(𝜏)} = MJ(𝜏). ∎ 

 

∗ 𝟎 𝒓 𝒔 𝒑 

𝟎 0 0 0 0 

𝒓 𝑟 0 𝑟 𝑟 

𝒔 𝑠 𝑟 0 𝑟 

𝒑 𝑝 𝑟 𝑟 0 
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Proposition 3.9: Assume  that (𝑉,∗,0)  is a (𝛿 − 𝐴) and M𝑖 = {≺ 𝜏, MH𝑖
(𝜏), MG𝑖

(𝜏), MJ𝑖
(𝜏) ≻| 𝜏 ∈ 𝑉, 𝑖 ∈ 𝐼}  is  a 

collection of (𝑁𝐹𝛿 − 𝑆𝐴) of  𝑉, then ∩𝑖∈𝐼  𝑀𝑖 is a (𝑁𝐹𝛿 − 𝐼) of 𝑉, such that ∩𝑖∈𝐼 𝑀𝑖 = {≺ 𝜏, min {MH𝑖
(𝜏)}, 

max {MG𝑖
(𝜏)}, min {MJ𝑖

(𝜏)} ≻ |𝜏 ∈ V}. 

Proof: Let 𝜏, κ ∈ 𝑉. Then, we have min{MHi
(τ ∗ κ)} ≥ min {min {MHi

(τ), MHi
(κ)}} =

min {min{MHi
(τ)}, min{MHi

(κ)}} and max{MGi
(τ ∗ κ)} ≤ max{max{MGi

(τ), MGi
(κ)}} =

max {max  {MGi
(τ)}, max {MGi

(κ)}. Furthermore, min{MJi
(τ ∗ κ)} ≥ min {min {MJi

(τ), MJi
(κ)}} =

min {min{MJi
(τ)}, min{MJi

(κ)}}.  

Hence ∩𝑖∈𝐼  𝑀𝑖 = {≺ 𝜏, min {MH𝑖
(𝜏)}, max{MG𝑖

(𝜏)}, min{MJ𝑖
(𝜏)} ≻ |𝜏 ∈ V}. Hence that the condition (ii) in 

Definition (3.5) is held. Now, let τ ∈ 𝑉 .Thus, we have:  

𝑚𝑖𝑛{MH𝑖
(0)} = 𝑚𝑖𝑛{MH𝑖

(𝜏 ∗ 𝜏)} ≥ 𝑚𝑖𝑛{MH𝑖
(𝜏), MH𝑖

(𝜏)} = 𝑚𝑖𝑛 {MH𝑖
(𝜏)} and max {MG𝑖

(0)} = max {MG𝑖
(𝜏 ∗

𝜏)} ≤ max{MG𝑖
(𝜏), MG𝑖

(𝜏)} = max {MG𝑖
(𝜏)}. Also 

𝑚𝑖𝑛{MJ𝑖
(0)} = 𝑚𝑖𝑛{MJ𝑖

(𝜏 ∗ 𝜏)} ≥ 𝑚𝑖𝑛{MJ𝑖
(𝜏), MJ𝑖

(𝜏)} = 𝑚𝑖𝑛 {MJ𝑖
(𝜏)}. Thus (i) in Definition [3.5] is verified. So, 

∩𝑖∈𝐼 𝑀𝑖 is a (𝑁𝐹𝛿 − 𝐼) of  V. ∎ 

Proposition 3.10: Assume  that (𝑉,∗,0)  is a (𝛿 − 𝐴) and M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V} be a (𝑁𝐹𝛿 −

𝑆𝐴) of  𝑉 , then both of the sets 𝑇𝐻 = {𝜏 ∈ V|MH(𝜏) = MH(0)} , 𝑇G = {𝜏 ∈ V|MG(𝜏) = MG(0)} and 𝑇𝐽 =

{𝜏 ∈ V|MJ(𝜏) = MJ(0)}  are 𝛿 −subalgebras of 𝑉. 

Proof: Let 𝜏, κ ∈ TH. Then MH(𝜏) = MH(0) = MH(κ), also  MH(𝜏 ∗ κ) ≥ min {MH(𝜏), MH(κ)} = MH(0). From 

Lemma (3.7), we get MH(𝜏 ∗ κ) = MH(0) or correspondingly  𝜏 ∗ κ ∈ TH. Also, let 𝜏, κ ∈ TG. Therefore MG(𝜏 ∗ κ) ≤
max {MG(𝜏), MG(κ)} = MG(0). So, by Lemma (3.7), we obtain MG(𝜏 ∗ κ) = MG(0). Hence 𝜏 ∗ κ ∈ TG  .Next let 

𝜏, κ ∈ TJ. Then  MJ(𝜏 ∗ κ) ≥ min {MJ(𝜏), MJ(κ)} = MJ(0). By Lemma (3.7), we get MJ(𝜏 ∗ κ) = MJ(0) . Hence 𝜏 ∗

κ ∈ TJ  . ∎ 

Definition 3.11: Let M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V} be a (𝑁𝐹𝛿 − 𝑆𝐴) of 𝑉. Then  M has finite image, if 

any image of MH, MG  and MJ with finite cardinality (i.e Im(MH) = {MH(τ)|τ ∈ V} , Im(MG) = {MG(τ)|τ ∈ V} and 

Im(MJ) = {MJ(τ)|τ ∈ V} such that |Im(MH)| < ∞, |Im(MG)| < ∞  and |Im(MJ)| < ∞. 

Definition 3.12:  Let that M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V} is a (𝑁𝐹𝛿 − 𝑆𝐴) of 𝑉 and 𝛼 ∈ [0,1]. The sets 

𝑄(MH, 𝛼) = {𝜏 ∈ 𝑉|MH(𝜏) ≥ 𝛼} (resp., 𝑊(MG, 𝛼) = {𝜏 ∈ 𝑉|(MG(𝜏) ≤ 𝛼} and 𝑅(MJ, 𝛼) = {𝜏 ∈ 𝑉|MJ(𝜏) ≥ 𝛼} are  

said to be 𝐻 −level 𝛼 − cut  (resp., G −level α − cut and J −level α − cut) of 𝑀. 

Proposition 3.13: Assume  that (𝑉,∗,0)  is a (𝛿 − 𝐴) and M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V} be a (𝑁𝐹𝛿 − 𝑆𝐴) 

of 𝑉, then each one of the H −level α − cut , G −level α − cut and J −level α − cut of  𝑀 is (𝛿 − 𝑆𝐴) of  𝑉. Any α 

∈ [0,1] with α ∈ Im(MH) ∩ Im(MH) ∩ Im(MJ) are said to be 𝐻 −level 𝛿 −subalgebra (𝐻𝐿𝛿 − 𝑆𝐴), 𝐺 −level 

𝛿 −subalgebra(𝐺𝐿𝛿 − 𝑆𝐴), and 𝐽 −level 𝛿 −subalgebra (𝐽𝐿𝛿 − 𝑆𝐴) if and only if  𝐻 is an (𝑁𝐹𝛿 − 𝑆𝐴) of 𝑉. 

Proof: Assume 𝜏, κ ∈ 𝑄(MH, 𝛼).Therefore 𝑀𝐻(𝜏) ≥ 𝛼 and 𝑀𝐻(κ) ≥ 𝛼. So, we consider that 𝑀𝐻(𝜏 ∗ κ) ≥
𝑚𝑖𝑛{𝑀𝐻(𝜏), 𝑀𝐻(κ)} ≥ 𝛼 so that 𝜏 ∗ κ ∈ 𝑄(MH, 𝛼). Hence 𝑄(MH, 𝛼) is a (𝛿 − 𝑆𝐴) of 𝑉. Moreover, let 𝜏, κ ∈
𝑊(MG, 𝛼). We get  MG(𝜏 ∗ κ) ≤ max{MG(𝜏), MG(κ)} ≤ 𝛼 and 𝜏 ∗ κ ∈ 𝑊(MG, 𝛼). Then 𝑊(MG, 𝛼) is a (𝛿 − 𝑆𝐴) of 

𝑉. Also 𝜏, κ ∈ 𝑅(MJ, 𝛼) ,then 𝑀𝐽(𝜏 ∗ κ) ≥ 𝑚𝑖𝑛{𝑀𝐽(𝜏), 𝑀𝐽(κ)} ≥ 𝛼 so that 𝜏 ∗ κ ∈ 𝑅(MJ, 𝛼). Hence 𝑅(MJ, 𝛼) is a 

(𝛿 − 𝑆𝐴) of 𝑉.  

Conversely, assume 𝜏 and κ be two elements in 𝑉 such that  MH(𝜏 ∗ κ) < min{MH(𝜏), MH(κ)}. Let 𝑎 =
1

2
[MH(𝜏 ∗ κ) + min{MH(𝜏), MH(κ)}]. Then MH(𝜏 ∗ κ) < 𝑎 < min{MH(𝜏), MH(κ)} ,thus 𝜏 ∗ κ ∉ 𝑄(MH, 𝛼). However 

𝜏, κ ∈ 𝑄(MH, 𝛼). But that is in conflict with. Hence 𝑀𝐻(𝜏 ∗ κ) ≥  𝑚𝑖𝑛{𝑀𝐻(𝜏), 𝑀𝐻(κ)} , ∀ 𝜏, κ ∈ 𝑉. In other side, if 

MG(𝜏 ∗ κ) > max{MG(𝜏), MG(κ)}  for some 𝜏, κ ∈ 𝑉. Put 𝑏 =
1

2
[MG(𝜏 ∗ κ) + max{MG(𝜏), MG(κ)}], then we get that 

MG(𝜏 ∗ κ) > b > max{MG(𝜏), MG(κ)} and hence 𝜏, κ ∈ 𝑊(MG, 𝛼) and 𝜏 ∗ κ ∉ 𝑊(MG, 𝛼). This is in conflict with. 

Thus, we have MG(𝜏 ∗ κ) ≤ max{MG(𝜏), MG(κ)} , ∀ 𝜏, κ ∈ 𝑉. Also, assume MJ(𝜏 ∗ κ) < min{MJ(𝜏), MJ(κ)}. Let 𝑐 =
1

2
[MJ(𝜏 ∗ κ) + min{MJ(𝜏), MJ(κ)}]. Then MJ(𝜏 ∗ κ) < 𝑐 < min{MJ(𝜏), MJ(κ)} ,thus 𝜏 ∗ κ ∉ 𝑅(MJ, 𝛼). However 
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𝜏, κ ∈ 𝑅(MJ, 𝛼). But that is in conflict with. Hence  𝑀𝐽(𝜏 ∗ κ) ≥ 𝑚𝑖𝑛{𝑀𝐽(𝜏), 𝑀𝐽(κ)}, ∀ 𝜏, κ ∈ 𝑉.Hence 𝑀 is an 

(𝑁𝐹𝛿 − 𝑆𝐴) of 𝑉. ∎ 

Proposition 3.14: Assume  𝜑 be a (𝛿 − 𝑆𝐴) of 𝑉, then 𝜑 can be realized as both (𝐻𝐿𝛿 − 𝑆𝐴), (𝐺𝐿𝛿 − 𝑆𝐴) and (𝐽𝐿𝛿 −
𝑆𝐴) of some a (𝑁𝐹𝛿 − 𝑆𝐴) of 𝑉. 

Proof: Assume  𝐻𝐿𝛿 − 𝑆𝐴 be a (𝛿 − 𝑆𝐴) of  𝑉, and take  𝑀𝐻 , 𝑀𝐺 and, 𝑀𝐽 be fuzzy sets in 𝑉 as specified by MH(𝜏) =

{
𝑟,      𝑖𝑓 𝜏 ∈ 𝜑 

0,   𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
 , MG(𝜏) = {

𝑠,       𝑖𝑓 𝜏 ∈ 𝜑 
1,   𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

  and,   MJ(𝜏) = {
𝑝,       𝑖𝑓 𝜏 ∈ 𝜑 
0,   𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 , ∀ 𝜏 ∈ 𝑉, where 𝑟, 𝑠, 𝑝 ∈ (0,1) are 

fixed real numbers with 𝑟 + 𝑠 + 𝑝 < 1. Let  𝜏, κ ∈ 𝑉. Therefore 𝜏 ∗ κ ∈ 𝜑  whenever 𝜏, κ ∈ 𝜑. So, we get 𝑀𝐻(𝜏 ∗ κ) =

𝑚𝑖𝑛{𝑀𝐻(𝜏), 𝑀𝐻(κ)} ,  MG(𝜏 ∗ κ) = max{MG(𝜏), MG(κ)} and MJ(𝜏 ∗ κ) = min{MJ(𝜏), MJ(κ)}. If either 𝜏 ∉ 𝜑 or κ ∉

𝜑, then either 𝑀𝐻(𝜏) = 0  or 𝑀𝐻(κ) = 0 and  MJ(𝜏) = 0 𝑜𝑟 MJ(κ) . Moreover, we have either MG(𝜏) = 1  or MG(κ) =

1. It follows that 𝑀𝐻(𝜏 ∗ κ) ≥ 0 = 𝑚𝑖𝑛{𝑀𝐻(𝜏), 𝑀𝐻(κ)}, MG(𝜏 ∗ κ) ≤ 1 = max{MG(𝜏), MG(κ)} and,  MJ(𝜏 ∗ κ) ≥

0 = min{MJ(𝜏), MJ(κ)}. Then M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V} is an (𝑁𝐹𝛿 − 𝑆𝐴) of 𝑉. Of course, 

𝑄(MH, 𝛼) = 𝜑 = 𝑊(MG, 𝛼) and 𝑅(MJ, 𝛼). ∎ 

Definition 3.15: Assume Υ: (𝑉,∗ ,0) → (𝐾,⋄, 𝜍) is a mapping of (𝛿 − 𝐴). We say Υ is 𝛿 −homomorphism (𝛿 − 𝐻) if 

Υ(𝜏 ∗ κ) = Υ(𝜏) ⋄ Υ(κ),∀ 𝜏, κ ∈ 𝑉. Also, ℑ−1(𝐸) = {≺ 𝜏, Υ−1EH(𝜏), Υ−1𝐸𝐺(𝜏),   Υ−1𝐸𝐽(𝜏) ≻ |𝜏 ∈ 𝑉}  is a (𝑁𝐹𝑆) in 

(𝛿 − 𝐴) 𝑉 for any (𝑁𝐹𝑆)  𝐸 = {≺ κ, EH(κ), 𝐸𝐺(κ), 𝐸𝐽(κ) ≻ |κ ∈ 𝐾} of (𝛿 − 𝐴) 𝐾. Moreover, if M = {≺

𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻|  𝜏 ∈ V}  is an (𝑁𝐹𝑆)  in (𝛿 − 𝐴) 𝑉, then Υ(𝑀) is (𝑁𝐹𝑆) in 𝐾 and specified by:Υ(𝑀) = {≺

κ, Υ𝑠𝑢𝑝EH(κ), Υ𝑖𝑛𝑓𝐸𝐺(κ), Υ𝑠𝑢𝑝𝐸𝐽(κ) ≻ |κ ∈ 𝐾}, where 

ΥsupEH(κ) = {
sup {EH(τ)|τ ∈ Υ−1(κ)}, if Υ−1(κ) ≠ 0,

0,                             Otherwise,
, 

 

ΥinfEG(κ) = {
inf {EG(τ)|τ ∈ Υ−1(κ)}, if Υ−1(κ) ≠ 0,

1,                        Otherwise,
 , and  

 

ΥsupEJ(κ) = {
sup {EJ(τ)|τ ∈ Υ−1(κ)}, if Υ−1(κ) ≠ 0,

0,                             Otherwise,
  , ∀ κ ∈ K 

 

Proposition3.16: Assume Υ: (𝑉,∗ ,0) → (𝐾,⋄, 𝜍) be a 𝛿 −epimorphism of 𝛿 −algebras .If 𝐸 = {≺
κ, EH(κ), 𝐸𝐺(κ), 𝐸𝐽(κ) ≻ |κ ∈ 𝐾}  a (𝑁𝐹𝛿 − 𝑆𝐴) of 𝐾, then  ℑ−1(𝐸)  is a (𝑁𝐹𝛿 − 𝑆𝐴) of 𝑉. 

Proof: Let E under Υ is a (𝑁𝐹𝛿 − 𝑆𝐴) ,for any τ, κ ∈ 𝑉, we have 

Υ−1EH(𝜏 ∗ κ) = EH(Υ(𝜏 ∗ κ)) = EH(Υ(𝜏) ⋄ Υ(κ)) ≥ min{EH(Υ(𝜏)), EH(Υ(κ))} 

= 𝑚𝑖𝑛 {Υ−1EH(𝜏), Υ−1EH(κ)}, 

Υ−1EG(𝜏 ∗ κ) = EG(Υ(𝜏 ∗ κ)) = EG(Υ(𝜏) ⋄ Υ(κ)) ≤ max{EG(Υ(𝜏)), EG(Υ(κ))} 

= max{Υ−1EG(τ), Υ−1EG(κ)} . 

Also, Υ−1EJ(𝜏 ∗ κ) = EJ(Υ(𝜏 ∗ κ)) = EJ(Υ(𝜏) ⋄ Υ(κ)) ≥ min{EJ(Υ(𝜏)), EJ(Υ(κ))}     = 𝑚𝑖𝑛 {Υ−1EJ(𝜏), Υ−1EJ(κ)}. 

Hence Υ−1(𝐸) is a (𝑁𝐹𝛿 − 𝑆𝐴) of 𝑉. ∎ 

Proposition3.17: Assume Υ: (𝑉,∗ ,0) → (𝐾,⋄, 𝜍) be a 𝛿 − epimorphism of 𝛿 − algebras . If  E = {≺

𝜏, EH(𝜏), EG(𝜏), EJ(𝜏) ≻| 𝜏 ∈ V} a (𝑁𝐹𝛿 − 𝑆𝐴) of 𝑉, then Υ(E)  is a (𝑁𝐹𝛿 − 𝑆𝐴) of 𝐾. 

Proof: Assume E be a (𝑁𝐹𝛿 − 𝑆𝐴) of 𝑉 and let κ, 𝜎 ∈ 𝐾. Observing that {𝜏 ∗ 𝛼|𝜏 ∈ Υ−1(κ) and 𝛼 ∈ Υ−1(𝜎)} ⊆ {𝜏 ∈
𝑉|𝜏 ∈ ℑ−1(κ ⋄ 𝜎)}, we have  Υsup(EH)(κ ⋄ 𝜎) = sup {EH(𝜏)|𝜏 ∈ Υ−1(κ ⋄ 𝜎)}     

                               ≥ sup {EH(𝜏 ∗ 𝛼)|𝜏 ∈ Υ−1(κ) and 𝛼 ∈ Υ−1(𝜎)} 

                               ≥ sup {min {EH(𝜏), EH(α)}|𝜏 ∈ Υ−1(κ) and α ∈ Υ−1(𝜎)} 
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                              = min {sup {EH(𝜏)|𝜏 ∈ Υ−1(κ)}, sup{EH(α)|𝛼 ∈ Υ−1(𝜎)}} 

                             = min {Υsup(EH)(κ), Υsup(EH)(𝜎)} ,                            

  Υinf(EG)(κ ⋄ 𝜎) = inf {EG(𝜏)|𝜏 ∈ Υ−1(κ ⋄ 𝜎)}     

                            ≤ inf {EG(𝜏 ∗ 𝛼)|𝜏 ∈ Υ−1(κ) and 𝛼 ∈ Υ−1(𝜎)} 

                            ≤ inf {max {EG(𝜏), EG(α)}|𝜏 ∈ Υ−1(κ) and α ∈ Υ−1(𝜎)} 

                           = max {inf {EG(𝜏)|𝜏 ∈ Υ−1(κ)}, inf{EG(α)|𝛼 ∈ Υ−1(𝜎)}} 

                          = max {Υsup(EG)(κ), Υsup(EG)(𝜎)} .  

And,  Υsup(EJ)(κ ⋄ 𝜎) = sup {EJ(𝜏)|𝜏 ∈ Υ−1(κ ⋄ 𝜎)}     

                                    ≥ sup {EJ(𝜏 ∗ 𝛼)|𝜏 ∈ Υ−1(κ) and 𝛼 ∈ Υ−1(𝜎)} 

                                    ≥ sup {min {EJ(𝜏), EJ(α)}|𝜏 ∈ Υ−1(κ) and α ∈ Υ−1(𝜎)} 

                                   = min {sup {EJ(𝜏)|𝜏 ∈ Υ−1(κ)}, sup{EJ(α)|𝛼 ∈ Υ−1(𝜎)}} 

                                   = min {Υsup(EJ)(κ), Υsup(EJ)(𝜎)} . 

Then Υ(E) = {≺ κ, ΥsupEH(κ), ΥinfEG(κ), ΥsupEJ(κ) ≻ |κ ∈ K}  is a (𝑁𝐹𝛿 − 𝑆𝐴) of K .∎    

Proposition3.18: Assume Υ: (𝑉,∗ ,0) → (𝐾,⋄, 𝜍) be a 𝛿 −epimorphism of 𝛿 −algebras .If  M = {≺

𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V} a (𝑁𝐹𝛿 − 𝐼) of 𝑉, then Υ(M)  is a (𝑁𝐹𝛿 − 𝐼) of 𝐾. 

Proof:  Given that  M is a (𝑁𝐹𝛿 − 𝐼) of 𝑉. Hence from Proposition [3.17] and Note[3.7] we have Υ(M) is a (𝑁𝐹𝛿 − 𝐼) 

of 𝐾. Consequently, condition (1) in Definition [3.3] is maintained. Since Υ is surjective, thus for any κ, 𝜎 ∈ 𝐾, ∃ 𝜏, α ∈
𝑉 such that 𝜏 ∈ Υ−1Υ(𝜏) = Υ−1(κ) and  α ∈ Υ−1Υ(α) = ℑ−1(𝜎). Also, 𝜏 ∗ α ∈ Υ−1(κ) ∗ Υ−1(𝜎) = Υ−1(κ ⋄ 𝜎). 

Furthermore, noticing that MH(𝜏) ≥ 𝑚𝑖𝑛 {MH(𝜏 ∗ α), MH(α)},  MG(𝜏) ≤ 𝑚𝑎𝑥 {MG(𝜏 ∗ α), MG(α)} and MJ(𝜏) ≥

𝑚𝑖𝑛 {MJ(𝜏 ∗ α), MJ(α)} . For any κ, 𝜎 ∈ 𝐾, we have 

Υ𝑠𝑢𝑝(MH)(κ)  = sup{MH(𝜏)|𝜏 ∈ Υ−1(κ)} 

                   ≥ sup{min{MH(𝜏 ∗ α), MH(α)|𝜏 ∗ α ∈ Υ−1(κ ⋄ 𝜎) and α ∈ Υ−1(𝜎)} 

                       = min{sup {MH(𝜏 ∗ α)|𝜏 ∗ α ∈ Υ−1(κ ⋄ 𝜎)}, sup MH(α) |α ∈ Υ−1(𝜎)} 

                      = 𝑚𝑖𝑛 {Υ𝑠𝑢𝑝(MH)(κ ⋄ 𝜎), Υ𝑠𝑢𝑝(MH)(𝜎)} .             

Also, Υ𝑖𝑛𝑓(MG)(κ) = 𝑖𝑛𝑓 {MG(𝜏)|𝑘 ∈ Υ−1(κ)}             

                             ≤ inf {max {MG(𝜏 ∗ α), 𝑀𝐺α)}|𝜏 ∗ α ∈ Υ−1(κ ⋄ 𝜎) and α ∈ Υ−1(𝜎)} 

                           = max{inf {MG(𝜏 ∗ α)|𝜏 ∗ α ∈ Υ−1(κ ⋄ 𝜎)}, inf{MG(α)|α ∈ Υ−1(𝜎)} 

                          = max {Υinf(MG)(κ ⋄ σ), Υinf(MG)(σ)} . 

Next, Υ𝑠𝑢𝑝(MJ)(κ) = sup{MJ(𝜏)|𝜏 ∈ Υ−1(κ)} 

                              ≥ sup{min{MJ(𝜏 ∗ α), MJ(α)|𝜏 ∗ α ∈ Υ−1(κ ⋄ 𝜎) and α ∈ Υ−1(𝜎)} 

                           = min{sup {MJ(𝜏 ∗ α)|𝜏 ∗ α ∈ Υ−1(κ ⋄ 𝜎)}, sup MJ(α) |α ∈ Υ−1(𝜎)} 

                           = 𝑚𝑖𝑛 {Υ𝑠𝑢𝑝(MJ)(κ ⋄ 𝜎), Υ𝑠𝑢𝑝(MJ)(𝜎)} .             

 Hence Υ(𝑀) = {≺ κ, Υ𝑠𝑢𝑝MH(κ), Υ𝑖𝑛𝑓𝑀𝐺(κ), Υ𝑠𝑢𝑝𝑀𝐽(κ) ≻ |κ ∈ 𝐾} is a (𝑁𝐹𝛿 − 𝐼) of 𝐾. ∎ 

Proposition 3.19: Assume Υ: (𝑉,∗ ,0) → (𝐾,⋄, 𝜍) be a 𝛿 −epimorphism of 𝛿 −algebras .If  M = {≺

τ, MH(τ), MG(τ), MJ(τ) ≻| τ ∈ V} a (NFδ̅ − I) of V, then Υ(M)  is a (NFδ̅ − I) of K. 

Proof: Given that  M = {≺ τ, MH(τ), MG(τ), MJ(τ) ≻| τ ∈ V}  is a (NFδ − I) of V. Thus from Proposition (3.17) and 

Note (3.7) we have Υ(M) = {≺ κ, (ΥsupMH(κ), ΥinfMG(κ), ΥsupMJ(κ) ≻ |κ ∈ K} is a (NFδ − SA) of 𝐾. Then 𝑀 such 
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that [Definition (3.5)-(2)]. Because M = {≺ τ, (MH(τ), MG(τ), MJ(τ)) ≻| τ ∈ 𝑉} is a (NFδ − I) of V, hence MH(0) ≥

MH(τ) , MG(0) ≤ MG(τ),and MJ(0) ≥ MJ(τ) for any τ ∈ 𝑉. Since Υ is (δ − 𝐻) of δ −algebras, then Υ(0) = ς. Also,  

0 ∈ Υ−1(ς) and {τ|τ ∈ Υ−1(κ)} ⊆ {τ|τ ∈ 𝑉}, ∀ κ ∈ K. Hence we get,   Υsup(MH)(ς) = sup {MH(τ)|τ ∈ Υ−1(ς)} 

                      = MH(0) ≥ sup {MH(τ)|τ ∈ V} ≥ sup{MH(τ)|τ ∈ Υ−1(κ)} 

                      = Υsup(MH)(κ). 

Also,Υinf(MG)(ς) = inf {MG(τ)|τ ∈ Υ−1(ς)} = MG(0) ≤ inf{MG(τ)|τ ∈ V} 

                              ≤ inf{MG(τ)|τ ∈ Υ−1(κ)} = Υsup(MG)(κ) 

On the opposite end,Υsup(MJ)(ς) = sup {MJ(τ)|τ ∈ Υ−1(ς)} 

                                 = MJ(0) ≥ sup {MJ(τ)|τ ∈ V} ≥ sup{MJ(τ)|τ ∈ Υ−1(κ)} 

                                 = Υsup(MJ)(κ). 

Then Υ(M) = {≺ κ, ΥsupMH(κ), ΥinfMG(κ), ΥsupMJ(κ) ≻ |κ ∈ K} is a (NFδ − I) of K. ∎ 

4. The Equivalence Classes of Neutrosphic Fuzzy Delta-Algebras  

This section provides examples of some 𝑁𝐹𝛿 − 𝑆𝐴(𝑉) applications on 𝑁𝐹𝛿 − 𝑆𝐴(𝑉), including  ≃H, ≃G , ≃𝐽  and, 

⋈𝛼. Additionally, this section contains some of their crucial elements. 

4.1. The Equivalence Classes of 𝐍𝐅𝛅 − 𝐒𝐀(𝐕) Modulo (≃H, ≃G , ≃𝐽):  

Signify to the set of all (NFδ − 𝑆𝐴) of 𝑉 by NF𝛿 − 𝑆𝐴(𝑉). Also, assume  ≃H, ≃G , ≃𝐽 be three binary relations 

on NF𝛿 − 𝑆𝐴(𝑉), they are identified with:  

𝑀 ≃H 𝐾 ⇔ 𝑄(MH, 𝛼) = 𝑄(KH, 𝛼), 𝑀 ≃G 𝐾 ⇔ 𝑊(MG, 𝛼) = 𝑊(KG, 𝛼) and  𝑀 ≃J 𝐾 ⇔ 𝑅(MJ, 𝛼) = 𝑅(KJ, 𝛼) 

respectively, for some, M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V} and K = {≺ 𝜏, KH(𝜏), KG(𝜏), KJ(𝜏) ≻| 𝜏 ∈ V}  in 

NF𝛿 − 𝑆𝐴(𝑉). Furthermore, we consider ≃H , ≃G and ≃J are equivalence relations on NF𝛿 − 𝑆𝐴(𝑉). Assume M =

{≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V}  ∈ NF𝛿 − 𝑆𝐴(𝑉). The equivalence class of M = {≺

𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| 𝜏 ∈ V}  modulo ≃H, ≃G , (resp. ≃J) is symbolized by [M]H , [M]G (resp. [𝑀]J). Also, these 

symbols (NF𝛿 − 𝑆𝐴(𝑉)/≃H), ( NF𝛿 − 𝑆𝐴(𝑉)/≃G) (resp. NF𝛿 − 𝑆𝐴(𝑉)/≃J) refer to the set of all equivalence classes 

of M modulo ≃H, ≃G , (resp. ≃J). That means NF𝛿 − 𝑆𝐴(𝑉)/≃H= {[M]H|M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| ∈

NF𝛿 − 𝑆𝐴(𝑉)}, NF𝛿 − 𝑆𝐴(𝑉)/≃G ={[M]G|M = {≺ 𝜏, (MH(𝜏), MG(𝜏), MJ(𝜏)) ≻| ∈ NF𝛿 − 𝑆𝐴(𝑉)} (resp. NF𝛿 −

𝑆𝐴(𝑉)/≃J= {[M]J|M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻|  ∈ NF𝛿 − 𝑆𝐴(𝑉)}). Also,  this symbol 𝛿𝐼(𝑉) refer to the set 

of all 𝛿 − ideals of 𝑉.Let Ψ𝛼 , 𝜓𝛼 , Χ𝛼: 𝑁𝐹𝛿 − 𝑆𝐴(𝑉) → 𝛿𝐼(𝑉) ∪ {∅} be maps are defined by Ψ𝛼(𝑀) = 𝑄(MH, 𝛼) 

, 𝜓𝛼(𝑀) = 𝑊(MG, 𝛼) and Χ𝛼 = 𝑅(MJ, 𝛼), where 𝛼 ∈ [0,1], ∀ M = {≺ 𝜏, MH(𝜏), MG(𝜏), MJ(𝜏) ≻| ∈ NF𝛿 − 𝑆𝐴(𝑉). 

Also, Ψ𝛼, 𝜓𝛼 , and Χ𝛼   are well-defined. 

Proposition 4.2:  Assume Ψ𝛼 , 𝜓𝛼 , Χ𝛼: 𝑁𝐹𝛿 − 𝑆𝐴(𝑉) → 𝛿𝐼(𝑉) ∪ {∅} be the maps. Then Ψ𝛼 , 𝜓𝛼 , Χ𝛼  are onto, ∀ 𝛼 ∈
(0,1). 

Proof:  

Let 𝛼 ∈ (0,1). Then 0̃ =≺ 𝜏, 0̅, 1̅, 0̅ ≻ is in 𝑁𝐹𝛿 − 𝑆𝐴(𝑉), where 0̅ ,1̅ and 0̅ are defined by 0̅(𝜏) = 0, 1̅(𝜏) =

1 and, 0̅(𝜏) = 0 ∀ 𝜏 ∈ 𝑉. Also,Ψ𝛼(0̃) = 𝑄(0̅, 𝛼) = ∅ = 𝑊(1̅, 𝛼) = 𝜓𝛼(0̃) = 

𝑅(0̅, 𝛼) = Χ𝛼(0̃). Suppose that ∅ ≠ 𝜑 ∈ 𝛿𝐼(𝑉). Let 𝜑H(𝜏) = {
1, 𝑖𝑓 𝜏 ∈ 𝜑
0, 𝑖𝑓 𝜏 ∉ 𝜑

 ,  𝜑G(𝜏) = 1 − 𝜑G(𝜏) 𝑎𝑛𝑑  𝜑J(𝜏) = 1 −

𝜑H(𝜏) − 𝜑G(𝜏), ∀ 𝜏 ∈ 𝑉, thus Ψ𝛼(𝜑̃) = 𝑄(𝜑H, 𝑠) = 𝜑 = 𝑊(𝜑G, 𝛼) = 𝜓𝛼(𝜑̃) = 𝑅(𝜑J, 𝛼) = Χ𝛼(𝜑̃). Now, we want 

to show that 𝜑̃ =≺ 𝜏, 𝜑H, 𝜑G, 𝜑J ≻∈ NF𝛿 − 𝑆𝐴(𝑉). From [Definition 2.3] we get 𝜑 is (𝛿 − 𝑆𝐴) of 𝑉[since 𝜑 ∈

𝛿𝐼(𝑉)]. So, 𝑄(𝜑H, 𝛼), 𝑊(𝜑G, 𝛼) and 𝑅(𝜑J, 𝛼) are 𝛿 −subalgebras of 𝑉.  Also, 𝜑̃ =≺ 𝜏, 𝜑H, 𝜑G, 𝜑J ≻ ∈ NF𝛿 − 𝑆𝐴(𝑉)  

[From Proposition[3.13] ]. Therefore, ∀ 𝜑 ∈ 𝛿𝐼(𝑉) we consider Ψ𝛼(𝜑̃) = 𝜑, 𝜓𝛼(𝜑̃) = 𝜑 𝑎𝑛𝑑, Χ𝛼(𝜑̃) = 𝜑. for some 

𝜑̃ ∈ 𝑁𝐹𝛿 − 𝑆𝐴(𝑉). This completes the proof.∎ 
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Proposition 4.3: Let  𝑁𝐹𝛿 − 𝑆𝐴(𝑉)/≃H , 𝑁𝐹𝛿 − 𝑆𝐴(𝑉)/≃G and, 𝑁𝐹𝛿 − 𝑆𝐴(𝑉)/≃J are quotient sets. Then for any 

𝛼 ∈ (0,1) they are equivalent 𝛿𝐼(𝑉) ∪ {∅}. 

Proof:  

Consider that α ∈ (0,1) and assume Ψα
̅̅ ̅̅ : NFδ − SA(V)/≃H→ δI(V) ∪ {∅}, ψα

̅̅ ̅̅ : NFδ − SA(V)/≃G→ δI(V) ∪ {∅} 

and Χα
̅̅̅̅ : NFδ − SA(V)/≃J→ δI(V) ∪ {∅}  are maps, where they are defined as Ψα

̅̅ ̅̅ ([M]H) = Ψα(M) , ψα
̅̅ ̅̅ ([M]G) =

ψα(M) (resp. Χα
̅̅̅̅ ([M]J) = Χα(M), for all M =≺ τ, MH, MG, MJ ≻∈ NFδ − SA(V). Hence, 𝑀 ≃H 𝐾  and 

𝑀 ≃G 𝐾, 𝑀 ≃J 𝐾, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑀 =≺ 𝜏, MH, MG, MJ ≻ and 𝐾 =≺ 𝜏, KH, KG, KJ ≻ in 𝑁𝐹𝛿 − 𝑆𝐴(𝑉), if 𝑄(MH, 𝛼) = 

𝑄(KH, 𝛼), 𝑊(MG, 𝛼) = 𝑊(KG, 𝛼) and 𝑅(MJ, 𝛼) = 𝑅(KJ, 𝛼). Then [M]H = [K]H, [M]G = [K]G and [M]J = [K]J. Then 

Ψα
̅̅ ̅̅  , ψα

̅̅ ̅̅  and Χα
̅̅̅̅  are injective.  Furthermore, let ∅ ≠ 𝜑 ∈ 𝛿𝐼(𝑉) and ∀ 𝜏 ∈ 𝑉, let 𝜑𝐻(𝜏) = {

1, 𝑖𝑓 𝜏 ∈ 𝜑
0, 𝑖𝑓 𝜏 ∉ 𝜑

, 𝜑𝐺(𝜏) = 1 −

𝜑𝐻(𝜏), and 𝜑𝐽(𝜏) = 1 − 𝜑𝐻(𝜏) − 𝜑𝐺(𝜏) thus 𝜑̃ =≺ 𝜏, 𝜑𝐻 , 𝜑𝐺 , 𝜑𝐽 ≻ ∈ NF𝛿 − 𝑆𝐴(𝑉). We consider that Ψα
̅̅ ̅̅ ([𝜑̃]𝐻) =

Ψα(𝜑̃) = 𝑄(𝜑𝐻 , 𝛼) = 𝜑,  ψα
̅̅ ̅̅ ([𝜑̃]𝐺) = ψα(𝜑̃) = 𝑊(𝜑𝐺 , 𝛼) = 𝜑 and  Χα

̅̅̅̅ ([𝜑̃]𝐽) = Χα(𝜑̃) = 𝑅(𝜑J, 𝛼) = 𝜑. Next, for 

0̃ =≺ 𝜏, 0̅, 1̅, 0̅ ≻ ∈ 𝑁𝐹𝛿 − 𝑆𝐴(𝑉) we have Ψα
̅̅ ̅̅ ([0̃]𝐻) = Ψα(0̃) = 𝑄(0̅, 𝑠) = ∅. Also, ψα

̅̅ ̅̅ ([0̃]𝐺) = Ψα(0̃) =

𝑊(1̅, 𝑠) = ∅ 𝑎𝑛𝑑  Χα
̅̅̅̅ ([0̃]𝐺) = Χα(0̃) = 𝑅(0̅, 𝑠) = ∅  . Thus Ψα

̅̅ ̅̅  , ψα
̅̅ ̅̅  and Χα

̅̅̅̅  are surjective  and hence  NFδ −

SA(V)/≃H, NFδ − SA(V)/≃G and NFδ − SA(V)/≃Jare equivalent to 𝛿𝐼(𝑉) ∪ {∅}.∎ 

5. The equivalence classes of 𝐍𝐅𝛅 − SA(V) modulo ⋈𝛼. 

In this section, the relation ⋈𝛼 on 𝑁𝐹𝛿 − 𝑆𝐴(𝑉) is investigated d discussed. 

Definition 5.1: We define the relation ⋈𝛼 on 𝑁𝐹𝛿 − 𝑆𝐴(𝑉) by (𝑀, 𝐾) ∈ ⋈𝛼⟺ 𝑄(𝑀𝐻 , 𝛼) ∩ 𝑊(𝑀𝐺 , 𝛼) ∩ 𝑅(MJ, 𝛼) =

𝑄(𝐾𝐻 , 𝛼) ∩ 𝑊(𝐾𝐺 , 𝛼) ∩ 𝑅(KJ, 𝛼), 𝛼 ∈ [0,1], ∀ 𝑀 =≺ 𝜏, MH, MG, MJ ≻  and 𝐾 =≺ 𝜏, KH, KG, KJ ≻ ∈ 𝑁𝐹𝛿 − 𝑆𝐴(𝑉). 

The equivalence class of 𝑀 =≺ 𝜏, MH, MG, MJ ≻ modulo ⋈𝛼 ∀ 𝑀 =≺ 𝜏, MH, MG, MJ ≻ ∈ NFδ − 𝑆𝐴(𝑉) is symbolized 

as [𝐻]⋈𝛼
.  

Proposition5.2:  

A map Π𝛼 ∶ 𝑁𝐹𝛿 − 𝑆𝐴(𝑉) → 𝛿𝐼(𝑉) ∪ {∅} is surjective if Π𝛼(𝑀) = Ψ𝛼(𝑀) ∩ 𝜓𝛼(𝑀) ∩ Χα(𝑀). ∀ 𝑀 =≺
𝜏, MH, MG, MJ ≻ ∈ 𝑁𝐹𝛿 − 𝑆𝐴(𝑉)  and 𝛼 ∈ (0,1).  

Proof:  

Assume that 𝛼 ∈ (0,1) and let 𝜑 ∈ 𝛿𝐼(𝑉) ∪ {∅}, if 𝜑 = ∅, then there is 0̃ =≺ 𝜏, 0̅, 1̅, 0̅ ≻ ∈ 𝑁𝐹𝛿 − 𝑆𝐴(𝑉) such that 

Π𝛼(0̃) = Ψ𝛼(0̃) ∩ 𝜓𝛼(0̃) ∩ Χα(0̃) = 𝑄(0, 𝛼) ∩ 𝑊(1, 𝛼) ∩ 𝑅(0, 𝛼) = 𝜙 = 𝜑. If 𝜑 ≠ ∅, then ∃ 𝜑̃ =≺

𝜏, 𝜑𝐻 , 𝜑𝐺 , 𝜑𝐽 ≻ ∈ 𝑁𝐹𝛿 − 𝑆𝐴(𝑉), where 𝜑𝐻(𝜏) = {
1, 𝑖𝑓 𝜏 ∈ 𝜑
0, 𝑖𝑓 𝜏 ∉ 𝜑

  , 𝜑𝐺(𝜏) = 1 − 𝜑𝐻(𝜏), and 𝜑𝐽(𝜏) = 1 − 𝜑𝐻(𝜏) −

𝜑𝐺(𝜏) such that Π𝛼(𝜑̃) = Ψ𝛼(𝜑̃) ∩ 𝜓𝛼(𝜑̃) ∩ Χα(𝜑̃) = 𝑄(𝜑𝐻 , 𝛼) ∩ 𝑊(𝜑𝐺 , 𝛼) ∩ 𝑅(𝜑𝐽, 𝛼) = 𝜑. Then Π𝛼 is 

surjective. 

Proposition 5.3:  The quotient set NFδ − 𝑆𝐴(𝑉)/⋈𝛼 is equivalent to 𝛿𝐼(𝑉) ∪ {∅}, for all 𝛼 ∈ (0,1). 

Proof:  

Suppose that 𝛼 ∈ (0,1) and  Π𝛼
̅̅ ̅̅ : 𝑁𝐹𝛿 − 𝑆𝐴(𝑉)/⋈𝛼 → 𝛿𝐼(𝑉) ∪ {𝜙} is a map with 

Π𝛼
̅̅ ̅̅ ([𝑀]⋈𝛼

) = Π𝛼(𝑀), ∀ [𝑀]⋈𝛼
∈ 𝑁𝐹𝛿 − 𝑆𝐴(𝑉)/⋈𝛼. Assume that  

Π𝛼
̅̅ ̅̅ ([𝑀]⋈𝛼

) = Π𝛼
̅̅ ̅̅ ([𝐾]⋈𝛼

), ∀ [𝑀]⋈𝛼
, [𝐾]⋈𝛼

∈ 𝑁𝐹𝛿 − 𝑆𝐴(𝑉)/⋈𝛼.  

We obtain  Ψ𝛼(𝑀) ∩ 𝜓𝛼(𝑀) ∩ Χα(𝑀) = Ψ𝛼(𝐾) ∩ 𝜓𝛼(𝐾) ∩ Χα(𝐾). That means  

𝑄(𝑀𝐻 , 𝛼) ∩ 𝑊(𝑀𝐺 , 𝛼) ∩ 𝑅(𝑀𝐽 , 𝛼) = 𝑄(𝐾𝐻 , 𝛼) ∩ 𝑊(𝐾𝐺 , 𝛼) ∩ 𝑅(𝐾𝐽, 𝛼). Therefore (𝑀, 𝐾) ∈⋈𝛼, and hence [𝑀]⋈𝛼
=

[𝐾]⋈𝛼
. So, Π𝛼

̅̅ ̅̅  is injective. Also, for 0̃ =≺ 𝜏, 0̅, 1̅, 0̅ ≻ ∈ 𝑁𝐹𝛿 − 𝑆𝐴(𝑉) we get  Π𝛼
̅̅ ̅̅ ([0̃]∇𝑠

) = Π𝛼(0̃) = Ψ𝛼(0̃) ∩

𝜓𝛼(0̃) ∩ Χα(0̃) = 𝑄(0̅, 𝑠) ∩ 𝑊(1̅, 𝑠) ∩ 𝑅(0̅, 𝛼) = 𝜙. Take 𝜑̃ =≺ 𝜏, 𝜑𝐻 , 𝜑𝐺 , 𝜑𝐽 ≻ ∈ NF𝛿 − 𝑆𝐴(𝑉), ∀ 𝜑 ∈ 𝑁𝐹𝛿 −

𝑆𝐴(𝑉), have been the same (𝑁𝐹𝛿 − 𝑆𝐴)  as in the proving of the Theorem [4.1.15]. Hence Π𝛼
̅̅ ̅̅ ([𝜑̃]⋈𝛼

) = Π𝛼(𝜑̃) =

Ψ𝛼(𝜑̃) ∩ 𝜓𝛼(𝜑̃) ∩ Χα(𝜑̃) = 𝑄(𝜑𝐻 , 𝛼) ∩ 𝑊(𝜑𝐺 , 𝛼) ∩ 𝑅(𝜑𝐽, 𝛼) = 𝜑. Hence Π𝛼
̅̅ ̅̅  is surjective. Then  𝑁𝐹𝛿 −

𝑆𝐴(𝑉)/⋈𝛼 is equivalent to 𝛿𝐼(𝑉) ∪ {𝜙}.∎  
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