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Abstract

In this paper, we extend statistical hypothesis testing to data represented as neutrosophic sets, encompassing
membership, indeterminacy, and non-membership components. Two distinct scenarios are considered: first,
where all three components are independent, and second, where all three components are dependent.
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1 introduction

In 1965, Zadeh? initially proposed the concept of a fuzzy set. A fuzzy set is a class of objects with a continuum
of grades of membership assigned to each object, where the grade of membership ranges between zero and
one. Fuzzy sets are useful for describing ambiguity or vagueness within a given domain' The original con-
cept of fuzzy set theory was later generalized to various other types of fuzzy sets. One popular generalization,
known as intuitionistic fuzzy sets, was proposed by Atanassov.# An intuitionistic fuzzy set (IFS) specifies both
membership and non-membership functions, providing a more comprehensive way to handle uncertainty. A
further generalizations of fuzzy sets and intuitionistic fuzzy sets is the neutrosophic set, introduced by Smaran-
dache in 1995 A neutrosophic set primarily consists of three components: membership, indeterminacy, and
non-membership/®? This structure enables neutrosophic logic to quantify the proportion of each component
within a given context,® making neutrosophic sets particularly relevant for decision-making scenarios.
Hypothesis testing is a crucial area of inferential statistics, where researchers make decisions on whether to
reject or fail to reject the null hypothesis. This concept extends naturally to fuzzy sets and intuitionistic fuzzy
sets, where uncertainty and vagueness are incorporated into the decision-making process. As a result, many
studies have explored hypothesis testing for fuzzy sets and intuitionistic fuzzy sets. For instance, Casals, Gil,
and Gil” as well as Atalik,” investigated the process of testing statistical hypotheses when the outcomes in-
volve fuzzy information. Additionally, hypothesis testing with respect to intuitionistic fuzzy sets has been
investigated by many researchers, including Akbari and Hesamian® To extend the concepts of generalizations
of fuzzy sets and intuitionistic fuzzy sets, we propose a method for hypothesis testing for neutrosophic sets
in this paper. We consider two scenarios: first, when all three components (membership, indeterminacy, and
non-membership) are independent, and second, when all three components are dependent.

2 Basic Concepts

This section presents key definitions central to the study, providing a foundational understanding of essential
concepts relevant to the analysis.
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2.1 Intuitionistic fuzzy sets

Definition 2.1. Let S be a nonempty set. A fuzzy set (FS) A, derived from the set S, is defined as:
A={<z,ua(z) >z €S}
where 114 : S — [0, 1] represents the membership function of the fuzzy set A.

Definition 2.2. Let S be a nonempty set. An intuitionistic fuzzy set (IFS) A in the set S is defined as:
A={<z,pa(x),va(z) > = € S}

where the functions py : S — [0,1) and vy : S — [0, 1] represent, respectively, the degree of membership
and the degree of non-membership of each element x in the set A, a subset of S. For every element x € S, the
condition 0 < pa(x) + va(z) < 1 must hold.

For any FS A = {< x,ua(z) >| v € S}, we can define va(z) = 1 — pa(z), resulting in the set {<
x,pa(z),va(z) >| © € S}, which forms an IFS. Thus, every FS can be considered as a special case of an
IFS.

Definition 2.3. Let S be a nonempty set. A neutrosophic set A, derived from the set S, is defined as follows:
A={<z,Ta(z),I4(z), Falz) >| z € S}

where Ta : S — [0,1],14 : S — [0,1] and F4 : S — [0,1] represent, respectively, the membership,
indeterminacy and non-membership functions of the neutrosophic set A.

The functions T (z), I(z), F(x) are collectively referred to as the neutrosophic components.

For single-valued logic (T (x), I(x) ,F(x)), the sum of the components satisfies:

1<T(x)+I(z)+ F(z) <3

assuming that all three components are independent.
If two components are dependent while the third is independent of them, the sum of the components then
satisfies:

0<T(x)+ I(z)+ F(z) <2

Finally, assuming all three components are dependent, the sum satisfies:

0<T(x)+I(z)+ F(z) <1.

3 Independent T-Test

In this section, we propose tests to examine the difference between the means of two independent populations
with small sample sizes, applying concepts related to the neutrosophic set.

Definition 3.1. Let {x1,xo,...,x,} be a random sample of size n from a crisp set X with membership,
indeterminacy and non-membership functions Ta(x;), Ia(x;) and Fa(x;) respectively, associated with the
neutrosophic set A. The sample means of the membership, indeterminacy and non-membership of the neutro-
sophic set A, denoted by T 4(X), I o(X) and F o(X), are defined as follows:

PAED)
?A(X) — =1 I

n

> La(x) > Fa(a:)
i=1

——Ta(X) == andFA(X):i:lT.

Definition 3.2. Ler {x1,x2,...,2,} be a random sample of size n from a crisp set X with membership,
indeterminacy and non-membership functions Ta(x;), Ia(x;) and Fa(x;) respectively, associated with the
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neutrosophic set A. The sample variance of the membership, indeterminacy and non-membership functions of
the neutrosophic set A, denoted by (S1(X))?, (S1(X))? and (Sr(X))?respectively defined as follows:

n

S (Ta(es) = Ta(X))?
(sr(x))? = =2

and

(Sp(X0))? = =

Next, we present the methods used to address the main problem.

3.1 Significance Testing for the Difference Between Means of Two Independent Populations with Small
Sample Sizes Using Neutrosophic Set Concepts

Let X and Y be two crisp populations, and let .A be a neutrosophic set defined on X and Y. Consider a random
sample {z1, 22, ..., Ty} of size m drawn from X, with corresponding membership, indeterminacy and non-
membership values T (x;), La(x;), and F4(x;), respectively for each ¢ = 1,2,...,m. Similarly, consider
a random sample {y1,y2,...,yn} oOf size n drawn from Y, with corresponding membership, indeterminacy
and non-membership values T4 (y;), La(y;), and F(y;), respectively, for each ¢ = 1,2, ..., n. Suppose that
Ta(x;), La(z;) and F4(x;) are normally distributed. Based on these samples, we aim to test that the following
hypotheses:

1. The mean membership of population X with respect to A, denoted by T (A, X), is equal to the mean
membership of population Y with respect to .4, denoted by T (4,Y").

2. The mean indeterminacy of population X with respect to .A, denoted by I(A, X), is equal to the mean
indeterminacy of population Y with respect to A, denoted by I(A,Y)

3. The mean non-membership of population X with respect to A, denoted by F'(A, X), is equal to the
mean non-membership of population Y with respect to .4, denoted by F'(A,Y)

We now define the null hypothesis H( as follows:

Ho:T(A,X)=T(AY)

which states that the mean membership of population X with respect to A is equal to the mean membership
of population Y with respect to A.

We similarly define the null hypothesis H as follows:
Hy:I(A, X)=1(4Y)

which states that the mean indeterminacy of population X with respect to A is equal to the mean indeterminacy
of population Y with respect to A.
We finally define the null hypothesis H as follows:

Ho:F(A,X) =TF(A,Y)

which states that the mean non-membership of population X with respect to A is equal to the mean non-
membership of population Y with respect to A.
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If both populations have equal variances with respect to A, we use the following test statistics for testing the
null hypotheses:

by = TaX) = TaY)

Sr\/1/n+1/m’
TaX) — ()
Si\/1/n+1/m’

_ Fa(X) - Fa(Y)

tp = ;
r Spy/1/n+1/m

where the pooled standard deviations S7, S; andSF of the membership, indeterminacy, and non-membership
components, respectively, are given by:

tr

o ¢ (m = D(ST(X))* + (n = D(S7(¥))’
.

m-+n—2

S = \/ (m = D(S1(X))* + (n = V(S (V))?

I .
m+n—2

and

m-+n—2

Here, S7(X), S1(X), Srp(X), S7(Y), S1(Y), and Sp(Y') denote the sample standard deviations for the
membership, indeterminacy, and non-membership components, in populations X and Y, respectively. If the
variances of the two populations with respect to A are unequal, we use the following test statistics for testing
the null hypotheses:

o \/ (m = 1)(Sp(X))* + (n = 1)(Sp(Y)?
F .

b TN -Tav)
VI(ST(X))?/n+ (ST(Y))?/m
. Ta(X) —Ta(Y)
I — )
V(S1(X))2/n + (S1(Y)?/m
b Fa(X) = Fa(Y)

VSFX))2/n+ (Sp(Y))?/m’

where ST(X), S1(X), Sp(X), S7(Y), Si(Y), and Sp(Y') denote the sample standard deviations for the
membership, indeterminacy, and non-membership components, in populations X and Y, respectively. We
define t = max{|t7|, |t7|,|tr|} . and let ¢, 4 denote the critical value of ¢ for df degrees of freedom at the
significance level a.

If both populations have equal variances, the degree of freedom used in this test are given by df = m +n — 2.
However, if the variances of the two populations with respect to A are unequal, the degree of freedom are
calculated as:

(trn® <sT(Y>>2)2

n m

((ST;x»?)Q . ((ST,(n,Y))Z)z

n—1 m—1

df =

For a significance level a, the critical regions for the alternative hypothesis, H 4 are as follows:

Alternative Hypothesis Critical Region
(A, X) > T(A,Y)(upper-tailed test) t > ta,df
(A, X) < T(A,Y)(lower-tailed test) t < —taar
T(A, X) # T(A,Y)(two-tailed test) |t] > ta/o.ar

T
7—’

Alternative Hypothesis Critical Region
(A, X) > I(A,Y )(upper-tailed test) t > toar
(A, X) < I(A,Y)(lower-tailed test) t < —ta,dqf
I(A, X) # I(A,Y)(two-tailed test) [t| > to)2.ar

1
I
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Alternative Hypothesis Critical Region
(A, X) > F(A,Y)(upper-tailed test) t > ta.df

(A, X) < F(A,Y)(lower-tailed test) t < —to,af
F(A, X) # F(A,Y)(two-tailed test) |t] > ta/o.ar

F
F

If |t| < |ta,af| in a one-tailed test, we cannot reject the null hypothesis. This result indicates insufficient
evidence to conclude that 7 (A, X) is greater than 7 (A4, Y)(for an upper-tailed test) or that 7 (4, X) is less
than 7 (A,Y) (for a lower-tailed test) at the « significance level.

On the other hand, if the test statistic falls outside this range, we reject the null hypothesis, which indicates
that 7 (A, X) > T (A,Y) (for an upper-tailed test) or 7 (A4, X) < T(A,Y) (for a lower- tailed test).

If [t| < |ta/2,.qf| in a two-tailed test, there is insufficient evidence to conclude that the difference between
T (A, X)and T(A,Y) is significant at « level. Thus, we do not reject the null hypothesis.

However, if [t| > |t /2 q4f| We reject the null hypothesis, indicating that the population means of the member-
ship, indeterminacy, and non-membership components of A are different.

The conclusions for the other alternative hypotheses, H 4 are similar.

We now proceed with the following examples to illustrate the application of these testing methods. The first ex-
ample demonstrates the case when all three components are independent, while the second example addresses
the case when all three components are dependent.

Example 3.3. Let X and Y represent two populations, where Xis the set of all male students in the final year
of high school in Hat Yai, and Y is the set of all female students in the final year of high school in Hat Yai.
We define the neutrosophic set .A as follows: 7 represents the membership function indicating students’ intent
to apply for admission to Prince of Songkla University. Additionally, I represents the indeterminacy function
reflecting students’ uncertainty about applying specifically to the Faculty of Science at Prince of Songkla Uni-
versity. Finally, F' represents the non-membership function, indicating students who do not intend to apply
for admission to the Mathematics major within the Faculty of Science at Prince of Songkla University. This
neutrosophic set is defined on the populations X and Y.

It is assumed that TA(x;), Ta(x;), Fa(z:), Ta(yi), 1a(yi), and Fa(y;), are normally distributed for each
sample in both populations.

We now proceed to test whether the membership, indeterminacy, and non-membership functions, which rep-
resent the goals of the two populations, are similar or different.

Let S1 = {z1, z2, T3, x4, x5} be the sample of size five taken from the population of male students in the final
year of a high school in Hat Yai (population X) and S = {y1, y2, 3, Y4, Y5 } be the sample of size five taken
from the population of female students in the final year of the same high school in Hat Yai (population Y)).

The membership, indeterminacy, and non-membership values for the two given samples, based on their infor-
mation concerning the neutrosophic set .4, are provided below.

Using the numerical example provided below, we illustrate the procedure for the hypothesis testing outlined
above.
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Table 1: Sample data from male students in the final year of a high school in Hat Yai.

1 X2 X3 T4 x5
Ta(z:) 07 0.8 0.6 0.5 0.7
Ia (xz) 0.4 0.5 0.6 0.5 0.4
Fa(zi) 03 0.4 0.2 0.3 0.5

Table 2: Sample data from female students in the final year of a high school in Hat Yai.

Y1 Y2 Y3 Y4 Ys
Ta(y:) 06 0.8 0.5 05 0.7
Ia(yi) 03 0.4 0.6 0.4 0.4
Fa(y;) 02 0.4 0.3 0.4 0.5
Since
1<T(x)+I(z)+F(z) <3
and

1<T(y)+I(y)+ F(y) <3
all three components in X and Y are independent.
Our hypotheses are as follows:
Hy: The goals of the two populations, are similar
H,: The goals of the two populations, are different.
We have the following sample means for the membership, indeterminacy, and non-membership functions:
Ta(X)=0.66, T4(Y)=0.62,
TA(X) =048, T4(Y)=0.42,
Fa(X)=0.34, F4(Y) = 0.36.

The sample standard deviations for each function are as follows:

Sr(X)=0.11, S7(Y) = 0.13,
S(X) =0.08,5;(Y) = 0.11,
Sp(X) =0.11,8p(Y) = 0.11.

After the test for equal population variances, the results indicate that 0%(X) = 03-(Y), 03(X) = o?(Y),

02(X) = o%(Y). we calculate the pooled standard deviations S7, S7, Sr as follows:

5 - ¢ (= DSTEOP + = DS

. \/ (m = 1)(S1(X)) + (1= D(Si(¥))*
-

— =0.10,
and
o \/ (m = D(Se + (1= DSV _ 1,
m+n—2

Therefore, the test statistic are calculated as follows:

tr = TaX) - Ta®) =0.52

V(ST(X))?/n+ (ST(Y))?/m

and

t = LaX) — Ta(Y) =0.97
V(S1(X))2/n+ (S1(Y))?/m
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S X0t S

Then, we find ¢t = max{|t7|, [t1], |[tr|} = max{|0.52],]0.97|,| — 0.28]} = 0.97. The critical value for ¢y 05 s
are —1.86. and 1.86. Since —1.86 < 0.97 < 1.83, we cannot reject the null hypothesis. This result indicates
that there is insufficient evidence to conclude that the neutrosophic set .4 in population X is different from A
in population Y.

Example 3.4. Let X and Y represent two populations, where X is the set of all male first-year students in the
Faculty of Science at Prince of Songkla University, and Y is the set of all female first-year students the Faculty
of Science at Prince of Songkla University. We define the neutrosophic set A4 as follows: 7 represents the
membership function, indicating students’ intent to choose the Mathematics major in the Faculty of Science
at Prince of Songkla University. Additionally, I represents the indeterminacy function, indicating students’
uncertainty about choosing the Statistics major. Finally, I represents the non-membership function, indicating
students who do not intend to choose the Computer major in the Faculty of Science. This neutrosophic set
is defined on the populations X and Y. It is assumed that T4 (x;), La(x;), Fa(x:), Ta(yi), La(y;), and
F4(y;), are normally distributed for each sample in both populations. We now proceed to test whether the
membership, indeterminacy, and non-membership functions, which represent the goals for major selection in
the two populations, are similar or different.

Let S; = {x1,x2, x3, x4, x5} represent the sample of size five taken from the population of male students in
the Faculty of Science at Prince of Songkla University (population X) and Sa = {y1, y2, ys, Y4, Y5 } represent
the sample of size five taken from the population of female students in the Faculty of Science at Prince of
Songkla University (population Y'). The membership, indeterminacy, and non-membership values for the two
given samples, based on their information concerning the neutrosophic set A, are provided below. Using the
numerical example given, we explain the procedure for the hypothesis testing described above.
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Table 3: Sample data from male students in the final year of a high school in Hat Yai.

1 X2 X3 T4 x5
Ta(z;) 03 0.1 02 0.2 0.1
Ia (xz) 0.4 0.5 0.6 0.5 0.4
Fa(zi) 03 0.4 0.2 0.3 0.5

Table 4: Sample data from female students in the final year of a high school in Hat Yai.

Y1 Y2 Y3 Y4 Ys
Ta(y:) 05 0.2 0.1 0.2 0.1
Ia(yi) 03 0.4 0.6 0.4 0.4
Fa(y;) 02 0.4 0.3 0.4 0.5
Since
0<T(z)+1I(z)+F(x)<1
and

0<T(y)+Iy)+F(y) <1
all three components in X and Y are dependent.
Our hypotheses are as follows:
Hy: The goals for major selection the two populations, are similar
H,: The goals for major selection the two populations, are different.
We have the following sample means for the membership, indeterminacy, and non-membership functions:
Ta(X) =018, T4(Y) =022,
TA(X) =048, T4(Y)=0.42,
Fa(X)=0.34, F4(Y) = 0.36.

The sample standard deviations for each function are as follows:

S7(X) = 0.08, S7(Y) = 0.16,
S7(X) = 0.08,S;(Y) = 0.11,
Sp(X)=0.11,Sp(Y) = 0.11.

After the test for equal population variances, the results indicate that 0%(X) = 03-(Y), 03(X) = o?(Y),

02(X) = o%(Y). we calculate the pooled standard deviations S7, S7, Sr as follows:

5 - ¢ = DSTEOP + = DS

. \/ (m = 1)(S1(X)) + (1= D(Si(¥))*
-

— =0.10,
and
o \/ (m = D(Se + (1= DSV _ 1,
m+n—2

Therefore, the test statistic are calculated as follows:

b = TaX) = TaY) 048

V(ST(X))?/n+ (ST(Y))?/m

and

t = LaX) — Ta(Y) =0.97
V(S1(X))2/n+ (S1(Y))?/m
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S X0t S

Then, we find ¢ = max{|tr|,|t], [tr|} = max{| — 0.48],]0.97|,| — 0.28]|} = 0.97. The critical value for
t0.05,8 are —1.86. and 1.86. Since —1.86 < 0.97 < 1.83, we cannot reject the null hypothesis. This result
indicates that there is insufficient evidence to conclude that the neutrosophic set A in population X is different
from A in population Y.

4 Conclusion

In this paper, we have proposed tests of statistical hypotheses for neutrosophic sets under two distinct scenarios.
First, we considered the case where all three components (membership, indeterminacy, and non-membership)
are independent. Second, we examined the case where all three components are dependent. The proposed
hypothesis tests are fundamentally different from conventional statistical hypothesis testing methods, as they
are specifically designed for data represented as neutrosophic sets, which generalize fuzzy and intuitionistic
fuzzy sets.

We have also outlined the rules for making decisions based on these hypotheses. Our proposed tests provide a
valuable tool for decision-makers, offering a systematic approach to obtain appropriate decisions when dealing
with uncertainty in neutrosophic data.

References

[1] A. Meyer-Baese and V. Schmid, Chapter 9 - Neuro-Fuzzy Classification, in Pattern Recognition and
Signal Analysis in Medical Imaging, 2nd ed., Academic Press, 2014, pp. 291-323.

[2] M.G. Akbari, G. Hesamian, Testing statistical hypotheses for intuitionistic fuzzy data, Methodolo-
gies and Application, vol. 23, pp. 10385-10392, October 2018. https://doi.org/10.1007/
s00500-018-3590-2

[3] G. Atalik, S. Senturk, O. Tiirksen, N. Erginel, Intuitionistic Fuzzy Hypothesis Testing with Fuzzy Data,
Journal of Multiple-valued Logic and Soft Computing, vol. 36, pp. 527-542, June 2021.

[4] K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, vol. 20, no. 1, pp. 87-96, August 1986.
https://doi.0org/10.1016/S50165-0114(86)80034-3

[5] M. R. Casals, M. A. Gil, P. Gil, The Fuzzy decision problem: an approach to the problem of testing
statistical hypotheses with fuzzy information, European Journal of Operational Research, vol. 27, no. 3,
pp- 371-382, December 1986. https://doi.org/10.1016/0377-2217 (86) 90333-4

[6] F. Smarandache, Neutrosophic set - A Generalization of the Intuitionistic fuzzy set, Journal of Defense
Resources, vol. 1, no. 1, pp. 107-116, September 2010.

[7] N. X. Thao, F. Smarandache, N. V. Dinh, Support-Neutrosophic Set: A New Concept in Soft Computing,
Neutrosophic Sets and Systems, vol 16, pp. 93-98, 2017.

[8] F. Tas, S. Topal, F. Smarandache, Clustering Neutrosophic Data Sets and Neutrosophic Valued Metric
Spaces, Symmetry, vol 10, no. 10, pp. 1-12, October 2018.

[9] L. A. Zadeh, Fuzzy sets, Information and Control, vol. 8, pp. 338-353, June 1965. https://doi.
org/10.1016/S0019-9958(65) 90241-X

DOI: https://doi.org/10.54216/1JNS.260111 135


https://doi.org/10.1007/s00500-018-3590-2
https://doi.org/10.1007/s00500-018-3590-2
https://doi.org/10.1016/S0165-0114(86)80034-3
https://doi.org/10.1016/0377-2217(86)90333-4
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0019-9958(65)90241-X

	1 introduction
	2 Basic Concepts
	2.1 Intuitionistic fuzzy sets

	3 Independent T-Test
	3.1 Significance Testing for the Difference Between Means of Two Independent Populations with Small Sample Sizes Using Neutrosophic Set Concepts

	4 Conclusion

