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Abstract

In this paper, fuzzy y-open sets, and fuzzy ~y-irresolute functions are used to define and investigate a new class
of functions called fuzzy completely ~y-irresolute functions, fuzzy completely weakly ~-irresolute between
fuzzy topological spaces. We obtain their characterizations and their basic properties.
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1 Introduction and Preliminaries

Generalization topological spaces is a classical subject which is a type of classical topological spaces. The
concept of fuzzy has invaded almost all branches of mathematics with the introduction of fuzzy sets by Zadeh?’
of 1965. The fuzzy topological spaces was introduced and developed by The concept of fuzzy y-open sets in
fuzzy topological spaces was introduced by Benchalli in* and generalized by others see.®'” Throughout this
paper ‘H and K are always fuzzy topological spaces. The class of all fuzzy sets on a universe H will be denoted
by Z7. K.K. Azad defined fuzzy semi-open (fuzzy semi-closed) and fuzzy regular closed (fuzzy regular-open)
sets' Njastad'® defined fuzzy a-open (fuzzy a-closed) sets and Mashhour!' defined fuzzy pre-closed (fuzzy
pre-open) sets. The concept of fuzzy semi-pre-closed (fuzzy semi-pre-open) sets was by S.S. Thakur and
Surendra Singh!¥' Pu and Liu'? introduced the concept of quasi-coincident. Weaker forms of fuzzy continuity
on fuzzy topological spaces have been considered by many workers using the concepts of fuzzy ~y-open sets
see 2220 T this paper, fuzzy v-open sets and fuzzy ~y-closed sets are used to define and investigate a new
class of functions called fuzzy completely weakly ~y-irresolute. Relationships between the new class and other
classes of functions are established.

% Throughout this paper (H,7T), (K,0) and (Z,~) (or simply H, K and Z) represent non-empty fuzzy
topological spaces. Let S be a fuzzy subset of a space #. The fuzzy closure of S, fuzzy interior of S are
denoted by CI(S), Int(S). A fuzzy subset S of space H is called fuzzy regular open' (resp.fuzzy regular
closed) if S = Int(CI(S)) (resp. S = Cl(Int(S)). The

Definition 1.1. A fuzzy topology on a nonempty set H is a family & of fuzzy subsets of # which satisfies the
following three conditions:

1. 0,1€¢,

2. If N, M €&, their N n M €&,

3. hje{foreachie I, then\/, , fi € &
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The pair (H, T) is called a fuzzy topological space.”

Definition 1.2. "2 Members of ¢ are called fuzzy open sets” and complements of fuzzy open sets are called
fuzzy closed sets” where the complement of a fuzzy set S, denoted by S¢,is 1 — S.

Definition 1.3. "'? The fuzzy subset xp of a non-empty set #, which x € H and 0 <p< 1 defined by

_ P ZfP:ZE
FJP(P){ 0, if p#ax

is called a fuzzy point in H with support = and value p. The fuzzy point xp is called point

Definition 1.4. 2 A fuzzy point xp belong to a fuzzy set S in H ( denoted by: xkp € S ) if and only if
p < S(x) for some z € H.

Definition 1.5. # A fuzzy set S of a fuzzy topological space H is said to be fuzzy y-open if and only if
S < Int(CI(S)) n Cl(Int(S)). The complement of fuzzy ~y-open set is defined to be fuzzy ~-closed set .

Definition 1.6. # Let # be a fuzzy topological space and S be any fuzzy set in 7. 1) The union of all fuzzy
open sets contained in S is called the fuzzy interior of .S and denoted by vInt(S). i.e; yInt(S) = v{R: R <
S, R is a fuzzy y-open set of 1 }.

2) The intersection of all fuzzy closed sets containing S is called the fuzzy closure of S, and denoted by
~CI(S) .i.e; yCIU(S) = A{C : C = S,C is a fuzzy y-closed set of 1}.

Definition 1.7. 'Y/ Let H and /C are two fuzzy topological spaces, the function h : H — K is called fuzzy
~y-irresolute function if h~1(S) is fuzzy ~y-open set in H for every fuzzy y-open set S in H.

Remark 1.8. ®In a fuzzy topological space H, S is fuzzy y-closed(resp. fuzzy y-open) if and only if S =
fACIU(S) (resp. fuzzy vInt(S)).

Definition 1.9. 12/ A fuzzy set S in # is called quasi-coincident with a fuzzy set R in H, denoted by SqR if
and only if S(z) + R(x) > 1, for some = € H. If S is not quasi-coincident with R, then S(z) + R(x) < 1 for
every z € H and denoted by SGR.

Definition 1.10. = Let S be a fuzzy set in a fts H and xp be a fuzzy point of 7. Then S is called
(1) y-neighbourhood of xp if there exists a hb-open set R in H such that z, € R < S.
(2) v-g-neighbourhood of kp if there exist a hb-open set R in H such that x,qR < S.

Definition 1.11. ' For a fuzzy set S in # ,the image of S under h is the fuzzy set h(S) in K with membership
function h(S)(y), y € K defined by:

SUPen—1(y)S(T), if h™'(y)is not empty
0, otherewise

h(S)(y) = {

where h=1(y) = {x : h(z) = y}.

Lemma 1.12. %) Let H and K be two fuzzy topological spaces and let h : H — K be a function ,let {S;}icr,
{R;}ic1 be families of fuzzy sets in H and K respectively, then:

1) h(VierSi) = Vierh(S;).

2) h™ (nierRi) = nieth™ (Ry).

Lemma 1.13. ' For functions h; : H; — K;, and fuzzy sets \; of K;, i = 1,2, we have (f1 x f2) " (A1 x Ag) =
T 0) x f3H(Ae)

Lemma 1.14. ' Let g : H — H x K be the graph of a function h : H — K. Then, if X is a fuzzy set of H
and 1 is a fuzzy set of K. g7 (A x p) = A n h=Y(p).

Definition 1.15. A functions h : H — K is said to be:

1. fuzzy completely continuous® if h=*(M) is fuzzy regular open in # for each fuzzy open set M in K,

2. fuzzy y-irresolute if h=1(M) is fuzzy y-open in H for each fuzzy y—open set M in K,
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3. fuzzy y-continuous® if b~ (M) is fuzzy y-open in H for each fuzzy open set M in K,

4. fuzzy totally continuous™” if h=1(M) is fuzzy clopen in H for each fuzzy subset M in K,

5. fuzzy open® if h(M) is fuzzy open set in K for each fuzzy open set M in H,

6. fuzzy almost open®? if h(M) is fuzzy regular open set in K for each fuzzy regular open set M in H,

7. fuzzy strongly continuous? if h~1(M) is fuzzy open fuzzy closed set in H for every fuzzy set M in K.

Definition 1.16. >’ A family €2 of fuzzy sets is called a cover of a fuzzy set S if and only if S < v{C;,i € 2},
and it is called a fuzzy y-open cover if each member C; is a fuzzy y-open set. A sub cover of .S is a sub family
of {2 which is also a cover of S.

Definition 1.17. Y Let R be a fuzzy set in a fuzzy topological space H. Then R is said to be a fuzzy y-compact
set if for every y-open cover of R has a finite sub cover. Let R = H, then H is called a fuzzy ~y-compact space,
i.e H is a fuzzy ~y-compact space if for every: € {2 and v,;eqR; = 1y, then there are finite many indices
il, il, Zn € € such that \/;»L:lRij = ]-H-

S space (#H, T) is called fuzzy nearly compact'¥ if every fuzzy regular open cover of H has a finite subcover.

Definition 1.18. 24 S space H is called fuzzy almost normal if for each fuzzy closed set S and each fuzzy
regular closed set R such that S n R = ¢, there exists disjoint fuzzy open sets /N and M such that S < N and
R< M.

2 fuzzy completely y-irresolute function

Definition 2.1. Let (%, 7 ) and (I, o) be a fuzzy topological spaces. A function b : (H,7) — (K, 0), is said
to be a fuzzy completely v-irresolute function if A~ (M) is fuzzy regular open in H for every fuzzy y-open
set M of K.

Remark 2.2. Every fuzzy strongly continuous function is fuzzy ~y-irresolute, but the converse is not true.

Example 2.3. Let H = K = {a,b,c} . Define fuzzy sets, &1,& : H — [0,1] such that 7 = {0,1} and
o = {0, 13,81, &} where & = 22 % + 95 ¢ = % + 95+ 95 Define h : (H,T) — (K,0) be the
identity function. Then h is fuzzy -irresolute but not fuzzy strongly continuous.

Remark 2.4. Every completely ~y-irresolute function is fuzzy completely continuous (fuzzy ~y-irresolute). That
the converse is false.

Example2.5. LetH = [0? 1]’71 = {17'170?'[75171_517glA(l_gl)aflv(l_gl)}andE = {17{707{’51)52751\/
&2}, where

. 1
0, zf0<t<§
El(P)= 1
2t — 1, if §<t<1
1 ‘f0<t<1
2 S X
’ 4
1 1
&(P) = —4t + 2, if —<t<=
4 2
1
0, if §<t<1

Let us consider the mapping h : (H,71) — (K, Tz) defined by h(t) = %t for all t € H. Then h is clearly
fuzzy v-irresolute. Set &3 in H given by £3(t) = ¢ for all t € H. Then h~"(3) is not fuzzy regularly open in
(H,T1). Hence h is not fuzzy completely pre-irresolute.
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Example 2.6. Let H = K = {a,b,c} . Define fuzzy sets, £1,& : H — [0,1] such that T = {0,1,&3} and
o = {03, 13,81, &} where & = 22 + % + 95 6 = % + 95 + %5 Define h : (H,T) — (K,0) be the
identity function. Then h is fuzzy ~y-irresolute but not fuzzy completely y—irresolute.

Theorem 2.7. h: (H,T) — (K, o) is a fuzzy completely vy-irresolute mapping and S is any fuzzy open subset
of H, then the restriction h|g : S — K is fuzzy completely ~y-irresolute.

Proof. Let \ be a fuzzy y-open subset of K. By hypothesis, h=1()\) is fuzzy regular open in H. Since S
is fuzzy open in H. Then (f|s)~1(\) : A=1(\) n S is fuzzy regular open in S. Therefore, h|s is fuzzy
completely ~y-irresolute O

Corollary 2.8. Leth: (H,T) — (K,0)and g : (K,T) — (Z,7) be a mapping:

1)Ifh : H — K is fuzzy completely ~y-irresolute and g : K — Z is fuzzy ~y-irresolute, then go h : H — Z is
fuzzy completely ~y-irresolute.

2) If function h : H — IC is fuzzy completely continuous and is fuzzy completely y-irresolute, then go f : H —
Z is fuzzy completely y-irresolute.

3)Ifh : H — K is fuzzy completely v-irresolute and g : K — Z is fuzzy ~y-continuous, then go h : H — Z is
fuzzy completely continuous.

Definition 2.9. A fuzzy topological space H is said to be fuzzy connected? (resp. fuzzy y-connected!®) if it
cannot be expressed as the union of two fuzzy separated (resp. fuzzy ~-separated) sets. Other wise (H,T) is
fuzzy fuzzy ~y-disconnected.

Theorem 2.10. If a mapping h : H — K is fuzzy completely ~y-irresolute surjection and H is fuzzy almost
connected then K is fuzzy ~y-connected.

Proof. Assume that H is fuzzy connected and K is not fuzzy v-connected. Then K can be written as K =
N u M such that N and M are disjoint nonempty fuzzy ~y-open sets. Since h is fuzzy completely v-irresolute,
h=1(N) and h=*(M) are disjoint fuzzy regular open sets and H = h~*(N) u h=1(M) This shows that # is
not fuzzy connected. This is a contradiction. O

Theorem 2.11. If a mapping h : H — K is fuzzy pre-y-closed, then for each subset R of KC and a fuzzy v-open
set N of H containing h~'(R) there exists a fuzzy y-open set M in K containing R such that h=*(M) < N.

Proof. Obvious. O

Theorem 2.12. If h is fuzzy completely ~y-irresolute from an almost regular space H onto a space K, then K
is fuzzy strongly ~y-regular.

Proof. Let h be fuzzy pre-y-closed set in K with y ¢ H such that y = h(k). Since h is fuzzy completely
~y-irresolute function, = (H) is fuzzy regular closed and so fuzzy closed set in 7 and hence = ¢ h~1(H). By
almost regularity of # there exists disjoint fuzzy open sets N and M such that z € N and h~1(H) < M. We
obtain that y = h(k) € h(N) and H < h(M) such that h(N) and h(M) are disjoint fuzzy ~y-open sets. Thus
K is fuzzy strongly ~-regular. O

Definition 2.13. A space H is called fuzzy almost regular (resp. fuzzy strongly y-regular) if for any fuzzy
regular closed (resp. fuzzy y-closed) set H < H and any point z € H — H, there exists disjoint fuzzy open
(resp. fuzzy y-open) sets N and M such that k € N and H < M.

Definition 2.14. A function h : H — K is called fuzzy pre-y-closed if the image of every fuzzy y-closed
subset of H is fuzzy v-closed set in /.

Definition 2.15. A space # is called fuzzy strongly y-normal if for every pair of disjoint fuzzy v-closed
subsets » and 5 of H there exists disjoint fuzzy ~-open sets N and M such that p < N and § < M.

Theorem 2.16. If h is fuzzy completely ~y-irresolute injective mapping from an fuzzy almost normal spaces H
onto a space K then K is fuzzy strongly ~y-normal.
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Proof. Let p and B be disjoint fuzzy y-closed sets in /. Since h is fuzzy completely 7-irresolute function
h=1(p) and h=1(p3) are disjoint fuzzy regular closed and so fuzzy closed set in H. By fuzzy almost normality
of H, there exists disjoint fuzzy open sets N and M such that h=!(p) < N and h=1(3) < M. We obtain
that p < N and 5 < M such that h(N) and h(M) are disjoint fuzzy ~y-open. Thus K is fuzzy strongly
~-normal. O

Definition 2.17. A fuzzy topological space (#H,7T) is said to be fuzzy-bTy®(resp. fuzzy-rT) (fb1}) if for
every pair of fuzzy singletons p;, po with different supports k1 and ko, k1 # ko, there exist hb-open (resp.
fuzzy regular open) sets NV and M suchthat,py < N <1 —poand Po < M <1 —p;.

Theorem 2.18. Ifh : (H,T) — (K, o) is fuzzy completely ~-irresolute injective mapping and K is fuzzy b1y
then H is fuzzy r’1}.

Proof. Suppose that /C is fuzzy bT;. For any two distinct points k and y of H, there exists fuzzy y-open sets
Hy and H, in K such that h(k) € Hy, h(y) € Hs, h(k) ¢ Hy and h(y) ¢ Hs. Since h injective fuzzy
completely v-irresolute function, we have H is fuzzy r77. O

Definition 2.19. A fuzzy topological space (#H,7) is said to be fuzzy-bTy%(resp. fuzzy-rTs) (fbT%) if for
every pair of fuzzy singletons p;, ps with different supports x; and ko, k1 # ko, there exist hb-open (resp.
fuzzy regular open) sets N and M suchthat,py < N<1l—prand P, < M <1l—pjand N <1—- M.

Theorem 2.20. Ifh: (H,T) — (K, 0) is fuzzy completely ~y-irresolute injective mapping and K is fuzzy-bT5
then H is fuzzy-rl.

Proof. Suppose that K is fuzzy-bT5,. For any two distinct points x and y of H, there exists fuzzy ~y-open sets
Hy and H, in K such that h(z) € Hy, h(y) € Hs, h(x) ¢ Hy and h(y) ¢ Hs. Since h injective fuzzy
completely ~y-irresolute function, we have H is fuzzy-rT5. O

3 Fuzzy Weakly Completely ~v-Irresolute mapping

A function h : (H,T) — (K, o) is fuzzy completely weakly 7-irresolute if and only if the inverse image of
each fuzzy y-open set M in K is fuzzy open set in .

Leth : (I,T3) — (I,T2) be defined by g(z) = z foreach z € I. Then g~ 1(1) = (1), g~ (&) = (£&2) which is
fuzzy open but not regular open in (I, 73) Therefore, g is fuzzy completely weakly ~-irresolute but not fuzzy
completely v-irresolute.

Theorem 3.1. If a mapping h : (H,T) — (K, o), then the following are equivalent:

1. h is fuzzy completely weakly ~-irresolute;

2. for each fuzzy point p x in H and each fuzzy y-open vy-q-nbd M of h(kp), there exists a fuzzy open
g-nbd N of kp subset that h(N) < M,

3. h(CI(S)) < yCI(h(S)), for each fuzzy set S in H,

4. Cl(h"Y(R)) < h=Y(yCI(R)), for each fuzzy set R in K,

5. for each fuzzy y-closed set M in K, h=1(M) is a fuzzy closed set in H,
6. h=Y(yInt(R)) < Int(h~Y(R)), for each fuzzy set R in K.

Proof. (1) — (2): Let M be any fuzzy y-open y-g-nbd of h(kp) in K. Then M (h(x))+p > 1. We choose
a positive real number § such that M (h(z)) > § > 1—p Then M is a fuzzy ~-open set, h(kp) € M. By
hypothesis, there exists fuzzy open set N, € N, such that h(N) < M, N(H) > § > 1—p. Therefore, N is
a fuzzy open ¢g-nbd of kp.

(2) — (3): Let kip € CI(S) then N¢S and h(N)gh(S) implies Mgh(S), h(kp) € yCI(h(S)) and kp €
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h=1(vCI(h(S)). Therefore, CI(S) < h=1(yCI(h(S))). Hence, h(kp) € YOU(h(S)) h(CI(S)) < fh=L(yCI(h(9))).
(3) — (4): Let R be any fuzzy set in K. By (3), we obtain

h(h™'(R)) < vCI(h(h™'(R)))leqyClL(R)

and hence
h'(R) < h™'(yCI(R))

(4) — (2): Let kp be a fuzzy point in H and M be a fuzzy y-open, y-¢g-nbd of h(kp) and let h(kp) ¢
~Cl(1 — M), otherwise since M is a fuzzy y-open y-¢-nbd of h(kp) ¢ vCI(1 — M), we have Mq(1 — M)
which is a contradiction. Thus, xp ¢ h~!(yCl(1 — M)) and by hypothesis, kp # Cl(h~1(1 — N)). Then
there exists a fuzzy open set N of kp such that Ngh~!(1 — M) which implies that h(N) < M.

(4) — (5): Let H be any 7-closed set in K. By (4), we have CI(h~*(H)) < h™'(yCI(H)) = h~'(H) and
so, h~1(H) is fuzzy closed in H.

(5) — (6): For any fuzzy set M in K, y-Int(M) is fuzzy y-open set in K and so h=!(yInt(M)) is fuzzy
open set in . Hence h=t(yInt(M) = Int(h=t(yInt(M))) < Int(h=1(M)).

(6) — (4):Let R be a fuzzy setin K. Then 1—~CI(R) is fuzzy y-open in K. By (6), h"*(1—~CI(R)) = 1—
h=Y(yCI(B)) is fuzzy open in H and so h =1 (yCI(R)) is fuzzy closed in H. Hence h~1(R) < [h "1 (yCI(R)) =
B (CI(B)).

(6) — (1): Obvious. O

Theorem 3.2. %? Let (H,T) and (y, T) be any two fuzzy topological spaces such that H is product related to
K then the product S1 x Ss of fuzzy y-open set Sy of H and fuzzy y-open set So of K is fuzzy y-open set of the
Sfuzzy product space H x K.

We can be seen that every fuzzy completely y-irresolute mapping is fuzzy y-irresolute. But the converse need
not be true as is shown in the following example.

Example 3.3. Let [ = [0, 1] and &; and & be fuzzy subsets of I defined as

1 1
~(5t + 1), if 0<t< <
~(t+1), if -<t<1
6 )
1 1
= (5t + 1), if 0<t< -
fQ(P): g 1 o
—(1 -2t f —<t<1
4( )? Zf 5

Clearly 7; = {0,1} and Ta = {13,093, &} and T3 = {13,09,&1,82,&1 v &2, &1 A &} are topologies on 1.
Let h : (I,7T1) — (I,7z) be defined by h(t) = ¢ for each ¢ € I. Then h is fuzzy ~-irresolute but not fuzzy
completely weakly ~y-irresolute.

Theorem 3.4. p; : H; — K; (i = 1,2) are fuzzy completely weakly ~y-irresolute mapping and Ky is product
related to Ko, then p; : Hy1 x Ho — K1 x Ko is fuzzy completely weakly ~y-irresolute.

Proof. Consider S = v (N; x M;) where N/s and M]s are fuzzy ~-open sets of K; and Ko, respectively.
Since KC; is producted to Ko then from Theorem S is fuzzy ~y-open set of X1 x K. By Lemma/|l.12]and
h=1(S) = v(hT (N;) x hy ' (M;)) . Since hy and hy are completely weakly y-irresolute, h=1(S) is a
fuzzy open in H1 x Ha. O

Theorem 3.5. Let h : (H,T) — (K, 0) be a maping and H is product related to K. If the graph g : H —
H x K of h is fuzzy completely weakly ~y-irresolute, then so is h.

Proof. Let M be a fuzzy y-open set in K. By Lemma|l.14] we have h=1 (M) = 1 Ah™Y(M) = g~ 1(1 x M).
Since g is fuzzy completely weakly ~-irresolute and 1 x M is fuzzy ~y-open set in H x K. h=1(M) is fuzzy
open set in H and so, h is fuzzy completely weakly ~y-irresolute. O

DOI: https://doi.org/10.54216/1JNS.260110 122



International Journal of Neutrosophic Science (IJNS) Vol. 26, No. 01, PP. 117-126, 2025

Next, the composition and preservation of fuzzy topological structure under the fuzzy completely weakly
v-irresolute which other fuzzy functions are studied.

Corollary 3.6. Leth: (H,T) — (K,0)and g : (K,0) — (Z,7) be two functions.

1. If h is fuzzy completely weakly ~y-irresolute and is g fuzzy completely ~y-irresolute, then g o h is fuzzy
completely ~y-irresolute.

2. If h is fuzzy completely weakly ~y-irresolute and g is fuzzy ~y-irresolute, then g o h is fuzzy completely
weakly g o h-irresolute

3. If h is fuzzy completely continuous and g is fuzzy completely weakly ~y-irresolute, then g o h is fuzzy
completely ~y-irresolute.

4. If h is fuzzy completely ~y-irresolute and g is fuzzy completely weakly ~y-irresolute, then g o h is fuzzy
completely ~y-irresolute.

5. If his fuzzy totally continuous and g is fuzzy completely weakly ~y-irresolute, then goh is fuzzy completely
~-irresolute.

6. If h is fuzzy completely weakly ~y-irresolute and g is fuzzy y-continuous, then g o h is fuzzy continuous.
7. If h is fuzzy ~y-continuous and g is fuzzy completely weakly ~y-irresolute, then g o h is fuzzy ~y-irresolute.

8. If h is fuzzy continuous and g is fuzzy completely weakly ~y-irresolute, then g o h is fuzzy completely
weakly ~y- irresolute.

Theorem 3.7. If h : (H,T) — (K,0) is fuzzy almost open surjective and g : (K,0) — (Z,7) is fuzzy
mapping such that go f : (H,T) — (£,7) is fuzzy completely ~-irresolute, then g is fuzzy completely weakly
~-irresolute.

Proof. Let M be a fuzzy y-open set in Z. since g o h is fuzzy completely 7-irresolute, (g o h)~1(M) =
h=Y(g=*(M)) is fuzzy regular open in H. Since h is fuzzy almost open surjective, h(h=1(g~1(M)) =
g~ Y(M) is fuzzy open in K. Hence g is fuzzy completely weakly ~-irresolute. O

Theorem 3.8. If h : (H,T) — (K,0) is fuzzy open surjective and g : (K,0) — (Z,7) is fuzzy mapping
suchthat go f : (H,T) — (Z,7) is fuzzy completely weakly ~y-irresolute, then g is fuzzy completely weakly
~-irresolute.

Proof. Similar to the proof of Theorem O

Theorem 3.9. Ler P; be the projection mapping from [ [ H; onto H;. If h : H — || H,; is fuzzy completely
weakly ~y-irreolute function, then (h o P;) is also fuzzy completely weakly ~y-irresolute.

Proof. Obvious. O

Theorem 3.10. Let h: (H,T) — (K, 0) is a fuzzy completely weakly ~-irresolute surjective function and H
is fuzzy compact space, then K is fuzzy ~y-compact.

Proof. Let {Cp :p€e A} be any fuzzy y-open cover of K. Then {h~!(Cp) :pe A} is a fuzzy open cover of
H. Since H is fuzzy compact there exists a finite subfamily {h=1(Cp) : i = 1,2, ...,n} of {h=1(Cp) :pe A}
which covers H. Hence, K is fuzzy y-compact. O

Corollary 3.11. Let h : (H,T) — (K, 0) is fuzzy completely weakly ~y-irresolute surjective function and H
is fuzzy compact space, then K is fuzzy y-compact.

Definition 3.12. 19 Let (%, T') be a fuzzy topological space and R, S are fuzzy set in 7/ then R and S are said
to be

1. Fuzzy separated iff {CI(R) n S} = ¢ and {CI(S) n R} = ¢, Vx € H.
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2. Fuzzy v-separated iff yCI(R)GS and vCI(S)GR, Vx € H.

Definition 3.13. "9 A fuzzy topological space H is said to be fuzzy connected (resp. fuzzy y-connected) if it
cannot be expressed as the union of two fuzzy separated (resp. fuzzy ~-separated) sets.

Lemma 3.14. Two non-zero fuzzy sets S and R are fuzzy y-separated if and only if there exist two fuzzy y-open
sets N and M such that S < N, R < M, SqM and RqN.

Proof. Let S and R be fuzzy ~-separated sets. Putting N = 1 — vCI(S) and M = 1 — v(R), then N and M
are fuzzy y-open such that S < N, R < M, S¢M and RgN.

Conversely, let N and M be fuzzy ~y-open sets such that S < N, R << M, SGM and RGN. Since 1 — M
and 1 — N are fuzzy v-closed, we have yCI(S) < (1— M) < (1—R)andyCIl(R) < (1-N) < (1 - 9).
Thus vC1(S)¢CI(R) and yCI(R)GCI(S). Hence S and R are fuzzy ~-separated. O

Corollary 3.15. Let h : (H,T) — (K, 0) be a fuzzy completely weakly y-irresolute surjective function. If N
is a fuzzy connected subset in H, then h(N) is also fuzzy y-connected.

Theorem 3.16. If h : (H,T) — (K, o) is fuzzy completely weakly ~y-irresolute injective function and K is
Sfuzzy v-T71 then H is fuzzy Hausdorff.

Proof. Let x, y be any two distinct points of . Since h is injective, we have h(x) # h(y). Since K is fuzzy
~-T5, there exists M and W are y-open sets in K. such that M n W = 0. Since h is fuzzy completely weakly
~-irresolute, there exists fuzzy open sets G and H in H such that h(G) < M and h(H) < W. Hence we
obtain G n H = 0. This shows that # is fuzzy Hausdorff. O

Theorem 3.17. A function h : H — K is fuzzy completely weakly ~-irresolute if the graph function g : H —
H x H, defined by g(x) = (z, g(x)) for each x € H is fuzzy completely weakly ~y-irresolute.

Proof. Let M be any fuzzy ~-open set of K. Then 1 x M is a fuzzy y-open set of 2 x K. Since g is fuzzy
completely 7-irresolute, h=*(M) = g~!(1 x M) is fuzzy regular open in . Thus h is fuzzy completely
weakly ~v-irresolute. O

Theorem 3.18. If a function h : H — K is a fuzzy completely weakly ~y-irresolute surjection and H is fuzzy
connected, then KC is fuzzy y-connected.

Proof. Suppose that K is not fuzzy y-connected. There exists non empty fuzzy y-open sets M and W of K
such that X = M u W. Since h is fuzzy completely weakly ~-irresolute. h =1 (M) and h~1(W) This shows
that H is not fuzzy connected. This is a contradiction. O

Theorem 3.19. Let b : (H,T) — (K, 0) is fuzzy completely weakly ~y-irresolute surjective function. If N is
a fuzzy connected subset in H, then h(IN) is fuzzy ~y-connected in K.

Proof. Suppose that h(N) is not y-connected in K. Then there exist fuzzy ~-separated subsets G and H in K.
such that h(N) = G n H. By Lemma there exist fuzzy ~y-open subsets M and W such that G < M,
H < W, GgW and HqM. Since h is fuzzy complete weakly +-irresolute, h~(G) and h=!(H) are fuzzy
openin H and N = h=*(h(N)) = h"1(Gu H) = h"}(G) u h™1(H). Itis clear that h~'(G) and h =1 (H)
are fuzzy separated in . Therefore, IV is not fuzzy connected in H. O

4 conclusion

We have defined and proved basic properties of Fuzzy Completely ~-Irresolute Functions and Fuzzy Com-
pletely Weakly ~-Irresolute Function. Many results have been established to show how far topological struc-
tures are preserved by these ~-Irresolute Functions. We also have provided examples where such properties
fail to be preserved.
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