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Abstract

In this paper, we continue to discuss the concept of harmonized fuzzy subgroups. We present the harmonized
fuzzy coset and harmonized fuzzy normal subgroup and their properties. We also study the effect of group
homomorphism on harmonized fuzzy subgroups. Finally, we define and study the cartesian product of two
harmonized fuzzy subgroups.
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1 Introduction

In daily life vagueness permeates almost every challenge we face. In 1965, as a development of the classical set
to dominate vagueness in practical problems, Zadeh! introduced fuzzy set (FS). Building upon this foundation
and put the limitations of FS, in handling vagueness and uncertainties, Atanassov introduced the intuitionistic
fuzzy set (IFS)? (1986), and defined as a triple (u, h(u), g(u)), where h(u)+g(u) < 1. Atanassov showed that
fuzzy sets do not fully capture the imprecision inherent in vagueness, i.e., Zadeh’s FS definition. Atanassov
added the degree of nonmembership with degree of membership of v € X. Note that, for membership
(u, h(u)) and its complement g(u); g(u) = 1 — h(u), i.e., nonmembership. However, in real-life scenarios,
hesitations towards both membership and nonmembership exist. So that, he define the degree of indeterminacy;
m(u) = /1 — (h(u) + g(u)) of u € X. After nearly three decades, the researcher Yager (2013)* found that
h(u) + g(u) can be greater than 1, hence he defined Pythagorean fuzzy set (PFS) with triple (u, h(u), g(u));
h%(u) + g*(u) < 1, where the degree of indeterminacy is 7(u) = /1 — (h2(u) + g2(u)). Hence, every IFS
is PFS, but a PFS is not necessarily IFS. Moreover 2017,% Yager extended these sets to g-rung orthopair fuzzy
set with h"(u) + g™ (u) < 1 and the degree of indeterminacy is 7(u) = {/1 — (¢"(u) + h"(u)), n > 1. A
specific case was introduced, by Senapati and Yager (2020), called fermatean fuzzy set (FFS) with conditions
B3 (u) + ¢*(u) < land w(u) = /1 — (h3(u) + ¢3(u)), ie. atn = 3.

As fuzzy set allows elements to be belong on set that have degrees vary within the interval [0, 1], as far as, the
general theory of the fuzzy group (FG) is concerned and look for the properties of algebraic structure of the
FG. In 1971, Rosenfeld® introduced the novel concept of fuzzy subgroup.Later on 1981, Das” expanded upon
this with fuzzy level subgroup, Mukherjee and Bhattacharya® (1984) presented the notion of fuzzy normal
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subgroups and fuzzy cosets. While Choudhury et.al® in 1988, established the various properties of fuzzy
subgroups and fuzzy homomorphisms. Subsequent developments, by Dixit et.al'? (1990), which explored
fuzzy-level subgroups and the union of fuzzy subgroups. In addition, Ajmal and Prajapatit' (1992) con-
tributed insights into fuzzy normal subgroups, fuzzy coset, and fuzzy quotient subgroups. Further studies by
Chakraborty and Khare!? (1993) examined various properties of fuzzy homomorphisms on fuzzy subgroups.

Moreover, fuzzy subgroups (FSGs) not only studied in details with new properties, but improvement affected
it by defining a new FSGs depending on it. Like as, an intuitionistic fuzzy subgroup (IFSG), defined by Biswas
(1989) 13 Later on 2020, Pythagorean fuzzy subgroup (PFSG), defined by Bhunia'* In 2021 Silambarasan'>
with Onasanya et.al. in 20221% both presented a definition of fermatean fuzzy subgroup (FFSG). Whereas,
Onasanya et.al./'® added harmonized fuzzy subgroups (HFSG) with FFSG. Note that, HFSG is an improve-
ment of q-rung orthopair fuzzy set to be gq-rung ortopair fuzzy subgroup, where Onasanya et.al. paper gave a
basic algebraic structure of HFSG. In this paper, we discover more results and investigate there properties.

This paper is divided into six sections. We have preliminaries in section two, which comes after the introduc-
tion section. The third section refers to harmonized fuzzy cosets and harmonized fuzzy normal subgroup. The
homomorphism on harmonized fuzzy subgroup is covered in section four. Section five represents the cartesian
product of two harmonized fuzzy subgroups. In section six there is a final general discussion.

2 Preliminaries

' A fuzzy set A in a given set X can be defined as a set of ordered pairs A = {(u,ha(u)) : u € X'}, where
h.(u) is the grade of membership of u € X and h 4 : X — [0, 1] is the membership function.

91 et (X, ) be a group and h a fuzzy subset of X. Then h is called a fuzzy subgroup of X', if for any u,v € X,

1. A(udv) > min{h(u), h(v)},
2. h(u=t) > h(u).
? Let X denote a crisp set. An intuitionistic fuzzy set (IFS) on X is defined as follows: A = {(u,ha,94) :

u € X}, where h 4 € [0,1] and g4(u) € [0, 1] are the degree of membership and non-membership of v € X,
respectively, which satisfy the condition: 0 < h4(u) + ga(u) < 1,forallu € X .

Bilet A = {(u,ha,94) : u € X}, be an intuitionistic fuzzy subset (IFS) of a group (X, ). Then A is said
to be an IFSG of X if the following conditions are satisfied:

1) ha(udv) > min{h4(u), ha(v)},
(i) ha(u™") > ha(u),
(i) ga(udv) < max{ga(u),ga(v)},

(
(iv) ga(u™) < ga(uw).

A generalized of FS and IFS are called g-rung orthopair fuzzy set A in X', which was studied by #

“let A = {(u,ha(u),ga(v)) : u € X}, where hy : X — [0,1] and g4 : X — [0, 1] are respectively,
degree of membership and degree of non-membership, for every u € X with

0 <hi(u) +galu) <1,

and degree of indeterminacy of u € X is 7w(u) = {/1 — h"(u) — g"(u). Then A is called g-rung ortho-pair
fuzzy set.
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Note that, if n = 2 then we have Pythagorean fuzzy set (PFS) and if n = 3 then we have fermatean fuzzy set
(FFS)>2

4 Let A be a fuzzy set in X. The complement of A is defined as A" = {(u,ga(u)) : v € X} where
g (u) =1 — h%(u) and h 4(u) is the grade of membership of u € A .

A g-rung orthopair fuzzy set in/# is denoted by Harmonized fuzzy set (HFS), in the paper of Onasanya et.al.
202219 where they produced a Harmonized fuzzy subgroup (HFSG).

16 Let (&,<) be a group and A = {(u,ha(u),ga(u)) : u € X} a HFS. Then, A is a Harmonized fuzzy
subgroup (HFSG), if for any u,v € X', the following are satisfied:
@ hly
(i) h7%y

(u$v) > min{h’ (u), K (v)},
(u™") > n7 (),
u$v) < max{g%(u), g%4(v)},

u™t) < gh(u).

(iii) g74(
(

(iv) g4

9 Let (X, <) be a group and A = {(u, ha(u),ga(u)): u € X} a HFSG. Then for every u € X:

Note that, in HFS A = {(u, ha(u), ga(u)) : u € X}, we have
0<huy+ga< - <hy+gi<hi+ga<hatga<l, (1)

where h 4 and g 4 are the membership and non-membership functions, respectively. There are some operations
on the HFS A = {(u, ha(u),ga(u)) : u € X} that can be obtained from* and'®

Moreover, the HFG A = {(u, ha(u),ga(u)) : u € X} is an IFG if n = 1, where h 4 is a fuzzy subgroup
of X and g4 is antifuzzy subgroup? If n = 2, it is a Pythagorean fuzzy group (PFG)!¥ and it is a Fermatean
fuzzy group (FFG) if n = 3% and!™ (both papers appear in the same tense), since the underlying fuzzy set is a
Fermatean fuzzy set (FFS).

19 Let (X, <) be a group and A be a FSG of X . Then

FSG = IFSG = PFSG= FFSG= HFSG.

Proof. Since 0 < hg < h g+ ga < 1, then by previous inequality (T)) result follows. O
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3 Harmonization fuzzy coset and Harmonization fuzzy normal subgroups

As we mentioned in this paper, the study of HFSG started by Onasanya et.all® (2022). In their paper they
discuss main properties of HFSG, whereas many group properties need to investigate. Henceforth, in the
present section we discuss more properties, such as normality and cosets.

Let A = (ha,g4) be HFSG of a group (X, <>). Then for v, u € X, the harmonized fuzzy left coset of
v A = (vha,vga),is the HFS which defined by:

(vha)™(u) = h% (v~ 'Ou) for membership, and (rg.4)"™(u) = ¢4 (v~ u) for nonmembership.

The harmonized fuzzy right coset of Av = (h 4v, gav), is the HFS which defined by:

(hav)™(u) = h% (u$r~") for membership, and (gav)™(u) = ¢% (udr~") for nonmembership.

Let A = (ha,g4) be HFSG of a group (X, ). Then A is the harmonized fuzzy normal subgroup (HFNSG)
of group X, if vA = Av forallv € X.

Let A = (h.a,g.4) be HFSG of a group (X, $). Then A is HFNSG of X if and only if

h(uv) = Wi (vou) and g (udv) = g4 (vou), 2
forall u,v € X .

Proof. Assume that A = (ha,g4) is HENSG of X. Then vA = Av,Vv € X, ie., vhy = hav and
vga = gav. Now

(vh)" () = B (v~ Gu)

= " (udr™t) ©)

Then we have,

K (vQu) = k™ ((v™1) 7))

n —1\—1 n ? (4)
= 0" (wO ™)) = A" (udv)

for all u, v € X. Similarly, we can prove ¢" (v{u) = g™ (udv).

Conversely, assume that A" (uQr) = A% (vQu) and g% (ur) = ¢4 (vOu), for all w,v € X. Then,
R (w1t = b ((v™1) " Ou), and
g (uO(w™ )™ = g% ((v™1) 1 Ou). Assume v~! = w, then we have

R (uQuw™!) =" (w™ u) and g™ (udw™) = " (w™ Qu),
for all u,w € X. i.e.,

(haw)™(u) = (wha)"(u) and (gaw)"(u) = (wga)"(u),

thus wA = Aw, for all w € X, which means .4 is HFNSG. O
Let X be a group and A be a HFSG of X. Then A is a HFNSG if and only if h% (vOudrv—1) = A% (u), and
g% (voudr™r) = g% (u), forall u,v € X .
Proof. Assume that A is an HFNSG. Then

hy(udv) = W (vdu) and g% (udr) = g4 (rou) 5)

DOI: https://doi.org/10.54216/1JNS.260119 226



International Journal of Neutrosophic Science (IJNS) Vol. 26, No. 01, PP. 223-233, 2025

for all u, v € X. Now,
R (vOudr—) = W (vOu)drt
= 1" (v Ov)ou)) ©)

In the same way, we can show that ¢’ (vQudr =) = g% (u).

Conversely, assume that 27 (vQudr—r) = b7 (u) and g% (vOudr ™) = g% (u) for all u,v € X. Then we
have,

R (udv) = B (eQudr) = by (v Ordudr)
=h (v~ OWOu o™ ™) = hiy(vdu),

Thus, we have " (uQr) = h%(v$u). In the same manner, we can prove that g% (uQr) = g% (vOu).
Therefore, by Proposition 3] .A is HFNSG of the group (X, ). O

)

If A= (ha,ga)is a HFNSG of a group (X, <). Thenthe setUd = {u € X : h'y(e) = h’j(u) and g% (e) =
g (u)} forms a normal subgroup of a group X", where e is the identity element of X’ .

Proof. Lete € U soU # (), then U is HFSG of X' [Proposition 3.41%]. Consider v € X and u € U, then

h"(e) = h"(u) and g"(e) = g"(u). ®)

Since A is HFNSG then, by Proposition [3]in this paper, we have:
WM (vouGrTt) = h(e) and g"(vOuOvT) = g"(e), ©)
for all u, v € X . Hence, v{udr~1 € U, so U is HFNSG of group X . O

4 Homomorphism on Harmonized fuzzy subgroups

In this section, we discuss the effect of homomorphism on HFSG. For any two groups X and ), with HFSGs
S and T, respectively. Consider a homomorphism function H : X — ), where the image of set S is defined
by,

H(S)(v) = {(v,H(hs)(v),H(gs)(¥)),V v € Y}, (10)
for all u € X, such that

n _ ny _ SUPyeH—1 (u) hg (u)v H(u) =v
H"(hs) = H(hg) { 0, otherwise ’ an
and
" _ ny ) oinfuca-1e g%(u), H(u)=v
H"(gs) = H(gs) _{ 1, otherwise * (12)
Also, the set of pre-image of T,
H™(T)(w) = {(u, B (hr) (w), H™ (g7) (u), Yu € X}, (13)

for all v € ), such that,
<H () (w), H Hg7) (u) >=< (hr)"(H(w)), (97)" (H(u)) > .

Let (X, 1) and (Y, $2) be two groups, and let S be HFSG of X. If H : X — ) be an onto-homomorphism
function, then H(S) is HFSG of ).
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Proof. Assume that S = (hs, gs) be HFSG, we want to show that H(S) = (H(hs), H(gs)) is HFSG.

At first, since H(X') = ); H is onto-homomorphism function, then 34,5 € Y such that v; = H(u;) and
vy = H(usz), for some uy,us € X. Now to consider:

H" (hs)(v102v2) = {H(hs) (1 ar2) }"

= {sup{hs(z)|z € X;H(z) = 11 ova} "
= sup{h%(z)|x € X;H(z) = v1Para}
> sup{h%s(u1ruz) ur, us € X;H(z) = v1$orn}
> sup{hs(u1) /\hg(fuz)|u1,uz ex

and H(uy) = v1,H(ug) = va} = sup{hs(u1)|ui, € X and H(ui) = v1}
/\sup{h (ug)|uz, € X and H(uz) = va}
= {H(hs)(11)}" \{H(hs)(v2)}"
= H"(hs) (1) [\ H" (hs)(v2),

ie., H"(hs) (1 $are) > H"(hs)(v1) AH"(hs)(ve) for all 11,2 € Y. Moreover, one can prove that,
H" (95)(v1Q2v2) < H"(g5)(11) V H" (95) (v2).

(14)

In addition, for all v € ), we have:
H" (hs)(v™") = {H(hs)(v™")}"
= {sup{hs(u)lu € X and H(u) = v~ }}",
= {sup{hs(u Hu"! € X and H(u™') = v}}",
= H"(hs)(v).

In the same manner, we can show that H"(gs)(v~!) = H"(gs)(v), for all v € Y. Hence, H(S)
(H(hs),H(gs)) is HFSG of (), {2).

15)

o

Let (X, 1) and (Y, $2) be two groups. Assume that, H is bijection homomorphism function from (X, {1)
to (¥, $2) and T = (hr, g7) is HESG of (), $2). Then,

H™H(T) = (™ (hr), H ' (97)), (16)
is HFSG of (X, ).

Proof. Letuy, us be two arbitrary elements of X', then u; $ruz € X . Wehave HH(T) = {(u, (H™ (hy)(uw), H™ ! (g7) (u))|u ¢
X'}. Now

(H™ (b)) (w1 Orug) = (H (hy) (w1 Oruz))"
= {h7 (H(u1 Gruz))}"
= {h7H(u1)OohrH(usz)}"
R (H(u1)O2H(uz)) } a7
> W H(us) [\ W5 H (us)

= (H™'(h7))" (u1) \(H (h7))" (u2),
therefore, we have
(H " ()™ (w1 Orug) > (HH(hr))™ (un) N\ H (b)) (ug). (18)
Similarly, we can prove that
(H™ (g7))" (u1Oruz) < (H™ (g7))" (ua) \/ (H (g7))" (u2), (19)
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for all uq,uy € X. Moreover; consider,

(20)

Hence,

(H (hy)™ (uy ') = (H (h7))" (w).
Also, we can prove that

(H(g7))"(ur) = H ™ (g7))" (u), @2n
for all u € X, by similar method. Therefore, H~1(7") is HFSG. O

Let (X, 1) and (), {2) be two groups, and H be onto-homomorphism function from (X, $1) to (Y, $2),
with § = (hs, gs) is HFNSG on X'. Then,

H(S) = (H(hs), H(gs)) (22)

is HFNSG of ).

Proof. Since H is onto-homomorphism, then by Theorem ] H is HFSG. In addition, by Proposition 3]
h?g(u1<>1u2) = hg(uzolul),
and

gZ(U1<>1u2) = gg(qulul),

forall uy, us € X . Let vy, 1o be two elements of ), then Juy, us € X such that vy = H(uy ) and vo = H(us).
Hence, take

H" (hs)(v1{2v2) = {H(hs)(v1$2v2) }"

= {hs(u)|u € X and H(u) = (11 ar2)}"
= (sup{hs(u1druz)|ur, uz € X and H(uy) = v1, H(uz) = va})"

= (sup{hs(uarur)|ur, uz € X and H(uy) = vy, H(ug) = vo})" (23)
= {hs(u)|u € X and H(u) = (r2{211)}"
= {H(hs)(v22r1)}"
= H"(hs)(v2{ar1)
Hence, we have H"(hs)(v1{orve) = H™(hs)(va2r1). After that, by similar method, we can show that
H"(gs)(v1{02r2) = H" (gs) (v2O2v1). O

Let (X,<{1) and (Y, $2) be two groups. Also, H be a bijection homomorphism function from (X, {1) to
(¥,$2), and T = (h7,g7) be a HENSG on Y. Then H= (7)) = (H~!(hy),H ' (g7)), is a HFSNSG of X

Proof. Based on Theorem [} we have H™'(7) = (H~*(h7),H *(g7)), is HFSG on X. Also, since 7 =
(h7,g7) is HFSNG on Y and by Proposition[3] we have,

W (v1$av2) = W (12 $arn),  and g (11 $2ve) = g7 (120211), (24)
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forall 1,15 € Y. Now for all uj,us € X',

(Y (hy))™ (urOrus) = (H (hy) (ur Oruz))"
= {hr(H(u1$ruz)) 1"
= hir(H(uiOrus,)
= hr (H(u1) Q2 H(uz)) (25)
= hip(H(uz)2H(us))
= W (H(uzdrur)) = (H (hr) (upGr))"
= (H_l(hT))n(U2<>1u1)-

Therefore, (H™! (h7))" (u1Pruz) = (HL (b)) (ued1ur), for all ug, ug € X. Similarly, we can prove that
(H L (g7)" (w1 Orue) = (HL(g7)) " (ued1uy), for all ui,uz € X. Hence, by Proposition H-Y(T) is
HEFNSG of X. O

5 Product of Two Harmonization Fuzzy Subgroups

In this section, we redefine(modify) the definition of the cartesian product of complex intuitionistic fuzzy
subgroup (CIFSG) to be for HFSG as follows.

Let W = (hw,gw) and V = (hy, gyv) be two HFSs of two groups (H1, 1) and (Hs, {2), respectively.
Then the cartesian product of HFS W and V is:

W x V= {((w, ), by v (w, 0), g v (0, v)) }, (26)
such that
iy xv (w, v) = min{hgy, (w), by (0)},
givxv (w,v) = max{gy (w), gy (v) }.

Whereas, hY, ., (w, v) define the membership and g}},, (- (w, v) define non-membership functions of cartesian
product of HES W x V.

@7

The following theorem leads us to note that the cartesian product of two HFS is HFS.

Let W = (hw,gw) and V = (hy, gv) be two HFSGs of (H1, {1) and (Hz, {2), respectively. Then W x V
is HFSG of (Hl X 7‘[2, <>3)

Proof. For wi, wo € Hy and vy, vy € Ho, then

h%xv((whvl)O:&(wz,w)) = h%xv(wlolwmmozvz)
= min{hjy, (w1 Srwa), Ay (v1O2v2) }
> min{min{hyy (w1), hyy (w2) }, min{hy; (v1), by (v2) }} (28)
= min{min{Afy (w1), B (v1)}, min{hfy (wa), b (v2)}}
= min{Ayy .y (w1, v1), by oy (w2, v2) -
Wy (@™ o7t = min{hfy (w™h), Ay (07}
> min{hyy (w), by (v)}.
g xv (w1, v1)Q3(w2, v2)) = gy v (W1 P1W2, V1 $202)
max{ gy (w1 dr1wa), gy (v1P2v2) }
max{max{gy (w1), gy (w2)}, max{gy (v1), g
= max{max{gyy (w1), gy (v1)}, max{gy (w2), g

= max{g%xv(wlvvl)79%xv(w2a UQ)}'

(29)

IN

v(v2)}} (30)
v(v2)}}

G (0 07) = max{gfy (w™), g (7)) o
< max{gjy (w), gy (v)}.
By inequalities (28) - (3T) and Definition 2] the result follows. O
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If we have more than two groups, say k > 3, then by induction we can show the following corollary.

Let W1, Wy, ..., Wi, be HFSGs of H1, Ho, ..., Hy, respectively. Then Wy x Wa x --- x Wy, is HFSG of
Hq x Ha X -+ - X Hp. The converse of Theorem [j]is not true.

Let W and V be HFSs of groups H; and Hs, respectively. Whereas, W x V and V' are HFSG but W is not;

Hl =< 61,(11,1)1; a%:bl andalzbl_l >, (32)
Ho =< e9,a9; a% =e9 >. (33)
Then,
Hi x Ha = {(e1,e2), (€1, a2), (a1,e2), (a1, a2), (b1, e2), (b1,a2)} (34)
Consider,

W = {(e1,0.85,0.8), (a1,0.7,0.75), (b1,0.7,0.75) }, and

35
V = {(e2,0.87,0.83), (as, 0.83,0.85)}. (33)

So that, W with n > 4 and V with n > 5 are HFSs. Then for n > 5, we can check that V' is HFSG but W is
not:

g (a1b1) = gir(e1) & max{g} (a1), 9% (b1)} d.e, 0.8 £0.75°. (36)
Moreover, by Definition 3]

W x V = {((e1, e2),0.85,0.83), ((e1, az), 0.83,0.85),

((al, 62), 0.7, 0.83), ((bl, 62), 0.77 0.83), ((al, ag), 0.7, 0.85), ((bl, CLQ), 0.7, 085)}, (37)

By Definition 2] one can check that W x V satisfied conditions of HFSG.

For two groups (H1,<$1) and (Ha, {2), with HFSs W and V, respectively. If W x V' is HFSG of (H; X
Ha, {3)., then either W or V' is HFSG.

Proof. Assume that neither W nor V' is HFSG, but W x V is HFSG. Now, if W and V are not HFSGs, then
at least one condition of Deﬁnition|2|is not correct. So that, 3wy, ws € W and vi,v9 € V, whereas;

@) Ay (w1 rwe) < min{hfy, (w1), hjy (w2)}, and
(i) Ay (v1{2ve) < min{hl (v1), Al (v2)}

Then for W x V', we have

Ay v (w1, 01) Q3 (w2, v2)) = hyy oy (W1 d1w2), (V10202)),
= min{hjy, (w1 $rwa), Aty (v1Oava) by
< min{min{hy, (w1), by (w2) }, min{hy (v1), Ay, (v2) }}, (38)
= min{min{hy, (w1), by (v1) }, min{hy, (w2), hy (v2) }},
= min{hyy .y (w1, v1), Ay« (w2, v2) }.

Hence, b}, (w1, v1) Oz (we, v2)) < min{hfy, v (w1, v1), Ay« (w2, v2) } and this condratics that W x V
is HFSG. Therefore, at least one of HFSs W or V' of H; or H, respectively, must be HFSG. O

Let W and V be HFSs of groups (H1, 1) and (Ha, {2), respectively, and hls(ey) > Al (w), gik(ev) <
gty (w),Yw € Hy; ey is identity of Ho. If W x V is HFSG of (H1 x Ha, {3), then W is HFSG of H;.
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Proof. Let (wy,ev), (wa,ey) € H1 x Ha. Then

hiy (w1 Grw2) = min{hyy, (w1 drwe), by (ev-O2ev) }
= My v (w1, ey )O3 (we, ev))
> min{hyy .y (w1, ev), hiy oy (w2, ev)} (39)
— min{min{hiy (w1), b (ev) b, mindhiy (w2), b (ev) 1)

= min{h}y, (wy), hfy (w2)}.

g (w1 Or1we) = max{gy (w1 Gr1w2), gy (ev G2ev) }
= g xv (w1, ev) 3wz, ev))
< max{gyy v (w1, ev), giy xv (w2, ev)} (40)
= max{max{gyy (w1), gy (ev) }, max{gyy (w2), gy (ev )} }
= max{gy (w1), gy (w2)}.
hiy (w™") = min{Afy (w™ ), A (ey)}
=Wy v (W™ ept) = hiy v (w,ev) (41)

= min{hyy (w), hy (ev)} = hyy (w).

gt (w™t) = max{gy (w™), gp (ey)}

= gl xv (Wl ept) < gy (w,ev) (42)
= max{gy, (w), gy (ev)} = gy (w).
By (39)-@2), c.f. Definition[2} W is HFSG of #;. O

6 Discussion

This paper is continuation of “Harmonization of fuzzy subgroups”1® where we study cosets and normality

of HFSG with their properties. Besides, study the effect of homomorphism on HFSG. In addition, define a
cartesian product on two HFSGs, by modifying the definition presented in the paper of CIFSGs:” Hence, this
paper presented cartesian product of HFSs, at n > 2, for first time.

In another side, as a continuation for this paper, one can investigate more properties and types of subgroup, for
example, quotient subgroup, T-product groups... ., ect. In addition, one can improve papers such as'® and ™
Another direction is to improve the HFSG to be complex harmonization fuzzy subgroup (CHFSG), and to
study and discuss the HFSG properties at complex manner.
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