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Abstract  

In this paper, we present the new kind of MN-subalgebra for neutrosophic cubic set which is called neutrosophic cubic 
MN-subalgebra where M represents the initial of author’s first name Mohsin and N represents the initial of second 
author’s first name Neha. We investigate this neutrosophic cubic MN-subalgebra on BF-algebra through some 
significant properties of BF-algebra. We also use R-intersection, p-intersection, p-union upper bound, lower bound 
and some important characteristics to study the behaviour of neutrosophic cubic MN-subalgebra [NCMNSU] on BF-
algebra. 

Keywords: BF-algebra, Neutrosophic cubic set, Neutrosophic cubic MN-subalgebra. 

1. Introduction  

Fuzzy and interval-valued fuzzy sets were prsented by Zadeh [20,21] Jun et al. [3,4] defined the cubic set and proved 
the axioms for cubic subgroups. Neggers and Kim [7] defined and investigated the B-algebra. Ahn and Ko [9] studied 
the structure of BF-algebra. Walendziak [19] proved the conditions of B-algebra. Senapati et al. [13] worked on fuzzy 
dot subalgebra and interval-valued fuzzy subalgebra with respect to t-norm in B-algebra.[14,6] many researches 
worked on B-algebra and BG-algebra. Khalid et al. [15] studied the neutrosophic soft cubic subalgebra with different 
characteristics. Khalid et al. [16] studied the effects of magnification of translation for MBJ-neutrosophic set. Khalid 
et al. [17] investigated the T-ideal under the MBJ-neutrosophic on B-algebra. Khalid et al. [18] presented the 
multiplication of neutrosophic cubic set. Smarandache [11,12] is the first person who presented the theory of 
neutrosophy set which invloveed indeterminacy. Jun et al. [5] introduced neutrosophic cubic set. Senapati et al. [22] 
studied the cubic subalgebras and cubic closed ideals in detailed on B-algebra. 

The purpose of this paper is to introduce the idea of neutrosophic cubic MN-subalgebra. We investigate many results 
to study the neutrosophic cubic MN-subalgebra in detailed way by using different concepts like p-intersection, R-
intersection and many others. 

2. Preliminaries 

In this section, some basic definitions are presented that are necessary for this paper.   

Definition 2.1 [19] A nonempty set X with a constant 0 and a binary operation ∗ is called BF–algebra, when it fulfills 
these conditions for all t!, t" ∈ X. 
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1. t! ∗ t! = 0 

2. t! ∗ 0 = t! 

3. 0 ∗ (t! ∗ t") = t" ∗ t! for all t!, t" ∈ X. 

A BF-algebra is denoted by (X,∗ ,0). 

Definition 2.2 [9]  A nonempty subset S of BF-algebra X is called a subalgebra of X, if t! ∗ t" ∈ S ∀ t!, t" ∈ S. 

Definition 2.4 [9]  A mapping f ∶ X → Y of BF-algebra is called homomorphism if f	(t! ∗ t") = f	(t!) ∗ f	(t") ∀ t!, t" 
∈ X.  

Definition 2.4 [21] Let X be the set of elements which are denoted generally by t!. Then a fuzzy set C in X is defined 
as C = {< t!, ν#(t!) > 	 |t! ∈ X}, where ν#(t!) is called the membership value of t! in C and ν#(t!) ∈ [0,1]. For a 
family C$ = {< t!, ν#!(t!) > 	 |t! ∈ X} of fuzzy sets in X, where i ∈ U and U is index set, they defined the join (∨) meet 
(∧) operations as:  

 ∨$∈& C$ = (∨$∈& ν#!)(t!) = sup{ν#!|i ∈ U} 

 and  

 ∧$∈& C$ = (∧$∈& ν#!)(t!) = inf{ν#!|i ∈ U} 

 respectively, ∀ t! ∈ X.  

The finding of supremum and infimum between two intervals is not simple. Biswas [2] explained a procedure to find 
max/sup and min/inf between two intervals or a set of intervals.   

Definition 2.5 [2] Let two elements P!, P" ∈ P[0,1]. If P! = [(t!)!', (t!)!(] and P" = [(t!)"', (t!)"(], then 
rmax(P!, P") = [max((t!)!', (t!)"'),max	((t!)!(, (t!)"()] which is denoted by P! ∨) P" and rmin(P!, P") =
[min((t!)!', (t!)"'),min((t!)!(, (t!)"()] which is denoted by P! ∧) P". Thus, if P$ = [((t!)!)$', ((t!)")(] ∈ P[0,1]	 for 
	i = 1,2,3, …, then we define rsup$(P$) = [sup$(((t!)!)$'), sup$(((t!)!)$()], i. e., ∨$) P$ = [∨$ ((t!)!)$',∨$ ((t!)!)$(]. In 
the same way we define rinf$(P$) = [inf$(((t!)!)$'), inf$(((t!)!)$()], i. e., ∧$) P$ = [∧$ ((t!)!)$',∧$ ((t!)!)$(]. Now we 
call P! ≥ P" ⇐ (t!)!' ≥ (t!)"' and (t!)!( ≥ (t!)"(. Similarly the relations P! ≤ P" and P! = P" are defined.   

Definition 2.6 [1] A fuzzy set C = {< t!, µ#(t!) > |t! ∈ X} is called a fuzzy subalgebra of X if ν#(t! ∗ t") ≥
min{ν#(t!), ν#(t")} ∀ t!, y ∈ X.  

 Jun et al. [5], defined and investigated neutrosophic cubic set.  

Definition 2.7 [5] Let X be a nonempty set. A neutrosophic cubic set in X is pair 𝒞 = (ℵ, S) where ℵ =
{〈t!; ℵ*(t!), ℵ+(t!), ℵ,(t!)〉	|t! ∈ X} is an interval neutrosophic set in X and S = {〈t!; S*(t!), S+(t!), S,(t!)〉	|t! ∈ X} 
is a neutrosophic set in X.  

 Definition 2.8 [5] For any 𝒞$ = (ℵ$, S$), where ℵ$ = {⟨t!; ℵ$*(t!), ℵ$+(t!), ℵ$,(t!)⟩|t! ∈ X}, S$ = {⟨t!; S$*(t!), S$+(t!), 
S$,(t!)〉	|t! ∈ X} for i ∈ u, P-union, P-inersection, R-union and R-intersection are defined respectively by 

P-union ∪-
$∈.

𝒞$ = ( ∪
$∈.
ℵ$, ∨$∈. S$), P-intersection ∩-

$∈.
𝒞$ = ( ∩

$∈.
ℵ$, ∧$∈. S$), 

R-union ∪/
$∈.

𝒞$ = ( ∪
$∈.
ℵ$, ∧$∈. S$),	R-intersection: ∩/

$∈.
𝒞$ = ( ∩

$∈.
ℵ$, ∨$∈. S$), where  
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	∪$∈. ℵ$ = {⟨t!; (∪$∈. ℵ$*)(t!), (∪$∈. ℵ$+)(t!), (∪$∈. ℵ$,)(t!)⟩|t! ∈ X}, 

	∨$∈. S$ = {⟨t!; (∨$∈. S$*)(t!),∨$∈. S$+)(t!), (∨$∈. S$,)(t!)⟩|t! ∈ X},  

∩$∈. ℵ$ = {⟨t!; (∩$∈. ℵ$*)(t!), (∩$∈. ℵ$+)(t!), (∩$∈. ℵ$,)(t!)⟩|t! ∈ X},  

∧$∈. S$ = {⟨t!; (∧$∈. S$*)(t!), (∧$∈. S$+)(t!), (∧$∈. S$,)(t!)⟩|t! ∈ X}.  

Definition 2.9 [22] Let C = {〈t!, ℵ(t!), S(t!)〉} be a cubic set, where ℵ(t!) is an interval-valued fuzzy set in X,	S(t!) 
is a fuzzy set in X. Then C is cubic subalgebra with following axioms: 

C1: ℵ(t! ∗ t") ≥ rmin{ℵ(t!), ℵ(t")}, 

C2: S(t! ∗ t") ≤ max{S(t!), S(t")} ∀ t!, t" ∈ X. 

 
3. NEUTROSOPHIC CUBIC MN-SUBALGEBRAS 

 

Definition 3.1 Let ℜ = (ℵ, S) be a cubic set, where X is subalgebra. Then ℜ is NCMNSU under binary operation ∗ if 
it satisfies the following conditions:  

                                                   ℵ0(𝑡! ∗ 𝑡") ≥ 𝑟𝑚𝑖𝑛{ℵ0(𝑡!), ℵ0(𝑡")},	
(N1)                                                         	ℵ1(𝑡! ∗ 𝑡") ≤ 𝑟𝑚𝑎𝑥{ℵ1(𝑡!), ℵ1(𝑡")}, 

                                                  	ℵ2(𝑡! ∗ 𝑡") ≤ 𝑟𝑚𝑎𝑥{ℵ2(𝑡!), ℵ2(𝑡")}.	

                                                    𝑆0(𝑡! ∗ 𝑡") ≤ 𝑚𝑎𝑥{𝑆0(𝑡!), 𝑆0(𝑡")} ,	
(N2)                                                          	𝑆1(𝑡! ∗ 𝑡") ≤ 𝑚𝑖𝑛{𝑆1(𝑡!), 𝑆1(𝑡")}, 

				𝑆2(𝑡! ∗ 𝑡") ≥ 𝑚𝑖𝑛{𝑆2(𝑡!), 𝑆2(𝑡")} .	
 

Where E means existenceship/membership value, I means indeterminacy existenceship/membership value and N 
means non existenceship/membership value.  

Example 3.1  Let X = {0, t!, t", t3, t4, t5} be a BF-algebra with the following Cayley table.   

⋇ 0 t! t" t3 t4 t5 

0 0 t5 t4 t3 t" t! 

t! t! 0 t5 t4 t3 t" 

t" t" t! 0 t5 t4 t3 

t3 t3 t" t! 0 t5 t4 

t4 t4 t3 t" t! 0 t5 

t5 t5 t4 t3 t" t! 0 

 

A neutrosophic cubic set ℜ = (ℵ6, S6) of X is defined by   
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        0 t! t" t3 t4 t5 

							ℵ*  [0.2,0.4] [0.1,0.4] [0.2,0.4] [0.1,0.4] [0.2,0.4] [0.1,0.4] 

							ℵ+  [0.7,0.9] [0.6,0.8] [0.7,0.9] [0.6,0.8] [0.7,0.9] [0.6,0.8] 

							ℵ,  [0.3,0.2] [0.2,0.1] [0.3,0.2] [0.2,0.1] [0.3,0.2] [0.2,0.1] 

    

 0 t! t" t3 t4 t5 

S* 0.1 0.3 0.1 0.3 0.1 0.3 

S+ 0.3 0.5 0.3 0.5 0.3 0.5 

S, 0.5 0.6 0.5 0.6 0.5 0.6 

 

All the conditions of Definition 3.1 are satisfied by the set ℜ. Thus ℜ = (ℵ6, S6) is a NCMNSU of X. 

Proposition 3.1 Let ℜ = {〈t!, 	ℵ6(t!), 	S6(t!)〉} is a NCMNSU of X, then ∀ t! ∈ X, ℵ*(t!) ≥ ℵ*(0),	ℵ+(t!) ≤
ℵ+(0),	ℵ,(t!) ≤ ℵ,(0) andS*(t!) ≤ S*(0),	S+(t!) ≥ S+(0),	S,(t!) ≥ S,(0). Thus, ℵ*,+,,(0) and S*,+,,(0) are the 
upper bound and lower bound of ℵ*,+,,(t!) and S*,+,,(t!) respectively. 

Proof. ∀ t! ∈ X, we have ℵ*(0) = ℵ*(t! ∗ t!) ≥ rmin{ℵ*(t!), ℵ*(t!)} = ℵ*(t!) ⇒ ℵ*(0) ≥ ℵ*(t!), ℵ+(0) =
ℵ+(t! ∗ t!) ≤ rmax{ℵ+(t!), ℵ+(t!)} = ℵ+(t!) ⇒ ℵ+(0) ≤ ℵ+(t!), ℵ,(0) = ℵ,(t! ∗ t!) ≤ rmax{ℵ,(t!), ℵ,(t!)} =
ℵ,(t!) ⇒ ℵ,(0) ≤ ℵ,(t!) and S*(0) = S*(t! ∗ t!) ≤ max{S*(t!), S*(t!)} = S*(t!) ⇒ S*(0) ≤ S*(t!), S+(0) =
S+(t! ∗ t!) ≥ min{S+(t!), S+(t!)} = S+(t!) ⇒ S+(0) ≥ S+(t!), S,(0) = S,(t! ∗ t!) ≥ min{S,(t!), S,(t!)} = S,(t!) 
⇒ S,(0) ≥ S,(t!).  

Theorem 3.1 Let ℜ={〈t!, ℵ6(t!), S6(t!)〉} be a NCMNSU of X. If there exists a sequence {(t!)8} of X such that 
lim8→:ℵ6((t!)8) = [1,1] and lim8→:S6((t!)8) = 0. Then ℵ6(0) = [1,1] and S6(0) = 0.   

Proof. Using above proposition, ℵ*(0) ≥ ℵ*(t!) ∀ t! ∈ X, ∴ ℵ*(0) ≥ ℵ*((t!)8) for n ∈ Z(. Consider, [1,1] ≥ ℵ*(0) 
≥ lim8→:ℵ*((t!)8) = [1,1]. So, ℵ*(0) = [1,1], ℵ+(0) ≤ ℵ+(t!) ∀ t! ∈ X, ∴ ℵ+(0) ≥ ℵ+((t!)8) for n ∈ Z(. Consider, 
[1,1] ≤ ℵ+(0) ≤ lim8→:ℵ+((t!)8) = [1,1]. So, ℵ+(0) = [1,1], ℵ,(0) ≤ ℵ,(t!) ∀ t! ∈ X, ∴ ℵ,(0) ≤ ℵ,((t!)8) for 
n ∈ Z(. Consider, [1,1] ≤ ℵ,(0) ≤ lim8→:ℵ,((t!)8) = [1,1]. So, ℵ,(0) = [1,1]. Hence, ℵ6(0) = [1,1]. Again, 
using proposition, S*(0) ≤ S*(t!) ∀ t! ∈ X, ∴ S*(0) ≤ S*((t!)8) for n ∈ Z(. Consider, 0 ≤ S*(0) ≤
lim8→:S*((t!)8) = 0. So, S*(0) = 0, using proposition, S+(0) ≥ S+(t!) ∀ t! ∈ X, ∴ S+(0) ≥ S+((t!)8) for n ∈ Z(. 
Consider, 0 ≥ S+(0) ≥ lim8→:S+((t!)8) = 0. So, S+(0) = 0, using proposition, S,(0) ≥ S,(t!) ∀ t! ∈ X, ∴ S,(0) ≥
S,((t!)8) for n ∈ Z(. Consider, 0 ≥ S,(0) ≥ lim8→:S,((t!)8) = 0. So, S,(0) = 0. Hence, S6(0) = 0.  

Theorem 3.2  The R-intersection of any set of neutrosophic cubic MN-sunalgebra of X is NCMNSU of X. 

Proof. Let ℜ$ = {⟨t!, (ℵ$)6, (S$)6⟩|t! ∈ X} where i ∈ k, is family of sets of NCMNSU of X and t!, t" ∈ X. Then	(∩
(ℵ$)*)(t! ∗ t") = rinf(ℵ$)*(t! ∗ t") ≥ rinf	{rmin{(ℵ$)*(t!), (ℵ$)*(t")}} = rmin{rinf(ℵ$)*(t!), rinf(ℵ$)*(t")} =
rmin{(∩ (ℵ$)*)(t!), (∩ (ℵ$)*)(t")} ⇒ (∩ (ℵ$)*)(t! ∗ t") ≥ rmin{(∩ (ℵ$)*)(t!), (∩ (ℵ$)*)(t")}, (∩ (ℵ$)+)(t! ∗ t")	 
= rinf(ℵ$)+(t! ∗ t") ≤ rinf{rmax{(ℵ$)+(t!), (ℵ$)+(t")}} = rmax{rinf(ℵ$)+(t!), rinf(ℵ$)+(t")} = rmax{(∩ (ℵ$)+(t!), 
(∩ (ℵ$)+)(t")} ⇒ (∩ (ℵ$)+)(t! ∗ t") ≤ rmax{(∩ (ℵ$)+)(t!), (∩ (ℵ$)+)(t")}, (∩ (ℵ$),)(t! ∗ t") = rinf(ℵ$),(t! ∗ t") 
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≤ rinf{rmax{(ℵ$),(t!), (ℵ$),(t")}} = rmax{rinf(ℵ$),(t!), rinf(ℵ$),(t")} = rmax{(∩ (ℵ$),)(t!), (∩ (ℵ$),)(t")} 
⇒ (∩ (ℵ$),)(t! ∗ t") ≤ rmax{(∩ (ℵ$),)(t!), (∩ (ℵ$),)(t")}, and (∨ (S$)*)(t! ∗ t") = sup	(S$)*(t! ∗ t") ≤ sup	{ 
max{(S$)*(t!), (S$)*(t")}} = max	{sup	(S$)*(t!), sup	(S$)*(t")} = max	{(∨ (S$)*)(t!), (∨ (S$)*)(t")} ⇒ (∨ (S$)*) 
(t! ∗ t") ≤ max	{(∨ (S$)*)(t!), (∨ (S$)*)(t")}, (∨ (S$)+)(t! ∗ t") = sup	(S$)+(t! ∗ t") ≥ sup	{min	{(S$)+(t!), (S$)+( 
t")}} = min	{sup	(S$)+(t!), sup	(S$)+(t")} = min	{(∨ (S$)+)(t!), (∨ (S$)+)(t")} ⇒ (∨ (S$)+)(t! ∗ t") ≥ min	{(∨ (S$ 
)+)(t!), (∨ (S$)+)(t")}, (∨ (S$),)(t! ∗ t") = sup	(S$),(t! ∗ t") ≤ sup	{min	{(S$),(t!), (S$),(t")}} = min	{sup(S$), 
(t!), sup(S$),(t")} = min{(∨ (S$),)(t!), (∨ (S$),)(t")} ⇒ (∨ (S$),)(t! ∗ t") ≤ min{(∨ (S$),)(t!), (∨ (S$),)(t")}, 
which show that R-intersection of ℜ$ is NCMNSU of X.  

Theorem 3.3 Let ℜ$ = {⟨t!, (ℵ$)6, (S$)6⟩|t! ∈ X} be a collection of sets of NCMNSU of X, where i ∈ k. If 
inf	{max	{(S$)*(t!), (S$)*(t!)}} = max	{inf	(S$)*(t!), inf	(S$)*(t!)}, inf	{min	{(S$)+(t!), (S$)+(t!)}} = min	{inf	(S$)+ 
(t!), inf(S$)+(t!)}, inf{min{(S$),(t!), (S$),(t!)}} = min{inf(S$),(t!), inf(S$),(t!)} ∀ t! ∈ X, then the P-intersection 
of ℜ$ is also a NCMNSU of X. 

Proof. Suppose that ℜ$ = {⟨t!, (ℵ$)6, (S$)6⟩|t! ∈ X} where i ∈ k, be a collection of sets of NCMNSU of X such that 
inf	{max	{(S$)*(t!), (S$)*(t!)}} = max	{inf	(S$)*(t!), inf	(S$)*(t!)}, inf	{min	{(S$)+(t!), (S$)+(t!)}} = min	{inf	(S$)+ 
(t!), inf(S$)+(t!)}, inf	{min	{(S$),(t!), (S$),(t!)}} = min	{inf(S$),(t!), inf(S$),(t!)}}} ∀ t! ∈ X. Now for t!, t" ∈ X. 
Then	(∩ (ℵ$)*)(t! ∗ t") = rinf(ℵ$)*(t! ∗ t") ≥ rinf{rmin{(ℵ$)*(t!), (ℵ$)*(t")}} = rmin{rinf(ℵ$)*(t!), rinf(ℵ$)*( 
t")} = rmin{(∩ (ℵ$)*)(t!), (∩ (ℵ$)*)(t")} ⇒ (∩ (ℵ$)*)(t! ∗ t") ≥ rmin{(∩ (ℵ$)*)(t!), (∩ (ℵ$)*)(t")}, (∩ (ℵ$)+)( 
t! ∗ t") = rinf(ℵ$)+(t! ∗ t") ≤ rinf{rmax{(ℵ$)+(t!), (ℵ$)+(t")}} = rmax{rinf(ℵ$)+(t!), rinf(ℵ$)+(t")} = rmax{(∩
(ℵ$)+)(t!), (∩ (ℵ$)+)(t")} ⇒ (∩ (ℵ$)+)(t! ∗ t") ≤ rmax{(∩ (ℵ$)+)(t!), (∩ (ℵ$)+)(t")}, (∩ (ℵ$),)(t! ∗ t")=rinf	(ℵ$),) 
(t! ∗ t")≤ rinf{rmax{(ℵ$),(t!), (ℵ$),(t")}} = rmax{rinf(ℵ$),(t!), rinf(ℵ$),(t")} = rmax{(∩ (ℵ$),)(t!), (∩ (ℵ$ 
),)(t")} ⇒ (∩ (ℵ$),)(t! ∗ t") ≤ rmax{(∩ (ℵ$),)(t!), (∩ (ℵ$),)(t")}, and (∧ (S$)*)(t! ∗ t") = inf	(S$)*(t! ∗ t") ≤
inf	{max	{(S$)*(t!), (S$)*(t")}} = max	{inf	(S$)*(t!), inf	(S$)*(t")} = max	{(∧ (S$)*)(t!), (∧ (S$)*)(t")} ⇒	(∧(S$	
)*(t! ∗ t") ≤ max	{(∧ (S$)*)(t!), (∧ (S$)*)(t")}, (∧ (S$)+)(t! ∗ t") = inf	(S$)+(t! ∗ t") ≥ inf	{min{(S$)+	(t!), (S$)+	
)+(t")}} = min	{inf	(S$)+(t!), inf	(S$)+(t")} = min	{(∧ (S$)+)(t!), (∧ (S$)+)(t")} ⇒ (∧ (S$)+)(t! ∗ t") ≥ min	{(∧ (S$	
)+)(t!), (∧ (S$)+)(t")}, (∧ (S$),)(t! ∗ t") = inf	(S$),(t! ∗ t") ≥ inf	{min{(S$),(t!), (S$),(t")}} = min	{inf	(S$),(t!	
), inf(S$),(t")} = min{(∧ (S$),)(t!), (∧ (S$),)(t")} ⇒ (∧ (S$),)(t! ∗ t") ≥ min{(∧ (S$),)(t!), (∧ (S$),)(t")}. 
Which show that P-intersection of ℜ$ is NCMNSU of X.  

Theorem 3.4 Let ℜ$ = {⟨t!, (ℵ$)6, (S$)6⟩|t! ∈ X} where i ∈ k, be a collection of sets of NCMNSU of X. If 
rsup{rmin{(ℵ$)*(t!), (ℵ$)*(t")}} = rmin{rsup(ℵ$)*(t!), rsup(ℵ$)*(t")}, rsup{rmax	{(ℵ$)+(t!), (ℵ$)+(t")}} = rma 
x	{rsup(ℵ$)+(t!), rsup(ℵ$)+(t")}, rsup{rmax	{(ℵ$),(t!), (ℵ$),(t")}} = rmax	{rsup(ℵ$),(t!), rsup(ℵ$),(t")}, and  
sup	{max	{(S$)*(t!), (S$)*(t")}} = max	{sup	(S$)*(t!), sup	(S$)*(t")}, sup	{min	{(S$)+(t!), (S$)+(t")}} = min{sup( 
S$)+(t!), sup(S$)+(t")}, sup{min{(S$),(t!), (S$),(t")}} = min{sup(S$),(t!), sup(S$),(t")} ∀ t!, t" ∈ X. Then P-
union of ℜ$ is NCMNSU of X. 

Proof. Let ℜ$ = {⟨t!, (ℵ$)6, (S$)6⟩|t! ∈ X} where i ∈ k, be a collection of sets of NCMNSU of X. ∀ t!, t" ∈ X, we have 
some conditions mentioned in theorem. Then for t!, t" ∈ X. (∪ (ℵ$)*)(t! ∗ t") = rsup(ℵ$)*(t! ∗ t") ≥
rsup{rmin{(ℵ$)*(t!), (ℵ$)*(t")}} = rmin{rsup(ℵ$)*(t!), rsup(ℵ$)*(t")} = rmin{(∪ (ℵ$)*)(t!), (∪ (ℵ$)*)(t")} ⇒
(∪ (ℵ$)*)(t! ∗ t") ≥ rmin{(∪ (ℵ$)*)(t!), (∪ (ℵ$)*)(t")}, (∪ (ℵ$)+)(t! ∗ t") = rsup(ℵ$)+(t! ∗ t") ≤ rsup{rmax{(ℵ$ 
)+(t!), (ℵ$)+(t")}} = rmax{rsup(ℵ$)+(t!), rsup(ℵ$)+(t")} = rmax{(∪ (ℵ$)+)(t!), (∪ (ℵ$)+)(t")} ⇒ (∪ (ℵ$)+)(t! ∗ t" 
) ≤ rmax{(∪ (ℵ$)+)(t!), (∪ (ℵ$)+)(t")}, (∪ (ℵ$),)(t! ∗ t") = rsup(ℵ$),(t! ∗ t") ≤ rsup{rmax{(ℵ$),(t!), (ℵ$),(t" 

)}} = rmax{rsup(ℵ$),(t!), rsup(ℵ$),(t")} = rmax{(∪ (ℵ$),)(t!), (∪ (ℵ$),)(t")} ⇒ (∪ (ℵ$),)(t! ∗ t") ≤ rmax{ 
(∪ (ℵ$),)(t!), (∪ (ℵ$),)(t")}, and (∨ (S$)*)(t! ∗ t") = sup	(S$)*(t! ∗ t") ≤ sup	{max	{(S$)*(t!), (S$)*(t")}} =
max	{sup	(S$)*(t!), sup	(S$)*(t")} = max	{(∨ (S$)*)(t!), (∨ (S$)*)(t")} ⇒ (∨ (S$)*)(t! ∗ t") ≤ max	{(∨ (S$)*)(t! 
), (∨ (S$)*)(t")}, (∨ (S$)+)(t! ∗ t") = sup	(S$)+(t! ∗ t") ≥ sup	{min	{(S$)+(t!), (S$)+(t")}} = min	{sup	(S$)+(t!),sup 
(S$)+(t")} = min	{(∨ (S$)+)(t!), (∨ (S$)+)(t")} ⇒ (∨ (S$)+)(t! ∗ t") ≥ min	{(∨ (S$)+)(t!), (∨ (S$)+)(t")}, (∨ (S$),)( 
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t! ∗ t") = sup	(S$),(t! ∗ t") ≥ sup	{min	{(S$),(t!), (S$),(t")}} = min	{sup	(S$),(t!), sup	(S$),(t")} = min	{(∨
(S$),)(t!), (∨ (S$),)(t")} ⇒ (∨ (S$),)(t! ∗ t") ≥ min{(∨ (S$),)(t!), (∨ (S$),)(t")}, which show that P-union of ℜ$ 
is NCMNSU of X.  

Theorem 3.5  If neutrosophic cubic set ℜ = (ℵ6, S6) of X is subalgebra, then ∀ t! ∈ X, ℵ*(0 ∗ t!) ≥ ℵ*(t!), ℵ+(0 ∗
t!) ≤ ℵ+(t!), ℵ,(0 ∗ t!) ≤ ℵ,(t!) and S*(0 ∗ t!) ≤ S*(t!), S+(0 ∗ t!) ≥ S+(t!), S,(0 ∗ t!) ≥ S,(t!). 

Proof. ∀ t! ∈ X, ℵ*(0 ∗ t!) ≥ rmin{ℵ*(0), ℵ*(t!)} = rmin{ℵ*(t! ∗ t!), ℵ*(t!)} ≥ rmin{rmin{ℵ*(t!), ℵ*(t!)}, ℵ* 
(t!)} = ℵ*(t!), ℵ+(0 ∗ t!) ≤ rmax{ℵ+(0), ℵ+(t!)} = rmax{ℵ+(t! ∗ t!), ℵ+(t!)} ≤ rmax{rmax{ℵ+(t!), ℵ+(t!)}, ℵ+(t! 
)} = ℵ+(t!), ℵ,(0 ∗ t!) ≤ rmax{ℵ,(0), ℵ,(t!)} = rmax{ℵ,(t! ∗ t!), ℵ,(t!)} ≤ rmax{rmax{ℵ,(t!), ℵ,(t!)	}, ℵ, 
(t!)} = ℵ,(t!) and now ∀ t! ∈ X, S*(0 ∗ t!) ≤ max{S*(0), S*(t!)} = max	{S*(t! ∗ t!), S*(t!)} ≤ max	{max{S*( 
t!), S*(t!)}, S*(t!)} = S*(t!), S+(0 ∗ t!) ≥ min{S+(0), S+(t!)} = min	{S+(t! ∗ t!), S+(t!)} ≥ min	{min	{S+(t!), S+(t! 
)}, S+(t!)} = S+(t!), S,(0 ∗ t!) ≥ min{S,(0), S,(t!)} = min	{S,(t! ∗ t!), S,(t!)} ≥ min	{min	{S,(t!)	, S,(t!)}, S, 
(t!)} = S,(t!)  

Theorem 3.6 If netrosophic cubic set ℜ = (ℵ6, S6) of X is subalgebra then ℜ(t! ∗ t") = ℜ(t! ∗ (0 ∗ (0 ∗ t"))) ∀ 
t!, t" ∈ X. 

Proof. Let X be a BF-algebra and t!, t" ∈ X. Then we know by ([13] Proposition 2.5) that t" = 0 ∗ (0 ∗ t"). Hence, 
ℵ6(t! ∗ t") = ℵ6(t! ∗ (0 ∗ (0 ∗ t"))) and S6(t! ∗ t") = S6(t! ∗ (0 ∗ (0 ∗ t"))). Therefore, ℜ6(t! ∗ t") = ℜ6(t! ∗
(0 ∗ (0 ∗ t"))).  

Theorem 3.7 If netrosophic cubic set ℜ = (ℵ6, S6) of X is subalgebra then ℵ*(0) ≥ rmin{ℵ*(t"), ℵ*(t!}), ℵ+(0) ≤
rmax	{ℵ+(t"), ℵ+(t!)}, ℵ,(0) ≤ rmax	{ℵ,(t"), ℵ,(t!)}, and S*(0) ≤ max 	{S*(t") , S*(t!)}, S+(0) ≥ min	{S+(t"), S+ 
(t!)}, S,(0) ≥ min{S,(t"), S,(t!)}, ∀ t!, t" ∈ X. 
Proof. Here we use the ([13] Proposition 2.5) and above Proposition, now for t!, t" ∈ X ℵ*(0) = ℵ*(t! ∗ t!) ≥ 
rmax{ℵ*(t!), ℵ*(t!)} = rmin	{ℵ*(0 ∗ (0 ∗ t!)), ℵ*(0 ∗ (0 ∗ t!))} = rmin	{ℵ*(0 ∗ (0 ∗ t")), ℵ*(0 ∗ (0 ∗ t!))} = 
rminℵ*(t"), ℵ*(t!)},ℵ+(0) = ℵ+(t! ∗ t!) ≤ rmax	{ℵ+(t!), ℵ+(t!)} = rmax	{ℵ+(0 ∗ (0 ∗ t!)), ℵ+(0 ∗ (0 ∗ t!))} = 
rmax{ℵ+(0 ∗ (0 ∗ t")), ℵ+(0 ∗ (0 ∗ t!))} = rmax{ℵ+(t"), ℵ+(t!)},	ℵ,(0) = ℵ,(t! ∗ t!) ≤ rmax{ℵ,(t!), ℵ,(t!)} = 
rmax{ℵ,(0 ∗ (0 ∗ t!)), ℵ,(0 ∗ (0 ∗ t!))} = rmax{ℵ,(0 ∗ (0 ∗ t")), ℵ,(0 ∗ (0 ∗ t!))} = rmax{ℵ,(t"), ℵ,(t!)}. 
Now,   S*(0) = S*(t! ∗ t!) ≤ max{S*(t!), S*(t!)} = max{S*(0 ∗ (0 ∗ t!)), S*(0 ∗ (0 ∗ t!))} = max{S*(0 ∗ (0 ∗
t")), S*(0 ∗ (0 ∗ t!))} = max{S*(t"), S*(t!)},S+(0) = S+(t! ∗ t!) ≥ min	{S+(t!), S+(t!)} = min	{S+(0 ∗ (0 ∗ t!)), 
S+(0 ∗ (0 ∗ t!))} = min	{S+(0 ∗ (0 ∗ t")), S+(0 ∗ (0 ∗ t!))} = min	{S+(t"), S+(t!)}, S,(0) = S,(t! ∗ t!) ≥ min	{S, 
(t!), S,(t!)} = min	{S,(0 ∗ (0 ∗ t!)), S,(0 ∗ (0 ∗ t!))} = min	{S,(0 ∗ (0 ∗ t")), S,(0 ∗ (0 ∗ t!))} = min	{S,(t"), 
S,(t!)}.  

Theorem 3.8 If neutrosophic cubic set ℜ = (ℵ6, S6) of X is NCMNSU, then ∀ t!, t" ∈ X, ℵ6(t! ∗ (0 ∗ t")) ≥
rmin{ℵ6(t!), ℵ6(t")} and S6(t! ∗ (0 ∗ t")) ≤ max{S6(t!), S6(t")}. 

Proof. Here we use above Proposition for proof. Let t!, t" ∈ X. Then we have ℵ*mt! ∗ (0 ∗ t")n ≥
rmin{ℵ*(t!), ℵ*(0 ∗ t")} ≥ rmin{ℵ*(t!), ℵ*(t")},ℵ+(t! ∗ (0 ∗ t")) ≤ rmax{ℵ+(t!), ℵ+(0 ∗ t")} ≤ rmax{ℵ+(t!), ℵ+( 
t")}, ℵ,mt! ∗ (0 ∗ t")n ≤ rmax{ℵ,(t!), ℵ,(0 ∗ t")} ≤ rmax{ℵ,(t!), ℵ,(t")} and S*(t! ∗ (0 ∗ t")) ≤ max	{S*(t!), 

S*(0 ∗ t")} ≤ max	{S*(t!), S*(t")}, S+(t! ∗ (0 ∗ t")) ≥ min	{S+(t!), S+(0 ∗ t")} ≥ min	{S+(t!), S+(t")}, S,(t! ∗ (0 ∗
t")) ≥ min{S,(t!), S,(0 ∗ t")} ≥ min{S,(t!), S,(t")}.  

Theorem 3.9 If a neutrosophic cubic set ℜ = (ℵ6, S6) of X satisfies the following conditions, then ℜ refers to a 
NCMNSU of X:   
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1.  ℵ*(0 ∗ t!) ≥ ℵ*(t!), ℵ+(0 ∗ t!) ≤ ℵ+(t!), ℵ,(0 ∗ t!) ≤ ℵ,(t!) and S*(0 ∗ t!) ≤ S*(t!), S+(0 ∗ t!) ≥ S+(t!), 
S,(0 ∗ t!) ≥ S,(t!) ∀ t! ∈ X.  

 2.  ℵ*mt! ∗ (0 ∗ t")n ≥ rmin{ℵ*(t!), ℵ*(t")}, ℵ+mt! ∗ (0 ∗ t")n ≤ rmax{ℵ+(t!), ℵ+(t")}, ℵ,mt! ∗ (0 ∗ t")n ≤ rmax{ 
ℵ,(t!), ℵ,(t")} and S*mt! ∗ (0 ∗ t")n ≤ max{S*(t!), S*(t")}, S+mt! ∗ (0 ∗ t")n ≥ min{S+(t!), S+(t")}, S,(t! ∗ (0 ∗
t")) ≥ min{S,(t!), S,(t")}, ∀ t!, t" ∈ X.  

Proof. Assume that the neutrosophic cubic set ℜ = (ℵ6, S6) of X satisfies the both axioms above. Then by lemma, we 
have ℵ*(t! ∗ t") = ℵ*(t! ∗ (0 ∗ (0 ∗ t"))) ≥ rmin{ℵ*(t!), ℵ*(0 ∗ t")} ≥ rmin{ℵ*(t!), ℵ*(t")}, ℵ+(t! ∗ t") = ℵ+( 
t! ∗ (0 ∗ (0 ∗ t"))) ≤ rmax	{ℵ+(t!), ℵ+(0 ∗ t")} ≤ rmax	{ℵ+(t!), ℵ+(t")}, ℵ,(t! ∗ t") = ℵ,(t! ∗ (0 ∗ (0 ∗ t"))) ≤
rmax{ℵ,(t!), ℵ,(0 ∗ t")} ≤ rmax{ℵ,(t!), ℵ,(t")}, and S*(t! ∗ t") = S*(t! ∗ (0 ∗ (0 ∗ t"))) ≤ max{S*(t!), S*(0 ∗
t")} ≤ max{S*(t!), S*(t")}, S+(t! ∗ t") = S+(t! ∗ (0 ∗ (0 ∗ t"))) ≥ min{S+(t!), S+(0 ∗ t")} ≥ min{S+(t!), S+(t")}, 
S,(t! ∗ t") = S,(t! ∗ (0 ∗ (0 ∗ t"))) ≥ min{S,(t!), S,(0 ∗ t")} ≥ min{S,(t!), S,(t")} ∀ t!, t" ∈ X. Hence, ℜ is 
NCMNSU of X.  

Theorem 3.10 A neutrosophic cubic set ℜ = (ℵ6, S6) of X is NCMNSU of X ⇐ ℵ6" , ℵ6# and S6 are fuzzy subalgebra 
of X.   

Proof. Let ℵ6', κp;(6 and S6 are fuzzy subalgebra of X and t!, t" ∈ X. Then ℵ*'(t! ∗ t") ≥ min{ℵ*'(t!), ℵ*'(t")}, 
ℵ+'(t! ∗ t") ≤ max{ℵ+'(t!), ℵ+'(t")} , ℵ,'(t! ∗ t") ≤ max{ℵ,'(t!), ℵ,'(t")},ℵ*((t! ∗ t") ≥ min{ℵ*((t!), ℵ*((t")}, ℵ+((t! 
∗ t") ≤ max{ℵ+((t!), ℵ+((t")}, ℵ,((t! ∗ t") ≤ max{ℵ,((t!), ℵ,((t")}, and S*(t! ∗ t") ≤ max{S*(t!), S*(t")}, S+(t! ∗
t") ≥ min{S+(t!), S+(t")} , 	S,(t! ∗ t") ≥ min{S,(t!), S,(t")}. Now,ℵ*(t! ∗ t") = [ℵ*'(t! ∗ t"), ℵ*((t! ∗ t")] ≥[min 
{ℵ*'(t!), ℵ*'(t")},min{ℵ*((t!), ℵ*((t")}] ≥ rmin{[ℵ*'(t!), ℵ*((t")], [ℵ*'(t!), ℵ*((t")]} = rmin{ℵ*(t!), ℵ*(t")}, ℵ+(t! ∗
t") = [ℵ+'(t! ∗ t"), ℵ+((t! ∗ t")] ≤ [max	{ℵ+'(t!), ℵ+'(t")},max	{ℵ+((t!), ℵ+((t")}] ≤ rmax{[ℵ+'(t!), ℵ+((t")], [ℵ+'(t!) 
, ℵ+((t")]} = rmax	{ℵ+(t!), ℵ+(t")}, ℵ,(t! ∗ t") = [ℵ,'(t! ∗ t"), ℵ,((t! ∗ t")] ≤ [max	{ℵ,'(t!), ℵ,'(t")},max{ℵ,((t!), 
ℵ,((t")}] ≤ rmax{[ℵ,'(t!), ℵ,((t")], [ℵ,'(t!), ℵ,((t")]} = rmax{ℵ,(t!), ℵ,(t")}. Therefore, ℜ is NCMNSU of X. 
Conversely, assume that ℜ is a NCMNSU of X. For any t!, t" ∈ X,	{ℵ*'(t! ∗ t"), ℵ*((t! ∗ t")} = ℵ*(t! ∗ t") ≥
rmin{ℵ*(t!), ℵ*(t")} = rmin{[ℵ*'(t!), ℵ*((t!)], [ℵ*'(t"), ℵ*((t")]}	=	[min{ℵ*'(t!), ℵ*'(t")} ,min{ℵ*((t!), ℵ*((t")}], 
{ℵ+'(t! ∗ t"), ℵ+((t! ∗ t")] = ℵ+(t! ∗ t") ≤ rmax{ℵ+(t!), ℵ+(t")} = rmax{[ℵ+'(t!), ℵ+((t!)], [ℵ+'(t"), ℵ+((t")]} =[max 
{ℵ+'(t!), ℵ+'(t")},max	{ℵ+((t!), ℵ+((t")}], [ℵ,'(t! ∗ t"), ℵ,((t! ∗ t")] = ℵ,(t! ∗ t") ≤ rmax{ℵ,(t!), ℵ,(t")} = rmax 
{[ℵ,'(t!), ℵ,((t!)], [ℵ,'(t"), ℵ,((t")]}	=[max{ℵ,'(t!), ℵ,'(t")} ,max{ℵ,((t!), ℵ,((t")}]. Thus,	ℵ*'(t! ∗ t") ≥ min	{ℵ6'( 
t!), ℵ6'(t")},ℵ+'(t! ∗ t") ≤ max{ℵ+'(t!), ℵ+'(t")},ℵ,'(t! ∗ t") ≤ max{ℵ,'(t!), ℵ,'(t")},ℵ*((t! ∗ t") ≥ min	{ℵ6((t!), ℵ6( 
(t")},ℵ+((t! ∗ t") ≤ max{ℵ+((t!), ℵ+((t")},ℵ,((t! ∗ t") ≤ max{ℵ,((t!), ℵ,((t")}, and	S*(t! ∗ t") ≤ max	{S*(t!), S*(t" 
)}, S+(t! ∗ t") ≥ min{S+(t!), S+(t")}, S,(t! ∗ t") ≥ min{S,(t!), S,(t")}. Hence ℵ6(, ℵ6' and S6 are fuzzy subalgebra 
of X.  
Theorem 3.11 Let ℜ = (ℵ6, S6) be a NCMNSU of X and n ∈ ℤ((the set of positive integer). Then 1. ℵ*(ℸ8t! ∗ t!) 
≥ ℵ*(t!) for n ∈ 𝕆. 2. ℵ+(ℸ8t! ∗ t!) ≤ ℵ+(t!) for n ∈ 𝕆. 3. ℵ,(ℸ8t! ∗ t!) ≤ ℵ,(t!) for n ∈ 𝕆. 4. S*(ℸ8t! ∗ t!) ≤
ℵ*(t!) for n ∈ 𝕆. 5. S+(ℸ8t! ∗ t!) ≥ ℵ+(t!) for n ∈ 𝕆. 6. S,(ℸ8t! ∗ t!) ≥ ℵ,(t!) for n ∈ 𝕆. 7. ℵ6(ℸ8t! ∗ t!) = ℵ6(t!) 
for n ∈ 𝔼. 8. S6(ℸ8t! ∗ t!) = ℵ6(t!) for n ∈ 𝔼.   

Proof. Let t! ∈ X and n is odd. Then n = 2q − 1 for some positive integer q. We prove the theorem by induction. 

Now ℵ*(t! ∗ t!) = ℵ*(0) ≥ ℵ*(t!), ℵ+(t! ∗ t!) = ℵ+(0) ≤ ℵ+(t!), ℵ,(t! ∗ t!) = ℵ,(0) ≤ ℵ,(t!) and S*(t! ∗ t!) =
S*(0) ≤ S*(t!), S+(t! ∗ t!) = S+(0) ≥ S+(t!), S,(t! ∗ t!) = S,(0) ≥ S,(t!). Suppose that ℵ*(ℸ"<'!t! ∗ t!) ≥
ℵ*(t!), ℵ+(ℸ"<'!t! ∗ t!) ≤ ℵ+(t!), ℵ,(ℸ"<'!t! ∗ t!) ≤ ℵ,(t!) and S*(ℸ"<'!t! ∗ t!) ≤ S*(t!), S+(ℸ"<'!t! ∗ t!) ≥
S+(t!), S,(ℸ"<'!t! ∗ t!) ≥ S,(t!). Then by assumption, ℵ*(ℸ"(<(!)'!t! ∗ t!) = ℵ*(ℸ"<(!t! ∗ t!) = ℵ*(ℸ"<'!t! ∗ (t! ∗
(t! ∗ t!))) = ℵ*(ℸ"<'!t! ∗ t!) ≥ ℵ*(t!), ℵ+(ℸ"(<(!)'!t! ∗ t!) = ℵ+(ℸ"<(!t! ∗ t!) = ℵ+(ℸ"<'!t! ∗ (t! ∗ (t! ∗ t!))) = 
ℵ+(ℸ"<'!t! ∗ t!) ≤ ℵ+(t!), ℵ,(ℸ"(<(!)'!t! ∗ t!)=ℵ,(ℸ"<(!t! ∗ t!) = ℵ,(ℸ"<'!t! ∗ (t! ∗ (t! ∗ t!))) = ℵ,(ℸ"<'!t! ∗
t!) ≤ ℵ,(t!) and S*(ℸ"(<(!)'!t! ∗ t!)=S*(ℸ"<(!t! ∗ t!) = S*(ℸ"<'!t! ∗ (t! ∗ (t! ∗ t!))) = S*(ℸ"<'!t! ∗ t!) ≤ S*(t!), 
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S+(ℸ"(<(!)'!t! ∗ t!)=S+(ℸ"<(!t! ∗ t!) = S+(ℸ"<'!t! ∗ (t! ∗ (t! ∗ t!))) = S+(ℸ"<'!t! ∗ t!) ≥ S+(t!), S,(ℸ"(<(!)'!t! ∗
t!)=S,(ℸ"<(!t! ∗ t!) = S,(ℸ"<'!t! ∗ (t! ∗ (t! ∗ t!))) = S,(ℸ"<'!t! ∗ t!) ≥ S,(t!), which prove (1),(2),(3),(4),(5) 
and (6), similarly we can prove the remaining cases (7) and (8).  

Note: The sets denoted by Iℵ$ and I@$ are also subalgebras of X, which are defined as: Iℵ$={t! ∈ X|ℵ6(t!) = ℵ6(0)}, 
I@$={t! ∈ X|S6(t!) = S6(0)}.  
 
Theorem 3.12 Let ℜ = (ℵ6, S6) be a NCMNSU of X. Then the sets Iℵ$ and I@$ are subalgebras of X. 

Proof. Let t!, t" ∈ Iℵ$. Then ℵ6(t!) = ℵ6(0) = ℵ6(t") and ℵ6(t! ∗ t") ≥ rmin{ℵ6(t!), ℵ6(t")} = ℵ6(0). By using 
Proposition 2.3, we know that ℵ6(t! ∗ t") = ℵ6(0) or equivalently t! ∗ t" ∈ Iℵ$. 
Let t!, t" ∈ Iℵ$. Then S6(t!) = S6(0) = S6(t") and S6(t! ∗ t") ≤ max {S6(t!), S6(t")} =S6(0). Again by using 
Proposition 2.3, we know that S6(t! ∗ t") = S6(0) or equivalently t! ∗ t" ∈ Iℵ$. Hence the sets IAB$%  and I@$ are 
subalgebras of X.  

Theorem 3.13  Let B be a nonempty subset of X and ℜ = (ℵ6, S6) be a neutrosophic cubic set of X defined by   

 ℵ6(t!) = x
[κ6& , κ6'], if	t! ∈ B
[φ6& , φ6'] otherwise,		 , SC(t!) = }ω6, if	t! ∈ B

ϱ6, otherwise 

 ∀ [κ6& , κ6'],[φ6& , φ6'] ∈ D[0,1] and ω6, ϱ6 ∈ [0,1] with [κ*& , κ*'] ≥ [φ*& , φ*'], [κ+& , κ+'] ≤ [φ+& , φ+'], [κ,& , κ,'] 
≤ [φ,& , φ,'], and ω* ≤ ϱ*, ω+ ≥ ϱ+, ω, ≥ ϱ,. Then ℜ is a NCMNSU of X ⇐ B is a subalgebra of X. Moreover, 
Iℵ$=B=I@$ . 

Proof. Let ℜ be a NCMNSU of X and t!, t" ∈ X such that t!, t" ∈ B. Then ℵ*(t! ∗ t") ≥ rmin{ℵ*(t!), ℵ*(t")} =
rmin{[κ*& , κ*'], [κ*& , κ*']} = [κ*& , κ*'], ℵ+(t! ∗ t") ≤ rmax{ℵ+(t!), ℵ+(t")} = rmax{[κ+& , κ+'], [κ+& , κ+']} = [κ+& , κ+'] 
, ℵ,(t! ∗ t") ≤ rmax{ℵ,(t!), ℵ,(t")} = rmax{[κ,& , κ,'], [κ,& , κ,']} = [κ,& , κ,'] and S*(t! ∗ t") ≤ max	{S*(t!), S* 
(t")} = max	{ω*, ω*} = ω*, S+(t! ∗ t") ≥ min{S+(t!), S+(t")} = min	{ω+, ω+} = ω+, S,(t! ∗ t") ≥ min	{S,(t!), S,( 
t")} = min{ω,, ω,} = ω,,. Therefore t! ∗ t" ∈ B. Hence, B is a subalgebra of X. Conversely, suppose that B is a 
subalgebra of X and t!, t" ∈ X. Consider two cases. 
 
Case 1: If t!, t" ∈ B then t! ∗ t" ∈ B, thus ℵ*(t! ∗ t") = [κ*& , κ*'] = rmin{ℵ*(t!), ℵ*(t")}, ℵ+(t! ∗ t") = [κ+& , κ+'] =
rmax{ℵ+(t!), ℵ+(t")}, ℵ,(t! ∗ t") = [κ,& , κ,'] = rmax	{ℵ,(t!), ℵ,(t")}, and S*(t! ∗ t") = ω* = max	{S*(t!), S*( 
t")}, S+(t! ∗ t") = ω+ = min{S+(t!), S+(t")}, S,(t! ∗ t") = ω, = min{S,(t!), S,(t")}. 

Case 2: If t! ∉ B or t" ∉ B, then ℵ*(t! ∗ t") ≥ [φ*& , φ*'] = rmin{ℵ*(t!), ℵ*(t")}, ℵ+(t! ∗ t") ≤ [φ+& , φ+'] =
rmax{ℵ+(t!), ℵ+(t")}, ℵ,(t! ∗ t") ≤ [φ,& , φ,'] = rmin{ℵ,(t!), ℵ,(t")}, and S*(t! ∗ t") ≤ ϱ* = max	{S*(t!), S*( 
t")}, S+(t! ∗ t") ≥ ϱ+ = min{S+(t!), S+(t")}, S,(t! ∗ t") ≥ ϱ+ = min{S,(t!), S,(t")}. Hence ℜ is a NCMNSU of X. 
Now, Iℵ$={t! ∈ X, ℵ6(t!) = ℵ6(0)}={t! ∈ X, ℵ6(t!) = [κ6& , κ6']} = B, and I@$= {t! ∈ X, S6(t!) = S6(0)}	=	{t! ∈ X, 
S6(t!) = ω6}	= B.  
 
Theorem 3.14  Let ℜ = (ℵ6, S6) be a neutrosophic cubic set of X. For [s*& , s*'], [s+& , s+'], [s,& , s,'] ∈ D[0,1] and 
t*& , t+& , t,& ∈ [0,1], the set U(ℵ6|([s*& , s*'], [s+& , s+'], [s,& , s,']))	={t! ∈ X|ℵ*(t!) ≥ [s*& , s*'], ℵ+(t!) ≤ [s+& , s+'], ℵ, 
(t!) ≤ [s,& , s,']} is called upper ([s*& , s*'], [s+& , s+'], [s,& , s,'])-level of ℜ and L(S6|(t*& , t+& , t,&)) =	{t! ∈
X|S*(t!) ≤ t*& , S+(t!) ≥ t+& , S,(t!) ≥ t,&} is called lower (t*& , t+& , t,&)-level of ℜ.   If ℜ = (ℵ6, S6) is NCMNSU of 
X, then the upper [s6& , s6']-level and lower t6&-level of ℜ are subalgebras of X.   
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Proof. Let t!, t" ∈ U(ℵ6|[s6& , s6']). Then ℵ*(t!) ≥ [s*& , s*'] and ℵ*(t") ≥ [s*& , s*']. It follows that ℵ*(t! ∗ t") ≥
rmin{ℵ*(t!), ℵ*(t")} ≥ [s6& , s6'] ⇒ t! ∗ t" ∈ U(ℵ*|[s*& , s*']), ℵ+(t!) ≤ [s+& , s+']	and	ℵ+(t") ≤ [s+& , s+'].	It follows 
that ℵ+(t! ∗ t") ≤ rmax{ℵ+(t!), ℵ+(t")} ≤ [s+& , s+'] ⇒ t! ∗ t" ∈ U(ℵ+|[s+& , s+']), ℵ,(t!) ≤ [s,& , s,'] and ℵ,(t") ≤
[s,& , s,']. It follows that ℵ,(t! ∗ t") ≤ rmax{ℵ,(t!), ℵ,(t")} ≤ [s,& , s,'] ⇒ t! ∗ t"	 ∈	 U(ℵ,|[s,& , s,']). Hence, 
U(ℵ6|[s6& , s6'] is a subalgebra of X. Let t!, t" ∈ L(S6|t6&). Then S*(t!) ≤ t*& and S*(t") ≤ t*&. It follows that S*(t! ∗
t") ≤ max{S*(t!), S*(t")} ≤ t*& ⇒ t! ∗ t" ∈ L(S*|t*&), S+(t!) ≥ t+& and S+(t") ≥ t+&. It follows that S+(t! ∗ t") ≥
min{S+(t!), S+(t")} ≥ t+& ⇒ t! ∗ t" ∈ L(S+|t+&), S,(t!) ≥ t,& and S,(t") ≥ t,&. It follows that S,(t! ∗ t") ≥
min{S,(t!), S,(t")} ≥ t,& ⇒ t! ∗ t" ∈ L(S,|t,&), Hence L(S6|t6&) is a subalgebra of X.  

Theorem 3.15 Let ℜ = (ℵ6, S6) is NCMNSU of X. Then ℵm[s6& , s6']; t6&n	= U(ℵ6|[s6& , s6']) ∩ L(S6|t6&)= {t! ∈
X|ℵ*(t!) ≥ [s*& , s*'], ℵ+(t!) ≤ [s+& , s+'], ℵ,(t!) ≤ [s,& , s,'], S*(t!) ≤ t*& , S+(t!) ≥ t+& , S,(t!) ≥ t,&} is a subalge- 
bra of X. 

Proof. This theorem can be proved by using Theorem 3.14. The converse of Theorem 3.15 is not valid, for which we 
present the example. 

Example 3.2 Let 𝑋 = {0, 𝑡!, 𝑡", 𝑡3, 𝑡4, 𝑡5} be a BF-algebra used in above example and ℜ = (ℵ6, S6) is a neutrosophic 
cubic set defined by  

          0 𝑡! 𝑡" 𝑡3 𝑡4 𝑡5 

ℵD [0.5,0.7] [0.6,0.7] [0.6,0.7] [0.2,0.3] [0.4,0.5] [0.4,0.5] 

ℵ1 [0.4,0.6] [0.5,0.6] [0.5,0.6] [0.5,0.7] [0.4,0.4] [0.4,0.8] 

ℵE [0.3,0.5] [0.3,0.6] [0.3,0.6] [0.3,0.6] [0.2,0.3] [0.2,0.3] 

   

        0 𝑡! 𝑡" 𝑡3 𝑡4 𝑡5 

𝑆D       0.2       0.4       0.4        0.6        0.4       0.6 

𝑆1       0.3        0.5       0.5       0.7        0.5       0.7 

𝑆E       0.4         0.6       0.6       0.8       0.6        0.8 

 
Now ℵ([𝑠6& , 𝑠6']; 𝑡6&)	=	𝑈(ℵ6|[𝑠6& , 𝑠6']) ⋂ 𝐿(𝑆6|𝑡6&)	=	{𝑡! ∈ 𝑋|ℵD(𝑡!) ≥ [𝑠C& , 𝑠C&], 𝑆D(𝑡!) ≤ 𝑡D} = {0, 𝑡!, 𝑡3}⋂  
{0, 𝑡!, 𝑡", 𝑡3} = {0, 𝑡!, 𝑡3} is a subalgebra of X, similarly we can find this for indterminate and non membership 
elelments. But ℜ = (ℵ6, S6)  is not a neutrosophic cubic subalgebra, since ℵD(𝑡! ∗ 𝑡4) = [0.2,0.3] ≱ [0.4,0.5] =
𝑟𝑚𝑖𝑛{ℵD(𝑡!), ℵD(𝑡4)}, ℵ1(𝑡! ∗ 𝑡") = [0.4,0.8] ≰ [0.4,0.6] = 𝑟𝑚𝑎𝑥{ℵ1(𝑡!), ℵ1(𝑡")}, similarly we can find this for non 
membership elelment and 𝜆D(𝑎" ∗ 𝑎4) = 0.6 ≰ 0.4 = 𝑚𝑎𝑥{𝜆D(𝑎"), 𝜆D(𝑎4)}, similarly we can find this for 
indeterminate and non membership elelments. 
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4.  CONCLUSION 
 

In this paper, neutrosophic cubic MN-subalgebra was introduced and its few helpful results and new characteristics 
were studied. The investigation of this new sort of subalgebra will help analysts to apply this subalgebra on various 
algebras. We are recommending some ideas like multiplication, and cartesian product to apply this work. 

 

References 

[1] S. S.  Ahn, K. Bang, “On fuzzy subalgebras in B-algebra”, Communications of the Korean Mathematical Society 
18, pp. 429-437, 2003.  

[2] R. Biswas, “Rosenfeld’s fuzzy subgroup with interval valued membership function”, Fuzzy Sets and Systems, 63, 
pp. 87-90, 1994.  

[3] Y. B. Jun, C. S. Kim, K. O Yang, “Cubic sets”, Annuals of Fuzzy Mathematics and Informatics, 4, pp. 83-98, 
2012.  

[4] Y. B. Jun, S. T. Jung, M. S. Kim,  “Cubic subgroup”, Annals of Fuzzy Mathematics and Infirmatics, 2, pp. 9-15, 
2011.  

[5]  Y. B. Jun, F. Smarandache, C. S. Kim,  “Neutrosophic cubic sets”, New Math. and Natural Comput., 8, 41, 2015.  

[6] C. B. Kim, H. S. Kim, “On BG-algebra”, Demonstration Mathematica, 41, pp. 497-505, 2008.  

[7] W. Andrzej, “On BF-algebras”, Mathematica Slovaca, 57, 2007.  

[8] J. Neggers, H. S. Kim, “A fundamental theorem of B-homomorphism for B-algebras”, International Mathematical 
Journal, 2, pp. 215-219, 2002.  

[9] S. S. Ahn,  J. M. Ko, “Structure of BF-algebras”, Applied Mathematical Sciences, pp. 6369–6374, 2015.  

[10] A. B. Saeid, “Interval-valued fuzzy B-algebras”, Iranian Journal of Fuzzy System, 3, pp. 63-73, 2006.  

[11] F. Smarandache, “Neutrosophic set a generalization of the intuitionistic fuzzy set”, International Journal of Pure 
and Applied Mathematics. 24, 3, pp. 287-297, 2005.  

[12] F. Smarandache, “A unifying field in logics, Neutrosophic Logic. Neutrosophy, Neutrosophic Set, Neutrosophic 
Probability”, American Reserch Press, Rehoboth, NM, 1999.  

[13] T. Senapati, M. Bhowmik, M. Pal, “Fuzzy dot subalgebras and fuzzy dot ideals of B-algebra”, Journal of 
Uncertain System, 8, pp. 22-30, 2014.  

[14] T. Senapati, M. Bhowmik, M. Pal, “Interval-valued intuitionistic fuzzy BG-subalgebras”, The Journal of Fuzzy 
Mathematics, 20, pp. 707-720, 2012.  

[15] M. Khalid, R. Iqbal, S. Broumi, “Neutrosophic soft cubic subalgebras of G-algebras”, Neutrosophic Sets and 
Systems, 28, pp. 259-272, 2019. 

[16] M. Khalid, B. Y. Jun, M. M. Takallo, N. A. Khalid, “Magnification of MBJ-Neutrosophic translation on G-
Algebra”, International Journal of Neutrosophic Science, 2, 1, pp. 27–37, 2020.  



International Journal of Neutrosophic Science (IJNS)                                                   Vol. 4, No. 2,  PP. 93-103, 2020 

 

Doi: 10.5281/zenodo.3782870 
 

 103 

[17] M. Khalid, A. N. Khalid, R. Iqbal, “MBJ-neutrosophic T-ideal on B-algebra”, International Journal of 
Neutrosophic Science, 1, 1, pp. 24-33, 2020.  

[18] M. Khalid, A. N. Khalid, H. Khalid, S. Broumi, “Multiplicative interpretation of neutrosophic cubic set on B-
Algebra”, International Journal of Neutrosophic Science, 1, 1, pp. 58-67, 2020.  

[19] A. Walendziak, “Some axiomation of B-algebras”, Mathematics Slovaca, 56, pp. 301-306, 2006.  

[20] L.A Zadeh, “Fuzzy sets”, Information and control, 8, pp. 338-353, 1965.  

[21] L.A Zadeh, “The concept of a linguistic variable and its application to approximate reasoning”, Information 
science, 8, pp. 199-249, 1975.  

[22] T. Senapati, C. H. Kim, M. Bhowmik, M. Pal, “Cubic subalgebras and cubic closed ideals of B-algebras”, Fuzzy 
Information and Engineering, 7, pp. 129-149, 2015. 

 

 
 
 


