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Abstract

This paper investigates a fractional-order SEIR model to study the dynamics of infectious diseases, specifi-
cally COVID-19, by incorporating memory effects through fractional derivatives. The model’s formulation
enhances the understanding of epidemic dynamics by considering disease transmission, recovery, and mor-
tality rates under fractional calculus. Stability analyses are conducted for the disease-free equilibrium (DFE)
and the pandemic fixed point (PFP), identifying critical conditions for finite-time stability using Lyapunov
functions and fractional derivatives. Numerical simulations validate theoretical findings, demonstrating finite-
time stabilization around the equilibrium points under realistic parameter settings. The results underscore the
advantages of fractional-order modeling in capturing complex epidemic dynamics and highlight its potential
to inform public health intervention strategies.
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Lyapunov functions; Disease-free equilibrium; Pandemic fixed point

1 Introduction

Coronavirus disease 2019 (COVID-19), caused by the SARS-CoV-2 virus, was first identified in Wuhan,
China, in December 2019.1 The virus primarily spreads through respiratory droplets and close contact, with
an incubation period of approximately 2–14 days.2 Common symptoms include fever, cough, fatigue, and
shortness of breath, though some cases remain asymptomatic. While most infections are mild, approximately
20 % of cases develop moderate to severe symptoms, with around 5 % progressing to pneumonia, acute
respiratory distress syndrome, and multi-organ dysfunction. Elderly individuals and those with pre-existing
health conditions are at higher risk for severe outcomes. Diagnosis typically involves molecular testing of
respiratory samples, with CT imaging used in some cases.2 Supportive care remains the primary treatment,
as no specific antiviral therapy has been widely adopted. Preventive measures include isolation for mild cases
and rigorous infection control in healthcare facilities.

DOI: https://doi.org/10.54216/IJNS.260123 266



International Journal of Neutrosophic Science (IJNS) Vol. 26, No. 01, PP. 266-282, 2025

Mathematical modeling has been crucial in forecasting COVID-19 transmission and evaluating public health
interventions. Various modeling approaches have been applied, including machine learning techniques and
compartmental models such as the Susceptible-Infectious-Recovered (SIR) model, as well as models that
incorporate behavioral adaptations. These models estimate transmission rates, predict epidemic peaks, and
assess outbreak durations. Compartmental models, which segment populations into epidemiological classes,
are frequently used to examine the effects of interventions like lockdowns, quarantines, and hospital capacity
on epidemic spread. A key parameter in these models is the basic reproduction number (R0), where R0 < 1
indicates the potential for disease extinction through local asymptotic stability of the disease-free equilibrium.3

Sensitivity analyses of model parameters provide insights into optimal intervention strategies, with consensus
suggesting that sustained non-pharmaceutical interventions are essential for pandemic control. These mod-
els, therefore, offer vital guidance to policymakers for developing effective measures to mitigate COVID-19
spread.

Advances in epidemic modeling have integrated network theory to address the complexities of disease prop-
agation within interconnected populations. Researchers have employed heterogeneous mean-field and pair-
quenched mean-field approaches to study epidemic dynamics across single-layer and multilayer networks.4

This interdisciplinary approach combines network theory and epidemiology, enabling the development of sta-
tistical tools for parameter estimation from observed networks and simulation methods for tracking disease
dynamics. These models offer valuable insights into disease spread patterns and have contributed to improved
epidemic control and prevention.

Compartmental models have become foundational for understanding infectious disease dynamics, particularly
during the COVID-19 pandemic. These models classify populations by disease status, facilitating the exami-
nation of disease transmission and the effectiveness of control measures. Modified versions of compartmental
models incorporate public health interventions such as lockdowns, mask usage, and vaccination.5 Addition-
ally,6 provides an extensive overview of compartmental models tailored to COVID-19, including variants
integrating non-pharmaceutical interventions. Beyond compartmental frameworks, agent-based and network
models have also advanced our understanding of COVID-19 spread. Recently, fractional-order SEIR models,
which account for memory effects,7, 8 have shown promise in capturing complex epidemic dynamics with im-
proved accuracy compared to traditional models. Applied to various infectious diseases, including COVID-19
and Ebola, these models enhance predictive precision and reduce errors, with stability analyses highlighting
parameters critical to epidemic outcomes.

Research on COVID-19 dynamics has also explored discrete and fractional-order adaptations of traditional
models. SIR and SEIR models, for example, have been used to assess transmission rates and forecast the
pandemic’s trajectory. Some studies have compared more complex models derived from SEIR to simpler ones
like SIRD to evaluate prediction reliability. Spatially explicit models have also been developed to investigate
disease pathways and simulate the effects of policy interventions.9 Comparative studies have analyzed models
such as the Hawkes point process and SEIR frameworks to assess their effectiveness in capturing COVID-19
spread.10

Fractional-order models are increasingly recognized for their ability to represent COVID-19 dynamics more
accurately. For instance, in a stochastic SIR framework,11 applied finite-time stability analysis to determine
disease persistence or eradication criteria while evaluating control interventions.12 proposed an efficient com-
putational approach for fractional-order COVID-19 models, emphasizing both computational efficiency and
long-term behavioral insights. These studies underscore the value of fractional-order models in capturing
intricate COVID-19 dynamics, providing essential tools for understanding and forecasting the pandemic’s
progression.

This paper is organized as follows: Section 2 introduces the foundational concepts of fractional-order sys-
tems, including definitions, theoretical preliminaries, and the mathematical framework required for stability
analysis. Section 3 describes the SEIR model, including its classical and fractional-order formulations, and
outlines the key parameters and equilibrium points. Section 4 focuses on the finite-time stability analysis of the
fractional-order SEIR model, presenting theoretical results and critical conditions for stability at the Disease-
Free Equilibrium (DFE) and the Pandemic Fixed Point (PFP). Section 5 validates the theoretical findings
through numerical simulations, demonstrating the model’s dynamics under different parameter configurations
and illustrating finite-time stabilization.
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2 Foundational Concepts

Consider a category of fractional-order nonlinear systems (FONS) represented using the Caputo fractional-
order derivative (CFOD) as follows:

C
t0D

γ
t f(t) = χ̄(t, f(t)) (1)

with the initial condition f(t0) = f0, where f ∈ Rn, γ ∈ (0, 1), and χ̄(t, f(t)) : [t0,+∞) × Ω → Rn. Here,
Ω ⊂ Rn is an interval containing f = 0, and χ̄(t, f(t)) is piecewise continuous in t over the interval [t0,+∞).

This study aims to define the equation for the finite-time equilibrium point (FTEP), denoted by fe, of the FONS
and to establish sufficient conditions that ensure the FTS of this equilibrium point fe.

Definition 1. For a function f(t), t ∈ [t0,+∞), the fractional-order integral I−γ
t0

f(t)(γ > 0) is defined as

t0I
γ
t f(t) =

1

Γ(γ)

∫ t

t0

(t− ϑ)γ−1f(ϑ) dϑ. (2)

Definition 2. For a function f(t), t ∈ [t0,+∞), the Riemann–Liouville fractional-order derivative R
t0D

γ
t f(t),

is defined as

R
t0D

γ
t f(t) =

d

dt
I1−γ
t f(t) =

1

Γ(1− γ)

d

dt

∫ t

t0

f(ϑ)

(t− ϑ)γ
dϑ, (3)

where γ ∈ (0, 1).

Definition 3. For a function f(t) ∈ C1[t0,+∞), the CFOD C
t0D

γ
t f(t), γ ∈ (0, 1) is defined as

C
t0D

γ
t f(t) = I1−γ

t ḟ(t) =
1

Γ(1− γ)

∫ t

t0

ḟ(ϑ)

(t− ϑ)γ
dϑ. (4)

where ḟ is the first-order derivative of the function f(t).

Lemma 1 (13). For C
t0D

γ
t f(t) with γ ∈ (0, 1), we have

t0I
γ
t
C
t0D

γ
t f(t) = f(t)− f(t0). (5)

Definition 4 (13). fe is called a FTEP of the FONS if there exists a te > t0 such that f(t) ̸= fe for t ∈ [t0, te),
and f(t) ≡ fe for t ∈ [te,+∞).

Theorem 2.1 (13). If fe is an FTEP of the FONS, Ct0D
γ
t f(t) = χ(t, f(t)) is continuous on [t0,+∞), then

C
t0D

γ
t f(t) = χ̄(t, fe) ̸≡ 0, ∀t ∈ [te,+∞). (6)

Definition 5 (13). If there exists a constant te > t0, such that

C
teD

γ
t f(t) =

C
teD

γ
t fe = χ̄(t, fe) ≡ 0, t ∈ [te,+∞). (7)

then fe = f(te) is called the FTEP of the FONS.

Theorem 2.2 (13). fe = f(te) is an FTEP of the FONS if and only if there exists a te > t0, such that

C
t0D

γ
t f(t) =

1

Γ(1− γ)

∫ te

t0

(t− ϑ)−γ ḟ(ϑ) dϑ, ∀t > te. (8)

Lemma 2. Assume that f(t) is a continuous differentiable function. Then, the following inequality holds for
any time instant t ≥ t0:

1

2
C
t0D

γ
t f

2(t) ≤ f(t)C0 D
γ
t f(t), 0 < γ < 1. (9)

Lemma 3. There exists a positive constant C such that

|̄fḡ− fg| ≤ C(|̄f− f|+ |ḡ− g|). (10)
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Proof. To initiate this proof, we start by providing an estimate for the term |̄fḡ− fg| as shown below:

|̄fḡ− fg| = |̄fḡ− fḡ+ fḡ− fg|
≤ |ḡ||̄f− f|+ |f||ḡ− g|
≤ ℓ1 |̄f− f|+ ℓ2|ḡ− g|
≤ C(|̄f− f|+ |ḡ− g|).

(11)

where C = max {ℓ1, ℓ2}.

Theorem 2.3 (14). Let f = 0 be an equilibrium point of the VFO system (1), and let D ⊂ Rn denote a domain
containing the origin. Assume there exists a continuously differentiable function V(t, f(t)) : [t0,∞)×D → R
such that, for any positive constants Λ1, Λ2, Λ3, a, and b, the following conditions are met:{

Λ1∥f∥a ≤ V(t, f(t)) ≤ Λ2∥f∥ab,
C
t0D

γV(t, f(t)) ≤ −Λ3∥f∥ab,
(12)

where f ∈ D, 0 < γ < 1, and t ∈ [t0,∞).

Theorem 2.4 (14). Let V(t) be a continuous function that is positive definite. Suppose that it satisfies the
condition:

C
t0D

γ
t V(t) ≤ −ΛV(t) for t ≥ t0, (13)

where Λ is a positive constant. Under these assumptions, the following inequality holds:

V(t) ≤ V(t0)eγ (−Λtγ) (14)

for t0 ≤ t < te, where te =

(
γ + 1

Λ

) 1

γ − 1 . The function eγ(t) is the Mittag-Leffler function, defined as:

eγ(t) =
∞∑
k=0

tk

Γ(γk + 1)
. (15)

Additionally, it is required that V(t0) ≥ 0 for any specified t0, and that V(t) = 0 for t ≥ te.

Definition 6. Suppose D ⊆ Ω is an open interval containing 0. If there is a function te : D \ {0} → (0,+∞)
called the settling time function satisfying the following conditions:

1. For all f0 ∈ D \ {0}, f(t) = f(t, t0, f0) ∈ D \ {0} for all t ∈ [0, te(f0)), and lim
t→te(f0)

f(t) = 0.

2. For every open neighborhood Uε of 0, there is an open subset Uδ containing 0 in D, satisfying that for
all f0 ∈ Uδ \ {0} and t ∈ [0, te(f0)), f(t) ∈ Uε \ {0}.

The equilibrium point 0 of the FONS is then said to be finite-time stable.

3 Model Description

The SEIR model is widely utilized in epidemiology, including COVID-19 studies, to classify individuals into
Susceptible, Exposed, Infectious, and Recovered compartments. This model incorporates transmission and re-
covery rates and mortality rates to simulate epidemic dynamics.15, 16 While SEIR models can effectively predict
equilibrium states, they can sometimes underestimate peak infection rates and overestimate epidemic duration
due to simplifying assumptions about time spent within compartments.17 Consequently, researchers have in-
troduced modifications, such as incorporating vaccination, temporary immunity, or discrete-time stochastic
frameworks, to enhance accuracy.18 Applied across various countries to project COVID-19 progression and
assess non-pharmaceutical interventions, this model has revealed spatiotemporal variations in transmission
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and recovery rates. Despite its limitations, the SEIR model remains essential for epidemic forecasting and
analysis.

Recent advancements in epidemic modeling, motivated by the COVID-19 pandemic, include using fractional-
order derivatives in SEIR and SIR models, particularly those of commensurate order. These fractional models
better capture the nonlinear and memory-dependent nature, accounting for memory effects and anomalous dif-
fusion observed in real-world data.19 Analytical studies have explored the existence, uniqueness, and stability
using tools such as the Picard-Lindelöf theorem and Lyapunov functions. Stability analyses at disease-free
and endemic equilibrium points have identified critical parameters influencing epidemic outcomes, offering
insights into threshold conditions and the potential persistence of diseases. Numerical simulations support
these theoretical findings, highlighting the influence of fractional orders on disease dynamics and informing
more effective intervention strategies. To increase realism, some models now incorporate compartments for
preventive measures, which have proven effective in reducing COVID-19 transmission risk. These adaptations
underscore the need for flexible epidemic models to address evolving public health challenges.

The classical SEIR model is formulated as follows:



dS

dt
= λ− r1

S(t)E(t)

N(t)
− r2

S(t)I(t)

N(t)
− ηS(t) + ϑR(t),

dE

dt
= r1

S(t)E(t)

N(t)
+ r2

S(t)I(t)

N(t)
− (η + ν)E(t),

dI

dt
= νE(t)− (ζ + d+ η)I(t),

dR

dt
= ζI(t)− (η + ϑ)R(t).

(16)

In this model, the compartments S(t), E(t), I(t), and R(t) represent the susceptible, exposed, infectious, and
recovered populations, respectively.

Key parameters for understanding the model’s dynamics include:

• λ: recruitment rate into the susceptible population,

• r1 and r2: incidence rates for contracting infection,

• η: natural mortality rate unrelated to the epidemic,

• ϑ: relapse rate, indicating the probability of recovered individuals becoming infectious again,

• ν: progression rate from exposed to infectious,

• ζ: recovery rate for infectious individuals,

• d: disease-specific mortality rate for COVID-19.

This framework is a comprehensive foundation for analyzing disease transmission and recovery dynamics.

Fractional calculus has garnered attention for its applicability in modeling complex phenomena across various
fields, including epidemiology. Studies on fractional-order models for diseases like anthroponotic cutaneous
leishmaniasis,20 tuberculosis,21 and visceral leishmaniasis22 have demonstrated enhanced accuracy when com-
pared to integer-order models, often employing the Caputo fractional derivative. Researchers have applied
mathematical techniques, like fixed-point theory and stability analysis, to explore these models. Fractional-
order approaches provide a deeper understanding of disease dynamics’ complexity. The field’s growth has
spurred the development of new numerical methods and toolkits, facilitating the application of fractional cal-
culus in diverse domains.23
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The fractional-order SEIR model is given by:



C
0D

γ
t S(t) = λ− r1

S(t)E(t)

N(t)
− r2

S(t)I(t)

N(t)
− ηS(t) + ϑR(t),

C
0D

γ
t E(t) = r1

S(t)E(t)

N(t)
+ r2

S(t)I(t)

N(t)
− (η + ν)E(t),

C
0D

γ
t I(t) = νE(t)− (ζ + d+ η)I(t),

C
0D

γ
t R(t) = ζI(t)− (η + ϑ)R(t),

(17)

with initial conditions:

S(0), E(0), I(0), R(0) ≥ 0,

N(t) = S(t) + E(t) + I(t) + R(t),
(18)

where 0 < γ < 1.

We can express system (17) in the classical form as follows:



C
0D

γ
t S(t) = χ1(t, S(t), E(t), I(t), R(t)),

C
0D

γ
t E(t) = χ2(t, S(t), E(t), I(t), R(t)),

C
0D

γ
t I(t) = χ3(t, S(t), E(t), I(t), R(t)),

C
0D

γ
t R(t) = χ4(t, S(t), E(t), I(t), R(t)).

(19)

Here, the functions χi for i = 1, 2, 3, 4 are defined as follows:



χ1(t, S(t), E(t), I(t), R(t)) = λ− r1
S(t)E(t)

N(t)
− r2

S(t)I(t)

N(t)
− ηS(t) + ϑR(t),

χ2(t, S(t), E(t), I(t), R(t)) = r1
S(t)E(t)

N(t)
+ r2

S(t)I(t)

N(t)
− (η + ν)E(t),

χ3(t, S(t), E(t), I(t), R(t)) = νE(t)− (ζ + d+ η)I(t),

χ4(t, S(t), E(t), I(t), R(t)) = ζI(t)− (η + ϑ)R(t).

(20)

4 Finite-Time Stability Analysis of the Model

Recent advances in the study of FTEP of equilibrium points in fractional-order nonlinear systems (FONSs)
have revealed some contrasting findings. For example,24 demonstrated the non-existence of finite-time stable
equilibria in FONSs without time delays. In contrast,25 contested this result, providing evidence for the ex-
istence of finite-time stable equilibrium points. This work introduced a unified definition for FTS in FONSs
and sufficient conditions for achieving stability. Other researchers have examined fractional-order systems that
include time delays. For instance,26 derived new criteria for FTS in nonlinear fractional-order systems with
time delays, utilizing techniques such as the Laplace transform and the Mittag-Leffler function. Similarly,27
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explored FTS conditions in fractional-order BAM neural networks with time delays, applying methods like the
Bellman-Gronwall inequality and contraction mapping. These studies contribute significantly to the ongoing
discourse on FTS in fractional-order systems.

This section establishes several FTS analysis results for the fractional-order COVID-19 model, specifically
as described in equation (17). Our study identifies two critical equilibrium points: Disease-Free Equilibrium
(DFE) and the Pandemic Fixed Point.

The following equations define the system:



λ− r1
S∗E∗

N∗
− r2

S∗I∗

N∗
− ηS∗ + ϑR∗ = 0,

r1
S∗E∗

N∗
+ r2

S∗I∗

N∗
− (η + ν)E∗ = 0,

νE∗ − (ζ + d+ η)I∗ = 0,

ζI∗ − (η + ϑ)R∗ = 0.

(21)

From these equations, we identify the equilibrium points:

• The Disease-Free Equilibrium (DFE), denoted as E0 =

(
λ

η
, 0, 0, 0

)
, which represents a scenario where

the infection has been eradicated.

• The Pandemic Fixed Point, E1 = (S∗1, E
∗
1, I

∗
1, R

∗
1), characterized by the following expressions:

I∗1 =
ν

ζ + d+ η
E∗,

R∗1 =
ζν

(η + ϑ)(ζ + d+ η)
E∗,

S∗1 =
1

η

(
λ+

(
ζϑν

(η + ϑ)(ζ + d+ η)
− (η + ν)

)
E∗
)
.

These equilibrium points will be used to further analyze the finite-time stability of the fractional-order COVID-
19 model under various parameter configurations, contributing to a deeper understanding of the disease dy-
namics.

Theorem 4.1. Let (S∗, E∗, I∗, R∗) be a FTEP of system (17), which is continuous on [0,+∞). Then, for all
t ≥ te, we have: 

C
0D

γ
t S(t) = χ1(t, S

∗, E∗, I∗, R∗) ̸≡ 0,

C
0D

γ
t E(t) = χ2(t, S

∗, E∗, I∗, R∗) ̸≡ 0,

C
0D

γ
t I(t) = χ3(t, S

∗, E∗, I∗, R∗) ̸≡ 0,

C
0D

γ
t R(t) = χ4(t, S

∗, E∗, I∗, R∗) ̸≡ 0.

(22)

Proof. We demonstrate this proof by contradiction. Assume that for t ∈ [te,+∞), we have:

C
0D

γ
t S(t) = χ1(t, S

∗, E∗, I∗, R∗) = 0,

C
0D

γ
t E(t) = χ2(t, S

∗, E∗, I∗, R∗) = 0,

C
0D

γ
t I(t) = χ3(t, S

∗, E∗, I∗, R∗) = 0,

C
0D

γ
t R(t) = χ4(t, S

∗, E∗, I∗, R∗) = 0.

(23)
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According to Lemma 1, for all t ≥ te, we have (S(t), E(t), I(t), R(t)) = (S∗, E∗, I∗, R∗), and thus

|S∗ − S(0)|+ |E∗ − E(0)|+ |I∗ − I(0)|+ |R∗ − R(0)|
=

∣∣
0I

γ
t
C
0 D

γ
t S(t)

∣∣+ ∣∣
0I

γ
t
C
0 D

γ
t E(t)

∣∣+ ∣∣
0I

γ
t
C
0 D

γ
t I(t)

∣∣+ ∣∣
0I

γ
t
C
0 D

γ
t R(t)

∣∣
=

1

Γ(γ)

4∑
i=1

∣∣∣∣∫ t

0

(t− ϑ)γ−1χi(t, S
∗, E∗, I∗, R∗) dϑ

∣∣∣∣
=

1

Γ(γ)

4∑
i=1

(∣∣∣∣∫ te

0

(t− ϑ)γ−1χi(t, S
∗, E∗, I∗, R∗) dϑ+

∫ t

te

(t− ϑ)γ−1χi(t, S
∗, E∗, I∗, R∗) dϑ

∣∣∣∣)

≤ 1

Γ(γ)

∫ te

0

(t− ϑ)γ−1
4∑

i=1

|χi(t, S
∗, E∗, I∗, R∗)| dϑ.

(24)

Given that χi(t, S
∗, E∗, I∗, R∗) is continuous over the closed interval [0, te], it follows that it is bounded on this

interval. Therefore, there exists a constant c > 0 such that

|χi(t, S
∗, E∗, I∗, R∗)| ≤ c for all t ∈ [0, te].

Thus,

|S∗ − S(0)|+ |E∗ − E(0)|+ |I∗ − I(0)|+ |R∗ − R(0)| ≤ 4c

Γ(γ + 1)
[tγ − (t− te)

γ ] . (25)

By the Mean-Value Theorem,28 we find:

tγ − (t− te)
γ ≤ γteℵγ−1, t− te < ℵ < t. (26)

As t → +∞ (i.e., ℵ → +∞), we obtain:

lim
t→+∞

|S∗ − S(0)|+ |E∗ − E(0)|+ |I∗ − I(0)|+ |R∗ − R(0)| ≤ lim
t→+∞

4cte
Γ(γ)

ℵγ−1

= lim
ℵ→+∞

4cte
Γ(γ)

ℵγ−1 = 0. (27)

This implies that for all t ≥ te, we have:

(S(0), E(0), I(0), R(0)) = (S∗, E∗, I∗, R∗). (28)

This contradicts Definition 4 and Theorem 2.1. Therefore, we conclude:

C
0D

γ
t S(t) = χ1(t, S

∗, E∗, I∗, R∗) ̸≡ 0,

C
0D

γ
t E(t) = χ2(t, S

∗, E∗, I∗, R∗) ̸≡ 0,

C
0D

γ
t I(t) = χ3(t, S

∗, E∗, I∗, R∗) ̸≡ 0,

C
0D

γ
t R(t) = χ4(t, S

∗, E∗, I∗, R∗) ̸≡ 0.

(29)

Theorem 4.2. (S∗, E∗, I∗, R∗) = (S(t), E(te), I(te), R(te)) is a FTEP of the system (17) if and only if there
exists a te > 0 such that

C
0 D

γ
t S(t) +

C
0 D

γ
t E(t) +

C
0 D

γ
t I(t) +

C
0 D

γ
t R(t) =

1

Γ(1− γ)

∫ te

0

∑4
i=1 χ̇i(ϑ, S(ϑ), E(ϑ), I(ϑ), R(ϑ))

(t− ϑ)γ
dϑ,

(30)

∀t > te.
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Proof. By Definition 3, we have:

C
0 D

γ
t S(t) +

C
0 D

γ
t E(t) +

C
0 D

γ
t I(t) +

C
0 D

γ
t R(t) =

1

Γ(1− γ)

∫ te

0

∑4
i=1 χ̇i(ϑ, S(ϑ), E(ϑ), I(ϑ), R(ϑ))

(t− ϑ)γ
dϑ

+
1

Γ(1− γ)

∫ t

te

∑4
i=1 χ̇i(ϑ, S(ϑ), E(ϑ), I(ϑ), R(ϑ))

(t− ϑ)γ
dϑ

=
1

Γ(1− γ)

∫ te

0

∑4
i=1 χ̇i(ϑ, S(ϑ), E(ϑ), I(ϑ), R(ϑ))

(t− ϑ)γ
dϑ

+
1

Γ(1− γ)

∫ t

te

∑4
i=1 χ̇i(ϑ, S

∗, E∗, I∗, R∗)

(t− ϑ)γ
dϑ

=
1

Γ(1− γ)

∫ te

0

∑4
i=1 χ̇i(ϑ, S(ϑ), E(ϑ), I(ϑ), R(ϑ))

(t− ϑ)γ
dϑ.

(31)

which leads to

C
teD

γ
t S(t) +

C
teD

γ
t E(t) +

C
teD

γ
t I(t) +

C
teD

γ
t R(t) =

4∑
i=1

χi(ϑ, S(t), E(t), I(t), R(t)), ∀t ≥ te. (32)

Based on Definition 5. Thus, we derive the following:

C
teD

γ
t S(t) +

C
teD

γ
t E(t) +

C
teD

γ
t I(t) +

C
0 D

γ
t R(t) =

4∑
i=1

χi(ϑ, S(t), E(t), I(t), R(t)) ≡ 0, ∀t ≥ te. (33)

Applying Lemma 1, we obtain:

|S(t)− S(te)|+ |E(t)− E(te)|+ |I(t)− I(te)|+ |R(t)− R(te)|
=

∣∣
teI

γ
t
C
teD

γ
t S(t)

∣∣+ ∣∣
teI

γ
t
C
teD

γ
t E(t)

∣∣+ ∣∣
teI

γ
t
C
teD

γ
t I(t)

∣∣+ ∣∣
teI

γ
t
C
0 D

γ
t R(t)

∣∣
≤ 1

Γ(γ)

∫ t

te

∣∣∣∑4
i=1 χi(ϑ, S(ϑ), E(ϑ), I(ϑ), R(ϑ))

∣∣∣
(t− ϑ)1−γ

dϑ = 0.

(34)

Finally, we conclude that: 
S(t) = S(te) = S∗,

E(t) = E(te) = E∗,

I(t) = I(te) = I∗,

R(t) = R(te) = R∗.

(35)

Thus, (S∗, E∗, I∗, R∗) is a FTEP of system (17) as established by Theorem 2.2.

Theorem 4.3. The equilibrium point (S∗, E∗, I∗, R∗) of system (17) is finite-time stable if the following condi-
tions hold:

N(t) ≥ N∗, (36)

Λ∗ = min

{
η − ϑ

2
− (C1 + C2)max {r1, r2}

4N∗
, η +

ν

2
− (2C1 + C2)max {r1, r2}

8N∗
,

d+ η +
ζ − ν

2
− C2 max {r1, r2}

8N∗
, η +

ϑ− ζ

2

}
> 0. (37)

where C1 = max{ℓ∗1, S∗} and C2 = max{ℓ∗2, S∗}, given that

E(t) < ℓ∗1, I(t) < ℓ∗2. (38)

Furthermore, the estimated settling time is given by

te =

(
γ + 1

Λ∗

) 1

γ − 1
. (39)
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Proof. Examine the Lyapunov function of the following form:

V(t) =
1

2

(
|S(t)− S∗|2 + |E(t)− E∗|2 + |I(t)− S∗|2 + |R(t)− R∗|2

)
, (40)

Applying Lemma 2, the following sequential inequalities are obtained by differentiating V with respect to time
t:

C
0D

γ
t V(t) ≤ (S(t)− S∗)C0D

γ
t (S(t)− S∗) + (E(t)− E∗)C0D

γ
t (E(t)− E∗) + (I(t)− I∗)C0D

γ
t (I(t)− I∗)

+ (R(t)− R∗)C0D
γ
t (R(t)− R∗)

= (S(t)− S∗)

[
−r1

(
S(t)E(t)

N(t)
− S∗E∗

N∗

)
− r2

(
S(t)I(t)

N(t)
− S∗I∗

N∗

)
− η (S(t)− S∗) + ϑ (R(t)− R∗)

]
+ (E(t)− E∗)

[
r1

(
S(t)E(t)

N(t)
− S∗E∗

N∗

)
+ r2

(
S(t)I(t)

N(t)
− S∗I∗

N∗

)
− (η + ν) (E(t)− E∗)

]
+ (I(t)− I∗) [ν (E(t)− E∗)− (ζ + d+ η) (I(t)− I∗)]

+ (R(t)− R∗) [ζ (I(t)− I∗)− (η + ϑ) (R(t)− R∗)]

≤ max {r1, r2} (|S(t)− S∗|+ |E(t)− E∗|)
(∣∣∣∣S(t)E(t)N(t)

− S∗E∗

N∗

∣∣∣∣+ ∣∣∣∣S(t)I(t)N(t)
− S∗I∗

N∗

∣∣∣∣)
−
(
η − ϑ

2

)
(S(t)− S∗)

2 −
(
η +

ν

2

)
(E(t)− E∗)

2 −
(
d+ η +

ζ − ν

2

)
(I(t)− I∗)

2

−
(
η +

ϑ− ζ

2

)
(R(t)− R∗)

2
. (41)

Assume N(t) ≥ N∗ and apply Lemma 3. Then,

C
0D

γ
t V(t) ≤

max {r1, r2}
N∗

(|S(t)− S∗|+ |E(t)− E∗|) (|S(t)E(t)− S∗E∗|+ |S(t)I(t)− S∗I∗|)

−
(
η − ϑ

2

)
(S(t)− S∗)

2 −
(
η +

ν

2

)
(E(t)− E∗)

2 −
(
d+ η +

ζ − ν

2

)
(I(t)− I∗)

2

−
(
η +

ϑ− ζ

2

)
(R(t)− R∗)

2

≤ (2C1 + C2)max {r1, r2}
8N∗

(
|S(t)− S∗|2 + |E(t)− E∗|2

)
+

C2 max {r1, r2}
8N∗

(
|S(t)− S∗|2 + |I(t)− I∗|2

)
−
(
η − ϑ

2

)
(S(t)− S∗)

2 −
(
η +

ν

2

)
(E(t)− E∗)

2

−
(
d+ η +

ζ − ν

2

)
(I(t)− I∗)

2

−
(
η +

ϑ− ζ

2

)
(R(t)− R∗)

2
.

This implies

C
0D

γ
t V(t) ≤ −

(
η − ϑ

2
− (C1 + C2)max {r1, r2}

4N∗

)
(S(t)− S∗)2

−
(
η +

ν

2
− (2C1 + C2)max {r1, r2}

8N∗

)
(E(t)− E∗)2

−
(
d+ η +

ζ − ν

2
− C2 max {r1, r2}

8N∗

)
(I(t)− I∗)2

−
(
η +

ϑ− ζ

2

)
(R(t)− R∗)2. (42)
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Based on conditions (43)-(46), we derive:

η >
ϑ

2
+

(C1 + C2)max {r1, r2}
4N∗

, (43)

η +
ν

2
>

(2C1 + C2)max {r1, r2}
8N∗

, (44)

d+ η +
ζ − ν

2
>

C2 max {r1, r2}
8N∗

, (45)

η +
ϑ− ζ

2
> 0. (46)

After that,

C
0D

γ
t V(t) ≤ −2min

{
η − ϑ

2
− (C1 + C2)max {r1, r2}

4N∗
, η +

ν

2
− (2C1 + C2)max {r1, r2}

8N∗
,

d+ η +
ζ − ν

2
− C2 max {r1, r2}

8N∗
, η +

ϑ− ζ

2

}
V(t) = Λ∗V(t).

(47)

The system (17) achieves global asymptotic stability by Theorem 2.3. Consequently, by applying Theorem
2.4, we obtain:

V(t) ≤ M(t) = V(0)eγ (−Λ∗tγ) , for 0 ≤ t < te, (48)

where the settling time is defined as follows:

te =

(
γ + 1

Λ∗

) 1

γ − 1
.

Moreover,

V(t) = 0, for t ≥ te. (49)

According to Definition 6, the equilibrium point (S∗, E∗, I∗, R∗) of the system FONS (17) is finite-time stable.

5 Numerical Validation and Stability Analysis of the Fractional-Order SEIR Model

This section focuses on validating the theoretical findings of the fractional-order SEIR model described in
System (17). This model incorporates memory effects through fractional derivatives, making it particularly
suited to capturing the dynamics of epidemics such as COVID-19.

We present two distinct scenarios for analysis:

• Disease-Free Equilibrium (DFE): A scenario representing the eradication of infection within the pop-
ulation.

• Pandemic Fixed Point (PFP): A controlled scenario where infections persist at equilibrium but are
stabilized.

The selected parameter values, listed in Table 1, align with realistic epidemic dynamics commonly observed
in the literature. Numerical simulations are performed using fractional differential equation solvers to demon-
strate the finite-time stability of both equilibrium points. For further look about other numerical method, the
reader may refer to the references.29, 30 Graphical results are presented to illustrate the temporal evolution of
the susceptible (S(t)), exposed (E(t)), infectious (I(t)), and recovered (R(t)) populations. These simulations
corroborate the theoretical stability analyses and provide further insights into the system’s dynamics.
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Table 1: Parameter Descriptions and Values

Parameter Description Value at DFE Value at PFP
λ Recruitment rate into susceptible population 0.1 3
r1 Incidence rate (susceptible-to-exposed) 0.11 0.1
r2 Incidence rate (susceptible-to-infectious) 0.11685 0.1
η Natural mortality rate (unrelated to epidemic) 5 2.4559
ϑ Relapse rate (recovered-to-susceptible) 0.01 0.1
ν Progression rate (exposed-to-infectious) 0.4 0.1
ζ Recovery rate 0.3 1
d Disease-specific mortality rate 0.5 0.1
γ Fractional order (indicates memory effect) 0.98 0.995

S(0) Initial condition (susceptible population) 2 3
E(0) Initial condition (exposed population) 1 4
I(0) Initial condition (infectious population) 1 3
R(0) Initial condition (recovered population) 1 2

1. Disease-Free Equilibrium (DFE) Case

In this scenario, we analyze the finite-time stability around the Disease-Free Equilibrium (DFE) point,
defined by E0. We set the parameters in the table above, ensuring they meet the stability criteria for
demonstrating finite-time stability at the DFE.

(a) Setup and Equilibrium Definition
For the SEIR model with fractional order γ, the DFE can be defined as E0 = (S∗, E∗, I∗, R∗),
where:

S∗ =
λ

η
= 0.02, E∗ = 0, I∗ = 0, R∗ = 0. (50)

This state indicates no current infection in the population and is essential for proving the model’s
stability under epidemic control measures.

(b) Finite-Time Stability Analysis
We define a Lyapunov function V(t) based on the deviations of S, E, I, and R from their equilibrium
values as in equation (40):

V(t) =
1

2

(
|S(t)− 0.02|2 + E2(t) + I2(t) + R2(t)

)
. (51)

We then calculate the fractional derivative C
0 D

γ
t V(t) and demonstrate that this derivative is negative

around E0, confirming stability. If conditions like (36)-(39) hold:

N(t) ≥ 1, (52)

Λ∗ = min

{
η − ϑ

2
− (C1 + C2)max {r1, r2}

4N∗
, η +

ν

2
− (2C1 + C2)max {r1, r2}

8N∗
,

d+ η +
ζ − ν

2
− C2 max {r1, r2}

8N∗
, η +

ϑ− ζ

2

}
= 2.0445375 > 0. (53)

where C1 = max{ℓ∗1, S∗} = 1.0100 and C2 = max{ℓ∗2, S∗} = 1.0100, given that

E(t) < ℓ∗1 = 1.0100, I(t) < ℓ∗2 = 1.0100. (54)

Furthermore, the estimated settling time is given by

te1 =

(
γ + 1

Λ∗

) 1

γ − 1
= 4.971580969498518s. (55)

we conclude finite-time stability by showing that V(t) converges to zero as

t → te1 = 4.971580969498518s.
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(c) Validation with Simulation
We simulate the fractional-order system numerically using initial conditions close to the DFE,
observing how quickly E(t), I(t), and R(t) approach zero. This supports the model’s finite-time
stability and alignment with Theorem 4.3.
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Figure 1: Numerical simulation of S(t), E(t), I(t), R(t) over time t ∈ [0, 5].
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Figure 2: Estimation of the Mittag-Leffler function and Lyapunov function.

2. Pandemic Fixed Point (PFP) Case

This example explores finite-time stability around the Pandemic Fixed Point, where infections are
present but controlled.

(a) Setup and Equilibrium Definition
We define the Pandemic Fixed Point (PFP) E∗

1 = (S∗1, E
∗
1, I

∗
1, R

∗
1) as:

E∗ = 8.8657× 10−5, I∗1 =
ν

ζ + d+ η
E∗ = 2.2104× 10−10, R∗1 =

ζI∗1
η + ϑ

= 7.3558× 10−11,

S∗1 =
λ+ (ζϑ− (η + ν))E∗

η
= 1.2215,

(56)

where E∗
1 represents the exposed population at equilibrium, and S∗1, E∗1, I∗1, and R∗1 satisfy the SEIR

model’s constraints.

(b) Finite-Time Stability Analysis
We construct a Lyapunov function for deviations from the PFP, ensuring that V(t) is positive defi-
nite. We then calculate C

0 D
γ
t V(t) and demonstrate that it satisfies the stability condition, decreasing

over time under conditions specified in Theorem 4.3:
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N(t) ≥ 2, (57)

Λ∗ = min

{
η − ϑ

2
− (C1 + C2)max {r1, r2}

4N∗
, η +

ν

2
− (2C1 + C2)max {r1, r2}

8N∗
,

d+ η +
ζ − ν

2
− C2 max {r1, r2}

8N∗
, η +

ϑ− ζ

2

}
= 2.0059 > 0. (58)

where C1 = 4.0100 and C2 = 3.0100, given that

E(t) < ℓ∗1 = 4.0100, I(t) < ℓ∗2 = 3.0100. (59)

Furthermore, the estimated settling time is given by

te2 =

(
γ + 1

Λ∗

) 1

γ − 1
= 2.973552902523773s. (60)

(c) Validation with Simulation
We simulate the system starting near the PFP, adjusting fractional-order γ and observing system
behavior over time. The goal is to confirm that the infection levels E(t), I(t), and R(t) stabilize at
non-zero values, consistent with the theoretical predictions.
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Figure 3: Numerical simulation of S(t), E(t), I(t), R(t) over time t ∈ [0, 3].
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Figure 4: Estimation of the Mittag-Leffler function and Lyapunov function.
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6 Conclusion

This study has comprehensively analyzed a fractional-order SEIR model to explore the dynamics of infectious
diseases, specifically COVID-19, by integrating memory effects through fractional derivatives. Incorporating
fractional-order calculus has enabled a deeper understanding of disease transmission, recovery, and mortality
rates while addressing complex dynamics often observed in real-world epidemic scenarios.

Key findings of this research include:

1. Stability Analysis: The disease-free equilibrium (DFE) and the pandemic fixed point (PFP) were rig-
orously analyzed for finite-time stability using Lyapunov functions. Critical conditions for achieving
stability were identified, offering insights into disease eradication or control under different parameter
configurations.

2. Numerical Simulations: The theoretical findings were validated through simulations, demonstrating
the finite-time stabilization around equilibrium points. The results showcased the influence of fractional
orders on disease progression and underscored the practical utility of fractional-order modeling in cap-
turing real-world epidemic dynamics.

3. Model Applicability: The fractional-order SEIR model provided enhanced accuracy compared to tradi-
tional integer-order models, particularly in scenarios involving memory effects and anomalous diffusion.
This highlights the model’s potential for informing public health strategies and intervention planning.

This work emphasizes the value of fractional-order modeling in epidemic dynamics, presenting a robust frame-
work for analyzing disease behavior and evaluating control measures. Future research could extend this ap-
proach to explore more complex disease models, incorporate additional real-world parameters, and develop
optimized intervention strategies to mitigate epidemic impacts. Additionally, integrating network-based mod-
els with fractional-order frameworks could provide further insights into interconnected population dynamics
and policy effectiveness.
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