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Abstract

This paper introduces a new class of mappings termed (&, 8) — Q-contraction mapping (briefly, "(&,8) — Q —
CMap") and establishes certain fixed-point (FP) results in the framework of Algebra fuzzy metric space.
Additionally, we expanded our results to include the existence of a nonlinear integral equation solution. Results
from this study improve, expand and generalization certain previously published results in the literature.
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1. Introduction

In nonlinear functional analysis, the theory of FPs has been crucial over the last three to four decades. Indeed, FP
theory is used to deal with several problems in real life. It is commonly recognized that the study of FP theory
relies heavily on contractive conditions, and one of the key findings in the analysis is Banach's fixed-point theorem
for contraction mappings. Several researchers have generalized and expanded this theorem (see, [1-8]). On the
other hand, fuzzy mathematics initially appeared when fuzzy sets were introduced in Zadeh's seminal article [9]
to represent the ambiguity in daily life. Numerous mathematical problems have become much fuzzier because of
studying fuzzy sets, and they may be used in a variety of fields, including coding theory, image processing, and
gaming. Scientific publications on fuzzy sets have been given by several researchers; for instance, see [10-15]
Kramosil and Michalek [16] initially presented the concept of a fuzzy metric space (FMs). Grabiec [17] was the
first to begin studying FP theory in FMs in 1988. Following that, a large number of researchers investigated FP
theories in FMs. In [18], Fang provides several new FP theorems for mappings of contractive type in FMs. Authors
in [19] introduce the definition of « — ¢-and § — Y- fuzzy contractive mapping and prove some FP theorems for
these two types of mappings. Huang et al.[20] introduce fuzzy F-contraction mapping and present some FP results.
Additional studies on FPs in various fuzzy spaces can be found in [21-30].

In this paper, we construct a new form of contraction mapping and investigate some FP theorems related to this
type of mapping. Furthermore, we provide some particular instances and implementations of our preliminary
findings.

2. Preliminaries
This section includes the terms and results used throughout the paper.

Definition 2.1[31]: Consider A: [0,1] x [0,1] — [0, 1] be an operation. If this operation meets the following
requirements for any ¢, v,¥,e € [0, 1] itis referred to as a t-conorm:

10 Av =,
QuvAe =eAwr,
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R)vrA(xAe) = A¥) Ae,
@ Ilfvr<eandy < fthenv Ax<eA.

Lemma 2.2 [31]: Consider A be a t-conorm on [0,1] then:

1NH1A1=1,
2Q0A1=1A0=1,
30 A0 =0,

@ xAx=xvy € [01]

Example 2.3[31]: For all ¢, € [0, 1], the algebra product £ A v = £ + ¥ - £x represents a continuous t-
conorm.

Definition 2.4[32]: A triple (P, A,A) is termed as Algebra fuzzy metric space (briefly "AFMS") if P = @, A is
a continuous t-conorm and A: P x P — [0,1]meeting the requirements given below:

(@10 < A(w,p) < 1;

(a2) A(w, ) = 0ifand only if © = y;

@3) A, W) = AWo);

(@) A(@,u) < A(w, 1) A Ay, ).

forall @, u,u € P.

Example 2.5[32]: If (P,d) is a metric space and £ A ¥ = £ +¥- £x V£,x € [0, 1]. Put Ay(w,p) =
% for all @, p € P. Then (P, Ag,A) is AFMS.

Proposition 2.6[32]: Let (P, A,A) be an AFMS. Then w,, — @ if and only if A(w,, @) - 0.

Definition 2.7[32]: In AFMS (P, A,A) a sequence (w,) is Cauchy if for each § € (0, 1) then there is N such
that A4 (w,,, ®,) < & for every m,n < N.

Definition 2.8[32]: An AFMS (P, A,A) is called fuzzy complete if (w,,) is a fuzzy Cauchy sequence then @, —
® EP.

Definition 2.9[32]: Consider R represents the real number field and let A represent a continuous t-norm. An
algebra fuzzy absolute value on R is a fuzzy set dg, which is a function dz: R — [0,1], provided that it meets the
following requirements for every p,q € R:

(1) 9z [0.1],

(2) 9g(p) =0 ifandonlyif p =0,

(3) 0r(pg) < 0r(p) - 9r(q),

(4) 0r(p +q) < 0r(p) & 0:(a).

Then the triple (R, dg,A) is termed as algebra fuzzy absolute value space.

Example 2.10[32]: Let P=C[ab] and £ A v= £ +¥- ¢xfor all £, € [0, 1]. Define A(# ¢)=
MaXeepap) Oz[#(t) — g(D] then (P, A,A) is complete AFMS.

Definition 2.11[33]: Let # @ , 3: P — P is mapping and &, B: P x P - R* be two functions. A mapping S is
termed as (@, B)-cyclic admissible (briefly "(&, B)-CA ") if for all w, u € P,

1. A =1 =2pGw 3w =1
2. Bow=1 =2a@mIw =1

Lemma 2.12[33]: Let P # @ and 3: P — P be (&, B)-CA mapping. Consider there is w. € P with &(w., I @.) >
1 and B(w., I @) = 1. Suppose the sequence () define by ., = Si,,, then &(w,, Wy4,) =1 implies that
B(®,, I ®,yq) = 1 and B(wy,, ©y,) = 1 implies that (w,, I ©,4,) = 1 for each n,m € N U {0} withm < n.
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3. Main Results

In the framework of AFMS, we present (@&, ) — & — CMap in this section and establish the existence theorems
for FPs of this mapping class.

Let (P, A,A) be an AFMS and 3: P — P be a mapping. A point w € P is termed as a FP for 3 if 3(w) = ®.
mapping JI:P — P is referred to as a fuzzy contraction on P if there is § € (0,1) with A(J(®), I())
8 A(w, ) for all w, u € P.

N >

Lemma 3.1. Suppose (P, A,A) is AFMS and consider (w,) be a sequence in 2 such that A (w,, @,4,) — 0. If
(w,) is not a Cauchy then there exists ¢ > 0 and sequences of positive integers (m,) and (n,.) where m,. > 1, >
x With A(w,,, ®, ) = o, A(®y, -1, ®, ) < oand,

(a)ii_r){)lO A(®y 1, @y 41) =0
(b)}l(l_)rgno Ji(mmx,ﬁsnk =0
(©)lim A(w,, 1, @,,) = 0
Proof: If (w,) is not a Cauchy then there is ¢ > 0 and sequences (m,) and (n,) withm, > n, >« satisfying:
Aoy, @, ) =0 1)
We choose m, , the least positive integer satisfying (1). Then we have
my > 1, > K With A(wy,, @, ) = o and A(w,, 1, @, ) <0 2)
We now prove (a). By using the triangle inequality, we have
0 < A(wy,, By, ) < A(Bpo ®yy—1) A A(@p, -1, Bp1) D
"‘i(wnﬂl' @y,)
By taking the limitas k — oo, we get:

o < lim infA(w,, @y 1) A lim infA(w,, 1, ®, 1) A lim inf A(@, 41, ©,, )
K — 00 K—> ©

K —

Now, on using A (w®,, @,41) — 0 as 1 — o and using condition (0 A v = vforall v € [0,1]) one get:

o < lim infA (w1, @y 41) ()

K —

Now

A( -1, Bpy41) < A(Gny-1, B, ) B A(@ Br1)
< 6 AA(®,, By 41)

Now taking limit as k — oo :

1(ll_r)noo sup o‘l(wmx_l, wnKH) <ocA 1(ll_r)noo sup c/l(mmx_l, mn«+1) = 0.

Therefore, lim sup A(®wy, 1, Wy, 41) < ©. 4
K — 00
From (3) and (4), we get

lim infc/l(mmx_l, mnkﬂ) = 1}1_}11;) sup Jl(mm“_l,mnxﬂ) =0

K = 0

Sothat lim A(wy, 1, @y 1) eXistsand lim A(wy, 1, @y 41) =0
"K— O

Thus (a) holds.

(b) We have, A(®,,, ®,, ) = o, and hence

o < lim infﬂ(wmk, wnK) (5)

K — 0
Now A(wy,, ®,, ) < A(®y,, By 1) A A(®y, -1, @y,
< A(wy, ®y,—1) Ao
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This implies,

lim sup A(wy,, ,, ) < lim sup A(w,, ©y 1) Ao
K— 00

K— 00

So that

lim sup A(w,,, @, ) <o (6)

K— ©

From (5) and (6), we get

o < lim infA (o, @, ) < Jim sup A(wp,, @y,) <0

'K —

Hence lim A(w,,,®, ) = o. Thus (b) holds.

K— 00

Now to prove (¢ ) . We have, A(w,, —,, @, ) < o, and hence

lim sup A(®wy, 1, @, ) <0 (7

K > 00

Now,

0 < A(®y,, By, ) < A(©p, By 1) A A(®y, -1, By, )

Thus o < lim infA(w,,, @y, 1) A lim inf A(w, 1, ©,, )
K— o K— 00

using A (w,, @y41) — 0 as 1— oo one get

o < lim infA(wy, 1, @, ) 8)

K — 00

From (7) and (8), one gets
o < lim supA(wy, -1, @, ) < lim inf A(®y, 1, @, ) < 0.
K — K— 00

Hence lim A(wy, 4, @,,) = o. Thus (c) holds.

K —

Definition 3.2. Let (P,A,A) is AFMS , &, B: P x P - [0,1) be two functions and J: P — P be a mapping.
is termed as (a, B) — Q — CMap, if there exists G > 0 such that for all @, p € P with I # Iu; we have

(@, IDPRIW =1 = AQ®,Ip) <0 (o‘i(w, u)) +G min{A(®, Im), A, ), A(®, SWA (W I©)}
©)
where Q : [0,1) = [0,1) is a continuous and Q(w) < w forany w > 0 and Q(0) = 0.

Example 3.3. Assume P = [0, ) and let (P, d) be a metric space where d(w, 1) = |o — | . Put Agq(w, 1) =

SO for all w, p € P. Then (P, Aq,K) is AFMS where X is defined by ¢ & ¥ = €+ - exforall £,

€ [0, 1](see [32]). Suppose a mapping J: P — P specified as follows:

had ifo e [0,1
m@=[s‘“ [0.1]
3w ifw € (1, )

@, B:P xP —[0,1) givenas

1 if ©o,n€e[0,1]
0 if w,pn € (1,00)

~ (2 if m,ue[01]
b, = {0 if @, u € (1, )

and Q : [0,1) - [0,1) by Q(w) = g. Then S is (& ) — @ — CMap .

aw, ) = |

Proof: Obviously for any @, € [0,1] we have that &(wm, 3w) =1 and B(u, Ju) = 2 as such we have that
a(w, 3) (W, Iw) > 1. We must demonstrate that,

AGw,30) <0 (u‘i(m, u)) + G min{A(@, 3®), AW, W), A (@, IWA W, So))
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for any @, u € [0,1] .Observe that for G > 0 we have:

24
AR®, I = —T5>uT
L g1

1 —_
S -
5|5+ |@—yl

1[ lo—p ] -
< 2 [1+Im—ul +G mln{1

|_i
5

(=

_&|
1+|m =

%]
13|

= _B
|m 5| |u 5|

= _El
+Hw-g] " 14fu-t

)( )}

<0 (dci(w, u)) + G min{A (@, 3m), AW, W), A(®, IWA (R, Io)}
Thus Jis (@ B) — 2 —CMap.

Theorem 3.4. Assume (P,A,A) is a complete AFMS and S:P - P is (@,8) — @ — CMap . Assume the
following assumptions are true:

a) 3 is (@, B)-CA mapping,

b) there is @. € P with A(w-, I @-) = 1 and B(w., I @-) > 1.
c) J is continuous.

Then 3 possess FP.

Proof: Consider (u,) defined by p,,; =3y, ,vyneNuU{0}. If p,,; = p,then the intended outcome is
achieved. Assume that .., # W, . Since S is (&, B)-CA mapping and &(w., ;) = 1, we have B(Sw., I ®,) =
B(w,, ®,) = 1 and this implies that &(w,, w;) = &(Jw;, I @,) = 1, proceeding with the procedure, we have

WDy Wages1) = 1 aNd P(®pes1, Bawsz) = 1 foreach € N U {0} (10)
By applying a similar reasoning, we have that
G(Gij Gj21<+1) =1 and a(w21<+1' w21<+2) =1 (11)

From (10) and (11), it is evident that (@, @) =1 and B(@, @u1) =1 . Since W@, oir)
B(®,41, Dys2) = 1; we obtain from (9)

A(@41, By2) = A(F®y, IBy41)

< Q (CAA (wnv wn+1)) + g min{c/i(mn, mn+1)v c'4\('(1511+1' mn+2)t ‘é(mm mn+2)"4(mn+1» mn+1)} (12)

=0 (C’Q(wn’ wn+1)) + g 0

< c/4\(’(1511' mn+1)

Thus Cﬁ(wn+1vwn+2) < Cﬁ(wnt mn+1)

By using the same approach, it is simple to observe that A (w,, ®,4+1) < A(®,_1, ®,). Hence the sequence

(A(®,, @,41)) is strictly decreasing and bounded below. Thus there is y > 0 such that lim A (®,, @,4+1) = V.
n—oo

Utilizing the continuity of Q and the reality that Q(w) < w foranyw > 0, and Q(0) = 0, we may conclude from
(12) that

Y= lim c"Z’\(‘G-sru mn+1) < lim ‘Q("’q(mn—li zIsn)) < Y
n—oo

n—oo

This is a contradiction. As a result, y = 0, and therefore

lim ‘Vq(mn’ mn+1) =0 (13)

n—oo

Now to show that (w,,) is a Cauchy. Suppose that (w,) is nota Cauchy, then by Lemma 3.1, there existsano >
0 and sequences (m,) and (n,) with m, > n, > & such that Ji(mmx,mnx) > 0. We can select n, as the least
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positive integer such that A(w,, @, ) = o, A(®,, @, 1)< o and (a)-(c) of Lemma 3.1 hold. Since
(w-, I w-) = 1 and B(w-, I @-) = 1, Applying Lemma 2.12, we see that,

U@y, By, +1) B@y,, Ty, 1) = 1. Thus for all x > n,

A(By 41, By 41) < Ay, I, )

<0 (a‘i(mmx,mnk)) + G min{A(wy,, By, 41), A(@y o ®y i), A(@n,, By 1 ) A (B, Bs1)} (14)
By using the continuity of Q with Q(w) < w forany w > 0 and Lemma 3.2, Lemma2.12, we obtain that:

o = lim A(Jw,,, 3w, )

"K—00

< lim [Q (c/i(mmk, W, ) +G min{ﬁ(wmx,wmxﬂ), Ji(wnx,mnxﬂ), cﬁ(mmk,mnkﬂ)ﬂ(mnk, mmkﬂ)} ]

K—00

<o.

This is a contradiction. Hence (w,) is Cauchy. Since (P,Aq4,A) is complete, then there is @ € P such that
lim @, = ®. Since J is continuous, we have that:

n—oo

® = lim ®, = lim ©,; = lim Jo, = Jlim ©, = IJw. Thus J possess FP.
n-oo n—oo

n—00 n—o00

Theorem 3.5. Suppose (P, A,A) is complete AFMS and 3: P — P is (@, B) — @ — CMap . Assume the following
assumptions are true:

a) J is (@, B)-CA mapping,

b) there exists w. € P such that &(w., I w.) = 1 and P(w-, I w-) > 1.

¢) If for any (w,) in P with @, —» was n - o then f(w, I @) = 1 and a((w, I ©) = 1.

Then 3 possess FP.

Proof: Assume the sequence (u,) defined by w,.,; = 3, for eachn € N U {0}. It is established in Theorem 3.4

that (w,) is Cauchy and since (P,A4,A) is complete, then there is w € P with lim @, = w. Assuming

n—oo
hypothesis (c) is true, we demonstrate that § possess FP.Since &(w,, @,4+1) = 1 and B(w, I ®) = 1 we obtain
from (9)that

A@y41, I®) = A(F©,, I©)

<Q (cﬁ(wn, w)) + GMIN{A(®,, Byy1), A®, I®), A(®,, SO)A(®, Im,)}  (15)

Using (13) and the assumptions on Q, and taking the limit as n — oo, it is simple to demonstrate that

A, Iw) = I}Lrg A(®@, 41, S®) = Al_f?o A(Iw,, Iw) = 0 and this indicate that3m = . Thus I possess FP.
Now to support the outcomes mentioned above, we provide an example.

Example 3.6. Let P = [0,) and let (,d) be a metric space where d(wm, ) = |@ — p| . Put Ag(w, ) =

% for all @, u € P. Then (P, Ag,A) is AFMS . Suppose a mapping S:P — P specified as follows:

w

= if o € 0,2)
~ 7
S(@) = 25
213—? ifw € [2,0)
@, B:P xP - [0,1) givenas
> if € [0,1
a(m,u)z{z ! m’u [’]
0 if @, € (1,00)
~ (1 if m,ue[01]
b, = {0 if @, u € (1, )

and Q: [0,1) = [0,1) by Q(w) = % Then 3 is (&, E) — Q — CMap and all conditions of theorem3.5 are hold.
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Proof:For any w, u € [0,1] we have that a(w, p) = 5; >1 and B(w, ) = 1.Also J(w) = % and 3(p) = % are
in [0,1]. In addition G(w, u) = 5; >1= B(Sw,IW =1and B(w, ) = 1= a(Jw, I = 5; > 1 therfore J is
(@ B)-CA mapping.For every w. € [0,1] , it is evident that &( w-., 3w-) = % >1 and B(w.,Jw-) =1:
Additionally, every hypothesis outlined in Theorems 3.5 and 3.4 is met. It remains now to prove that J is (&, B) -
Q — CMap . For any , . € [0,1] we have that &(w, 3o) (1, Ip) = % > 1 and for G > 0 its clear that:

74
7 71

L _B

1+[7 -]

1[ lo—ul
<_ —_—
717 + |w — |

Iwu|]+gmm{| S |- 7i|(|

1+|m—p| | m| 1+|u 1+|m

A(Sw,Ip) =

||)(| ;|)}

14|

< 0(A@W) + G min{A(w, 3w), A, 31, A(w, WA, I5)}
Hence Sis (&) —Q—CMapand © =0 ,© = %aretwo FP of 3.
Corollary 3.7. Suppose (P, A,A) is complete AFMS and J: P — P satisfying the
following inequality
(@, 3PN 21 = AG® I < (Aw,w)

for all w,u€ P, where Q: [0,0) > [0,00), and for all w > 0, Q(w) <w and Q(0) = 0. Assume the
following assumptions are true:

a) 3 is (@, B)-CA mapping,
b) there is w. € P such that &(w-, S @-) = 1 and f(w., I @) = 1.
(c) 3 is continuous .

(d) If for any sequence (w,) in P such that @, — ® then B(w, I ) > 1 and &((w, I @) = 1. Then J possess
FP.

4. Applications

We apply our major finding to the existence of the integral equation's solution in this section. We provide a
solution to the following nonlinear integral problem employing Corollary 3.7.

@) = A1) + [0 0(ts)K(t,w(s))ds (16)

where :[a,b] X [a,b] >Rt , K:[a,b] XxR—>R and #£ :[a,b] >R are continuous functions. Let P =
C([a,b],R) be the space of all continuous real-valued functions defined on [a, b]. We defined A (w, w)as follows

A(®, ) = maxee(,p) Or(@(t) — p(t)) forall w,p € P.

Then (P,A,A) is complete AFMS where £ A v = £ +¥- ¢xforall £,x € [0, 1] (see [32]).
Theorem 4.1. Suppose P = C([a,b],R) and assume J:P — P is operator define by

Jw(®) = A1) + [ 0(t,5) Kt w(s))ds forany t,s € [a,b]

where :[a,b] X [a,b] > RT , K:[a,b] xR —>R and £ :[a,b] » R are continuous functions. Consider =
C([a,b],R) . Assume the following assumptions are true:

1) there is a continuous mapping g: P X P — [0, o) such that

K(s, () — K(s, 1()) < g(@, [@(s) — u(s)]

foreachs € [a,b] and @, € P.
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2)there is 9 € (0,1) and & B: P X P — [0, ) such that &(w, ) = 1= B(Sw,Iw =>1and B(o,p) =>1=
&(Sw, 3w = 1 forallw,p € P and [ 0L, s) g(w, ) < 9.

3) there is . € P such that &(w., S w-) = 1 and B(w-, I @) > 1.

4.) If for any (w,,) in P such that @, —» was n — o then B(w, I ®) = 1 and &((w, I ©) = 1. Then, there is a
solution to the integral equation (16).

Proof : First we define &, B: P x P — [0,0) as follows

~ _f1 fosyp
(w, 1) = {0 otherwise

. (2 ifosyp
P, 1) = {0 otherwise

and consider a mapping Q given by Q(t) = 9t forall t € [a, b]. We define @, p € P, < pifand only if w(t) <
u(t) . Itis clear that if w < p then &(w, I®)B(w, Ip) > 1. Thus, we have

b
30 - 3559 < [ 1006 9[K(E ) - K(t w1 ds

< [P0t )@, WIK(s) — w(s)] ds

< MaXgepep) I (H(s) — w(s)) [ QL $)g(w, w) ds
< A (w, 1)
< Q(A(w, 1)

Hence A(Sw, 3 < O (cﬁ(w, u))- All requirements in Corollary 3.7 are met, indicating that 3 has an FP. Thus,
the equation (16) has a solution.

5. Conclusion

In the context of Algebra Fuzzy Metric Space, this paper introduces a novel class of contraction mappings and
proves the existence of theorems for their FPs. Additionally; we offer some examples that support our results.
Eventually, the fixed-point theorem will be directly applied to the solution of integral equations.
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