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Abstract

The main goal of this paper is to define and study the concept of beta special function defined over the ring of symbolic
2-plithogenic numbers and symbolic 3-plithogenic numbers. Besides, we prove some of the elementary properties of
these two versions of beta function by using the isomorphism that connect plithogenic numbers with the classical real
numbers. In addition, we represent the relationships between plithogenic beta functions and classical beta functions
using the same proposed technique.
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1. Introduction

Special functions are considered one of the most important examples of mathematics applications in many fields of
sciences, specifically physics [8-9]. Many well-known real problems a be solved and represented using special
functions, and many of such applications in different scientific fields can be founded in these references [11-12].

In this study, a new expression for the special functions has been developed to outperform the previously proposed
models by many researchers, over rapid periods. Plithogenic sets have been studied by many researchers and have
been developed to be used in the study of algebraic structures and mathematical analysis [1-3,7-10], as well as in
various branches of mathematics [2,4-6].

In this work, we aim to study the concept of beta special function defined over the ring of symbolic 2-plithogenic
numbers and symbolic 3-plithogenic numbers as two main ways of expressing the special functions, where we prove
some of the elementary properties of these two versions of beta function by using the isomorphism that connect
plithogenic numbers with the classical real numbers. In addition, we represented the relationships between plithogenic
beta functions and classical beta functions using the same technique.

2. Main Discussion
Definition:
The ring of Symbolic 2-Plithogenic number is:

2—SPp={x+yp +2p;,x,y,2z € R,p{ =Py, p; = D2, P1P2 = P2P1 = P2}
Remark:
2 —SPRr =R X R X R, with:
fi2—SPr > RXRXR:

fx+ypy+2zp) = (x,x+y,x+y+2)

Remark:

If g: 2 — SPy = 2 — SPgis a function in one variable X = x, + x;p; + x,p,, then (g) can be represented by three
classical functions g;, g, g3: R = R with:f 0 g(x):2 —SP, > R X R X R

foglxy+x1p1 + x202) = (g1(X0), 92 (X0 + x1), g3 (X0 + X1 + Xx3)).
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Definition:
The beta Symbolic 2-Plithogenic function is defined as follows:

Form = my + mip; + myp,, N =Ny + nip1 + n,py.

1

Bo-sp(m,n) = J-(xo + 2101+ %20)™ (1 = xg — x1p1 — x,02)" N (% + X191 + X,D2)
0

With: x4, x1,x, € R,my, my + my,mg + my + my, > 0,ng,ny + ny,ng +ny +ny, > 0.

Theorem:

1] Bz-sp(m,n) = B;_sp(n,m)

2] f 0 Bo_sp(m,n) = (B (Mg, np), B(mg + my, g + ny), B(mg + My + My, 0 + 1y +13))

Proof:

1] Bz-sp(n,m) = fol(xo + 2101 + x02)" (1 — %0 — X101 — %202)™ A (xg + x1p1 + X)) = fol(l — X~
X191 = %202)" L [1 = (1= x9 — X191 — %2021 1 d(xg + 11 + X2p2) = fol t"rt (A - dt =
Bz-sp(m,n) ;t =1 —xo — X;p1 — X2P3.

2] we have: f(xo + 2,1 + x,02)™ 1 = (20707, (g + x,) ™0™, (3 + Xy + xp)MOFMHM21)

f=x0 =211 = 25p2)" 1 = (1= %)™, (1 — g — )"0 ™7h (1 = xg — xq — xp)"0 ¥z~

Thus: f © B,_sp(m,n) = (L, Ly, L3); where:

1
L, = fxglo_l-(l — xp)™ tdxy = B(mg, ny),
0

1

L, = f(xo + )M (1 = x)"0t M d (g + x1) = B(mg + My, g +1y),
0

Ly = f(my + my + m,,ny + ny + n,) by a similar argument.
Theorem:

0 (xo+x1p1+xp)™ !

o (Xg+x1p1+x2p2)" 1 d
. Xg + X p + x 1% =
( 0 1P 2 2) fO (1+xg+x1p1+x2px)MH1

1] Bo—sp(m,n) = [ (1+Xo+X1P1 +22p2) ™1

d(xg + X101 + X3P2).

2] Bo-sp(m,n) = 2 [2(sin6)*>™" (cos 6)*"71.d6 ; 6 = O + 6:1p; + O,p,.
Proof:

1] According to the Properties of classical beta function, we have:

) xon—l o xom—l
B(mg,ng) = fo W.dxo = fo W.dxo,

_ o (xgtx)"t _ o (xgtx™?
ﬂ(mo + my, no + nl) = fO (1+x0+x1)n+m . d(xO + xl) - fo (1+x0+x1)m+“

d(xg + xq),

o m-1
_d(xo +x; +X2) =f _(xotxa+x2)™77

_ o (xgtxp+ap)™?
Bimy+my +my,ng+n,+n,) = ——"t_— 0 Qrrorriang "

0 (14xg+xq+xy)ntm

d(xg + x; + x3),

Bz-sp(m,n) = f1 o [f 0 By_sp(m,n)] = f_l(ﬁ(mo' ng), B(my + my,ng + ny), By + my + my,ng +ny +

o (xg+x1p1+x2p2)" ! o (xg+x1p1+x2p2) ™!
n,)) = d(xg + xp; +x = .d(xg +xp; + x .
2)) fo (L4 xg 42,y 423 pg) ™ (xo 1P1 2P2) fo (1420421 py+23p0) ™1 (xo 1P1 2P2)

2] According to the Properties of classical beta function, we have:
B(mg,ng) = 2 [2(sin 65)*™* (cos B)*"~ . db, ,
B(mo + my,ng +ny) = 2 [2[sin(8, + 01)]12Mo*m=1 [cos (6 + 6,)]* 0L d (8, + 6y),

B(mg +my +my,ng + 1y +n,) = 2 [Z[sin(B, + 6; + 6,)]2M0tmatm) " [cos(6, + 6, +
6,)]? Mot d(6, + 6, + 6,),
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T

= Bo_sp(m,n) = f7H O [f 0 B,_gp(m,n)] = 2 fOE[Sin(eo + 61p1 + 0,02)]°™ 7" [cos(6, + 61y +
60202)17" 1. d (6o + 01p1 + 6202).

Theorem:

1] Br_sp(m,n) = Br_sp(m,n+1) + B_sp(m + 1,n).

2] B2-sp(m+1n) _ Ba-sp(mn+l) _ Br-sp(mmn)
m - n - m+n

Proof:

According to classical beta function, we have:

B(mg,ng) = f(mg, g + 1) + f(my + 1,10) ,

B(my +my,ng +ny) = B(myg +my,ng+n, +1)+B(myg+my +1,ny+n, +1),

B(my +my +my,ng +ny +ny) = LMy +my +my,ng +ny +n, +1) + f(mg + my + my, + 1,0y +ny +n,),

Bmo+ing) _ Blmong+l) _ Blmono)

mg ng mo+ng ’

B(mo+my+1ng+nys) _ B(mo+myng+n+1) _ B(mgo+my,no+nq)

mo+my no+ny mo+mqy+ng+ng ’
B(mo+my+my+1ng+n+ny) _ B(mo+mi+myne+ni+ny+1) _ f(me+my+myno+nyi+ny)
mo+mq+my no+ni+n; mo+my+my+ng+ny+n,
So that:

ﬂ(m,n) = f_l(ﬁ(mo,no),ﬁ(mo + ml,no + nl),ﬁ(mo + my + mz,no + ny + nz)) = f_l(Kl, Kz,K?,); Where:

K, = B(mg,ng + 1) + (M, + 1,n0)
K, = B(my +my,nyg+n, +1) + B(my +my + 1,ny +ny)
K; =B(my+m; +my,ng+ny+n, +1)+Bmy+my +m, +1,ny +ny +ny)

= Br_sp(M,n) = Bo_sp(Mg + Mypy + Mypa, g + NyPy + NuP2) = Boosp(Mg + Mypy + Myp,,ng + nypy +
Napz + 1) + Basp(my + mypy + myp, + 1,ng + nypy + n2p2) = Boosp(Mm + 1,n) + Bo_gp(m,n + 1).

On the other hand:
f_l(Ll'LZ'L3) = f_l(Ml' M21M3) = f_l(N11N21N3); Where:

L =,8(m0+1,n0)
my
) , :,B(m0+m1+1,n0+n1)
my +my
_Pmg+my +my + 1L,ng +ny +1,)
Ly = my +my +m,
M, =.3(mo'no+1)
Ny
M, :,B(m0+m1,n0+n1+1)
ny +ny
_Pmg+my+my,ng+n,+ny+ 1)
(Ms = ny +ny +n,
_,B(mo,no)
te mgy + Ny

_ B(mg+my,ny +ny)
, =

_ Blmy +my +my,ng + 1y +ny)
U7 me+my+my+ng+n, +n,

Hence:

Pa-sp(m +1,n) _ B2-sp(mo + mypy + Myp, + 1,19 + nypy + n2p;) _
m my +myp; + mMp;
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Bo-sp(m,n+ 1) _ B2-sp (Mo + mypy + mMypy, g + Mypy + Mpp, + 1) _

n Ny +NyP; + NP2
Ba—sp(mn) _ Ba—sp(Mo+mip1+mapano+nip1+napa+1)
m+n (mg+ng)+(my+ny)pi+(mz+n2)p2 ’
Definition:

The ring of Symbolic 3-Plithogenic number is:

3—SPr ={x+yp, +zp, + kpz,x,y,2,k € R,p{ = p1,0; = D2, D5 = P3,P1P2 = P2P1 = P2, P1P3 = P3P1
= P3,P3P2 = P2P3 = p3}

Remark:
3 —SPgr =R XR X R X R, with:
f:3—=SPR > RXRXRXR:
flx+yp,+zp,+kps) =(C,x+y,x+y+z,x+y+z+k)
Remark:

If g: 3 — SPg = 3 — SPgis a function in one variable X = x, + x;p; + x,p, + x3p3, then (g) can be represented by
four classical functions gy, g2, g3, g4: R & R with:f 0 g(x):3 —SPr, > RX R XR XR

fog(xe+ x1p1 + X0, + x3P3) = (91 (X0), g2 (X0 + x1), g3 (xo + X1 + X2), ga(Xo + X1 + X, + X3)).

Theorem:

_ (@ (xo+x1p1+xppa+x3p3)" ! _
1] Bz-sp(m,n) = fo (1430421 p1 52 pataaps) ™4 " d(xg + 2,01 + X205 + X3p3) =

d(xo + x1p1 + X0, + X3P3).

I°° (xo+x1p1+X2p2+x3p3)™ !
0 (1+xg+x1P1+xpP2+x3p3) M1’

2] B3_sp(m,n) = 2 [2(sin 6)*™* (cos 6)*"~1.d6 ; 6 = O, + O,p; + O,p, + O5ps.

Proof:

1] According to the Properties of classical beta function, we have:

o xpht N
B(mo,no) = fo (1+x0)m+n'dx0 - fo (1+x0)m+"'dx0’

0 (xo+x)"?

o (xgt+xy)™m 1
p(mg+my,ng +ny) = fO (L+xg+xg)+M Doty

+d(xo +2x1) = fo (L+xg+x) N
_[x (JCo+X1+JC2)n_1
B(mg +my+myng + 1y +1y) = [ oo

_ (> (X0+X1+X2+X3)n_1
X3), B(Mg +my +my +mg,ng +ny +n, +1n3) = [ Lrrorsisayta

d(xy + x1),

co (x0+x1+x2)m_1
dlxg +x; +x,) = P EEEEEEE————
( 0 1 2) fO (1+xg+x1+x)TM

d(xg +x, +

(X + 3 + 2+ x3) =

d(xy + x1 + x5 + x3),

foo (xo+x1+x5+x3)M"1
0 (1+xg+x1+xp+x3)"tm’

Bs—sp(m,n) = f~1 0 [f 0 B3_gp(m,n)] = f_l(ﬁ(mo: ny), B(mg +my,ng + 1), B(mg + my + my,ng +ny +

_ (o (xg+x1p1+x2p2+x3p3)" 1
ny), B(mg + my +m, +mg,ng +ny +n, +n3)) = [ PP TS ————

d(xg + x1p1 + X0, + X3P3).

d(xg + x1p1 + X202 + x3p3) =

f°° (x0+x1p1+X2P2+x3p3) ™1
0 (1+x0+x1P1+X2pp+x3p3) ™"

2] According to the Properties of classical beta function, we have:
B(my,ng) = 2 [2(sin 6,)>™ " (cos 6p)*" 1. db,
B(my +my,ng +ny) =2 fg[sm(eo +6,)]2 Mo+ M1 [cos(8, + 6,)]* 0+ d (6, + 6,),

B(mg +my +my +mz,ng +ny +ny +n3) = 2 [2[sin(6y + 6; + 6, + 3)]>or MMt [cos(6, + 6; +
6, + 63)]2Motmatnztna)=1 q(g + 0, + 0, + 65),

= Bz_sp(m,n) = f71 0 [f 0 B3_gp(m,n)] = 2 [2[sin(By + O1p; + O,p, + O3p3)]*™ " [cos(8, + O1p; + O,p, +
03p3)]1*" 7. d(0, + 61p; + 6,0, + O3p3).
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Theorem:

1] Bs_sp(mn) = Bs_gp(m,n+ 1) + B3_sp(m + 1,n).

2] Bs—sp(m+1n) _ Bz-sp(mnt+1) _ Bz-sp(mn)
m n m+n

Proof:

According to classical beta function, we have:

B(mg,ng) = f(mg, g + 1) + f(me + 1,10) ,

B(my +my,ng +ny) =B(myg +my,ng+n, +1)+B(my+my +1,ny+n, +1),

Blmy +my + my,ng+n; +n,) =B(myg +my +my,ng +ny +n, + 1) + f(my + my + my, + 1,09 + ny +n,),

B(my +my + my, + mg,ng +ny +n, +n3)
zﬁ(mo+m1+m2+m3,n0+n1+n2+n3+1)
+BMmyg+my+my, +ms+1,ny+n; +n, +ng)

Blmgo+1ng) _ B(mono+l) _ B(meng)
mg ng mo+ng ’

B(mo+my+1ng+nqs) _ B(mo+myng+n+1) _ B(mgo+mqno+ny)

mo+my no+ny mo+mqy+ng+ng ’
B(mo+my+my+1ng+n+ny) _ B(mo+mi+myne+ni+ny+1) _ f(me+my+myno+nyi+ny)
mo+mq+my no+ni+n; mo+my+my+ng+ny+n,

B(mg+my+my+mz+1Lng+n +n) pmg+m+my+mgng+n +n,+n3+1)

mo +my + my +mg ng+n, +ny, +ng
B(mgy +my + my,ng +ny +n, +n3)

T my+my+my+ms+ng+ng +n,+ng
So that:

p(im,n) = f_l(ﬁ(mo' no), B(mo + my,ng + ny), B(mg + my + my, g + 1y + 1), f(Mg + my + My + mg,ng +
ny +ny +n3)) = (K, Ko, K3); where:

Ky = B(mg,ng + 1) + f(my + 1,n5)
{ K, = B(my + my,ng +n, + 1) + B(mg + my + 1,ny + n,)
K; =B(my+my +my,ng+ny+n, +1)+B(my+my +m, + 1,ny +ny +ny)
kK3 =B(my+my +my+mgnyg+n,+n,+n;+1)+p(my+my +m, + my+1,ny +ny +n, + ny)

= B3-sp(M, 1) = P3_sp(Mg + Mypy + Myp, + M3ps, g + Nypy + Nypp + N3P3) = Posp(Mg + mypy + myp, +
M3P3, Mo + NyPy + Ny +N3p3 + 1) + Pa_sp(Mg + Myp; + Myp, + Maps + 1,15 + nyp; + Npp, + n3p3) =
Bz_sp(m +1,n) + B3_gp(m,n+1).

On the other hand:
f_l(Ll' LZ' L3' L4—) = f_l(Mll M2! M3, M4) = f_l(Nll NZJ N3, N4-)s Where:
_ Blmy +1,m)
1 mo
L - B(my+m; +1,ny +ny)
2T my +m,

_Pmg+my + my + 1,y +ny +1,)

B mo+m; +m,
_Pmg+my +my +my + 1,ny +ny + 1y +13)
h my + my +my +ms

Ly

Ly
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My, Ny + 1
= Bamomo 1)
L)
B(my +my,ng+n, +1)
M2=

_Bmg+my +my,ng+ny+ny+ 1)
B ng+n, +n,
_Pmg+my+my +mg,np+ny+ny+n3+ 1)
B ng+mny +ny, +ng

_ﬁ(mo:no)
17 my+n,

_ p(mg +my,ng +ny)
, =

M;

M,

B(my +my + my,ng +ny +ny,)

3 =

B(my + my + my + mg,ng + ny +n, +ng)
T me+mi+tmy+myt+ng+n, +n, +ns

Hence:

Ps—sp(m + 1,n) _ Bs—sp(mqo + mypy + Map, + Maps + 1,15 + nypy + nup; + n3p3) _
m mo + myp; + Myp, + M3ps

Bs_sp(m,n+1) B3 _sp(mg +myp; + myp, + Map3,ng + Nypy + NPy +3ps +1)
n Ny + nyp1 + NPy + N3p;3

B3-sp(mmn) _ Bz_sp(mg+myp1+mypa+maps,no+nipi+nypa+ngps+1)
m+n (mo+ng)+(my+n1)p1+(ma+nz)p, +(mz+n3)ps

3. Conclusion

In this paper, we have defined and studied for the first time the concept of beta special function defined over the ring
of symbolic 2-plithogenic numbers and symbolic 3-plithogenic numbers, where we proved some of the elementary
properties of these two versions of beta function by using the isomorphism that connect plithogenic numbers with the
classical real numbers. In addition, we found the relationships between plithogenic beta functions and classical beta
functions using the same technique.
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