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Abstract

This work analyzes neutrosophic fuzzification in & —algebra, applies novel classes of neutrosophic fuzzy (NF) to
algebra, and explores the ideas of NF§ —ideal (NF6 —I), NF§ —subalgebra (IF6 — SA), 8-homomorphism, and
NF§ —ideal (NF& — I), exploring some of their descriptions. We shall demonstrate a variety of applications, including
the notations ~y, ~¢,~; and =, on NF§ —SA(V) = {M | M is NF6 — SA of M}. We will also investigate their
equivalence classes, evaluate our findings in light of the unique ideas offered in this work, and investigate related
characteristics.
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1. Introduction

In 1965, Zadeh [1] introduced the concept of a fuzzy set (FS), which is a class of objects with a continuous range of
membership grades. Atanassov [2] presented the intuitionistic fuzzy set (IFS) in 1986. In addition to providing the
opportunity to accurately describe the issue based on current knowledge and observations, the idea of non-
membership, which seems to be more accurate at quantifying uncertainty, also makes it possible to use current
information and perception to describe the problem. In 1999, Smarandache [3] proposed the notion of neutrosophic
sets. Subsequently, numerous mathematicians in various fields [4—7] are studying the notion of neutrosophic fuzzy
sets.

In 2021, the concept of § —algebra [8] was shown. Next, the concept of intuitionistic fuzzy § —algebra was described
[9], and addressed its applications. After that, Abbas et al. [10] introduced new varieties of Neutrosophic. Atshan and
Khalil [11] suggested and explored numerous varieties of p— algebra, including neutrosophic / full neutrosophic /
complete neutrosophic p— ideal / subalgebra. Recently, the notion of algebra is discussed in neutrosophic [12] and
other non-classical sets like fuzzy set [13-16], soft set [17,18], permutation set [19-21], and others.

In this study, we will examine notions such as (NF§ —I), (IF§ — SA), § —homomorphism, and (NFS — I). A number
of applications, including the notations ~y, =g, =~; and 1, on NF§ — SA(V) will also be demonstrated on the set

NF§ —SA(V) = {M /M is NF§ — SA of M}. Additionally, we will examine and talk about their equivalency
classes.
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2. Preliminaries

Here, a few definitions that are necessary for our new results are reviewed in this section.

Definition 2.1[8]: A triple (V,*,0) is called a 6 —algebra (6 — A) if 0 € V and fulfilling the following assumptions:
i. Tx1=0

ii. 0x7=0

iii. ft*xk=0andk*x7t=0—>o7=x, forallr,xk€eV,

iv. Forallt#k€eV —{0}— t+x=xx71 #0,

V. Forall‘riKEV—{O}—»(T*(T*K))*(K*T)=0.

Definition 2.2 [8]: Let V #@. Then M = {<1,My(1), Mg(7), M;(7)) >| T EV} is a neutrosophic set,
whereMy(7): V— [0,1], Mg(7): V— [0,1], and M;(7): V- [0,1] are functions. Values My(7), Mg(r) and M;(z)
indicate to the degree of membership (Me.), non-membership (N — Me.),and indeterminate (In.) of t to M,
respectively.

Definition 2.3 [9]: Let @ # K < V, where (V,*,0) isa (6 —A), K is said to be § — subalgebra (§ — SA) of Vif txk €
K, forany 7,k € K.

Definition 2.4[8]:

Let (V,*,0)bea (6 —A)and @ # K< V. K is said to be a § —ideal of V if
i. T,k€EK —1*xk€EK,

ii. TxkeKandkeK—-teK, forallt,x€e€V.

Definition 2.5 [2]:

Let e(k) = 1— z(k) —I¢(k) be the IFS index or hesitation margin of of  indeterminacy  of
kin G is the degree k € F tothe IFS Gand ¢g(k) € [0,1],i.e.,eq(k): F—[0,1]and 0 < gg(k) < 1,forallk e F -

Definition 2.6 [22]:

Let H = (g, 9y) be an IFS in F with s € [0,1]. Then M(Qy, s) = {k € F|{y (k) = s} is said to be a { —level s —cut of
H.

Definition 2.7[22]:

Let H = (g, 9y) be an IFS in F with s € [0,1]. Then N(8y, s) = {k € F|94 (k) < s} is said to be a 9 —level s —cut
of H.

3. A Neutrosphic Fuzzy é-subalgebras in §-algebras.

In this section, we look into and examine a number of new concepts, including & —homomorphism, (NF§ — SA),
(NF& — 1), and (NF& — I). Some basic properties are also given.

Definition 3.1: Assume that (V,*,0) isa & — algebra (briefly, § — A) and M = {< 7, My(7), Mg (1), M;(7)) >| TE
V}isan (NFS) of V. We say M is a neutrosphic fuzzy § — subalgebra of V (briefly, NF§ — SA) if such that;

(i) My (7 * k) = min{My(7), My (x)},

(ii) Mg (7 * ) < max{Mg(7), Mg (1)},

(iii) M; (7 * x) = min{M, (1), M;()},V 7,x € V.

Example 3.2: Assume that V = {0, r, s, p} is a set, and let (x) be defined on V as indicated by the Tablel:
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Table 1: (V,*,0) is (§ — A).

* 0 r s P

Then (V,x 0) is a (5 —A). Let each one of My=(% 5 oz 7o) Mg= ’ b)) and M =

03 03 0.5 03 0.6 06
02 0T1 01 02) be a (FS) for (Me.), (N — Me.),and (In.)of M respectively. Then M isa (NF§ — SA) of V.

Definition3.3: Let (V,x,0) be a & —algebra (briefly,§d — A) & M = {< 1, My(7), Mg(7), M;(7) >| T €V} be
a(NFS)of V.Then M is called a neutrosphic fuzzy & — ideal of V (briefly, NF§ — I) if such that

i, My(r* k) = min{My(7), My(0)}, Mg(t * k) < max{M¢(1), Mg(x)}, and M;(z * k) = min{M;(7), M;(x) }.

ii. My () = min{My (7 * k), My (x)}, Mg (1) < max{Mg (7 * x), Mg (x)}, M;(7) = min{M](r *
K), M](K)},V T,KEV.

Example 3.4:

By using Tablel, we consider that (V,*,0) is a (§ — A). Let My = 0_03 0z 02 (’)’_3) be a (FS) for (Me.) of M,

Mo =(% as oe o) bea (FS)for (N—Me)of MandM;= (" o, o, L) bea(Fs)for(In.) of M.

Hence Misa (NF§ — 1) of V.

Definition 3.5: Let (V,x,0) be a & — algebra (briefly, 6 — A) and M = {< 7, My(1), Mg(7), M;(7) >| TEV}is
an (NFS) of V. We say M is a neutrosphic fuzzy pseudo & — ideal of V (briefly, NF§ — I) if such that

i, My(0) = My(x) , Mg(0) < Mg(x), and M;(0) = M;(x).

ii. My (T * k) = min{My(7), My(¥)} , Mg (7 * ) < max{Mg; (1), Mg (x)} and M;(t *x) =
min{MI(r), MI(K)},V T,kEV.

Example3.6: By using Table (1) in Example (3.2) and a neutrosphic fuzzy set, we get M is a neutrosphic fuzzy § —
ideal of V.

Note 3.7: Based on the aforementioned definitions, we shall consider the following:

i M= {<1,My(),Mg(),M;(x) >| T € V}is (NF§ — SA) if itis (NFS§ — I),
ii. Let M be a (NF§ — SA) and such that [Definition (3.3)-(ii)], then M is (NF§ — I),

iii.  M={<1,My), M), M(r) >| T € V}is (NF§ — SA) if itis (NF§ —I),
iv. Let M be a (NF§ — SA) and such that [Definition (3.5)-(i)], then M is (NF§ — ).

Lemma 3.8: Let (V,x,0) be a (6§ —A) and M = {< 7, My(1), Mg (1), M;(7) >| v € V} be a (NF§ — SA) of V, then
My (0) = My(7), Mg(0) < Mg(7), and M;(0) = My(z) VT EV.

Proof: Assume that T € V. Hence Myz(0) = My(t * 7) = min{My(7), My(7)} = Myx(t) , 94(0) = Mg(t* 1) <
max{Mg¢ (1), Mg(7)} = Mg(7), also M;(0) = M;(z * 7) = min{M;(7), M;(1)} = M;(7). m
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Proposition 3.9: Assume that (V,x,0) is a (§ —A4) and M; = {< 7, My, (1), Mg, (1), Mj,(7) >|teV,iel} is a
collection of (NF§ — SA) of V, then n;g; M; is a (NFS —I) of V, such that n;e; M; = {< 1, min{My, (1)},
max {Mg, (1)}, min{M;,(7)} > |t € V}.

Proof: Let 7,k € V. Then, we have min{MHi (= K)} > min {min {MHi(‘r), MHi(K)}} =

min{min{MHi ™}, min{MHi(K)}} and max{MGi (txw)} < max{max{MGi (1), Mg, 0} =

max {max {MGi(r)}, max{MGi(K)}. Furthermore, min{M]i(‘r * K)} > min {min {M]i(‘t), M]i(K)}} =

min{min{M]i ®}, min{M]i 0}

Hence Ny, M; = {< 7, min{My, (1)}, max{Mg, (7)}, min{M,,(7)} > |t € V}. Hence that the condition (ii) in
Definition (3.5) is held. Now, let T € V .Thus, we have:

min{MHi(O)} = min{MHi(‘r * T)} > min{MHl.(T), MHL.(‘L')} =min{My,(7)} and max{Mg (0)} = maX{MGi(T *
‘r)} < max{MGi(T), MGi(T)} = max {Mg, (7)}. Also

min{M;,(0)} = min{M;,(t * 1)} = min{M;,(v), M}, (1)} = min{My,()}. Thus (i) in Definition [3.5] is verified. So,
Nie; M;isa(NF§ —1)of V. m

Proposition 3.10: Assume that (V,,0) is a (6 — A) and M = {< 7, My (1), Mg (1), M;(7) >| T €V} be a(NF6 —
SA)of V , then both of the sets Ty = {r € VIMy(r) = Mx(0)} , Tg = {r € VIMg(r) =Mg(0)} and T, =
{r € VIM;(z) = M;(0)} are § —subalgebras of V.

Proof: Let 7,k € Ty. Then My(t) = Myx(0) = My(x), also My(T * k) = min{My(7), Mg(x)} = My(0). From
Lemma (3.7), we get My (7 * k) = My (0) or correspondingly 7 * x € Ty. Also, let 7,k € Tg. Therefore Mg(7 * k) <
max{Mg(7), Mg(x)} = M;(0). So, by Lemma (3.7), we obtain Mg (7 * k) = Mg(0). Hence 7k € T; .Next let
7,k € Tj. Then M;(z * x) = min{M;(z), M;(x)} = M;(0). By Lemma (3.7), we get M;(t = x) = M;(0) . Hence 7 *
KET . m

Definition 3.11: Let M = {< 7, My (1), Mg (), M;(7) >| T €V} bea (NF§ —SA) of V. Then M has finite image, if
any image of My, Mg and M; with finite cardinality (i.e Im(My) = {My ()|t € V}, Im(Mg) = {Mg(t)|T € V} and
Im(M;) = {M;(t)|t € V} such that |Im(My)| < oo, [Im(Mg)| < o and |Im(M;)| < o.

Definition 3.12: Let that M = {< 7, My(7), Mg (1), M;(2) >| T€V}isa (NF§ — SA) of V and a € [0,1]. The sets
Q(My, a) = {t € V|My(7) = a} (resp., W(Mg, @) = {t € V|(Mg(x) < a} and R(M;,a) = {r € V|M;(x) = a} are
said to be H —level « — cut (resp., G —level a — cut and ] —level a — cut) of M.

Proposition 3.13: Assume that (V,,0) isa (6 — A) and M = {< 7, My (1), Mg (1), M;(7) >| T EV}bea(NF§ — SA)
of V, then each one of the H —level a — cut, G —level o — cut and | —level a — cut of M is (§ — SA) of V. Any a
€ [0,1] with a € Im(My) N Im(My) N Im(M;) are said to be H —level § —subalgebra (HLS — SA), G —level
6 —subalgebra(GLS — SA), and J —level § —subalgebra (JL& — SA) if and only if H isan (NF§ — SA) of V.

Proof: Assume 7,k € Q(My, a).Therefore My(7) = a and My(x) = a. So, we consider that My(t *x) =
min{My (1), My (x)} = a so that 7+ € Q(My, ). Hence Q(My, @) is a (6 — SA) of V. Moreover, let 7,k €
W (Mg, ). We get Mg (7 * ) < max{M¢(7),Mg(x¥)} < a and T * x € W (Mg, @). Then W (Mg, a) is a (§ — SA) of
V. Also 7,k € R(Mj, ) ,then M;(t * ) = min{M,(7),M;(x)} = a so that T » x € R(M;, ). Hence R(M;, ) is a
(6 —SA) of V.

Conversely, assume 7 and x be two elements in V such that My(7 * x) < min{Myz(7), My(x)}. Let a =
é[MH(T * k) + min{My (1), My (x)}]. Then My (1 * ¥) < a < min{Mgz(7), Mg(x)} ,thus 7 * k € Q(My, ). However
T,k € Q(My, ). But that is in conflict with. Hence My, (t * x) = min{My (1), My(x)},V 7,x € V. In other side, if
M¢ (7 * x) > max{Mg; (1), Mg(x)} forsomet,x € V.Puth = %[MG(‘L’ * K) + max{M; (1), Mg (x)}], then we get that
Mg (7 * x) > b > max{M; (1), Mg(x)} and hence 7,x € W (Mg, @) and T * x € W (Mg, a). This is in conflict with.
Thus, we have Mg (7 * k) < max{M¢ (1), Mg(1)},V 7,k € V. Also, assume M;(7 * k) < min{M](r), M](K)}. Letc =
%[M](T * k) + min{M,; (), M;(®)}]. Then M;(t * k) < ¢ < min{M;(x), M;(x)} ,thus 7=k & R(M;,a). However
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7,k € R(Mj, @). But that is in conflict with. Hence M, (z x k) = min{M, (1), M;(x)}, V¥ 7,k € V.Hence M is an
(NF§ — SA)of V. m

Proposition 3.14: Assume ¢ bea (6 — SA) of V, then ¢ can be realized as both (HLS — SA), (GLS — SA) and (JL§ —
SA) of some a (NFS§ — SA) of V.

Proof: Assume HLS — SAbea (6 — SA) of V,and take My , M; and, M, be fuzzy sets in V as specified by My (7) =

r, ifte€Ee _{s, ifteq _{p, ifteg
{0, Otherwise. Mq(7) = 1, Otherwise. and, My(z) = 0, Otherwise. ' vt eV, wherer,s,p € (0,1) are

fixed real numberswithr + s + p < 1. Let 7,x € V. Therefore T x x € ¢ whenever 7,k € ¢. So, we get My (7 * x) =
min{My (7), My ()}, Mg(z * ¥) = max{Mg; (1), Mg(x)} and M;(z * ) = min{M](T), M](K)}. Ifeithert & @ orx ¢
@, then either My (7) = 0 or My (x) = 0 and M;(7) = 0 or M;(x) . Moreover, we have either Mg(7) = 1 or Mg(x) =
1. It follows that My (7 * x) = 0 = min{My (7), My ()}, Mg (7 * ¥) < 1 = max{M¢(7),Mg()} and, M;(r * k) =
0 = min{M;(v), M;()}. Then M = {< 7, My (1), M¢(z),M;(7) >| T €V} is an (NF§ —SA) of V. Of course,
Q(My, @) = ¢ = W(Mg,a) and R(M,a). m

Definition 3.15: Assume Y: (V,*,0) = (K,,¢) is a mapping of (6§ — A). We say Y is § —homomorphism (§ — H) if
Y(t*k) =Y(1) o Y(K),V T,k € V. Also, I7(E) = {< 7, Y 'Ey4(7), Y 'E; (1), Y 'E;(7) > |t €V} isa(NFS)in
(6—A4) V for any (NFS) E ={<xEy(),E;(x),E;(x) > |c€K} of (6§ —A)K. Moreover, if M={<
7, My (1), Mg (1), Mj(7) >| T € V} isan (NFS) in (6 — A) V,then Y(M) is (NFS) in K and specified by:Y(M) = {<
1, Youp En (), Yin s EG (1), Youp E; (K) > |k € K}, where

sup{Ex(D|t € Y1 (x)},if Y"1(x) # 0,

YsupEr (1) = { 0, Otherwise,

inf{Eq(D)|t € Y1)}, if Y~1(x) # 0,

) and
1, Otherwise,

Yinrlig 09 = |

-1 . -1
sup{E;(D|t € Y (1)}, if Y™ (x) # 0, VreK

Y, E :{
sup ](K) 0, Otherwise,

Proposition3.16:  Assume  Y:(V,*,0) = (K,o,¢) be a & —epimorphism of & —algebras .If E ={<
1, Eg(K), E; (1), E; () > [« € K} a(NFS§ — SA) of K, then I~(E) isa (NFS§ — SA) of V.

Proof: Let E under Y isa (NF§ — SA) ,for any T,k € VV, we have

Y1 E4(r *x) = E4(Y(r * %)) = Ex(Y() ¢ Y(x)) = min{E4(Y (1)), Ex(Y(x))}
= min{Y 1E4(1), Y 'E4(x)},

Y™ 1Eq(t * k) = Eg(Y(r * %)) = Eg(Y(z) ¢ Y(x)) < max{E¢(Y(x)), E¢(Y(x))}
= max{Y 'Eq(1), Y 'Ec(x)} .

Also, YTUE; (T * k) = Ej(Y(z * 1)) = E;(Y(?) e Y(¥)) = min{E;(Y(1)),E;(Y())} = min{Y " E;(z),Y'E;(x)}.
Hence Y™Y(E) isa (NF6 —SA)of V. m

Proposition3.17: Assume Y:(V,x,0) - (K,o,¢)be a & — epimorphism of & — algebras . If E={<
7,Eq(1), Eg(7), E;(x) >| T € V} a (NF§ — SA) of V, then Y(E) isa (NF§ — SA) of K.

Proof: Assume E be a (NF§ — SA) of V and let x, 0 € K. Observing that {t xa|t e Y™} (k) anda € Y™ 1(0)} S {r €
VIt € 37 (i 0 0)}, we have Yy, (E) (k 0 0) = sup{Ey()|7 € Y™ (k 0 0)}

> sup{Eg(t * @)|t € Y™!(x) and a € Y™ 1(0)}
> sup{min {Ey (1), Eg(a)}|t € Y™ (x) and a € Y~ 1(0)}

15

DOI: https://doi.org/10.54216/1]INS.260202


https://doi.org/10.54216/IJNS.260202

International Journal of Neutrosophic Science (IINS) Vol 26, No. 02, PP. 11-19, 2025

= min{sup {Ex(7)|7 € Y™' ()}, sup{Ex(0)|a € Y™ (0)}}
= min{Ysup (Ex) (), Ysup (En) (0},
Yint(Eg) (i 0 0) = inf{Eg(7) |7 € Y (i 0 0)}
< inf{Eq(t * @)|t € Y"1(x) and @ € Y™ *(0)}
< inf{max {E¢ (1), Eg(a)}|T € Y™1(k) and « € Y™1(0)}
= max{inf {E¢(7) |t € Y"1(x)}, inf{Eg(a)|a € Y1 () }}
= max{Ysup (E¢) (©), Ysup (Ec) ()} -
And, Ygu,(E;)(k 0 0) = sup{E;(v)|t € Y (k © 0)}
> sup{E;(t * a)|r € Y '(x) and @ € Y~'(0)}
> sup{min {E;(7), E;(a)}|t € Y"(x) and a € Y™ ()}
= min{sup {E;(1)|t € Y1(x)}, sup{E;(0)|a € Y1 (0)}}
= min{Yyyup (Ej) (), Yeup (E;) (0)} -
Then Y(E) = {< &, Youp B (<), YinEg (K), Yeup B () > [ € K} isa (VFS — SA) of K .m

Proposition3.18: Assume Y:(V,*,0) - (K,>,¢)be a & —epimorphism of § —algebras .If M={<
7, My (1), Mg (1), Mj(7) >| T E€V}ia(NF§—I)of V,thenY(M) isa (NF§ —1I) of K.

Proof: Giventhat Misa (NF§ — I) of V. Hence from Proposition [3.17] and Note[3.7] we have Y(M) isa (NF§ — I)
of K. Consequently, condition (1) in Definition [3.3] is maintained. Since Y is surjective, thus forany x,o € K,3 7,0 €
V such that € Y™1Y(z) =Y (k) and a € Y 'Y (a) = I3 (o). Also, Txa € Y (k) * Y (o) = Y (x 0).
Furthermore, noticing that My(7) = min{My(t * a), My(a)}, Mg(1) < max{Mq(t * a), Mg(a)} and M;(z) =
min{M;(z * o), M;(a)} . For any x, o € K, we have

Ysup (My) () = sup{My ()|t € Y~ (1)}
> sup{min{My (7 * a), My ()|t *a € Y"1 (x ¢ ) and a € Y 1(0)}
=min{sup {My(t * @)t * a € Y"1 (k ¢ )}, sup My (a) |a € Y~1(0)}
= min{Ys,p Mp) (k © 0), Ysup, (Mp) (0)} .
Also, Yinr (M) (1) = inf (Mg (2)|k € Y™ ()}
<inf{max {Mg (7 * @), Mga)}|T * « € Y"1 (k o o) and a € Y~ 1(0)}
= max{inf {Mg (7 * )|t * & € Y"1 (x ¢ 0)}, inf{Mg ()|t € Y~ 2(0)}
= max{Yinf(Mg) (k © 0), Yinf(Mg) (0)} -
Next, Y, (M) () = sup{M;(D)|z € Y"1 (x)}
> sup{min{M](T * ), M](oc)|r *xa €Y Y(koo)anda € Y‘l(a)}
= min{sup {M;(7 * )|t * « € Y™ (x o 0)}, sup M;(a) |a € Y™ (o)}
= min{Yg,, (M) (x 0 0), Yeu (M;) (0D} .
Hence Y(M) = {< K, Y My (1), Yin g M (), Yy M; () > |« € K} isa (NFS — 1) of K. m

Proposition 3.19: Assume Y:(V,*,0) - (K,o,¢)be a & —epimorphism of & —algebras .If M= {<
T, My (1), Mg (1), M; (1) >| T € V} a (NF8 —I) of V, then Y(M) is a (NF§ —1I) of K.

Proof: Given that M = {< T, My(1), Mg (1), M;(1) >|teV}isa (NF8 — 1) of V. Thus from Proposition (3.17) and
Note (3.7) we have Y(M) = {< k, (YsupMp (), YineM¢ (), YsupM; (k) > [k € K} is a (NFS — SA) of K. Then M such
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that [Definition (3.5)-(2)]. Because M = {< T, (My(1), Mg (D), M;(1)) >| t € V}isa (NF8 — I) of V, hence My (0) >
My (1) , Mg(0) < Mg(t),and M;(0) = M;(t) forany t € V. Since Y is (8§ — H) of § —algebras, then Y(0) = ¢. Also,
0 €Y '(c) and {t|t € Y"*(x)} & {t|T € V},V k € K. Hence we get, Yg,,(My)(5) = sup{My(D)|t € Y~'(¢)}

= Mu(0) > sup{My ()|t € V} = sup{Mu(D)|t € Y~ (1)}
= Youp Mp) (1).
Als0,Yine(Mg)(5) = inf{Mg ()|t € Y™(6)} = Mg(0) < inf{Mg(T)|t € V}
< inf{Mg (Dt € Y71 (10} = Ysup (M) (%)
On the opposite end, Ys,, (My) (5) = sup{M;(1)|t € Y~*(5)}
= M;(0) = sup{M;(D)|t € V} = sup{M;(D) |t € Y1 (x)}
= Youp (M) (9.
Then Y(M) = {< K, YsupMp (1), YineMg (1), YsupM; (k) > |k € K} is a (NF§ — 1) of K. m
4. The Equivalence Classes of Neutrosphic Fuzzy Delta-Algebras

This section provides examples of some NF§ — SA(V) applications on NF§ — SA(V), including =y, ~¢,=; and,
. Additionally, this section contains some of their crucial elements.

4.1. The Equivalence Classes of NF§ — SA(V) Modulo (=y, =g, =)):

Signify to the set of all (NF6 — SA) of V by NF§ — SA(V). Also, assume =y, =~ ,=; be three binary relations
on NFé — SA(V), they are identified with:

M=y K & QMya)=QKya), M=K & WMga)=W(Kga) and M=K o R(Mj,a)=R(K;a)
respectively, for some, M = {< 7, My (1), Mg(7), M;(r) >| 7 € V}and K = {< 7,Kyz (1), K (1), K;(x) >| T €V} in
NF§ — SA(V). Furthermore, we consider ~y , ~¢ and =; are equivalence relations on NF§ — SA(V). Assume M =
{< 7, My (1), Mg (1), My(7) >| T € V} € NF§ — SA(V). The equivalence class of M={<
7, My (1), Mg (7), M (1) >| T € V} modulo >y, ~¢, (resp. =) is symbolized by [M]y , [M]g (resp. [M];). Also, these
symbols (NF§ — SA(V)/=y), (NF§ — SA(V) /=) (resp. NF6 — SA(V) /=) refer to the set of all equivalence classes
of M modulo =y, =g, (resp. =;). That means NF§ — SA(V)/=yz= {[M]4|M = {< 7, My(1), Ms(), M;(7) >| €
NF§ — SA(V)}, NFS —SA(V)/~¢ ={[MlgIM = {< 7, Myu(7), M), M;(x)) >| € NF§ — SA(V)} (resp. NF§ —
SAWV) /== {IM];IM = {< 7,My(7), Mg (1), M;(7) >| € NF§ — SA(V)}). Also, this symbol &;(V) refer to the set
of all § —ideals of V.Let ¥, ¥, Xy: NFS§ — SA(V) - 6,(V) U {@} be maps are defined by ¥, (M) = Q(My, @)
,Pa(M) = WM, @) and X, = R(M;, @), where a € [0,1], V M = {< 7, My(1), M (1), M;(7) >| € NF§ — SA(V).
Also, ¥,, ¥,,and X, are well-defined.

Proposition 4.2: Assume W, Y., X,: NF6 — SA(V) - §,(V) U {@} be the maps. Then ¥,, ¥, X, are onto, V a €
(0,1).
Proof:

Let @ € (0,1). Then 0 =< 1,0,1,0 > is in NF§ —SA(V), where 0 ,1 and 0 are defined by 0(z) =0, 1(z) =
land, 0(z) =0Vt €V.AI0,¥,(0) =Q0,a) =0 =W(1,a) = ,(0) =

— ~ lLifte
R(0, @) = X,(0). Suppose that @ # ¢ € §,(V). Let py(7) = {0' Z:; ¢ z , (1) =1—gg(t) and ¢)(r) =1 -

ou(t) — @), vt eV, thus ¥, (@) = Q(pu,s) = ¢ = W(pg @) = Y (@) = R(gal, a) = X, (®). Now, we want
to show that @ =< 7, @y, g, ¢; >€ NFS — SA(V). From [Definition 2.3] we get ¢ is (6§ — SA) of V[since ¢ €
8;(N)]. So, Q(py, @), W(g¢, a) and R(¢;, a) are § —subalgebras of V. Also, ¢ =< T, ¢y, ¢¢, ¢; > € NF§ — SA(V)

[From Proposition[3.13] ]. Therefore, V ¢ € 6,(V) we consider W, (@) = @, Y, ($) = @ and, X, (@) = ¢. for some
@ € NF6 — SA(V). This completes the proof. m
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Proposition 4.3: Let NF§ — SA(V)/~y ,NF§ —SA(V)/~¢ and, NF§ — SA(V)/=; are quotient sets. Then for any
a € (0,1) they are equivalent 6,(V) U {@}.

Proof:

Consider that o € (0,1) and assume Wy :NF8 — SA(V)/=y— §;(V) U {@}, Py:NFS — SA(V)/~=c— §;(V) U {0}
and X,: NF§ — SA(V)/=;—= §;(V) U {@} are maps, where they are defined as ¥, ([M]y) = ¥, (M), P, ([M]¢) =
Yo (M) (resp. Xy ([M]}) = X (M), for all M =< T, My, Mg, M; € NF§ — SA(V).  Hence, M =~y K and
M = K,M =, K, for all M =< 7,My, Mg, M; > and K =<1,Ky,Kg, K; > in NF§ —SA(V), if Q(My, @) =
Q(Ky, a), W(Mg, @) = W(Kg, a) and R(Mj, @) = R(Kj, a). Then [M]y = [Kly, [Ml¢ = [K]¢ and [M]; = [K];. Then
lLiftegp

O,if‘[ ¢ (pG(T) =1-
@y (1), and @;(7) = 1 — @y (1) — (1) thus § =< 7,9y, ¢, ¢; > € NFS — SA(V). We consider that ¥, ([¢]y) =
Yo(P) = Qlon, @) = ¢, Ua([Pl6) = Wa(P) = W (g, @) = ¢ and X, ([@])) = Xa(P) = R(p}, @) = . Next, for
0=<71,010>€NF5§—SA(V) we have W ([0]y)=%,(0)=0Q(0,s)=0. Also, U,([0]g)=¥.(0)=
W(,s) =0 and X.([0];) =X«(0) =R(0,s) =0 . Thus ¥, , P, and X, are surjective and hence NF§&—
SA(V)/=y, NF8& — SA(V)/~=¢ and NF§ — SA(V)/~;are equivalent to 6;,(V) U {@}.m

Y, , Y, and X, are injective. Furthermore, let @ # ¢ € §;(V) andV T € V, let o, (7) = {

5. The equivalence classes of NF& — SA(V) modulo .

In this section, the relation x, on NF&§ — SA(V) is investigated d discussed.

Definition 5.1: We define the relation », on NF§ — SA(V) by (M,K) € ®,& Q(My, a) N W (Mg, a) N R(My, @) =
Q(Ky, @) N W(Kg, @) NR(Kj,a),a € [0,1], ¥ M =< T,My, Mg, M; > and K =< 7,Ky, K, K; > € NF§ — SA(V).
The equivalence class of M =< 7, My, Mg, M; > modulo x4, V M =< 1,My, Mg, M; > € NF§ — SA(V) is symbolized
as [H]w,-

Proposition5.2:

A map I, :NFS§—SAWV) - §(V)u{@} is surjective if M,(M) =%, (M)Nny,(M)NX,(M). VM =<
7,My, Mg, M; > € NF§ — SA(V) and a € (0,1).

Proof:

Assume that a € (0,1) and let ¢ € &;(V) U {0}, if ¢ = @, then there is 0 =< 7,0,1,0 > € NF§ — SA(V) such that

M, (0) =¥, (0) N, (0) nXe(0) =Q0, ) NW(L,&)NR(O,&) =¢p =¢. If @#@, then 3I @=<
1,if T €

T, Qu, P, 9y > € NF&§ — SA(V), where ¢y (1) = {0 i;T ¢ Z , 9c(®) =1—9u(@), andg;(r) =1 - @u(7) -

@e(t) such that I,(@) = ¥o(P) NP (@) N Xo(P) = Qon, @) N W(pg,a) NR(¢ja) = ¢. Then Tl is
surjective.

Proposition 5.3: The quotient set NF§ — SA(V) />, is equivalent to §;(V) U {@}, for all « € (0,1).
Proof:

Suppose that & € (0,1) and TI,: NF§ — SA(V) /=, = 6;(V) U {¢} is a map with

M, ([M]w,) = No(M),V [M],,, € NF§ — SA(V)/t4,. Assume that

M, ([M]w,) = To([K]w, ), ¥ [M]w,, [K]w, € NF§ — SA(V)/™,.

We obtain W, (M) Ny, (M) N X, (M) = Y (K) Ny, (K) N X, (K). That means

QMy, @) NW (Mg, @) N R(M;, @) = Q(Ky, @) N W(Kg, @) N R(K), a). Therefore (M, K) €x,, and hence [M],,, =
[K]w,. SO, T, is injective. Also, for 0 =< 17,0,1,0 > € NF§ — SA(V) we get T,([0]y,) = M,(0) = ¥,(0) n
Y,(0) N X (0) =QO, ) NW(L,s)NR(O, @) = ¢. Take ¢ =<71,0y, @ ¢; > € NF§ —SA(V),Y ¢ € NF§ —
SA(V), have been the same (NF§ — SA) as in the proving of the Theorem [4.1.15]. Hence T, ([@]w,) = M, (@) =
W, (@) N (@) N Xy (P) = Qoy, @) N W (pg, @) NR(¢), @) = ¢. Hence I, is surjective. Then  NF§ —
SA(V)/ma, isequivalentto 6,(V) U {¢}.m
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