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Abstract

In this paper, we introduce the concepts of neutrosophic subgroups and neutrosophic normal subgroups of
groups and investigate several properties. We investigate relations between neutrosophic subgroups (neutro-
sophic normal subgroups) and their neutrosophic level subsets of a group. We also look at the homomorphic
image and inverse image of the neutrosophic subgroups and neutrosophic normal subgroups of groups, as well
as some related properties.
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1 Introduction

The concept of fuzzy sets was proposed by Zadeh'? The theory of fuzzy sets has several applications in
real-life situations, and many scholars have researched fuzzy set theory. After introducing the concept of
fuzzy sets, several research studies were conducted on the generalizations of fuzzy sets. One of the most
important theorems in abstract algebra is Lagrange’s theorem. This theorem is crucial in finite groups because
it provides an overview of subgroup size. Lagrange’s theorem has various applications in number theory. For
further details, we refer to.Z Uncertainty is an unavoidable element of our lives. This universe is not built
on assumptions or precise measures. It is not always feasible to make straightforward decisions. We face
a significant problem in dealing with errors in decision-making situations. In 1965, Zadeh'? proposed the
fuzzy set as a way to deal with ambiguity in real-world problems. Following that, fuzzy sets have become a
worldwide study trend. Rosenfeld® was the first to examine the concept of fuzzy subgroup and its features
in 1971. Ajmal and Prajapati! introduced the ideas of fuzzy cosets and fuzzy normal subgroups. Atanassov*
established the intuitionistic fuzzy set in 1986 by attributing non-membership degrees to membership degrees.
Yager'! defined the Pythagorean fuzzy set in 2013 using this approach. This set provides a modern technique
to model vagueness and uncertainty with high precision and accuracy compared to intuitionistic fuzzy sets.
The notion of the neutrosophic set, which Smarandache developed,g’9 extends the notions of the classic set
and fuzzy set, intuitionistic fuzzy set, and interval-valued intuitionistic fuzzy set. Neutrosophic set theory is
applied to various parts (refer to the site http://fs.gallup.unm.edu/neutrosophy.htm).

In this paper, we introduce the concepts of neutrosophic subgroups and neutrosophic normal subgroups of
groups and investigate several properties. We investigate relations between neutrosophic subgroups (neutro-
sophic normal subgroups) and their neutrosophic level subsets of a group. We also look at the homomorphic
image and inverse image of the neutrosophic subgroups and neutrosophic normal subgroups of groups, as well
as some related properties.
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2 Preliminaries

Definition 2.1. ¥ Let X be a nonempty set. The neutrosophic set on X is defined to be a structure

A= {{z, p(x),v(x),¥(z)) : . € X}, 2.1

where p : X — [0, 1] is a truth membership function, v : X — [0, 1] is an indeterminate membership function,
and ¢ : X — [0, 1] is a false membership function. The neutrosophic fuzzy set in (2.1) is simply denoted by

A= (pa,va,%a).

Definition 2.2. 1 Let A = (14,74, 4) be a neutrosophic set on a group (C, o). Then A is a neutrosophic
subgroup of C' if

(1) pa(z OCZJ) > pa(@) A pa(y), va(@oy) > ya(x) Ava(y), and ya(z o y) < ya(z) V ya(y) for all
xr,y S >

(2) pale™) > pale). vale™) > va(@), and ya(@™?) < 7a(e) forall a € C.

Proposition 2.3. Y Let A = (114,74, 4) be a neutrosophic set on a group (C, o). Then A is a neutrosophic
subgroup of Cifand only if jua(zoy™") > pua(@) Apa(y), ya(zoy™) = ya(@) Ayaly). and ya(zoy™") <
va(z) V ya(y) forall z,y € C.

Definition 2.4. "V Let A = (ua,74,%4) be a neutrosophic subgroup of a group (C,0). Then for x € C,
the neutrosophic left coset of A is the neutrosophic set zA = (:U,u A, TYA, Y 4), defined by (zpa)(u) =
pa(z=tou), (xy4)(u) = ya(x~tou),and (z1p4)(u) = Y a(x~!ou) and the neutrosophlc right coset of A is
the neutrosophic set Az = (uax, YAz, az), defined by (uaz)(u) = pa(uoz™?), (yaz)(u) = ya(uoz™1),
and (Yaz)(u) = ha(uox™t) forallu € C.

Definition 2.5. ' Let A = (114, 74,4) be a neutrosophic subgroup of a group (C, o). Then A is a neutro-
sophic normal subgroup on C if every neutrosophic left coset of A is a neutrosophic right coset of A on C.
Equivalently, tA = Az forall z € C.

Proposition 2.6. Y Let A = (ja,v4,%4) be a neutrosophic subgroup of a group (C,o). Then A is a
neutrosophic normal subgroup on C' if and only if pa(x oy) = pa(y o x), yalx oy) = ya(y o x), and
Ya(roy)=va(yox)forall z,y € C.

Proposition 2.7. % Let A = (jua,v4,%4) be a neutrosophic subgroup of a group (C,o). Then A is a
neutrosophic normal subgroup of C if and only if pa(kouo k™) = pa(u), ya(kouo k™) = v4(u), and
Ya(kouok™) =a(u)foralluk € C.

3 Main results

In this section, we define neutrosophic subgroups as extensions of fuzzy subgroups and neutrosophic sub-
groups. Now, we will check whether the union and intersection of two neutrosophic subgroups of a group
(C, o) is a neutrosophic subgroup of C.

Theorem 3.1. The intersection of two neutrosophic subgroups of a group (C, o) is a neutrosophic subgroup
of C.

Proof. Let A = (ua,va,va) and B = (up,vs,%¥n) be two neutrosophic subgroups of a group (C, o).

Then AN B = (pans,YanB, Yans), where panp(x) = pa(z) A pp(z), vanp(x) = va(z) A vp(z), and
Yanp(z) =a(r) Vp(x) forall z € C. Now, forall z,y € C,

pa(@oy™ ') Apa(zoy™)

(a(m) Apa(y) A(pa(@) Apaly))
(a(@) A (pa(y) A (paly) A pa(y))
pa(@) A paly),

palzoy™t)

v
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yalzoy™) Ya(@oy ) Aya(zoy™)
(va(z) Ayaly)) A (WA( ) Ava(y))
(va(z) A (va(y) A (valy) Avaly))
Ya(

1V 1l

(
ya(z) Aya(y),

\/wA(JJ )
() V@ ( )V Ya(y))
NV (Va(y) Vva(y))

Ya(zoy™t)

A

alzoy™)
(Yal(x) Viba
( Alz) vV (Paly
Pa(@) Valy).

Therefore, AN B = (wanB;YanB,¥Ans) is a neutrosophic subgroup of C. Hence, the intersection of two
neutrosophic subgroups of a group is also a neutrosophic subgroup. O

Corollary 3.2. The intersection of a family of neutrosophic subgroups of a group (C, o) is also a neutrosophic
subgroup of C.

p
Proof. Let Ay, A, ..., A, be neutrosophic subgroups of a group (C, o). We have to show that A = (] A4; is

i=1
a neutrosophic subgroup of C. Then A = (p14,74,%4) is given by pu(x) = paq (v) Appas(z) Ao Apa,(w),
() = va1(x) Ayag(@) A Ava,(), and P(x) = Ya () VPas(z) V... Vipa,(z) forallz € C. Now,
forall x,y € C,

pa(zoy™t)
=u (xoy DApas@oy™ )AL Apa,(zoy™h)
> (par(@) A pag(y) A (paz(@) A pas(@) Ao A (pay () A pay(y))
= (ka1 (@) A pas(@) Ao Apay (@) A (A (Y) A pas(y) A A pay(y))
= palz) Apaly),
va(zoy™)
:7 (xoy )/\’yAz(xoy_l)/\.../\VAP(:roy_l)
> (va1(@) Avar(¥) A (Va2 (@) Avas(y) A A (va,(T) Ayay(y)

A (2
(va1(2) Avag(x) Ao Ayay (@) A (var(y) Avas(y) Ao Avay(y))
=va(x) ANvaly),

zoy~!

Pl
«wx oy ) Viag(zoy ) V... Vihu,(zoy)
(Yar(z) Voar(y) V (Yag(®) VPas(y) V...V (Ya,(x) Viba,(y))
(Yar(x) Vag(@) V...V (Ya,(2) V (Par1(y) V as(y) V...V ha,(y))
=Ya(z) VYa(y).
Therefore, A = (p14,v4,%4) is a neutrosophic subgroup of C. Hence, the intersection of a family of neutro-
sophic subgroups of a group is also a neutrosophic subgroup. [

A ||

Remark 3.3. The union of two neutrosophic subgroups of a group may not be a neutrosophic subgroup.

Example 3.4. Let us take the group (Z, +), the group of integers under usual addition, and let A = (114, v4,%4)
and B = (up, V5, ¥5) be two neutrosophic subgroups of (Z, +) defined by

(a) = 0.3 whena € 5Z (a) = 0.2 whena € 5Z
pala) = 0 elsewhere 1A\ 0 elsewhere

bala) = 0 whenac5Z (a) = 0.15 whena € 3Z
AY =05  elsewhere  PE\Y T ) 0 elsewhere

(a) = 0.1 whena € 3Z vpa) = 0.2 whena € 3Z
7B =9 0 elsewhere * “B\Y 7103  elsewhere.

Then AU B = (ptauB, vAuB, Y auB), Where

0.3 when a € 57 0.2 when a € 5Z
ptaup(a) =<0.15 whena € 3Z —5Z, vyaup(a) = ¢ 0.1 whena € 3Z —5Z
0 elsewhere 0 elsewhere
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0 when a € 57
Yaup(a) =< 0.2 whena € 3Z —5Z
0.3 elsewhere.

Here pia(5 + (—=3)) = pa(2) = 0, but pa(5) A ppa(—3) = min{0.3,0.15} = 0.15. So, pa(5+ (=3)) #
MA(5)/\,UA( 3) Also, 74(5+(—3)) = va(2) = 0, but y4(5) Ava(—3) = min{0.2,0.1} = 0.1. So, ya(5+

) # 7a(b /WA -3). Again, Da(5+(=3)) = ¥a(2) = 0.3, but 4 (5) Vip4(—3) = max{0,0.2} = 0.2.
SO 1/1A (54(—3)) % 1a(5)Vipa(—3). Hence, AUB = (auB, YAauB, Yaup) is not a neutrosophic subgroup
of Z.

Proposition 3.5. If A = (14,74, 4) is a neutrosophic subgroup of a group (C,0), then pia(z*) > pa(x),
ya(a®) > ya(x), and Y a(z*) < pa(x) forallx € C and k € N. Here 2% =z oz 0---0x (k times).

Proof. Since A = (pa,7v4,%4) is a neutrosophic subgroup of a group (C, o), we have pa(x oy) > pa(z) A
ta(y), ya(w oy) = ya(x) vV valy), and Ya(z oy) < Palx) vV Ya(y) forall z,y € C. So, pa(z) =
palz 02) > pa() A pae) = pa(e), 7a(@) = 1a(z 0 7) < 74(@) V 14() = 7a(2), and a(z)

Ya(zox) > ha(x) Aba(x) = a(z) forall z € C. Thus, by induction, we can show that y1.4(z%) > pa(z),
ya(x®) > ya(x), and Y4 (2*) < a(z) forallz € C and k € N.

Proposition 3.6. Let A = (ua,7va,%a) be a neutrosophic subgroup of a group (C,o). If u(z) # u(y),

v(@) # YY), and Y(z) # P(y), then pa(woy) = pa(@) A paly), yalz oy) = ya(@) Avaly), and
Ya(xoy) =a(x) VvV Aaly), respectively, for all x,y € C.

[j\_/

Proof. Let us assume that u(z) # p(y), v(x) # v(y), and () # P(y). So, pa(x) > pa(y), yalz) >
va(y), and Y 4(x) < Ya(y) forall z,y € C. Now,

al@ oz oy)
Al@™) A pa(zoy)
A(®) A pa(roy)
AT oy),

pa(y)

AV INAVAR]
TEETE

otherwise pa(y) > pa(x), a contradiction. This shows that pa(y) > pa(z oy). Again, pa(z oy) >

pa(x) A pa(y) = paly). Therefore, pa(zoy) = pa(y). So, pa(zoy) = pa(y) = pa(x) A pa(y) for all
x,y € C. Similarly, when p(z) < p(y), this result also holds. Again,

Azl ozoy)

Ya(y) (
MEx Y Ava(zoy)
(

2

Ya(x) Ava(woy)

zoy),

otherwise v4(y) > va(x), a contradiction. This shows that v4(y) > va(z o y). Again, ya(z o y) >

va(@) Ava(y) = va(y). Therefore, va(x 0 y) > va(y). So, va(x 0 y) = Ya(y) = Ya(x) A ya(y) for all
x,y € C. Similarly, when v(x) < (y), this result also holds. Also,

Ya(y)

Vv

YA

IA I IA I
=
b
8

[
<
&
b
8
@]
NS

otherwise ¥4 (y) < ¥a(z), a contradiction. Thus, ¥4 (y) < Ya(x oy). Again, Ya(zoy) < a(z)V
¥a(y) = va(y). Therefore, Y4(x o y) < ¥a(y). Therefore, a(x o y) = va(y) = va(x) V a(y) for
all z,y € C. Similarly, for ¥(z) > (y), this result also holds. Hence, pa(z o y) = pa(z) A pa(y),

va(xoy) =va(x) Avaly), and Ya(zoy) = Ya(x) V Aa(y), respectively, for all z,y € C. O

Proposition 3.7. Let A = (ua,v4,%4) be a neutrosophic subgroup of a group (C, o) with e as the identity
element and x € C. Then

pa(x) = pale) = pa(roy) = pa(y)
(Vy € C) | va(x) =va(e) = va(zoy) =valy)
Ya(x) =1ale) = vYa(roy) =1baly)
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Proof. Let us assume that 4 (x) = pa(e), va(x) = va(e), and Y4 (x) = a(e). So, pa(zoy) > pa(z) A
pa(y) = pale) Apa(y) = pa(y), since uA( ) > uA( ) forall y € C. Also,

paly) = pala'ozoy)
> pa(rt) Apa(zoy)
= pa(@) Apa(zoy)
= pa(e) Npa(zoy)
= pa(xzoy), since pa(e) > pa(y) forally € C.

Therefore, pa(x oy) = pa(y) forally € C, when pa(z) = pa(e). Again, ya(z oy) > va(z) Ayaly) =
va(e) Ava(y) = va(y), since ya(e) > va(y) forall y € C. Also,

Yaly) = val@™loxoy)
> yale™h) Avalzoy)
= va(x) Aya(zoy)
= 7a(e) Aya(zoy)
= qa(zoy), since ya(e) > va(y) forally € C.

Therefore, ya(x o y) = ya(y) forally € C, when y4(z) = ya(e). Also, Ya(roy) < vYa(z)Vealy) =
Yale) Vioa(y) =1va(y),since pa(e) < a(y) forally € C. Now,

Ya(y)

IA
<
N

=1a(y) forally € C, when Y 4(x) = a(e). O

(1A, YA, % A) be a neutrosophic subgroup of a group (C, o). Then the set N = {z €
(x),Ya(e) = a(x)} forms a subgroup of C, where e is the identity element

Hence, ¥4 (z o y)

Theorem 3.8. Let A =

C:pale) = pa(x),va(e) =74
of C.

Proof. Suppose N = {x € C': pa(e) = pa(z),va(e) = va(z),v¥a(e) = a(z)}. Clearly, N is nonempty,
as e € N. To show that NV is a subgroup of C, for x oy~ € N forall z,y € N. Let 2,y € N. Then

pa(x) = pale) = pa(y), va(z) = va(e) = va(y),and a(x) = tale) = Ya(y). Since A = (pa,va,a)
is a neutrosophic subgroup of C, we have
pa(@oy™) > pa(x)Apaly™)
= pa(@) A paly)
= pa(e) Apale)
= :uA(e)ﬂ
vya(zoy™') > ~ya(z) Avaly™)
= 7ya(@) Ayaly)
= 7a(e) Ayale)
= 7ale),
Yal@oy™t) < Ya(z)Vialy™)
= Ya(z)Va(y)
= val(e) Vipale)
= ’L/)A(e).

Again, we have pa(e) >

pa(zoy™) = pa(e), v
subgroup of C.

Definition 3.9. Let C be a crisp set. Let A =

pa(zoyt), yale) > ya
A(@oy™') = ya(e), and Ya(zoy™!) =

—

—1), and Ya(e) < a(x oy~t). Therefore,
Ya(e). So,zoy~t € N. Hence, N is a
O

roy

(114,774, %4) be a neutrosophic set on the set C. For a, 8,6 €

[0, 1], the set Yo g5y = {7 € C : pa(r) > a,va(x) > B,9a(x) < J} is called a neutrosophic level subset
of the neutrosophic set A of C, where 0 < oo+ + 6 < 1.
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Proposition 3.10. Let A = (pa,va,%4) and B = (up,vB,¥B) be two neutrosophic sets on the universal
set C. Then

(1) Aoy € Alew,o) ife <, w < Bandd < o fore, f,0,w,6,0 €[0,1],
(2) A CB= A(aﬁﬁ) c B(a,,@,é) fOl’ O‘vﬂats € [07 1]

Proof. (1) Letx € A(y3,5)- Then pa(z) > a, ya(x) > B, and Y4(x) < 0. We have € < a, w < f3, and
§<0.S0,e<a< pa(x),ya(r) > B> w, and Pa(zx) < § < o. Therefore, 2 € A, ). Hence, € < a,
w < B, andé <o = A(a,ﬁ,&) c A(e,w,o)-

(2) Since A C B, we have p4(z) < pp(x), ya(x) < vp(z), and Y4(x) > Yp(x) forall z € C. Let
r € A(a,p,s). This implies that pa(z) > «, ya(z) > B, and Ya(x) < 0. So, a < pa(z) < pp(x),
B < va(x) < vp(x), and Yp(x) < Pa(x) < §. This shows that o < pp(z), 8 < ya(z), and Pp(x) < 6.
Therefore, © € By, 3,5)- Hence, A(o 3.5) € B(a,,5)- O

Proposition 3.11. Let A = (ua,v4,v%4) be a neutrosophic subgroup of a group (C, o). Then, the neutro-
sophic level subset A, g5y forms a subgroup of C, where o < pia(e), B < va(e), and § > 1 a(e), and e is
the identity element of C.

Proof. Here A, 5y = {2 € C : pa(z) > a,ya(x) > B,va(x) < 0}. Clearly, A, g,s) is nonempty, as
e € A(a,p,5)- For A, s,5) is a subgroup of C, we have to show that forall 2,y € A(qg.5), 2oy~ € Aa,p.5)-
Let ,y € A(a,p,s). Then pa(z) > a, ya(z) > B, and Ya(xz) < 0 and pa(y) > a, ya(y) > B, and
Ya(y) < 6. Since A = (pa,7va,%a) is a neutrosophic subgroup of C, we have

palx) Apaly™)
pa(x) A pa(y)
a N\«

pa(zoy™t)

v IV

va(x) Ayaly™)
ya(x) Ayaly)
a N\«

Yalz)Valy™)
Ya(z) Vpaly)
OV

0.

Therefore, z o y~! € A(a,p,5)- Hence, A, g5 is a subgroup of C'. O

Ya(zoy™)

v IV

Ya(zoy )

AT IA

Definition 3.12. The subgroup A, s, 5) of the group (C, o) is called the neutrosophic level subgroup of the
neutrosophic subgroup A = (4,74, %A)-

Proposition 3.13. Let A = (14,74, 4) be a neutrosophic set on a group (C, o). If the neutrosophic level
subgroup A, g 5y is a subgroup of C, where o < pia(e), B < yale), and 6 > a(e), then A = (ja,v4,Va)
is a neutrosophic subgroup of C.

Proof. Letx,y € C. Given that A = (a,7v4,%4) is a neutrosophic set of C' and A(a,p,5) 18 a subgroup of
C'. Let us assume that p4(z) = a1, pa(y) = as with aq < ag, va(x) = S1, 74(y) = P2 with 51 < Ba, and
Ya(r) = 61,1%a(y) = b2 with 61 > do. This implies that x € A(,, 3, 5,) and y € A(q, 8,,5,)- Since a1 < o,
b1 < B2, and 61 > do, we have A(a2752_’52) C A(a1ﬁ1,51)' So, y € A(a1,51751)' Now, x € A(al-,ﬁl151) and
Y € Awa,,81,61)- S0, 20y € A, 8,.5,) Since A(q, 8,5, is a subgroup of C. Therefore, p4(z o y) > as,
ya(roy) > fr,and Ya(zoy) < 61 = pa(roy) > a1 Aag, ya(roy) > fi A B, and a(zoy) < 61V oo,
since ay < g, B1 < Ba,and 01 > dy = pa(zoy) > pa(x) A paly), va(zoy) > valz) A va(y), and
Ya(zoy) <Ya(z) Va(y). Again, & € Aa, g,.60) = &1 € Aoy p1,61)> SiNCe A(q, ,.5,) is a subgroup of
C. Also, pa(z™!) = a1, 7a(2™) = Br,and Pa(z™") < 01 = palz™!) > pa(@), va(z™!) = 7a(2), and
a(r™) <a(z). Since z,y € C are arbitrary, j1a(zoy) > pa(x)Apa(y),va(zoy) > va(z)Ava(y), and
Ya(zoy) <va(z)Vipaly) forallz,y € C and pa(z™) > pa(a), ya(@™) > ya(@), Yalz™") < Ya(z)
forall x € C. Hence, A = (1a,v4,%4) is a neutrosophic subgroup of C. O
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Proposition 3.14. Ler A = (ua,v4,%4) be a neutrosophic normal subgroup of a group (C, o). Then, the
neutrosophic level subset A, g s5) forms a normal subgroup of C, where o < pa(e), B < ya(e) and § >
Yal(e), and e is the identity element in C.

Proof. Since A = (114,74,%4) is a neutrosophic normal subgroup of C, we have for all u, k € C, pa(k o

wok ™) = pa(u), ya(kouo k™) = ya(u), and Ya(k ouo k™') = 94(u). By Proposition [3.11]|
A,y ={r € G : pa(x) > a,va(x) > B,1ba(x) < 6} is asubgroup of C. Letk € G and u € A, 3,5)-

Then pa(kouok™) = pa(u) > o, ya(kouok™) = vya(u) > B,and Ya(kouo k™) = a(u) <6
Thus, kouo k™! € A(a,8,5)- Hence, A, 35) is a normal subgroup of C. O

In this part, we will discuss the effect of group homomorphisms on neutrosophic subgroups.

Theorem 3.15. Let (C1,01) and (Cyq, 09) be two groups. Let | : C1 — Cy be a surjective homomorphism and

A= (ua,va,va) be aneutrosophic subgroup of Cy. Then f(A) = (f(pa), f(va), f(1a)) is a neutrosophic
subgroup of Cs.

Proof. Since f : Cy — Cs is a surjective homomorphism, we have f(C7) = Cs. Let x5, y2 € Co. Suppose
29 = f(x1) and yo = f(y1) for some x1,y; € C7. Now,

(f(na))(z2 02 y2)

V{pa(t) :t € Cy, f(t) = w2029}

V{pa(t) :t € Cy, f(t) = xa 0242}

V{pa(zyory1) : w101 € C1, f(x1) = 22, f(1) = y2}
V{pa(z) Apa(yr) : 1,01 € Cr, f(21) = 22, f(y1) = v}
\/{MA(ﬂﬂl)) w1y € Cy, f(x1) = T2 }A

1V IV

V{pa( y1 € C1, f(y1) = ya}
(f(ra))(@2) A (f(1a))(y2),

V{va(t) :t € C1, f(t) = w2 02 Y2}

V{ya(t) : t € C1, f(t) = z2 02 42}

V{va(zio1y1) :21,y1 € C1, f(z1) = 2, f(11) = y2}
V{va(zi) Aya(yr) : x1,y1 € O, f(z1) = 22, f(y1) = Y2}
\/{’)/A($1)) T € Cl, f(l‘l) = ZEQ}/\

(f(va))(x2 02 y2)

v IVl

V{va(yr) 1 € C1, f(y1) = v}
(f(va))(@2) A (f(7v4))(y2),

Npa(t) :t € Cp, f(t) = 202 Y2}

Ma(t) it € C, f(t) = z2 02 Y2}

MNMa(xzroryr) @y, y1 € Cr, f(x1) = @2, f(y1) = Y2}
Ma(z1) Vibalyr) s,y € Cr, f(x1) =22, f(1) =y
Mva(zr) sz € Cr, f(or) = 22}V
Mva(yr) 1 € C1, f(y1) = Y2}
(f(Pa)(z2) V (f(¥a))(y2)-

(f(Wa))(z2 02 y2)

NN

2}

A IA

Again,

Vipa(z) :z € G, f(o) = (23}
V{pa(x™t) ra7t € Oy, fla™h) = 22}
= (f(na))(z2),
(fa)(az?) = V{ya(z):z € Cr, f(z) = (231)}
V{ya@™h) ra7t € Oy, f(a7!) = 22}
= (f(va))(22),
Mva(z) :z € 017 flw) = (z3)}
Mia(a™) ra™t € O, f(a7) = 22}
= (f(¥a))(22).
Hence, f(A) = (f(pa), f(v4), f(14)) is a neutrosophic subgroup of Cs. O

Theorem 3.16. Let (Cy,01) and (Ca, 02) be two groups. Let f be a bijective homomorphism from Cy to Cs
and A = (j1a,v4,% ) be a neutrosophic subgroup of Co. Then f=1(A) = (f~Y(pa), f~1(va), f1(0a))

is a neutrosophic subgroup of C'.

(f(ua))(z3")

(f(®a))(2z")
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Proof. Letx1,y1 € Cp. Now,

(fHpa))(@iory) = palf(zro1u))
= pa(f(z1) o2 f(y1))
> palf(@1) Apalf(y))
= (f M pa))(z) A (FH(pa)) (1),
(frva))(zroryr) = valf(z1o011))
= ya(f(z1) o2 f(y1))
> yalf(@1)) Avalf(yr))
= (f'(va) @) A (fFHva) (W),
(fTH@Wa)(@roryn) = va(f(z1o1m))
= ta(f(z1) o2 f(y1))
< pa(f(@1)) Valf(y))
= (7' (Wa)) (@) vV (M (%a)) (1)
Again,
(FHpa) (@) = pa(farh)
= pa(f(z)™h)
= pa(f(z1))
= (fH(pa))(z1),
(FHra)rh) = yalflarh)
= ya(f(z)™)
= va(f(z1))
= (f7'(va))(z1),
(M Wa))@rh) = valf(zrh)
= pa(f(z)™")
= pa(f(x1))
= (7' (%)) (z1).
Hence, f1(A) = (f~(ua), f~1(va), f1(104)) is a neutrosophic subgroup of C;. O

Theorem 3.17. Let (C4,01) and (Cso, 09) be two groups. Let f be a surjective homomorphism from C1 to Co

and A = (pua,va,¥a) be a neutrosophic normal subgroup of Cy. Then f(A) = (f(ua), f(va), f(¥a)) isa
neutrosophic normal subgroup of Cs.

Proof. In view of Theorem[3.15] we can state that f(A) = (f(1a), f(7a), f(14)) is a neutrosophic subgroup
of Cs. Since A = (ua,7va,%4) is a neutrosophic normal subgroup of C and by Proposition [2.6] we have
pa(@y o1 y1) = pa(yr o1 @1), ya(@1 o1 y1) = ya(y1 o1 1), and Ya(x1 01 y1) = Ya(y1 o1 1) for all
x1,y1 € C1. Let 2 and y5 be two elements of C5. Suppose that there exist unique x; and y; € C7 such that
To = f(ﬂ?l) and Yo = f(yl) NOW,

V{pa(l) : 1€ Cr, f(l) = w202 92}

V{pa(zio1y1) s x1,51 € Cr, f(x1) = 22, f(y1) = y2}
V{pa(l) : 1€ O, f(I) = y2 02 22}

(f(ra))(y2 02 z2),

V{va(l) : 1 € Cy, f(l) = z2 02 Y2}
V{ya(zi o1 y1) s x1,91 € Cr, f(w1) = 22, f(y1) = y2}
V{va(l) : L € C1, f(I) = y2 02 22}

f(pa)(w2 o2 y2)

f(va) (w2 02 y2)

(f(va))(y2 o2 22),
f(@Wa)(xaooy2) = Mpa(l):1€Cy, f(l) = 2202 Y2}
= Mva(ziory):z,y1 € Cr, fz1) = 22, f(y1) = y2}
= Mva(l):1e€Cr, f(l) =ya 0222}

(f(1a))(y2 02 72).

Hence, by Proposition we have f(A) = (f(pa), f(ya), f(¥4)) is a neutrosophic normal subgroup of
Ch. O
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Theorem 3.18. Let (Cy,01) and (Ca, 02) be two groups. Let f be a bijective homomorphism from Cy to Cs

and A = (pa,ya, ) be aneutrosophic normal subgroup of Co. Then f~1(A) = (f = (pa), f 2 (v4), f 1 (¥4))
is a neutrosophic normal subgroup of C1.

Proof. In view of Theorem [3.16, we can state that f~*(A) = (f~Y(ua), f~1(va), f1(x4)) is a neutro-
sophic subgroup of C;. Since A = (ua,7v4,4) is a neutrosophic normal subgroup of C and by Proposition

2.6, we have 14 (22 02 y2) = p1a(y2 02 T2), YA (w2 02 y2) = Ya(y2 02 2), and Y4 (2 02 Y2) = Ya(y2 02 T2)
for all x5, yo € Cs. Let z1 and y; be two elements of C;. Then

pa(f(z1o1y1))
pa(f(z1) oz f(y1))
MA( (y1 01 21))

= (f'(pa))(y1 o1 21),

M (pa) (1 o1 1)

(f(171 o1 yl))
Ya(f(x1) 02 f(y1))
Ya(f(y1 01 1))

= _1(7 ) (y1 o1 1),

[ @a)(@rory) = Ya(f(z1o1m))
Ya(f(z1) o2 f(y1))

Ya(f(yr o1 21))

= (7' (¥a))(y1 01 21).

Hence, by Proposition we have f1(A) = (f~Y(ua), f~1(va), f1(x»4)) is a neutrosophic normal
subgroup of C7. O

[ va)(@ioiy) =

4 Conclusion

This paper introduced neutrosophic subgroups and neutrosophic normal subgroups, extending traditional sub-
group structures using neutrosophic sets. We established fundamental properties, showing that while intersec-
tions of neutrosophic subgroups remain subgroups, unions do not necessarily do so. We explored conditions
for neutrosophic normal subgroups, characterized their behavior under cosets and homomorphisms, and ex-
amined neutrosophic level subsets. Our findings contribute to neutrosophic algebra, enhancing its relevance in
uncertainty modeling and information sciences. Future research may explore computational implementations
and broader algebraic integrations.
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