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Abstract

This paper introduces the concept of $-(3,2) fuzzy semigroups within an S-semigroup and explore their
characterizations. Various comparable conditions for §-(3,2) fuzzy normal subsemigroups are established.
Additionally, the $-(3,2) fuzzy coset, $-(3,2) fuzzy ideal, $-(3,2) fuzzy symmetric semigroup and $-(3,2) fuzzy
normal subsemigroups are defined. The idea of conjugate $-(3,2) fuzzy semigroups is also introduced, and the
order of an $-(3,2) fuzzy semigroup is determined. The (3,2) fuzzy semigroup condition applied to decision
making process also.

Keywords: $-semigroups[SSG]; §-fuzzy semigroups[SFSG] ; S-fuzzy normal subsemigroup[SFNSG]; S-(3,2)
fuzzy semigroups[S(3,2)FSG]; S-non (3,2) fuzzy semigroups[SN(3,2)FSG];  S- strong (3,2) fuzzy
semigroups[SS(3,2)FSG]; $-(3,2) fuzzy normal subsemigroups[S(3,2)FNSSG]; §-(3,2) fuzzy ldeals [S(3,2)FI];
$-(3.2) fuzzy hyper subsemigroup[S(3,2)FHSSG]; §-(3,2) fuzzy subsemigroup[S(3,2)FSSG] §-conjugate (3,2)
fuzzy subsemigroups[SC(3,2)FSSG]; §-(3,2) fuzzy symmetric semigroup[S(3,2)FSYSG]; §-(3,2) fuzzy coset
[S(3,2)FC]

1. Introduction

Fuzzy sets and their applications have led to new insights and approaches to problem resolution in the fields of
logic and algebra. At the intersection of fuzzy logic and algebra, Smarandache fuzzy algebra emerges as a
fascinating field that extends traditional concepts and explores novel mathematical structures. Traditional fuzzy
set theory, developed by Lotfi Zadeh in the 1960s [1], offers a framework for dealing with uncertainty and partial
truth, which classical binary logic cannot adequately address. Fuzzy sets allow elements to have degrees of
membership, reflecting a more nuanced view of truth [2]. Smarandache fuzzy algebra builds on these ideas,
incorporating elements of algebraic structures with fuzzy logic to create a richer and more versatile mathematical
landscape [3]. W.B. Vasantha first developed Smarandache semigroup notions in 1999. W.B. Vasantha explored
Smarandache fuzzy semigroups in 2003. Smarandache (3, 2)- fuzzy semigroups and Smarandache (3,2)- fuzzy
normal semigroups are examined in this research along with some of its properties [5-7].

2. Preliminaries
The following ideas are gathered in this section in order to develop our major findings.
Definition 2.1. Let X be a set that is not empty. A function A:X — [0,1] represents a fuzzy subset A of the set

Definition 2.2. Given a set X, let A and B be two fuzzy subsets of it. Next, we define
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i)  Ac Biff A(x) < B, forall x € X
(i) A=TBiffdAc BandBc A
(iii) (A N B)(x) = min{A(x),B(x)}, forall x € X.

Definition 2.3. [8] A semigroup S is known to as a fuzzy semigroup if and only if its fuzzy subset A satisfies
the condition A (xy) = min{A(x), A(y)}, forall x,y € §.

Definition 2.4. A group §'s fuzzy subset A is referred to as its fuzzy group if

(i) A(xy) = min{A(x), A)}

(i) A(x™) = Ax),forallx,y € §

Definition 2.5. When a fuzzy group of a group G is A: G — [0,1], then

(i) A(x) < A(e), where e is the identity element of G

(i) Axy™) = A(e) = AXx) = A(y), forallx,y € §

Definition 2.6. If group G has a fuzzy group A: G —» [0,1], iff A(xy™t) = min{A(x), A(y)}, forall x,y €
G

Definition 2.7. Assume that x is a member of the group G and that « is a fuzzy subset of G.

(xw)(y) = u(x"ty),y € g is the definition of a fuzzy left coset of 4, represented by xu«. In a similar vein,
(ux)(y) = u(yx~1),y € G is the definition of a fuzzy right coset of «, represented by .x.

Definition 2.8. [9] If a semigroup # contains a proper subset & that forms a group under the operation of 7,
then 7 is termed a Smarandache semigroup (SSG).

Definition 2.9. Assume that S is an SSG. If A: § — [0, 1] is such that A is confined to a minimum of one proper
subset P of §, which is a group, and the map of constraints A»: P — [0,1] is a fuzzy group, then A: S — [0, 1]
isaSFSG.

Definition 2.10. Assume that & is an SSG. A SFNSG of & is defined as an SFSG A of & if, for all x,y €
P,A(xy) = A(yx), where Pis a proper subset of S , a group, and the restriction map A»: P — [0,1] is a fuzzy
group.

Definition 2.11. Let T be a set that isn't empty. The definition of the (3,2)- fuzzy set on X is a structure
Sz ={(x, M(x), N () |x € T},

where M: & — [0,1] is the degree of membership of x to G and N': & — [0,1] is the degree of non-membership
of x to &such that 0 < (M)’ + (W () < 1.

Definition 2.12. A (3,2) fuzzy set A = (M, V) in & is called a (3,2)- fuzzy sub-semigroup of &, if
M3(x,y) = min{M3(x), M3(y)} and M2 (x,y) < max{N?(x), N2(y)} forall x,y € &.

3. Smarandache (3,2) fuzzy semigroups

Definition 3.1. [10-14] Let S be a SSG. Let A be a (3,2)- fuzzy set of &. Then A of & is said to be a S(3,2)FSG
ifM;:G - [0,1] and V;: S — [0,1] is such that A is confined to a minimum of one proper subset Pof &
which is a subgroup is a (3,2) fuzzy group.

That is for all x,y € P < &, it might fulfills the conditions
Q) Mji (xy) = min{Mji (x),M}(y)};]\ffi (xy) < max{]\ffz (x),]\fcfi (y)} and
(i) M) =M3(x71); Ni(x) = NEi(x™1).

Remark 3.2. A (3,2) fuzzy subset A(M ;N ;): & — [0, 1] might occasionally be an S(3,2)FSG, but it also
might not be. Therefore, we name as SN(3,2)FSG any fuzzy subsets from S to [0, 1] that are not S(3,2)FSG when
S is an SSG.
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Definition 3.3. Consider the (3,2) fuzzy set A. We define to the fuzzy subset P as an S(3,2)FSG if
AM 4, NV ,): S - [0,1] such that there exists at least one subset 7; < &, which is a group, and Ay, is a (3,2)
fuzzy subgroup.

Definition 3.4. A SS(3,2)FSG occurs when the (3,2) fuzzy subset A(M 5, N 4):S — [0,1] is such that
Ap:P; = [0,1] fori = 1,2,..,nare (3,2) fuzzy subgroups.

Note 3.5. In simple terms, a (3,2) fuzzy subset A(M ;, NV ;): & — [0, 1] where & is a SSG can be either an
S(3,2)FSG or a S3(3,2)FSG or SN(3,2)FSG

Example 3.6. Consider a SSG & = {a, #,c, d, e, #} with the following Cayley table.

Sla|b|lc|d|e |t

alal|b|c|d|c|f

=SS [ S [

A (3,2) fuzzy set A(M 3, NV ;): G — [0,1] is defined as follows.

S a i c d e f
M, 0.89 0.61 0.42 0.61 0.72 0.9
N, 0.33 0.51 0.72 0.59 0.54 0.41

Clearly A is a S(3,2)FSG . Simple verification reveals that A is limited to the subset
P ={a,d}
which is a subgroup in A is a (3,2) fuzzy subgroup. i.e. Az: S — [0,1] is a (3,2) fuzzy subgroup.
But A(M ;N ;): S — [0,1]is not a (3,2) fuzzy subgroup.
Forifx=aandy =e
M3 (ae) = M3(c) £ min{(0.89)%,(0.72)%}
That is, (0.42)3 £ (0.72)3

and
Ni(ae) = N5(c) £ max{(0.33)?(0.54)%}

That is, (0.72)2 < (0.54)?
Thus A is only a S(3,2)FSG and not a SS(3,2)FSG .
We call these S(3,2)FSG as level | S(3,2)FSG .

Definition 3.7. Let the SSG be &. A (3,2) fuzzy semigroup A (M ;, N ;): & — [0,1] is called the S(3,2)FSG of
level 11 if, for some subset # c S, where P forms a group, the restriction of A to P results in a fuzzy group.

Theorem 3.8. Every level 11 S(3,2)FSG is also a level | S(3,2)FSG .
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Proof. Straightforward by definition.

Note 3.9. Of the above theorem, the reverse is false.

Theorem 3.10. Every level | S(3,2)FSG need not be a level 11 S(3,2)FSG
Proof: Followed by a counter example.

Example 3.11. Consider a SSG S (3).

Themap M ;: & - [0,1] and NV ;: & — [0,1] are defined by

( . (1 2 3
06 ifx=(; 5 3)
M ;(x) =< , (1 2 3
05 ifx= (2 1 3)
\0.7 otherwise
. (1 2 3
04 ifx= (1 ) 3)
Ni(x) = . (1 2 3
0.3 ifx= (2 1 3)
0.8 otherwise

Clearly A is a S(3,2)FSG | and is not a S(3,2)FSG II.

Definition 3.12. Consider S be a SSG. Let A(M ;N ;): & — [0,1] be a (3,2) fuzzy semigroup. A can be
described as S(3,2)FSG of level I11if § A such that M5 < M5 and N = N5 and @ is a fuzzy subgroup.

4. Properties and substructures of S(3,2)FSG
Definition 4.1. Consider & be an SSG . A(M 4, NV ;): & — [0, 1] is said to be a S(3,2)FI of the S(3,2)FSG & if
ME(x) = M3(yxy™H) and Ni(x) = Ni(yxy~t) forall x,y € A where A ¢ &and A is a subgroup of S.

Definition 4.2. & should be an SSG and A (M ;, NV ;): & — [0, 1] be a S(3,2)FSG of &. The Smarandache level
semigroup (S-level semigroup) of the S(3,2)FSG A, where A c & and A is the subgroup of the SSG & , is
defined as follows for + < M (e) the set M, ={x € A| M (x) = ¢} and for £ >N (e), the set N, =
{xeA|N(x) <t}and ¢ € [0,1].

Theorem 4.3. & should be an SSG with A c & ,which is a subgroup of &. A(M ;N ;):E — [0,1]is a
S(3,2)FSG if and only if M3 (ry~) = min (M3 (), M3(»)) and N3 (xy™) < max(NZ(x), MZ(y)) for all
x,y € A.

Proof. Based on the definitions of (3,2) fuzzy subgroup, SSG, and S(3,2)FSG, the outcome is naturally obvious.

Theorem 4.4. G should be an SSG. Depending on how many subgroups A there are in S, we can have multiple
S-level semigroups for t < M'(e) and £ > NV (e), where and £ € [0, 1].

Definition 4.5. G should be an SSG. When A contains the largest subgroup of G and A < &, a subsemigroup of
S, we refer to the fuzzy subset as A(M ;N ;): S — [0,1] to be a S(3,2)FHSSG. Provided that A is limited to
P,or A(M ;N ;): P - [0,1]. The fuzzy subgroup of SisP — [0,1], P < A, and P is the upmost subgroup
of A.

Example 4.6. Let $(3) be a SSG. Clearly
s 1 2 3 1 2 3¢ 2 3 &
A= {<(1 1 1)>'(2 2 2°G 3 3>}U53
This set is a semigroup. Now, consider a map, A(M z, N ;):S; — [0,1]]. When this map is  restricted to the
subset S5 it forms a (3,2) fuzzy group. Therefore, the map A (M, IV ;) represents an S(3,2)FHSSG.

Theorem 4.7. [15] A S(3,2)FSSG of & does not necessarily have to be an S(3,2)FHSSG of any SSG &.

Proof. Obtained from the definition itself.
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Corollary 4.8. All S(3,2)FHSSG of an SSG & is a S(3,2)FSSG of &.

Definition 4.9. Let S be a SSG. We say & is a Smarandache (3,2) fuzzy simple semigroup (S - (3,2) fuzzy simple
semigroup) if € has no $(3,2) FHSSG .

Theorem 4.10. If an S(3,2)FSG of an SSG & is A(M 3, NV ;): S — [0,1] with respect to a group P that is a

proper subset of &, then
(i) Mjif, x) < Mjif, (e) and Nfiﬁ(x) > Njiﬁ(e), where e is the identity component of 7
(i) M3 Gy = M3 (e) implies M3 _(x) = M3 () and

Nfiﬁ(xy_l) = ngﬁ(e) implies Nfiﬁ(x) = Nfiﬁ(y) forall x,y € P.

Proof. Assume that A is an S(3,2)FSG of an SSG & relative to a group P in S.
0] By the definition of S(3,2)FSG,

M3 (&) = min (M3 (0), M3 (D} = M () and
Nfzﬁ(e) < max {Nﬁf)(x),c/lﬂ?(x‘l)} = ]\f‘fiﬁ(x) forall x € P.

(ii) Letx,y € P.
: 3 -1y = M2
Case 1: If we assume that J\/[ﬂjB (xy™) MﬂjB (e),

3 () = M2 (xy-l
then M (x) = M (xy™'y)
= M, (Gy™y)
> min {M}ﬁ(xy_l).]"[}ﬁ(}’)} = Mj@()’)-
3 3
Therefore, M (x) = Mj_(¥).
similarly, M3 _(v) = M5 (2).
3 = M3
Thus M7 (x) = M5 ().
. 2 (1) = 2
Case 2: If we assume that Nz (xy™") = M3 _(e),
2 — N2 -1
then V7 (x) = Mg (xy~'y)
= N7 (Gy™y)
< max {Njﬁ(xy‘l),]\fﬁﬁ(}’)} = Nﬁﬁ()’)-
Therefore, J\ffiﬁ(x) < J\szﬁ(y).
Similarly, M (v) < N7 (x).

Thus Nfiﬁ(x) = Njiﬁ(y).
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Theorem 4.11. A is an S(3,2)FSG if A is an SFSG of an SSG &.
Proof: A is limited to a proper subset 7 of &, which is a group such that the constraint map

Ap: S - [0,1] is a fuzzy group, because A is an SFSG of .
Let x,y € P. Now,
() M, Goy) = M3 (y) = min (M3 (0, M5 0} = min M (0,M;,00}  and Ny (o) <

N3, Gy) < max (W5 (0, WF, 00} < max(V.q, (), Vg,

i M3 () = M2 (1) N2 () = N2 (x-1
(i) Mz (o) = Mg (x77); Ng () =N (x77).
Theorem 4.12. Assume that & is an SSG and that 7 is a proper subset of &, a group. Then A(M 3, V,7): S —

[0,1] is an S(3,2)FSG of & relative to P iff
3 -1 . 3 3 2 2 2
Mﬂ?(xy ) = min {Mﬂf, (x),MJiT)(y)} and Nﬂf, (xy) < max {Ncﬁf, (x),]\fcﬁﬁ (y)} for all

x,y € P.
Proof. Given that G is an SSG and that 7 is a proper subset of &, a group.
AM;,N,;): S - [0,1] is an S(3,2)FSG iff A(M ;N ;): P — [0,1] is a fuzzy group iff szi)(xy_l) >

min {23 (0, M3 ()} and N3 (xy) < max {NF (), NF ()} forallx,y € P.

Definition 4.13. If M (xy) = M3(yx) and N2 (xy) = N;(yx) for all x,y € A, then A is a S(3,2)FNSSG of
the SSG &. Additionally, M ;, V' ; restricted to A , that is M_;, N ; : A — [0,1] is a fuzzy subgroup of A.

Theorem 4.14. If A is an SFNSSG of an SSG &, then A is also an S(3,2)FNSSG of &.

Proof. Given A be an SFNSSG.
Let 7 c &, a group in & such that the restriction map A(M ;, N;):P — [0,1] is a (3,2) fuzzy group and

Mz, Cey) = Mz (yx) and V5 (xy) = N4, (yx) forall x,y € A.
We know that XMy, = Mg x and XN gy = N which implies that
3 — w3 Z — g2 P
XMy = My xandxNi =Nz xforallx € P.
_ 3 _ 3
Therefore forany g € P, (x]\/[ﬂﬁ)(g) = (Mﬂ? x)(9)
3 (x719) = M3 -1
= Mg, (x7g) = Mg (9x7).
Then min{]\/[jz?(x‘l),]\/[}ﬁ(g)} = min{MjiT)(g),M}T)(x_l)
Therefore (xJV[jiﬁ)(g) = (]\/[%ﬁ x)(g), forallg € P.
3 _ 3 o]
ThUSXMﬁf) = Mﬂﬁx,forallx EP.
. . = 2 _ 2
Likewise, forany g € P, (x]\fﬂﬁ)(g) = (]\fcﬂ73 x)(g9)
= Njiﬁ(x_lg) = N:/Ziﬁ (gx™b).
Then max{Njﬁ(x‘l),Nﬁﬁ(g)} = max{]\l;,zzﬁ(g), Nfiﬁ(x‘l)}.
Therefore (x]\fjiﬁ)(g) = (]\fgf x)(g), forallg € P.
Thus xNVg = Nj_x forallx € P.

Hence A is an S(3,2)FNSSG of S.
99
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Theorem 4.15. If A is an S(3,2)FSG of an SSG & in relation to a group P in &. Next, the subsequent
conditions are comparable for all x,y € P.

(i) M Ceyx™) =2 M5 (v) and Mg (xyx™") < Nz (),
(if) M}ﬁ(xyx‘l) = szﬁ(y) and Nﬁf,(xyx‘l) = Nfiﬁ(y),
(iii) M;ﬁ (xy) = M}ﬁ (yx) and szﬁ (xy) = Njﬁ (yx),

(iv) A(M ;N ;) is an S- (3,2) fuzzy normal subsemigroup,
(v) x]\/fz‘-]jx_1 = Mj‘i? and x]\ffiﬁx‘l = Nfiﬁ and

(vi) M (yxy™) = M7 (x) and N (yxy™) = Nj (%)
Proof. Consider an SSG & .
Let A(M 5, V7 ) be an S(3,2)FSG of & in relation to P, a group in &.
Letx,y € P.
(i) & (ii): Let us assume that M}ﬁ(xyx‘l) > M}ﬁ(y)
Now Mjii) ) = M}f)((x‘lx)y(x‘lx))
= Mjiﬁ(x‘l(xyx‘l)x)
> Mji? (x"1yx)
Therefore, Mjiﬁ (xyx™H) = ]vrjijB o).
Let us assume that Nfiﬁ (xyx™) < J\fﬂ%jB »
Now Nfiﬁ(y) = ]\inﬁ((x‘lx)y(x‘lx))
= Njﬁ(x‘l(xyx_l)x)
< ]\ffzﬁ(x'lyx)
Therefore, Njﬁ (xyx™H =N jiﬁ o).
Conversely, if J\/[jiﬁ (xyx™H) = ]v[ji]3 (), then it is obvious that Mj’iﬁ (xyx~1) > Mj’iﬁ ().
Likewise, ]\ffiﬁ(xyx'l) = Nfi:,-, (), then it is obvious that J\ffiﬁ (xyx™1) < J\ffiﬁ ).
(ii) < (iii):
Suppose that szﬁ (xyx™H) = Mji? o).
If we take y = yx, then ]ijzﬁ(xyxx'l) = Mji:,-, (yx) = ]V[jiJﬁ (xy) = Mjig-, (yx).
Similarly, ]\ffiﬁ (xyx™1) = chzi:,-, ) = ]\ffiﬁ(xy) = chzi:,-, (yx).
Conversely, let Mjiﬁ(xy) = szﬁ(yx) = szﬁ(x(yx_l)) = szf((}’x_l)x)-
= M}?(xyx'l) = ]V[jiﬁ(y).
(iii) & (iv):
Let M7 _(xy) = M3, (yx) = M (x7'y) = Mj_(yx™).
= min{Mj_(x™), M7 ()} = min{Mj_(»), M5 (x~)}.
> (M) () = (M3 D) forall y € P.

3 _ ar3
ﬁxMﬁﬁ—Mﬁﬁx.
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similarly, N7 (xy) = N3 (yx) = N7 (x7'y) = NE (vx™).
= max{]\f}ﬁ(x‘l),]\fﬁﬁ(y)} = max{]\fﬁf; (y),Nd,Ziﬁ (x~H}.
= (x]\fd%ﬁ)(y) = (Ngﬁx)(y) forally € P.
> x]\f‘fig3 = Nj?x .
Therefore, N (xy) = Nj_(yx) = xNj_= Ny x.
A is a S(3,2)FNSSG.
Conversely, if A is an S(3,2)FNSSG of &, then (xM; ) (¥) = (M3 x)(y) and

2 — (2 5
(x]\quﬁ)(y) = (Vv ﬁx)(y) forally e P
Taking, (xMj ) (v) = (M 2)(»)
Therefore min{M7_(x™1), Mj_(3)} = min{Mj_(x™), M3 (1)}
= Mji?(x‘ly) = M}ﬁ(yx‘l).
= Mjif, (y) = Mjiﬁ (xyx~Y). (Take y = xy)
= Mj (xy) = M7 (yx)  (since (ii) & (iiD).
Similarly, Taking, (xMVg )(¥) = (V7 ) ()
Therefore max{]\ffi? (x‘l),NfiT) M} = max{]\ffiﬁ (x‘l),]\ffiﬁ O}
= Njﬁ(x'ly) = ]\Cfiﬁ(yx‘l).
= Njﬁ ) = Nfiﬁ (xyx~1). (Take y = xy)
= chi? (xy) = Nfiﬁ (yx)  (since (ii) & (iii)).
Thus (XNﬁﬁ)(J’) = (Nfiﬁx)(J’) = Nfzﬁ(xY) = J\C,sz,(yx)-
(iv) & (v):
Assume that A4 is an S(3,2)FNSSG of & in relation to 7.
Therefore, xM; = M x and xNj = Nj x forallx € P.
Now, (Xszf,x_l)(J’) = ((xszf,)x_l)(J’)
= ((]ijzﬁx)x'l)(Y)
= (szﬁ(xx_l))(J’)
= Mjﬁ(y) forally € P.
3 -1 _ 3
Thus x]v[ﬁfx = Mﬂﬁ.
Similarly we get xMV_x~* = N .
3 1= M3
Conversely, let us take xM 7 _x M., Then
3 _ 3 -1
(m3,0) ) = (M3, 20 G)
= (x]"szﬁ(x'lx))(w

(M‘fiﬁx) O = (XMjiﬁ)(Y) forally € P
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Therefore, (Mjiﬁx) = (xMj).

Similarly we get, (J\fjiﬁx) = (foiﬁ).

(iil) & (vi):

If Mjiﬁ (xy) = Mj‘i? (yx) , then Mjif, (y lxy) = sz?(yy‘lx) = Mjif, (x) and
N7, Gey) = N (yx) . then N (y~lxy) = N (yy~'x) = Nj (%)
Conversely, if Mjif, (v txy) = Mj’iﬁ(x), then Mjiﬁ(y‘l(yx)y) = Mjiﬁ (yx)
This implies that Mjif» (xy) = sz?(yx)

Then if Njﬁ (v lxy) = Njﬁ(x), then Nfiﬁ O tyx)y) = Nfiﬁ (yx)

- - - 2 _ %
This implies that Nﬂf(xy) = Nﬂ?(yx)
Definition 4.16. The set of all S(3,2)FSSG of S(n) is represented by S(3,2)F(S(n)). If M ;N ;€
S(3,2)F(S(n) )thenImM ; = {f(x) /x EA cS(n)and N ; = {g(x) / x € A c S(n) where A is a proper
subset of S(») which is a subgroup of S(») under the operations of S(n). Let M ;, NV ;€ S(3,2)F(S(n) ) we
say if [Im(M ;)| < [Im(V ;)| then we write M ; < V;. We may define using this rule max S-(3,2)F(S(n)). Let
(#,¢) be a S-(3,2) fuzzy subsemigroup of S(n).If §# = max S(3,2)F(S(n))and ¢ = min S(3,2)F(S(n))
then we say that (#,¢) is a S(3,2)FSYSG of §(n).

Definition 4.17. A S(3,2)FC of the SSG & of aM ; and a4, for any a € A c & are given by (ani)(x) =
M3 (atx) and (@NV3)(x) = N7(a tx) for every x € A.
Definition 4.18. Let A(M_;, V. ;) be a S(3,2)FSSG of a SSG & and
H={xedAcE/M}(x)=M30)and N;(x) = NZ(0)},
then O (A),order of A is defined as O(A) = O(H).
Definition 4.19. Given an SSG &. A and B are its two S(3,2)FSSG . Then A and B are considered as SC(3,2)FSSG
of &, if forsomeu € P < &, we have M3 (x) = My (w txu) and N7 (x) = N (u~'xu) for every x € P.
Theorem 4.20. 1f & is an SSG and A and B are SC(3,2)FSSG with respect to a subgroup P < &, then O(A) =
0(B).
Proof:
Assume that the SC(3,2)FSSG A and B belong to the SSG &.
By the very definition of SC(3,2)FSSG of the SSG there existsu € P < & such that
M3 (x) = MZw txu) and NZ(x) = Ny (u™txu) for every x € P < & (P a proper subgroup of &).
Defining
H = {x € PIM3(x) = M}(e) and N3 (x) = N3(e)} and

K = {x € P|M3(x) = M3 (e) and Ny (x) = N (e)}

where e is the identity component of  c &.

Given that 7 is a t-level subset of the subgroup P, it is obvious that H is a subgroup of the subgroup
P where t = M3(e).

Similarly X is also a subgroup of the subgroup 7 c .

It is sufficient for one to prove that O(H) = O(K) using the definition of the order of the fuzzy subgroup of the
subgroup P in order to show that O(A) = 0 (B).

In order verify that O(F) = O(K), we must first show that # ¢ uKu ' foragivenu € P c &.

102
DOI: https://doi.org/10.54216/1]INS.260108



https://doi.org/10.54216/IJNS.260108

International Journal of Neutrosophic Science (IINS) 10l 26, No. 01, PP. 94-107, 2025

Then, we must do the same thing foru € P; X c u 'Hu.
Step 1:
Choose any element x from H as the SC(3,2)FSSG of A and B, which are corresponding to the SSG &, we get for

some u € .
M txw) = M3 (x)
=Mj(e) [~ x € H]
= M3 (u"tew) [Since A and B are SC(3,2)FSSG of &]

= Mg(e).

So, there isu € P such that M3 (x) = M3 (e).
And,

Ng (u™txu) = NVE(x)
=NZ(e) [+ x € H]
= Ny (u~tew) [Since A and B are SC(3,2)FSSG of &]
= Ng (e).

Thus, there is u € P such that N (x) = N (e).

By using K's definition, we now have u™'xu € K = x € uKu L.
Consequently, # € uKu™!.
Step 2:

Choose any arbitrary element x in K. The earlier result proving # < uXu'was based on the fact that and B
are SC(3,2)FSSG of SSG G forthe same u € P < &, we have
M3 txw) = ME(x) =Mz(e) [+ x € H]
= M3 teu) [Since A and B are SC(3,2)FSSG of &]
= Mji(e).
Therefore, there isu € P such that M3 (x) = M3 (e).
And VE(u"txu) = NZ(x) = Ng(e) [+ x € H]

= NZ(u"'eu) [Since A and B are SC(3,2)FSSG of &]

= ]\ffi(e).
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Consequently, u € P such that V2 (x) = NV} (e).
Hence uxu™! € # forthesameu € P c &, thatisx € u " 'Hu.

Hence X € u 1% u.

Starting with the initial and subsequent steps we have # € uKu 'and X € u~'Hu.
Thatis Hu € uX and uX < Hu.
Thus Hu = uK so H = uKut.

Given that K belongs to the group P that is a subgroup of the SSG &, we obtain

O(xKx™1) = O(K) forevery x € P. Now choose x = u.
Next, we have O(uXu™) = 0(X).

Thus O(H) = 0(X).
Consequently, 0(A) = O(B).

5. Utilizing (3,2) Fuzzy semigroups in the Decision-Making process

This section utilizes the (3, 2) fuzzy semigroups to a decision-making problem. The proposed method is discussed
along with the associated algorithms and an illustrative example to demonstrate its application. Mathematical
Tools for Investigating Decision-Making Problems, when evaluating options for the discussion of this flow, we
will define alternatives as options that need to be evaluated based on evaluation criteria (which is not defined for
this flow). This involves a tool known as a semigroup: this is a set with an associative operation taking elements
and producing their combination. Semigroups are a mathematical structure used in algebra, providing a systematic
approach to analyzing intricate decision-making processes. Structuring potential options as a semigroup allows
decision-makers to see the relationships among options and criteria and to deconstruct the problem into smaller
sections. This method can be very helpful for fuzzy logic situations or similar [16].

The following steps demonstrate how the current technique addresses a decision-making challenge.

Step 1: Define the set of specifications. That is identify the specifications and choose the prioritized subset A.
Moreover, for the set of specifications form a Cayley table.

Step 2: Gather membership and non-membership values

Step 3: Verify the (3, 2) fuzzy semigroup conditions. That is, for each brand, manually verify the following
conditions for all elements x,y € A.

Step 4: Apply the conditions to all the brands under investigation.
Step 5: Compare the results:

» If any of the brands satisfies the conditions the buyer should choose that particular brand
» If all the brands satisfy the conditions, further analysis or additional criteria may be required for the decision.
» If neither brand satisfies the conditions, neither brand is recommended based on the current criteria.

Step 6: Decision Making:
Based on the verification in Step 5, select the brand that best fits the buyer's needs according to the (3, 2) fuzzy
semigroup conditions.
6. Ilustrative Example
We focused this section to explaining the above-mentioned ways using the following example.

Example: A customer wants to buy a smartphone, who has specific needs regarding the camera quality. Depending
on the make and model, there are different options available in the market, each varying in the amount of
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megapixels, sensor size, aperture, image processing software, etc. This makes it difficult for the buyer to determine
which smartphone would be best suited for their needs. There is a wide range of cellphones made by different
manufacturers, which include Samsung, Google, Xiaomi, Apple, and many more, each offering various
specifications in the cameras of their phones. One particular store had two brands in stock. From the assortment,
the client has to choose one. Using the (3, 2) fuzzy semigroup criteria, it will be analyzed the membership and
non-membership values for both brands along with other data to reach a conclusion.

Let us define the set specifications of smartphone as G = {m, p, ¢, w, §, T,9}, where

1 — Megapixels (MP)

p — Sensor Size

¢ — Aperture (f-stop)

w — Optical Zoom vs. Digital Zoom
& — Image Processing Software

T — Video Capabilities

9 — Brand Reputation & Customer Reviews

Consider the Cayley Table for the semigroup G = {m, p, ¢, w, 6, 7,9},

Tlp|o|w T |9
mo|\w|m | |m m|m
p|T|p|p|w p |9
o |t|p|le|lw T |9
W | T|lw|lw|w w |
§ || 6|6 |w § |9
T |m|p|le|w T|T
9 w999 919

Let us define fuzzy membership functions and non- membership functions for two different brands (Brand X and

Brand Y):

Brand X
G T p
M 096 0.65
N 031 025

Brand Y
G T p
M 05 018
N 081 055
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Objective:
To choose a smartphone with a camera that provides the best image quality for the buyer's needs.
Let us consider the set specifications of smartphone as per buyers prioritization, A = {r, w, §,9}.
Verify the elements of subset of A might satisfies the following conditions

MG (x,y) = min{MG (x), M ()} and N (x, y) < max{N7 (x), NZ ()}

Forall x,y € A c G.

Here the proper subset A satisfies (3, 2) fuzzy semigroups for Brand X, but fails to satisfies for the same condition

in Brand Y. Therefore, the buyer can buy Brand X.

7. Conclusion

In the context of $-semigroups, this article provides a substantial introduction and characterization for the notion
of §-(3,2) fuzzy semigroups. We explore a deeper sense regarding $-(3,2) fuzzy normal subsemigroups by
forming several equivalent conditions for them, and defining a number of fundamental aspects of $-(3,2) fuzzy
left and right cosets. In addition, a new class of $-(3,2) fuzzy semigroups are developed which not only
contributes to the theory of such structures but through the ordering of $-(3,2) fuzzy semigroups introduces a new
dimensions into the general theory of such objects. Moreover, (3, 2) fuzzy semigroups conditions were
implemented to decision making process. The results provide a foundation for future study and application of
fuzzy semigroup theory in managerial and other mathematical applications.
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