International Journal of Neutrosophic Science (IINS) V0l 4, No. 2, PP. 93-103, 2020

A STUDY OF NEUTROSOPHIC CUBIC MN SUBALGEBRA

Mohsin Khalid', Neha Andaleeb Khalid?
'Dept. of Mathematics and Statistics, The University of Lahore, Lahore, Pakistan

Dept. of Mathematics, Lahore Collage For Women University, Lahore, Pakistan
mk4605107@gmail.com
nehakhalid97@gmail.com

Abstract

In this paper, we present the new kind of MN-subalgebra for neutrosophic cubic set which is called neutrosophic cubic
MN-subalgebra where M represents the initial of author’s first name Mohsin and N represents the initial of second
author’s first name Neha. We investigate this neutrosophic cubic MN-subalgebra on BF-algebra through some
significant properties of BF-algebra. We also use R-intersection, p-intersection, p-union upper bound, lower bound
and some important characteristics to study the behaviour of neutrosophic cubic MN-subalgebra [NCMNSU] on BF-
algebra.
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1. Introduction

Fuzzy and interval-valued fuzzy sets were prsented by Zadeh [20,21] Jun et al. [3,4] defined the cubic set and proved
the axioms for cubic subgroups. Neggers and Kim [7] defined and investigated the B-algebra. Ahn and Ko [9] studied
the structure of BF-algebra. Walendziak [19] proved the conditions of B-algebra. Senapati et al. [13] worked on fuzzy
dot subalgebra and interval-valued fuzzy subalgebra with respect to t-norm in B-algebra.[14,6] many researches
worked on B-algebra and BG-algebra. Khalid et al. [15] studied the neutrosophic soft cubic subalgebra with different
characteristics. Khalid et al. [16] studied the effects of magnification of translation for MBJ-neutrosophic set. Khalid
et al. [17] investigated the T-ideal under the MBJ-neutrosophic on B-algebra. Khalid et al. [18] presented the
multiplication of neutrosophic cubic set. Smarandache [11,12] is the first person who presented the theory of
neutrosophy set which invloveed indeterminacy. Jun et al. [5] introduced neutrosophic cubic set. Senapati et al. [22]
studied the cubic subalgebras and cubic closed ideals in detailed on B-algebra.

The purpose of this paper is to introduce the idea of neutrosophic cubic MN-subalgebra. We investigate many results
to study the neutrosophic cubic MN-subalgebra in detailed way by using different concepts like p-intersection, R-
intersection and many others.

2. Preliminaries
In this section, some basic definitions are presented that are necessary for this paper.

Definition 2.1 [19] A nonempty set X with a constant 0 and a binary operation * is called BF—algebra, when it fulfills
these conditions for all t,,t, € X.
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l.t;*xt; =0
2.5,x0=1¢
3.0 % (t; xty) =t, *t, forall t,t, € X
A BF-algebra is denoted by (X,*,0).
Definition 2.2 [9] A nonempty subset S of BF-algebra X is called a subalgebra of X, if t; *t, ESV t,t, €S.

Definition 2.4 [9] A mapping f : X = Y of BF-algebra is called homomorphism if f (t; * t,) = f (t;) * f (t;) V t, t,
eX.

Definition 2.4 [21] Let X be the set of elements which are denoted generally by t,. Then a fuzzy set C in X is defined
as C = {< ty,vc(ty) > |t; € X}, where vc(t,) is called the membership value of t; in C and v¢(t;) € [0,1]. For a
family C; = {< ty,v¢;(t;) > [t; € X} of fuzzy sets in X, where i € U and U is index set, they defined the join (V) meet
(A) operations as:

Vieu G = (Viey V) (t1) = supfvg,|i € U}
and

Aieu Ci = (Ajey V¢;) (t1) = inf{vg,|i € U}
respectively, V t; € X.

The finding of supremum and infimum between two intervals is not simple. Biswas [2] explained a procedure to find
max/sup and min/inf between two intervals or a set of intervals.

Definition 2.5 [2] Let two elements P, P, € P[0,1]. If P, =[(t)1,(t})f] and P, =[(t;)3,(t)3], then
rmax(P;, P,) = [max((t,)7, (t;)37), max ((t;)7, (t;)3)] which is denoted by P, V'P, and rmin(P,P,) =
[min((t;)7, (t;)7), min((t;)7, (t;)3)] which is denoted by P; A" P,. Thus, if P, = [((t;)1)i, ((t1)2)*] € P[0,1] for
i =123, .., then we define rsup;(R) = [sup;(((t)1)5 ), sup; (((E))D], i e VI B = [V (67 Vs (8)1)F]- In
the same way we define rinf;(R) = [inf;(((t,),)7), infi(((t)1))], i€, AT B = [A; (€))7 A ((8)1)i']. Now we
call P, = P, & (t;)7 = (ty)7 and (t;)7 = (t;)7. Similarly the relations P, < P, and P, = P, are defined.

Definition 2.6 [1] A fuzzy set C = {< ty, uc(t,;) > |t; € X} is called a fuzzy subalgebra of X if vq(t; *t,) =
min{ve(ty), ve(t)} Ve, y €X

Jun et al. [5], defined and investigated neutrosophic cubic set.

Definition 2.7 [5] Let X be a nonempty set. A neutrosophic cubic set in X is pair C = (X,S) where X =
{(ty; Re(ty), R;(ty), Ry (t1)) |t, € X} is an interval neutrosophic set in X and S = {(t;; Sg(t;), S;(t;), Sn(t1)) |t; € X}
is a neutrosophic set in X.

Definition 2.8 [5] For any C; = (X;, S;), where &; = {(t;; Rig(t;), Rj; (t1), ®in (€))t; € X}, S; = {{t5; Sig(t1), Su(tr),
Sin(t1)) |t; € X} for i € u, P-union, P-inersection, R-union and R-intersection are defined respectively by

P-union Up C; = (U X;, V §;), P-intersection Np C; = (N X;, A S)),
1€eu 1€u 1€eu 1€eu

i€u ieu
R-union Ui C; = (U X;, A S;), R-intersection: N C; = (N R, V S;), where
1€eu 1€u 1€eu 1€eu

i€u i€u
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Uieu 8 = {{ts; (Uieu Rig) (t1), (View Rin) (t1), (View Rin) (t))t; € X3,
Vieu Si = {{ts; (Vieu Sie) (t1)View Si) (t1), (View Sin) (t2))|t; € X3,
Nieu Vi = {{ts; (Nieu Rip) (t1), (Niew Rin) (t1), (Niew Rin) (L))t1 € X},
Aieu Si = {{ts; (Nieu Sie) (t1), (Miew Sin) (1), (Aiew Sin) (0t € X}

Definition 2.9 [22] Let C = {(t, X(t;), S(t;))} be a cubic set, where X(t;) is an interval-valued fuzzy set in X, S(t;)
is a fuzzy set in X. Then C is cubic subalgebra with following axioms:

Cl: R(ty * t,) = rmin{R(t,), 8(t,)},

C2: S(ty *t,) < max{S(t;),S(t,)}Vt,t, €EX

3. NEUTROSOPHIC CUBIC MN-SUBALGEBRAS

Definition 3.1 Let R = (X, S) be a cubic set, where X is subalgebra. Then R is NCMNSU under binary operation * if
it satisfies the following conditions:

Rp(ty * tp) = rmin{Rg(t,), Xg(t2)},
(N1) R;(ty * t) < rmax{¥,(t,), R;(t)},

Ry (t; * t;) < rmax{Ry (&), Ry ()}

Sg(ty * t;) < max{Sg(t,), Sp(t,)},
(N2) S1(ty = t) < min{S;(¢1), 5,(t,)},
Sn (& * £5) = min{Sy (¢,), Sy(t2)}-

Where E means existenceship/membership value, I means indeterminacy existenceship/membership value and N
means non existenceship/membership value.

Example 3.1 Let X = {0, t;, t,, t3, t,, ts} be a BF-algebra with the following Cayley table.

x 0 t, t, ts t, ts
0 0 ts ty ts t; t
t ty 0 ts t, ts t,
t, t, t 0 ts t, ts
ts t3 t, t 0 ts ty
t, t, ts t, t 0 ts
ts ts t, ts t, t, 0

A neutrosophic cubic set R = (Xg, Sg) of X is defined by
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Rg | [0.2,0.4] [ [0.1,0.4] | [0.2,0.4] [ [0.1,0.4] | [0.2,0.4] | [0.1,0.4]

8, | [0.7,0.9] | [0.6,0.87][0.7,0.9] | [0.6,0.8] | [0.7,0.9] | [0.6,0.8]

Ry | [0.3,0.2][10.2,0.17]70.3,0.2] [ [0.2,0.17 | [0.3,0.2] | [0.2,0.1]

0 t, t, t3 ty ts
Sg 0.1 0.3 0.1 0.3 0.1 0.3
S 0.3 0.5 0.3 0.5 0.3 0.5
Sn 0.5 0.6 0.5 0.6 0.5 0.6

All the conditions of Definition 3.1 are satisfied by the set R. Thus R = (Xg, Sg) is a NCMNSU of X.

Proposition 3.1 Let R = {{t;, Xz(t;), Sz(t;))} is a NCMNSU of X, then V t; € X, Rg(t;) = Rg(0), ¥;(ty) <
R;(0), Ry(ty) < Ry(0) andSg(t;) < Sg(0), Si(ty) = 51(0), Sn(t;) = Sy(0). Thus, Ng;n(0) and Sg;n(0) are the
upper bound and lower bound of Rg | y(t;) and Sg 5 (t;) respectively.

Proof. V t; € X, we have RXy(0) = Rg(t; *t;) = rmin{Rg(t,), Xg(t;)} = Re(t;) = Re(0) = Re(ty), ¥ (0) =
Ry(ty * ty) < rmax{R(ty), ¥;(t)} = K;(ty) = ¥ (0) < Ry(ty), Vy(0) = Wy (ty *ty) < rmax{Ry(ty), Ry(ty)} =
Rn(ty) = Ryn(0) < Ry(ty) and Sg(0) = Sg(ty * t;) < max{Sg(ty), Sg(ty1)} = Sg(ty) = Sg(0) < Sg(ty), S;(0) =
Si(ty * t;) = min{S;(ty), S;(t)} = Si(ty) = S;(0) = 51(ty), Sn(0) = Sy (ty * t1) = min{Sy(ty), Sn(t1)} = Sn(ty)
= Sn(0) = Sy(ty).

Theorem 3.1 Let R={(t;, Rz(t,), Sz(t;))} be a NCMNSU of X. If there exists a sequence {(t;),} of X such that
lim,_,,R=z((t1)n) = [1,1] and lim,_,,,Sz((t;)n) = 0. Then Xz (0) = [1,1] and Sz(0) = 0.

Proof. Using above proposition, N;(0) = Rg(t)) Vt; € X, ~ R(0) = Rg((t,),) forn € Z*. Consider, [1,1] = Rz (0)
> lim, L, Ng((t;)n) = [1,1]. So, X (0) = [1,1], ®;(0) < X;(t;) Vt; €X, = X (0) = R;((ty)y) forn € Z*. Consider,
[11] < R;(0) < limy oo Ry ((t1)n) = [1,1]. So, ®;(0) = [L,1], Ry(0) < ¥y(ty) V t; €X, = Ry (0) < Ry((ty)n) for
n € Z*. Consider, [1,1] < Ry(0) < lim_,Xy((t1)n) = [1,1]. So, Ny(0) = [1,1]. Hence, 8z(0) = [1,1]. Again,
using proposition, Sg(0) < Sg(ty) V t; €X, ~ Sg(0) < Sg((ty),) for n€Z*. Consider, 0<Sg(0) <
lim,_,,,Sg((t;)n) = 0. So, Sg(0) = 0, using proposition, S;(0) = S;(t;) V t; € X, =~ S;(0) = S;((t,),) for n € Z+.
Consider, 0 = S;(0) = lim,_,,,S;((t;)n) = 0. So, S;(0) = 0, using proposition, Sy(0) = Sy(t;) Vt; € X, ~ Sy(0) =
Sn((ty)y) forn € Z*. Consider, 0 = Sy (0) = lim,_,,,Sy((t1),) = 0. So, Sy(0) = 0. Hence, Sz(0) = 0.

Theorem 3.2 The R-intersection of any set of neutrosophic cubic MN-sunalgebra of X is NCMNSU of X.

Proof. Let R; = {(t;, (R)z, (5)=)|t; € X} where i € k, is family of sets of NCMNSU of X and t,,t, € X. Then (N
(Rpe)(ty * t) = rinf(R;)g(t; * tz) = rinf {rmin{(R;)g (t,), (R (t2)}} = rmin{rinf(R;)g (), rinf(R)g(t2)} =
rmin{(N (R)g) (t1), (N Re)(tz)} = (N (Re)(ty * tz) = rmin{(N (Ri)g) (t1), (N Ri)e) (t2)} (N (R (ty * t;)
= rinf(R;);(t; * t;) < rinflrmax{(R;);(t,), (R;);(t2)}} = rmax{rinf(R;);(t,), rinf(R;);(t2)} = rmax{(n (R;)(ty),
(N (R ()} = (N R (L * tz) < rmax{(N (R;)p) (t1), (0 R ()} (N0 R)n) (ty * tp) = rinf(R;)n(t; * ;)
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< rinf{rmax{(X;)n (t1), (Ri)n(tz)}} = rmax{rinf(R;)y (t,), rinf(R;)y (t;)} = rmax{(n R)n) (t,), (N RN (t2)}
= (N ®)n) (g * ) < rmax{(N (R)n) (1), (N R (t2)} and (V (S)e) (ty * t;) = sup (S)g(ty * t2) < sup {
max{(S;)g (t1), (Sg(tz)}} = max {sup (Sp)g(t1), sup (S)g(tz)} = max {(V (S))(t1), (V (Se)(t2)} = (V (S)r)
(t; * tz) < max {(V ($)g) (t1), (V (SD)e) (t2)} (V (S0 (s * tz) = sup (Spi(ty * t;) = sup {min {(S;);(t1), (S)i(
t;)}} = min {sup (5;);(t1), sup (S;):1(tz)} = min {(V (S))(t1), (V S)D(t2)} = (V (S (ty * t;) = min {(V (§;
D (), (V S ()} (V (SNt * ) = sup (Sn(t; * t2) < sup {min {(S)n(t1), (Sn(t2)}} = min {sup(S;)n
(t1), sup(Spn(tz)} = min{(V (Spn) (t1), (V (Sn) (t2)} = (V (Sn) (tr * tz) < min{(V (S)n) (1), (V (SN (t2)}
which show that R-intersection of R; is NCMNSU of X.

Theorem 3.3 Let R; = {(t;, (X))=z, (5;)=)|t; € X} be a collection of sets of NCMNSU of X, where i € k. If
inf {max {(S)g(t1), (S)e(t)}} = max {inf (S;)g(t1), inf (Sp)g(t1)}, inf {min {(S;)1(t,), (S1(t1)}} = min {inf (S;);
(ty), inf(S;)(t)}, inf{min{(S;)n(t1), (Sp)n (t1)}} = min{inf(S;)n (t1), inf(S;)n(t1)} V t; € X, then the P-intersection
of R, is also a NCMNSU of X.

Proof. Suppose that R; = {(t;, (X;)=, (5))=)|t; € X} where i € k, be a collection of sets of NCMNSU of X such that
inf {max {(S;)g(t1), (S)e(t1)}} = max {inf (§;)g(t,), inf (S;)g (t,)}, inf {min {(S;)1(t1), (S)1(t1)}} = min {inf (S),
(t1), inf(S;);(t,)}, inf {min {(S;)n(t1), (S)Hn(t1)}} = min {inf(S;)n (t,), Inf(S;)n(t)}}} V t; € X Now forty, t, € X.
Then (N (Ry)g)(ty * tp) = rinf(R;)g(ty * ty) = rinf{rmin{(R;)g (t;), (R (t2)}} = rmin{rinf(R;) (t,), rinf(R;)g(
t2)} = rmin{(N (R;)g)(t1), (N (R)e)(t2)} = (N R (ty * tp) = rmin{(N (R;)e) (t1), (N R (t2)} (N ®)D(
ty *ty) = rinf(R;);(t; * t;) < rinf{rmax{(R;);(t,), (R;)1(t)}} = rmax{rinf(R;);(t,), rinf(R;);(t2)} = rmax{(n
R (t), (0 R)D(t2)} = (N R (t * tz) < rmax{(N (X)) (tr), (N R (E2)} (N Ridn) (t; * ty)=rinf (R))y)
(ty * )< rinf{rmax{(¥;)n (t1), (Ri)n (t2)}} = rmax{rinf(R;)y (t,), rinf(R;)n (t2)} = rmax{(n (R;)n) (t,), (N (¥;
I (E2)} = (0 Ry (ty * t5) < rmax{(N (Rpn) (t1), (0 R)n)(t2)} and (A (Se)(ty * tp) = inf (S (ty * ;) <
inf {max {(S;)e(t1), (SDe(t2)}} = max {inf (S;)g(t,), inf (§)r(t2)} = max {(A (S (t1), (A (S)e)(t2)} = (AS;
JE(ty * tz) < max {(A (§)e)(t1), (A (SDe)(t2)} (A (St * tp) = inf (511 (ty * tp) = inf {min{(S;); (t1), (S
)i(t2)}} = min {inf (§;);(t,), inf (§;);(t2)} = min {(A (1) (t1), (A (SDD(t2)} = (A (S (ty * t5) = min {(A (5
D (E), (A (S ()} (A (SN (g * t5) = inf (§)n(t; * tz) = inf {min{(S;)n(t,), (Sn(t2)}} = min {inf (S;)n(ty
), inf(Si)n (t2)} = min{(A (S)n) (1), (A SN (£2)} = (A (S)n) (ty * t5) = min{(A (S)n) (t1), (A (S)n) (82}
Which show that P-intersection of R; is NCMNSU of X.

Theorem 3.4 Let R; = {(t;, (X))=z, (5)=z)|t; € X} where i € k, be a collection of sets of NCMNSU of X. If
rsup{rmin{(X;)g (t;), (R)e(t;)}} = rmin{rsup(R;)g(t,), rsup(X;)g(t;)}, rsup{rmax {(X;);(t,), (R;);(t;)}} = rma
x {rsup(R;); (t,), rsup(R;); (t2)}, rsup{rmax {(¥;)n (t1), (Rp)n(t2)}} = rmax {rsup(¥;)n(t,), rsup(Ry)n(tz)}, and
sup {max {(S;)g(t1), (S)e(t2)}} = max {sup (Sp)g(ts), sup (Se(t2)}, sup {min {(S;);(t1), (S)i(t2)}} = min{sup(
Spi(t1), sup(Si(tz)} sup{min{(S;)n(t1), (Sn(t2)}} = min{sup(S;)n(t1), sup(Sn(tz)} V ty,t; € X. Then P-
union of R; is NCMNSU of X.

Proof. Let R; = {(t;, ()=, (S))=)|t; € X} wherei € k, be a collection of sets of NCMNSU of X. V t;, t, € X, we have
some conditions mentioned in theorem. Then for t;,t, €X. (U (Rj)p)(t; *ty) = rsup(R)g(ty *ty) =
rsup{rmin{(X;)g (t;), (R;)g (tz)}} = rmin{rsup(R;)g(t,), rsup(R)g(tz)} = rmin{(U (R;)g)(t1), (U (R)e)(t2)} =
(U (R)e)(ty * t5) = rmin{(U (R)g)(t1), (U (R)e)(t2)} (U (Ri)) (ty * t5) = rsup(R;);(ty * t;) < rsup{rmax{(¥;
D1(ty), (Rp)i(t2)}3} = rmax{rsup(R;);(t;), rsup(R;);(tz)} = rmax{(U (X)) (ty), (U R (t2)} = (U R (ty * L,
) < rmax{(U (R;)p)(t1), (U (R (t2)} (U (Ri)n) (ty * t2) = rsup(R;)n(t; * tz) < rsup{rmax{(¥;)n(t,), (R)n(t;

)3} = rmax{rsup(R;)y (t1), rsup(R;)n (tz)} = rmax{(V (Ri)n) (t1), (U Ri)n)(t2)} = (U (Ri)n) (b * tp) < rmax{
(U Rn)(t1), (U (Rn)(t2)}, and (V (S)p)(ty * t5) = sup (Spg(ty * t;) < sup {max {(S)g(t1), (S)e(t2)}} =
max {sup (§;)g(t,), sup (S))g(tz)} = max {(V (S)e)(ts), (V S)e)(t2)} = (V (S)p) (ty * t2) < max {(V (S)e) (44
), (V (S)p) ()} (V (S (b * t2) = sup (S)i(ty * tz) = sup {min {(5);(t,), (S)i1(t2)}} = min {sup (5));(t,),sup
(Si1(t2)} = min {(V (S (t1), (V (S (t2)} = (V (S (ty * tz) = min {(V (S (t1), (V (S (t2)} (V (Sn)(
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ty *ty) = sup (§)n(ty * tz) = sup {min {(S;)n(t1), (S)n(t2)}} = min {sup (S;)n(t1), sup (Sin(tz)} = min {(V
S (), (V S (t2)} = (v Sw) (b * t5) = min{(V (S)n) (ty), (V (Si)n)(t2)}, which show that P-union of R;
is NCMNSU of X.

Theorem 3.5 If neutrosophic cubic set R = (Ng, Sg) of X is subalgebra, then V t; € X, Rg(0 * t;) = Xg(t;), ¥;(0 *
t;) < Ry(ty), Ny (0 *t;) < Ny(ty) and Sg(0 * t;) < Sg(ty), (0 * t;) = Sp(ty), Sy(0 * t;) = Sy(ty).

Proof. V t; € X, Rg(0 * t;) = rmin{Rz(0), Rg(t;)} = rmin{Rg(t; * t;), Rg(t;)} = rmin{rmin{R;(t,), R (t;)}, X
(t1)} = Rg(ty), ¥;(0 * ty) < rmax{R;(0), ¥;(t;)} = rmax{¥;(t; * ty), ¥;(t;)} < rmax{rmax{¥,(t,), ¥;(t;)}, ¥;(ty
)} = Ri(ty), ¥y (0 * t;) < rmax{Ry(0), ¥y (t;)} = rmax{Ry (t; = t;), Ry(t;)} < rmax{rmax{Ry(t,), Xn(t;) }, Ry
(t1)} = Ry(ty) and now V t; € X, Sg(0 * t;) < max{Sg(0), Sg(t;)} = max {Sg(t; * t;), Sg(t;)} < max {max{Sg(
t;), Sg(t1)}, Sg(t)} = S(ty), S1(0 * t1) = min{5;(0), S;(t;)} = min {S;(t; * t;), S;(t1)} = min {min {5;(t,), S;(t;
)} Si(t1)} = Si(ty), Sn(0 * t;) = min{Sy(0), Sy (t1)} = min {Sy(t; * t;), Sx(t1)} = min {min {Sy(ty), Sn(t,)}, Sy
(t1)} = Sn(ty)

Theorem 3.6 If netrosophic cubic set R = (Xg, Sg) of X is subalgebra then R(t; *t,) = R(t; * (0% (0 +t,))) V
t,t, €X.

Proof. Let X be a BF-algebra and t,,t, € X. Then we know by ([13] Proposition 2.5) that t, = 0 * (0 * t,). Hence,
Re(ty *ty) = Rg(ty * (0% (0% t3))) and Sg(ty *t;) = Sg(ty * (0 * (0% ty))). Therefore, Rz(ty *t;) = Rz(ty *
(0% (0 %t3))).

Theorem 3.7 If netrosophic cubic set R = (Xz, Sz) of X is subalgebra then X;(0) = rmin{Rg(t,), Xg(t;}), ¥;(0) <
rmax {X;(tz), X;(t;)}, Ry (0) < rmax {Ry(t;), ¥y (ty)}, and Sg(0) < max {Sg(t,), Se(ty)}, S1(0) = min {§;(t,), S;
(t1)} Sn(0) = min{Sy(tz), Sn(t)} V ity t; €X.

Proof. Here we use the ([13] Proposition 2.5) and above Proposition, now for t;,t, € X Xg(0) = Rg(t; *xt;) =
rmax{Rg (t;), Xg(t;)} = rmin {Rg(0 * (0 * t;)), Rg(0 * (0 * t;))} = rmin {Rg (0 * (0 * t;)), R (0 * (0 + t,))} =
rminRg(t;), X (t)},8;(0) = Ry (t; * t;) < rmax {¥;(t,), ®;(t;)} = rmax {K;(0 = (0 * t,)), ¥; (0 * (0 * t;))} =
rmax{X;(0 (0 * t;)), ¥;(0 * (0 * t;))} = rmax{¥;(tz), ¥;(t,)}, Rn(0) = Ry (t; * t;) < rmax{Ry(ty), ¥n(t1)} =
rmax{Ry (0 * (0 * t;)), Rn(0 * (0 * t;))} = rmax{Ry (0 * (0 * t;)), Ry (0 * (0 * t;))} = rmax{Ry(t,), ¥n(t;)}-
Now,  Sg(0) = Sg(t; *t;) < max{Sg(ty), Se(t1)} = max{Sg(0 * (0 * t,)), Sg(0 * (0 * t;))} = max{Sg(0 * (0
t2)), Sg(0 * (0 * t1))} = max{Sg(tz), Se(t1)},5:(0) = Sy(ty * t;) = min {S;(t;), S;(t;)} = min {5;(0 * (0 * t,)),
S1(0 % (0% t;))} = min {5;(0 * (0 * t5)), S;(0 * (0 * 1))} = min {§;(t2), S;(t1)}, Sy(0) = Sn(ty * t;) = min {Sy
(t1), Sn(ty)} = min {Sy(0 * (0 * t;)), Sy (0 * (0 * t;))} = min {Sy(0 * (0 * t3)), SN(0 * (0 * t;))} = min {Sy(t,),
Sn(t)}

Theorem 3.8 If neutrosophic cubic set R = (Xgz, Sz) of X is NCMNSU, then V t;,t, € X, Rz(t; * (0% t,)) =
rmin{Rz (t,), Rz (tz)} and Sg(t; * (0 * t;)) < max{Sg(t;), Sz(t2)}-

Proof. Here we use above Proposition for proof. Let t,,t, € X. Then we have NE(tl * (0 * tz)) >
rmin{Rg (t;), Xg (0 * t;)} = rmin{Rg(t;), Re(t;) LRty * (0 * t3)) < rmax{R;(t;), ¥;(0 * t;)} < rmax{¥;(t,), ¥;(
t2)}, Ry (ty * (0% t5)) < rmax{Ry (t;), Ry (0 * t)} < rmax{Ry(t;), Ry(tz)} and S (t; * (0 * t,)) < max {Sg(ty),

Sg(0 * t5)} < max {Sg(t1), Sg(tz)} Si(ty * (0 * t3)) = min {S;(ty), $;(0 * t)} = min {§;(ty), S;(tz)} Sn(ty * (0
t3)) = min{Sy(t;), Sn(0 * t;)} = min{Sy (t,), Sn(t2)}.

Theorem 3.9 If a neutrosophic cubic set R = (X, Sg) of X satisfies the following conditions, then R refers to a
NCMNSU of X:
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L Rg(0*ty) = Rg(ty), Ri(0*ty) < Rp(ty), Ry(0x1t;) < NVy(ty) and Sg(0 *t;) < Sg(ty), S;(0*ty) = Si(ty),
Sy(0% ;) = Sx(ty) V t; € X.

2. Rg(ty * (0 %ty)) = rmin{Re(t,), Re(ty)} Rty * (0 t5)) < rmax{R;(ty), ¥;(t;)}, ¥y (ty * (0 * t,)) < rmax{
Ry (t1), Ry (t2)} and Sg(ty * (0 * t,)) < max{Sg(ty), Sg(tz)} Si(ty * (0 * t;)) = min{S;(t;), S;(t;)}, Sn(t; * (0 *
t2)) = min{Sy(t;), Sn(t2)} V by, t; €X.

Proof. Assume that the neutrosophic cubic set R = (X, Sz) of X satisfies the both axioms above. Then by lemma, we
have 8g(t; * t;) = Rg(t; * (0% (0% t3))) = rmin{Rg(t;), Rg(0 * t;)} = rmin{Rg(t;), Rg(t2)}, Ri(t; * t3) = ¥y(

ty * (0% (0% t3))) < rmax {X;(ty), ¥;(0 * t5)} < rmax {X;(ty), ¥;(tz)} ¥y (tg *tp) = Ry(ty * (0% (0 % t3))) <
rmax{Ry(t,), Xy (0 * t;)} < rmax{Ry(t,), ¥n(t2)}, and Sg(t; * t;) = Sg(ty * (0% (0 * t;))) < max{Sg(t,), Sg(0 *
t;)} < max{Sg(ty), Sg(tz)} Si(ty *tz) = Si(ty * (0* (0 xt3))) = min{S;(ty),S5;(0 *tz)} = min{S,(t,), S;(tz)}
Sn(ty *t3) = Sn(ty * (0% (0 *t3))) = min{Sy(t;),Sn(0 * t5)} = min{Sy(t,), Sn(t2)} V t1,t, € X. Hence, R is
NCMNSU of X.

Theorem 3.10 A neutrosophic cubic set R = (Xz, Sz) of X is NCMNSU of X < Kz-, Rz+ and Sz are fuzzy subalgebra
of X.

Proof. Let Xz, R'" 'z and Sg are fuzzy subalgebra of X and t;,t, € X. Then Ng(t; *t,) = min{Xg(t,), 85 (t)},
i (ty * t5) < max{Ry (t,), Ky (t2)}, Ny (t; * t5) < max{Ry(t;), Ry (t)},RE (4 * ) = min{RE (t,), Rg (t5)}, 87 (ty
* ;) < max{Ri (t,), Ry (tz)}, Rty *t,) < max{¥{(t,), R{(t2)}, and Sg(t; *t,) < max{Sg(t,), Sp(t2)}, Si(ty *
t,) = min{S;(t,), S;(tz)}, Sn(ty * tz) = min{Sy(t,), Sn(t2)}. Now,Rg(ty *t;) = [Ng(t; * t;), RE(t; * t;)] =[min
{Rg (t1), Rg (t2)}, min{XR{ (t,), Rg (t2)}] = rmin{[Rg (t,), RE (£2)], [R (t1), RE (82)]} = rmin{Re(t,), Re(tz)}, Ry (ty *
tp) = [Ny (ty * t2), R (&g * £)] < [max {87 (t), 8y (tz)}, max {¥f (t1), ¥{ (t2)}] < rmax{[R} (t,), R ()], [y (t,)
SR (E2)]} = rmax {8 (ty), ®y(tz)} Ry (ty * tp) = [Ry(ty * t3), Ry (t; * )] < [max {Ry(ty), Ry (tz)}, max{Ry (t,),
R (t2)}] < rmax{[Ry (ty), 8 (t)], [Ry (t1), R (£)]} = rmax{Ry(t,), ¥x(t;)}. Therefore, R is NCMNSU of X.
Conversely, assume that R is a NCMNSU of X. For any t;,t, € X, {Ng(t; * t,), Nf(t; * t,)} = Np(t; *t,) =
rmin{Rg (t;), Rg (tz)} = rmin{[Rg (t1), RE (6], [Rg (t2), 8 (£2)]} = [min{RE (t1), Rg (£2)}, min{R (t,), RE(t2)3],
N7 (b * ), R (&g * t5)] = Ry (b * t5) < rmax{R;(ty), ®;(tz)} = rmax{[Ry (t,), 8 (t)], [Ry (t2), R (tz)]} =[max
{R7 (£, Ry (t2)}, max {K{ (t;), Rf (t2)3], [Ry(ty * t2), R{(Ey * t5)] = Ry (t; * t5) < rmax{Ry(t;), Ry (tz)} = rmax
{IRN (1), RY(E)], [Ry(t2), R (62)]} =[max{Ry (t1), Ry (t2)}, max{®y (t1), Ry (t2)}]. Thus, Rg (t; * t;) = min {Kz(
t1), Rz () LR7 (b * t) < max{Ry (t,), Ry (6) LR85 (t; * t5) < max{Ry(t;), Ry (t)},RE (8, * t,) = min {83 (t,), K3
() 18] (4 * t5) < max{Ry (ty), 8] (t2) 18§ (t; * t5) < max{R{(t;), R§(t,)}, and S (t; * t;) < max {Sg(t,), Sg(t,
)}, Si(ty * t5) = min{S;(t;), S;(t2)}, Sn(ty * t;) = min{Sy(t,), Sy(tz)}. Hence X%, Xz and Sz are fuzzy subalgebra
of X.

Theorem 3.11 Let R = (Xz, Sz) be a NCMNSU of X and n € Z*(the set of positive integer). Then 1. Rg(7"t; * t;)
> Np(ty) forn € 0. 2. R (7", *t;) < Xy(ty) for n € 0. 3. Ry (7t *t;) < Ry(t;) forn € 0. 4. S (7"t *t;) <
Np(t)) forn € 0. 5. S;(7"t; *t;) = R;(t;) forn € 0. 6. S (T"t, * t;) = Xy (ty) forn € O. 7. Rz (7"t * t;) = Nz (t;)
forn € E. 8. Sg(7"t; * t;) = Rz (ty) forn € E.

Proof. Let t; € X and n is odd. Then n = 2q — 1 for some positive integer q. We prove the theorem by induction.

Now Ng(t; *t;) = Rg(0) = Rg(ty), Ry(ty *t1) = 8 (0) < Ry(ty), Ry(ty * t;) = Ry (0) < Ry(ty) and Sg(ty *ty) =
Sg(0) < Sg(ty), Si(ty*t;) =S;(0) = Si(ty), Sn(ty*t;) =Sy(0) = Sy(t;). Suppose that Ng(7297't; xt;) =
Re(ty), Ri(T297 My *t) < Ry(ty), Ry (72971 #t;) < Ry(ty) and Sp(7297t; * t)) < Sp(ty), Si(7P97 'ty *ty) =
Si(ty), Sy(72971t, * t;) = Sy(t;). Then by assumption, R (72@FD=1t, « t,) = R (72971, = t;) = Rg (72971, * (t; *
(ty *11))) = Rp(T2971y * ty) = Ry (ty), (T2, 1)) = R (TP *ty) = R(P29My = (4 * (4 * 1)) =
Rp(72971y + 1) < Rp(ty), Ry (TP, 1) =Ry (T2 # 1) = Ry (72971 * (b * (t * ) = Ry(7297Mt, *
t1) < Ry(ty) and Sg(T2 @D~y £,)=85 (7297t * £,) =Sp(T297, * (ty * (ty * 1,))) =Sp(797't; * t;) < Sg(ty),

Doi: 10.5281/zenodo.3782870 99



International Journal of Neutrosophic Science (IINS) V0l 4, No. 2, PP. 93-103, 2020

SI(TAAD T x £)=S;(T29* ty % t;) = Sy(T297 My * (ty * (tg * 1)) = S;(TP47y * ty) = Sy(ty), Sy(TPE@FD e, *
t)=SN (129 g % t1) = SN(T297 Mty * (£ * (£ * t;))) = Sy(T297't; *t;) = Sy(ty), which prove (1),(2),(3),(4).(5)
and (6), similarly we can prove the remaining cases (7) and (8).

Note: The sets denoted by Iy_ and Is_ are also subalgebras of X, which are defined as: Iy, ={t; € X[Rz(t;) = 8z(0)},
Isz={t; € X|Sg(t;) = Sg(0)}

Theorem 3.12 Let R = (Xg, Sg) be a NCMNSU of X. Then the sets Iy, and g are subalgebras of X.

Proof. Let t;, t, € Iy,. Then Rg(t;) = Xgz(0) = Rg(t;) and Rg(t; *t;) = rmin{¥z(t,), Rz(t,)} = Rz(0). By using
Proposition 2.3, we know that Xz (t; * t;) = 83(0) or equivalently t; * t, € Iy.

Let t,t; € Iy,. Then Sg(t;) = Sg(0) = Sz(t;) and Sg(t; * t;) < max {Sg(t;),Sz(t;)} =Sz(0). Again by using
Proposition 2.3, we know that Sg(t; * t;) = Sg(0) or equivalently t; xt, € Ix.. Hence the sets I+ and Ig_ are

subalgebras of X.
Theorem 3.13 Let B be a nonempty subset of X and R = (RXz, Sg) be a neutrosophic cubic set of X defined by

[z, Kg,], ift; €B

[@z,, @=,] otherwise,

Wz, lftl €B
oz, otherwise

(1]

Rz (ty) = { ,Sr(ty) = {
V [kg,, Kz, .[@z,, 9=,] € D[0,1] and wg, @z € [0,1] with [kg , Kg,] = [@g,, @E,] [, K1,] < [@r,, @1,], [Ny, KN, ]
< [@n,, ¥n,], and wg < Qg, w; = @, wy = @y. Then R is a NCMNSU of X < B is a subalgebra of X. Moreover,
IRE:B:ISE'

Proof. Let R be a NCMNSU of X and t,t, € X such that t;,t, € B. Then Rg(t; * t,) = rmin{Rz(t,), Xg(t;)} =
rmin{[xg,, Kg, |, [Kg,, K, |} = [Kg,, kg, |, Ri(ty * t5) < rmax{¥;(t), R;(t;)} = rmax{[x;,, xy, ], [wq,, 1,1} = [k, %5, ]
s Ry (tg * t5) < rmax{Ry(ty), Ry (tz)} = rmax{[xy,, Ky, |, [kn,, ®n, 1} = [Kn,, Ky, ] and Sg(t; * t;) < max {Sg(t;), Sg
(t2)} = max {wg, wg} = wg, S;(t; * t;) = min{S;(t,), S;(tz)} = min {wy, w;} = w;, Sy(ty * t;) = min {Sy(ty), Sn(
t,)} = min{wy, wy} = wy,- Therefore t; * t, € B. Hence, B is a subalgebra of X. Conversely, suppose that B is a
subalgebra of X and t,, t, € X. Consider two cases.

Case 1: If t;, t, € Bthent; * t, € B, thus Rg(t; * t;) = [Kg,, Kg,| = rmin{Rg (t,), Rp(tz)}, Ri(t; * t5) =[x, x,] =
rmax{R;(t,), R;(t2)}, Ry (b * t5) = [y, Ky, ] = rmax {¥y(t;), Ry (tz)}, and Sg(t; * t,) = wg = max {Sg(t), Sg(
tz)} Si(ty * tz) = wp = min{S;(t,), S;(t2)}, Sn(ty * tz) = wy = min{Sy(t,), Sn(t2)}-

Case 2: If t; € B or t, € B, then Rp(t; *t;) = [@g,, @p,] = rmin{Rg(t;), Re(tx)}, Ri(ty *t;) < [, @] =
rmax{R;(t,), R;(t2)}, Ry (b * ) < [On,, Pn,] = rmin{Ry(t;), Ry(tz)}, and Sg(t; * t,) < eg = max {Sg(ty), Sg(
t2)}, Si(ty * ty) = o = min{S;(ty), S;(t2)}, Sn(ty * ty) = @ = min{Sy(t;), Sy (t2)}. Hence R is a NCMNSU of X.
Now, Iy ={t; € X,Rz(t;) = Rz(0)}={t; € X, Rg(t;) = [Kg,, kg, ]} = B, and Is;= {t; € X,Sz(t;) =Sz(0)}={t; €X,
Sg(ty) = wz}=B.

Theorem 3.14 Let R = (Xg, Sg) be a neutrosophic cubic set of X. For [sg , sg, ], [S1,, 51,1, [Sn,, Sn,] € D[0,1] and
tg,, by, ty, € [0,1], the set Uz |([sg,, Sk, 1, [S1,, S1,), [Snys Sn, 1)) ={t1 € XIRE(ty) = [Sg,, Sg, ] Ri(ty) < [s1,, 51, ], Ry
(t) < [le,sNz]} is called upper ([sEl,sEz], [sll,slz], [le,sNz])-level of R and L(Sal(tgl,tll,tNl)) ={t, €
X[Sg(ty) < tg,, Si(t1) = t;,, Sn(ty) = ty, } is called lower (tg,, t;, ty,)-level of R. If R = (R, Sg) is NCMNSU of
X, then the upper [sz

g, Sz, ]-level and lower tg, -level of R are subalgebras of X.
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Proof. Let t;, t, € U(Nz|[sg,,Sz,]). Then Rg(t;) = [sg,, Sg,] and Rg(t;) = [Sg,, Sg,]. It follows that Rg(t; * t;) =
rmin{Rg (t,), Xg(t2)} = [sg,,Sz,] = t; * t; € URg|[Sg,, S, 1), Ri(ty) < [sy,,s1,] and Ri(t;) < [sq,, sy, ]. It follows
that X;(t; * t;) < rmax{¥;(t,), ¥;(tz)} < [s1,,s1,] = t; *t; € UR|[sy,, s, 1), ¥n(ty) < [Sny,Sn,] and Ry (ty) <
[Snys SN, ]- It follows that Ny (t; * t;) < rmax{Xy(t;), Ry(tz)} < [Sn,,Sn,] = ty *t; € URy|[sn,,Sn,]). Hence,
U(Nz|[sg,, Sz,] is a subalgebra of X. Let ty, t, € L(Sg|tg,). Then Sg(t;) < tg, and Sg(t;) < tg,. It follows that Sg(t; *
t;) < max{Sg(ty),Sg(tz)} < tg, = t; *t; € L(Sgltg,), Si(ty) = t;, and S;(t;) = t;,. It follows that S;(t; *t;) =
min{S;(t;),S;(t)} =t;, = t;*xt; € L(S5ty,), Sn(ty) =ty, and Sy(ty) =ty,. It follows that Sy(t; *t;) =
min{Sy(t;), Sn(tz)} = ty, = t; * t; € L(Sy|ty,), Hence L(Sg|tg, ) is a subalgebra of X.

Theorem 3.15 Let R = (Xz, Sz) is NCMNSU of X. Then &([sz,, sz, ]; tz,) = U(Rz|[sz,, sz,]) N L(Szltz, )= {t; €
XIRg(t1) = [sg,, Sg, ] Ri(ty) < [s1,,51,] Ru(ty) < [sny 5w, Se(ty) < tg,, Si(ty) = tr, Sn(ty) = ty, } is a subalge-
bra of X.

Proof. This theorem can be proved by using Theorem 3.14. The converse of Theorem 3.15 is not valid, for which we
present the example.

Example 3.2 Let X = {0, ¢, t,, t5, ty, ts} be a BF-algebra used in above example and R = (¥z, Sz) is a neutrosophic
cubic set defined by

0 t; t, ts ty ts
Ry [0.50.7] | [0.6,0.7] | [0.6,0.7] | [0.2,0.3] | [0.4,0.5] | [0.4,0.5]
X, [0.4,0.6] | [0.50.6] | [0.50.6] | [0.50.7] | [0.4,0.4] | [0.4,0.8]
R [0.3,0.5] | [0.3,0.6] | [0.3,0.6] | [0.3,0.6] | [0.2,0.3] | [0.2,0.3]
0 t; t, ts ty ts
Sy 0.2 0.4 0.4 0.6 0.4 0.6
S, 0.3 0.5 0.5 0.7 0.5 0.7
Sk 0.4 0.6 0.6 0.8 0.6 0.8

Now N([Sal, SEZ]; t51) = U(Nal [S:‘

Hl,SEZ]) N L(Ss|t51) ={t; € XIR(t;)) = [STleTl]’ Sr(t) <t} =1{0,8, 63N

{0,¢t,,t5,t3} ={0,t;,t5} is a subalgebra of X, similarly we can find this for indterminate and non membership
elelments. But R = (X5, Sz) is not a neutrosophic cubic subalgebra, since R, (t; * t,) = [0.2,0.3] £ [0.4,0.5] =
rmin{R.(t)), Ry (ty)}, R, (¢, * t,) = [0.4,0.8] £ [0.4,0.6] = rmax{X,(t,), ¥,;(t,)}, similarly we can find this for non
membership elelment and A;(a, * a,) = 0.6 £ 0.4 = max{Ar(a,), Ar(a,)}, similarly we can find this for

indeterminate and non membership elelments.
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4. CONCLUSION

In this paper, neutrosophic cubic MN-subalgebra was introduced and its few helpful results and new characteristics
were studied. The investigation of this new sort of subalgebra will help analysts to apply this subalgebra on various
algebras. We are recommending some ideas like multiplication, and cartesian product to apply this work.
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