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Abstract

In this paper, we employ the classical topological preorder to introduce the concept of topologically bounded
sets, in order to relate it to the Collatz conjecture problem. In addition, this preorder allows us to derive
some results about topologically convex sets, showing that these form a convex structure. Finally, using this
topological preorder, we define the neutrosophic continuous sets and establish the necessary conditions to
identify the points that are connected to these sets, which form a topological convex set.

Keywords: Topological preorder; Collatz conjeture; Topological convex set

1 Introduction

In topological theory, it is usual to denote the closure of a set A as A. This denotation allows us to define the
preorder of specialization or topological preorder,* from which several results have been derived; for example,
the continuous image of a topologically bounded set, is another topologically bounded set because continuous
functions preserve the topological preorder.

On the other hand, using the Collatz map f : N — N defined by f(n) = n/2if nisevenand f(n) = 3n +1
if n is odd, the Collatz conjecture is established as follows: for every n € N there exists a natural number r
such that the composite r-fold of f with itself gives 1, that is f(")(n) = 1. Although this conjecture has not
been demonstrated, it has been characterized in several ways, such as those given in references® and 12 but this
has not been studied through the preorder of specialization.

In this manuscript, employing topological preorder and topologically convex sets, we establish some results
in four sections. In Section 2, we study the Collatz conjeture problem through the specialization preorder. In
Section 3, we explore the notion of topologically convex sets using the preorder of specialization, obtaining
among other results, that the collection of these sets is a convex structure, that the kernel and the saturation of a
set are topologically convex sets, we compare the cardinality of the family of all topologies defined on a set X
with the cardinality of the family of all convex structures on X . In Section 4, we show that topologically convex
sets are preserved under homeomorphisms. Finally, in Section 5, we introduce a new class of neutrosophic
sets, namely neutrosophic continuous sets, to explore the set of points connected to this new class of sets,
showing that this is a topologically convex set. These results could be used to continue with the studies of the
Collatz conjecture, and also, to continue studying in depth the topologically convex sets and the neutrosophic
continuous sets.
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2 Topologies and the preorder of specialization

In this section, we define the preorder of specialization through the concept of topological closure and using
this, we introduce the concept of upper 7-bounded set, where 7 is a topology. Next, we use the definition of
upper T-bounded set to relate it to the Collatz conjecture problem.

Let (X, 7) be a topological space. For a point 2z € X, we denote the the set {«} by x. It is well known that
(X,7)is Ty if and only if T = « for every z € X.

Definition 2.1. (Preorder of specialization) Let (X, 7) be a topological space. For z,y € X, we say that
r <, y, if y € 7, that is, y belongs to the closure of z.

Theorem 2.2. A topological space (X, 7) is Ty if and only if <, is a partial order.

Proof. (<) Suppose that (X, 7) is not Ty. Then, there exist zg, yo € X such that xg # yo and for each © € 7,
we have {zo,yo} C ©. Hence, ¢ € Yo and yo € Tg, which implies that o <, yo and yo <, xo. As <, isa
partial order, it follows that 2o = yo, which is a contradiction. Therefore, (X, 7) is Tp.

(=) Let xo,y0 € X such that xg <, yo and yo <, xg, and suppose that xo # yo. As (X, 7) is Tp, there

exists © € 7 such that g € © and yg ¢ ©. Hence, x¢ ¢ Yo, in this way yo %, x, which is a contradiction.
Therefore, < is a partial order. O

Definition 2.3. Let (X, 7) be a topological space. We say that a subset A of X is upper 7-bounded if there
exists b € X such that a <, bforeacha € A.

Note that if @ <, b foreach a € A, thend € ﬂ a. Therefore, A C X is upper T-bounded if and only if
acA
0 # m @. We denote this as 4 <, ﬂ = ua.
acA acA

Example 2.4. Let (X, 7) be any topological space which is T7. Then, the only sets that are upper 7-bounded
are the singleton sets.

Theorem 2.5. Let (X, 7) be a topological space. If A C X is an upper T-bounded and T-closed set, then A
is a T-connected set.

Proof. Since A is a T-bounded set, we have () # ﬂ a. Since A is a T-closed set, it turns out that A = ﬂ a.

a€A a€A
Therefore, A is a 7-connected set. O

Corollary 2.6. Let (X, 7) be a topological space. If X is an upper T-bounded set, then (X, T) is a connected
space.

Proof. Clearly, X is a 7-closed set. Also, as X is an upper 7-bounded set, then by Theorem it follows
that (X, 7) is a connected space. O

Example 2.7. Let (W, 7¢) be a topological space, where W = {2" : n € N} and 74 = {O CN: f~1(0) C
O} is the primal topology* on W induced by the function f defined as f(2%) = 2*~!. Observe that for all
neN, {27} = {27,271 27=2 1}, Therefore, 1 € {27} forall n € N. Thus, 2" <., 1, foralln € N
and by Corollary it follows that (W, 7¢) is a connected space.

The converse of Corollary [2.6] is not necessarily true, as we can see in the following example.

Example 2.8. Consider (N, 7), where 7 = {{1},{1,2},{1,2,3},{1,2,3,..,n},...}. Clearly N = 1 and so
(N, 7) is a connected space. Note that foreachn € N, = {n,n+1,n+2,...} and ﬂ 7 = (). Therefore, N

neN
is not an upper 7-bounded set.
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Definition 2.9. Let (X, 7) be a topological space. We say that a subset A of X is lower 7-bounded if there
exists b € X such that b <. a foreacha € A.

Note that if b <, a for each a € A, then U a C b. Therefore, if A is a lower 7-bounded set, then A C b, so
acA
A Cb. Wedenote thisas 14 := b <, A.
Remark 2.10. Let (X, 7) be a topological space. If {A4,, : @ € A} is a family of subsets of X such that for
every a € A, Ay <; ua, then U A, <, ug.
aEA

The Collatz map induces a primal topology 7; = {O C N : f~1(0) C O} on N* In"it was shown that
the Collatz conjecture is true if and only if the primal space (N, 77) is connected. On the other hand, we see
in® that the Collatz conjecture is equivalent to assuming that the space (N, 74) do not satisfies the separation
property called weak-R,. Now, if we consider the topological space (N, 7¢), where f is the Collatz function,
then by Corollary we have:

N is upper 7;-bounded = (N, 7¢) is connected
<= (N, 7¢) is not weak-Ry
<= Conjecture Collatz is true.

3 Topologically convex sets

In this section, we define topologically convex sets using the specialization preorder and characterize them
in terms of the topological closure and the topological convex hull. Among other results, we show that the
saturation and the kernel of a set are topologically convex sets; and also that closed sets are topologically
convex. Finally, we find a lower bound for the set of all topologies defined in a set.

Remark 3.1. "I'If 7 is a topology on X and 7 is the clousure of 7 in the topological space (2%, IT), where IT
is the product topology on 2%, then 7 is a Alexandroff topology (i.e. the intersection of open sets is an open
set) on X. Note that K € 7 if and only if K = ﬂ ©., where ©, € 7 for each a € A.

acA

Remark 3.2. "WIf 7 is a topology on X and 7* denotes the family of all 7-closed sets, then 7* is a topology
of Alexandroff on X.

Definition 3.3. /' (Topologically convex sets) Let (X, 7) be a topological space. A subset A of X is said to be
T-convex, if for each x,y € A and each z € X such that x <, z <, y, we have z € A.

Example 3.4. Let X = {a,b,c} and 7 = {0, X, {a,b}}. Then, ¢ = X \ {a,b} is a 7-closed set. Note that
F = {b, c} is not a T-open set nor is it a 7-closed set. Furthermore, F is not a 7-convex set.

Let (X, 7) be a topological space. The kernel of a subset A of X is defined as Ker(A) = m O and the
ACOer
saturation of A is defined as Sat(A) = U . The following characterization of topologically convex sets
T€A
will allow us, among other things, to see that the closure of a set is a topologically convex set.
Lemma 3.5. Let (X, 7) be a topological space. A subset A of X is T-convex if and only if A = U NV, where
UeT andV €T

Proof. (=) Suppose that A is a 7-convex set and let U = U Tand V = U Ker(z). fz e UNV,
z€EA €A
then z € U and z € V, which implies that there exist x,y € A such that z € T and z € Ker(y). Thus,

x <, z <, y and as A is a T-convex set, it follows that z € A, which shows that U NV C A. Since
ACUNV,wegetthat A=UNV.

(<) Suppose that A = U NV, where U € 7*and V € 7. Letz,y € Aand z € X suchthat x <, z <, y.
Then, z € T and z € Ker(y), whence z € U and z € V. Therefore, z € A and so A is a 7-convex set. OJ
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Corollary 3.6. Let (X, 7) be a topological space and A C X. Then:

1. Ais a T-convex set, if A is a T-closed set.
2. Sat(A) is a T-convex set.

3. Ker(A) is a T-convex set.

Proof. (1) Consider z,y € A and z € X such that z <, z <, y. By definition z € y C A = A. Hence, A is
a T-convex set.

(2) Since X € 7 and Sat(A) € 7*, we have Sat(A) = X N Sat(A) is a T-convex set, by Lemma[3.5] Note
that in particular, each closed set is T-convex.

(3) Since Ker(A) € Tand X € 7*, we have Ker(A) = Ker(A) N X is a 7-convex set, by Lemma[3.5] Note
that in particular, each 7-open set is 7-convex. O

Corollary 3.7. Let (X, T) be a topological space. For any A C X, A is a T-convex set.

Remark 3.8. For any topological space (X, 7) that is T3, we have 7 and 7* are equal to 2% ! Therefore, by
Lemma[3.5] every subset of X is 7-convex. So we will study spaces that are not 77.

The following result leads us to define the convex hull of a set, which will later serve to give a characterization
of sets that are topologically convex.

Theorem 3.9. Let (X, 7) be a topological space. If { A, : « € A} is a family of T-convex subsets of X, then

ﬂ A, Is a T-convex set.
aEA

Proof. Consider z,y € ﬂ A, and z € X such that x <, z <. y. Note that for all « € A, we have z € A,,
aEA
because each A, is a convex set. Hence, z € ﬂ A, and this implies that ﬂ A, is a convex set. O
aEA aEA

Definition 3.10. Let (X, 7) be a topological space and A be a non-empty subset of X . The convex hull of A,
denoted by T'(A), is the smallest T-convex set containing A.

Clearly, if (X, 7) is a topological space and 2 € X, then for F' = {«} is holds that x € T'(F).

Lemma 3.11. Let (X, 1) be a topological space. A C X is a T-convex set if and only if for all finite set
F C A it turns out that T(F) C A.

Proof. (<) Letz,y € Aand z € X such that x <, z <, y. We consider the set ' = {x, y} contained in A.
By hypothesis, I'(F') C A, and as z € I'(F'), we have z € A. Therefore, A is a T-convex set.

(=) It is clear, because A is a T-convex set. L]

Remark 3.12. Let (X, 7) be a topological space. A finite subset F' of X is said to be a convex locality of
z € X,ifx € I'(F). Thus, K C X is a 7-convex set if and only if K contains every convex locality of its
points.

Definition 3.13. "2 A family A C 2% is a convexity on X, if A satisfies the following conditions:

1. 0, X € A

2. If {A; : i € I} C Ais non-empty, then ﬂ A; e A
el
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3. If {4; : i € I} C Ais non-empty and totally ordered by inclusion, then U A e A
il
Theorem 3.14. Let (X, T) be a topological space. The family Co = {A C X : Aisa T-convex set} is a
convexity on X.

Proof. We will verify that the family Cy is a convexity on X:
(1) Follows from the definition of 7-convex set.
(2) Follows from Theorem [2.10}
(3) Suppose that {A4; : i € I} C Cy is non-empty and totally ordered by inclusion. Let x,y € U A; and
il
z € X such that <, z <, y. Then, there exist i1, 42 € I such thatz € 4;, andy € A;,. Since {A; : i € I'}
is non-empty and totally ordered by inclusion, there exists i3 € I such that A;, C A;, and A;, C A;,. Thus,
z,y € A;, and as A;, is a T-convex set, it follows that z € A;, C U A;. Therefore, U A; is a T-convex set
il iel
and SOUAi € Co. O
il
Theorem 3.15. Let (X, ) be a topological space and p a topology on X such that 7 C p C 7. Then, a subset
B of X is T-convex if and only if it is p-convex.

Proof. The hypothesis T C p C 7 implies that p = 7. Therefore, the proof easily follows by Lemma[3.3] O

The following result shows that the cardinality of the set formed by all topologies on X is greater than the
cardinality of the set formed by all convexities on X.

Corollary 3.16. Let C(X) be the family of all convexities on X and Top(X) be the family of all topologies
on X. Then, |Top(X)| > |C(X)|.

4 Preservation of preorder under functions

In this section, we show that direct images of continuous functions between topological spaces preserve the
preorder of specialization and send upper (resp. lower) bounded sets into upper (resp. lower) bounded sets.
Furthermore, we show that the preorder is preserved via inverse image of an injective open function. Finally,
we prove that topologically convex sets are preserved under homeomorphisms, which is natural because it is a
topological definition. To see this, we first present some useful results.

Theorem 4.1. Let (X,7) and (Y, p) be two topological spaces and f : (X,7) — (Y, p) be a continuous
function. If v <.y, then f(x) <, f(y).

Proof. Suppose that <, y. Then, y € Z and so, f(y) € f(T). Since f(T) C f(x), we have f(y) € f(x).
Therefore, f(x) <, f(y). O

Corollary 4.2. Let (X, 7) and (Y, p) be two topological spaces and f : (X, 7) — (Y, p) be an injective open
function. If f(x) <, f(y), then x <, y.

Proof. Letz,y € X such that f(z) <, f(y) and V be a T-open set containing y. Since f is an open function,

f(V') is a p-open set containing f(y) and as f(z) <, f(y), we have f(y) € f(x). Since f is an injective
function, we have z € f~!(f(V)) = V and so, y € T. Hence, x <, y. O

Corollary 4.3. Ler (X, 1) and (Y, p) be two topological spaces and | : (X,7) — (Y, p) be an injective,
continuous and open function. Then, f(z) <, f(y) ifand only if v <, y.

Theorem 4.4. Let (X, 7) and (Y, p) be two topological spaces. If f : (X,7) — (Y,p) is a continuous
Sfunction, then f(A) is an upper (resp. lower) p-bounded set whenever A is an upper (rep. lower) T-bounded
set.
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Proof. Suppose that A is an upper 7-bounded set. Then, () # m @ and hence, () # f ( ﬂ a) C ﬂ f(@) C
acA a€A acA

ﬂ f(a), which shows that f(A) is an upper p-bounded set. On the other hand, assume that A is a lower

acA

7-bounded set. Then, A C b for some b € X and so, f(A) C f(b). Therefore, f(A) is a lower p-bounded

set. O

Theorem 4.5. Let (X, 7) and (Y, p) be two topological spaces. If f : (X,7) — (Y, p) is a continuous
function, then f~1(B) is a T-convex set whenever B is a p-convex set.

Proof. Let B be a p-convex set. By Lemma[3.5] we have B = K N S, where K € pand S € p*. Now, by

Remark , K and S can be written as K = ﬂ U, and S = U V., where U, € p for each a € A and
aEA weN

V., € p* foreachw € Q. Hence, f~1(B) = f~1(K)N f~1(S) = ( ﬂ fl(Ua)> N (U fl(Vw)) By

acA weN
the continuity of f and Lemma we get that f~1(B) is a T-convex set. O

Theorem 4.6. Ler (X, 7) and (Y, p) be two topological spaces. If f : (X,T) — (Y,p) is a continuous
function, then f~1(B) is a T-convex set whenever B is a p-convex set.

Proof. Suppose that B is a p-convex set. By Lemma([3.5] we have B = K NS, where K € pand S € p*.
Then, f~Y(B) = f~1(K) N f~1(S) and as f is continuous, f~1(K) € 7 and f~1(S) € 7*. Again, by
Lemma 3.5 we obtain that f~!(B) is T-convex. O

Theorem 4.7. Ler (X, 7) and (Y, p) be two topological spaces. If f : (X,7) — (Y, p) is a bijective open
Sfunction, then f(A) is a p-convex set whenever A is a T-convex set.

Proof. Suppose that A is a T-convex set and let u,v € f(A) and v € Y such that u <, v <, w. By the
definition of direct image, there exist z,y € A such thatu = f(z) and w = f(y). Moreover, as f is surjective,
there exists z € X such that v = f(z), which implies that f(z) <, f(z) <, f(y). By Corollary 4.2 we get
that z <, z <, y and as A is a 7-convex set, it follows that z € A. Therefore, v = f(z) € f(A), which shows
that f(A) is a p-convex set. O

Corollary 4.8. Let (X, 7) and (Y, p) be two topological spaces and f : (X, 1) — (Y, p) be a homeomorphism.
Then, f(A) is a p-convex set if and only if A is a T-convex set.

Example 4.9. Let X be a non-empty set and f : X — X be a function. Consider on X the topology
7 :={A: f71(A) C A}. Then, f : (X,7) — (X, 7) is continuous and hence, f~*(B) is a Tp-convex set
whenever B is a 7g-convex set.

Theorem 4.10. Ler (X, 1) and (Y, p) be two topological spaces. If f : (X, 7) — (Y, p) is an injective, closed
and open function, then f(A) is a p-convex set whenever A is a T-convex set.

Proof. Let A be a T-convex set. By Lemma we have A = KNS, where K € Tand S € 7*. Observe

that K and S can be written as K = ﬂ U,and S = U V., where U, € T foreacha € AandV,, € 7*

a€cA weN
for each w € . By the injectivity of f, we have

f(A) =F(KNS) = f(K)Nf(9)

() (U)
() (Y eo)

Now, as f is a closed and open function, by Lemma it follows that f(A) is a p-convex set. O
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5 Neutrosophic continuous sets

According,” we say that an object B is a neutrosophic set on a non-empty set X, if B has the form B =
{{z, pip(x), pop(x), usp(x));z € X}, where u;p : X — [0,1] is a function for each ¢ = 1,2,3 and
0< Z?:l uip(x) < 3. Several researches related to topologies have been generated from the concept of
neutrosophic set, among which we can highlight some recent works such as2°®1% Note that when the interval
[0,1] is considered with the usual topology inherited from R and X is endowed with a suitable topology (in
particular, the initial topology on X induced by the functions p; ), it may be the case that the functions ;g
are continuous. This fact motivates the definitions and results of this section, where [0, 1] is endowed with
usual topology inherited from R, which we denote by g 1.

Definition 5.1. Let (X, 7) be a topological space. A neutrosophic T-continuous set B on X, is a neutrosophic
set B = {{(z, p1p(x), pop(x), usp(x)) : € X}, where p;p : X — [0, 1] is a continuous function for each
1=1,2,3.

Examples of neutrosophic 7-continuous sets are the neutrosophic universal set and the neutrosophic empty
set, because the associated functions are constant and so continuous. Similarly, the neutrosophic complement
of a neutrosophic 7-continuous set is a neutrosophic 7-continuous set. Since the supremum and infimum of
continuous functions is a continuous function, we have the union and intersection of neutrosophic 7-continuous
sets is another neutrosophic 7-continuous set.

Definition 5.2. Let B be a neutrosophic set on X. A point y € X is said to be connected to B, if there exists
x € X, x # vy, such that y1;5(x) = p;p(y) foreachi = 1,2, 3.

Example 5.3. [_8| Example 3.7] Let X = {z, y, z} and consider the following neutrosophic sets:

Ay = {(x,0.1,0,0.9), (,0,0,1), (2,0,0,1)},
Ay = {(2,0,0,1), (,0.3,0,0.7), (2,0,0,1)} ,
Ay = {{2,0,0,1), (,0,0,1) , (2,0.4,0,0.6)} ,
Ay = {{2,0.6,0,0.4) , (,0,0,1), (2,0.8,0,0.2)} .

Then:

¢ The points y and z are connected to A1, but the point z is not connected A;.

The points z and z are connected to A, but the point y is not connected As.

The points x and y are connected to A3, but the point z is not connected As.
¢ The points x, y and z are not connected to Ay.

Theorem 5.4. Let (X, 7) be a topological space and B = {(x,p1p(x), u2p(z), psp(z)) :x € X} be a
neutrosophic T-continuous set on X. If y € X is such that y <. x for some x € X, then y is connected to B.

Proof. Lety € X be such that y <, x for some x € X. Since B = {(z, p1p(x), p2p(x), usp(z)) v € X}
is a neutrosophic 7-continuous set on X, we have u;p : X — [0, 1] is a continuous function for each i =
1,2,3. By Theorem it follows that ;5 (y) <ot wip(x) foreach i = 1,2,3. Thus, u;p(z) € uip(y)

for each i = 1,2,3 and as ([0, 1], 079,1)) is T1, we get p;p(y) = pip(y) for each i = 1,2,3. Therefore
wig(z) = pip(y) for each i = 1,2, 3, which shows that y is connected to B. O

Finally, using the definitions and the transitive property of equality and the procedure of the proof of Theorem
[5.4] we obtain the following result.

Corollary 5.5. Let (X, T) be a topological space. If B is a neutrosophic T-continuous set on X, then the set
of connected points to B is a T-convex set.
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