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Abstract

The aim of this paper is to investigate various subfamilies of analytic functions to find inclusion properties, and
necessary and sufficient conditions for the Rabotnov function to be in these subfamilies. Furthermore, several
corollaries will be implied from our main results.
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1 Preliminaries and Definitions

The Rabotnov function is a mathematical model that describes the time-dependent deformation behavior of
materials under continuous load in the field of creep mechanics and for predicting the progressive deformation
of materials under continuous stresses.

Let A be the family of all analytic functions of the form:

5):5—&—201}5“, le] < 1, (1)
v=2
which are normalized by ¢(0) = ¢’(0) — 1 = 0. Also, denote by H the subclass of A consisting the functions
of the form: -
qle) =¢e— Z Cpe¥, C, >0. 2)
v=2

In 1948 ! Rabotnov introduced the Rabotnov function (Rabotnov fractional exponential function) as follows:

v(149)
pure?
My.u(€) = e ZF 1) (1+9)

(9, p,e € C). 3)

It is clear that My ,(¢) ¢ A. Accordingly, we consider the Rabotnov functions as follows:
Ropu(e) = €T (1 +9) My (6 757)

> v—1
pu?th (149
—£+Z e ) , el < 1. (4)
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Also, the linear operator Ry ,(¢)g : A — A as:

0 vlr _,'_19
Ro.u(6)q = Ro.pue) _E+Z“ T >cav.

We consider the following subfamily of analytic functions introduced by Gupta and Jain

For some 3; € [0,1), B2 € (0,1] and ¢ € A in the form (2), then g € L*(, 32) if satisfying the criteria

‘ ¢(e) 1

l—l-q’(E)—Qﬂl‘<62’ le] < 1. &)

Also, Gupta and Jain® studied the following two subfamilies by replacing ¢’(¢) with 2 S) and 1 + 7 (g))
respectively, in ().

For some 3; € [0,1), B2 € (0,1] and ¢ € A in the form (), then g € S* (31, 32) if satisfying the criteria

sqz(i) _
q(e
— | < B, [e] <1,

€d’ ()

1+ =05 — 26

and ¢ € C*(B1, P2) if satisfying the criteria

6t;z/”(e)

GO < Ba, el <1.

2 o1 - y)

Remark 1.1. For 85 = 1, both subfamilies S* (51, 82) and C* (31, 52) reduce to the well known families of
starlike and convex functions of order f3; , respectively (see*).

Now, we provide some sufficient and necessary restrictions for functions to be in the subfamilies L*(51, f2),

§*(B1, B2) and C*(B1, B2).
Lemma 1.2. YA function ¢ € L* (B, 32) if and only if

o0

> (B2 +1)[Col < 2B2(1 — By). (6)
v=2

The result (6)) is sharp.

Lemma 1.3. 2 A function ¢ € S*(31, B2) if and only if

oo

Z[(U(ﬁ2+1)+5z(1—251)—1] |Co| <2B2(1 = 1), (7

v=2

and q € C* (31, B2) if and only if

V[(0(Bs + 1) + Bo(1 — 2B1) — 1] |Cy] < 2B2(1 — By). )

NE

v=2

The results (7) and (8) are sharp.

In geometric function theory, special functions are generally recognized for their importance after De Branges
response to the well-known Bieberbach conjecture. The geometric characteristics of numerous types of special
functions are covered in many literature, see for example >

Motivated by the work of Al-Hawary et al.. we establish inclusion properties and necessary and sufficient
conditions for the Rabotnov function to belong to these subfamilies in this work.
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2 Main Results for the Subfamilies L* (51, 82), S*(81, 52) and C* (31, 82)

In this section, we will give sufficient conditions for Rabotnov function to be in the subfamilies which are
introduced in the previous section.

For our initial findings, we require the subsequent lemma provided by Eker and Ece:’

Lemma 2.1. Forv € Nand ¥ > 0, then

W+1)" T w-DC@W+1)<T(W+1)v).

And based on this lemma, we may write:

T(+1) 1
< . 9
C(@+1)v) = @+1)""" (v—1) )
Theorem 2.2. If 31 € [0,1), B2 € (0,1], then Ry ,(¢) € L* (51, B2) if the following condition is satisfied:

(B2 +1)
9 +1

T (B 1) (7 1) <2601 - Bu)

Proof. By Rabotnov function given by (@) and equation (6), it suffices to show that

pPTIC (1 +99)

W S 2ﬂ2(1 - ﬁl)

pv(ﬂ13527/1'719”y Zvﬂ2+
v=2

By writing v = (v — 1) + 1, we have
@v(ﬁl;ﬁ%uaﬁf)/)

B > I (1+9) T ( 1+19)
- (52+1);(U—1)W BﬁlZ T3 970

Using the inequality (9), we get
[o3) (Bla /627 M, ﬁa ’7)

o0

S(ﬁ2+1)z(ﬁf1;l)llz:_ 0 + (Bt 1)

Mg

19+1 “o—1)

v:2

B [eS) Mv—l 0 1) 1
—(52‘*‘1);(194_1),,_1 (v—2)! TGl Uz::z ) (U—l)!

_ Bt 1) w .

= ESTT e (B4 ) (77 -1). (10)

But the inequality is bounded above by 232(1 — f31), thus

%6# + (B +1) (eﬁ’fil — 1) < 2B2(1 — Br).
O
Theorem 2.3. If B, € [0,1), B € (0, 1], then Ry .(2) € S*(Br, Ba) if the following condition is satisfied:
%eﬁ +265(1— ) (7 — 1) < 28(1 - By). an
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Proof. By Rabotnov function given by (@) and equation (7), it suffices to show that

U( 1,5%#,19 ’7)
= ) (B2 + 1)+ Ba(1—2p1) — 1] WV(U) < 2B2(1 = pr).

By writing v = (v — 1) + 1, we have

(ﬂl?ﬁ?nuaﬂ ’Y) =
T 1F( +19) = u“ 11“ +19)
Using the inequality (9), we get
’U(Blaﬁ27/j'a19a’}/)
<(B2+1 )i (o= 1™ +2521—ﬂ1§: .
- =W+ (o= 1)! 1;20+U“1W—U
00 ,vail oo v 1
= 265(1 —
(62+1)v:2(19 1)1,_1@_2'%- Ba( 51;0+1) T 1)
- “(527:11)6§i1 +28:(1— B) (eﬂil - 1) . (12)

But the inequality is bounded above by 23>(1 — f31), thus

p(B2 +1)

S e 4+ 285(1 - B1) (eﬁ - 1) < 262(1 = Bu).

O
Theorem 2.4. If 5, € [0,1), 52 € (0,1], then Ry ,(¢) € C*(B1, B2) if the following condition is satisfied:

1* (B2 + 1)6% n 21 (B2(2 = B1) +1)

o+

(0 +1)° 941
< 262(1 = B).

7T 4 28(1 - B1) (77 - 1)

Proof. By Rabotnov function given by (@) and equation (8), it suffices to show that
( 1, 527 H, 9 ’Y)

e’} v—1
= S vlels 1)+ 80 gy T

T+ 9)0) < 262(1 = Br).

By writingv = (v — 1) + 1 and v? = (v — 1)(v — 2) + 3(v — 1) + 1, we have

v(617ﬁ27/1'77~97’7)

_ (10 oy T ()

v=2
+2(B2(2—-B1) +1) Z(’U - 1)W

o v-1
+262(1 — p1) le

(oo}
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Under the inequality (9), we get

v(ﬂl,ﬂQ,M,ﬁ,’Y)
> v—1

W
S(B2+1)UZ:‘;(19+1)"_1(U73)!

oo

+2wx2—&»+n§:(§+lﬁf%v_2ﬂ

+2B2(1 = B1) ZQ o 1)/5; (w—1)

(B +1) s +2M(52(2—51)+1)

frng 76"94’1

¥+1)° 941

v—1

v=2

eTHT 4 2B5(1 — f1) (eﬂ%l - 1) .

But the inequality is bounded above by 2/35(1 — 1), thus

1° (B2 + 1)6 oL 1(2+262(1 = B1))

9

(9 +1)° +1
< 2B2(1 = Ba).

T +28,(1 - 1) (77 1)

Corollary 2.5. If 31 € [0,1) and 32 = 1, then Ry ,(¢) € L*(p1, 1) if satisfied

ﬁ+1eﬁ + (el’%l - 1) < Ba(1 = Br).

Corollary 2.6. If 31 € [0,1) and B2 = 1, then Ry () € S*(B1, 1) if satisfied

L
d+1°¢

Corollary 2.7. If 31 € [0,1), B2 = 1, then Ry ,(¢) € C*(B1, 1) if satisfied

2 — w B
wiweﬂl_kwew—p(l—ﬁl) (em—l) < Ba(1 = Br).

S} +(1-51) (60%1 B 1) < Aol = Bu).

3 Inclusion Properties for the Subfamily C* (3, 82)

13)

(14)

For 71 € (0,1], v2 < 1, v3 € C\{0}, a function ¢ € A is said to be in the subfamily ML (y1,72) if it

satisfies the following inequality:

(1 =) 1) — 1

2@ <1, eeU.
2v3(1 —y2) + (1 — ’Yl)? +mq'(e) = 1
The subfamily ML (1, v2) was introduced by Swaminathan”
Lemma 3.1. © [f g € ML (v1,72) is in the form , then
2 1-—
0] < M7 veN-{1}.
y(v—1)+1

Using Lemma we will study the influence of the Rabotnov function Ry, (¢)g on the subfamily C* (31, 52).
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Theorem 3.2. For ¢ € ML (y1,72), if the inequality

[N(ﬁz +1)
941

71B2(1 — B1)

T + 2851 — ) (6’Wl - 1)] = Tl (1 72)

is satisfied, then Ry ,,(€)q € C*(B1, B2)-

Proof. Let ¢ € ML (v1,72) and given by (2), by virtue of Lemma|[L.3]it suffices to show that

plTIC (1 +99)

ZU (B2 + 1) + B2(1 = 21) — ]
Since ¢ € ML (y1,72), then by Lemma

s pCTIT (1 +9)
g v(B2+1) +ﬂ2(1*251)*1}m|a}|

v [((Br + 1) + Ba(1 = 281) — 1] u~'T (1 +9)
< 2lpl(1-m2) ) : %(U_f)ﬂ T((1+9)v)

v=2

Since y1 (v — 1)+ 1> vy

oo uv_l]_—‘ (]_ —|—’19)
> v[(W(B2 + 1) + Ba(1 - 281) — 1] T(1+0)v)

v=2

) . - eI (149
< Wg[w(ﬁz 1)+ Ba(1 - 281) — 1] W

|G

Proceeding as in Theorem [2.3] we get

S vlel8 1)+ Al =280~ g

<2 73] (1 = 72) {M(ﬁz +1)
o M J+1

7T + 2B5(1 — B1) (60%1 - 1)} :

But the last inequality is bounded above by 2835(1 — 1), this concludes the proof of Theorem O

Corollary 3.3. For g € ML (v1,72), if the inequality

(s _ At n(l=F)
[ml"’ +1-p) (e 1)}§2|73|(1—w>

is satisfied, then Ry ,,(€)q € C*(B1,1).
€
Theorem 3.4. The functions Qy () = Ro.ul9) g5 in the subfamily C* (31, B2) if and only if satisfied the
of s
0

inequality (I1).

Proof. Since
vCIT (1 +9) e
Qﬂ,u _€+ZM )7

(1+9)v) v’
then by Theorem [2.4]it suffices to show that
o] —1
©?=10 (1 + 9)
- S [ Sl A — B1).
;U[(U(ﬁz+1)+,@2(1 251) — 1] A t0) 0o = 2B2(1 = B1)
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That is,
> [w(6 +1)+ 5201~ 23) - o <2~ )

As a proceeding in Theorem [2.3] we get

o0

[(V(B2 +1) + B2(1 —2B1) — 1]
p(B2 +1)

< Tﬂeﬁ +262(1 = 1) (eﬂ%l - 1) .

pCTIr (1 +9)
'((14+9)v)

c

But the last inequality is bounded above by 285(1 — f31), this concludes the proof of Theorem [3.4 O

£

Corollary 3.5. The functions Qg ,(¢) = [ Ro’f"(s)ds in the subfamily C*(f1,1) if and only if satisfied the
0

inequality (I4).

4 Conclusions

Using of the Rabotnov function Ry ,(¢), we examined some inclusion properties, necessary and sufficient
condition for this function to be in the subfamilies L* (31, 82), S* (51, 82) and C* (51, B2). Furthermore, some
corollaries will be implied by our findings. After this work, the function Ry, (¢) is applicable to the derivation
of novel inclusion relations and conditions for analytic functions in different subclasses in the open unit disk.
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