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Abstract

This study, aims to consider the coefficients of the reciprocal Gamma function in order introduce a linear operator by
the means of Hadamard product. Thus, we define a new subclass of uniformly starlike functions of order «,
I'"1(a). Further, we obtain coefficient estimates, distortion theorems, convex linear combinations and radii of close-
to-convexity, starlikeness and convexity for functions f € I'"1(a). In addition, we investigate the inclusion conditions
for the Hadamard product and the Integral transform.
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1. Introduction

In the early phases of the theory of univalent functions, the significance of the coefficients provided by the power
series f(t) = t+ Yoy, a,t*became apparent. Bieberbach demonstrated earlier in 1916 that the second
coefficient|a,| < 2, and that equality holds if and only if f is a rotation of the Kdebe's function, which is defined as
follows: f(t) = t+ Yp_, art®. Furthermore, The universal coefficient bound that |a,| <2 =k, k > 2was
conjectured by Bieberbach in the same study. The equality is only valid if and only if f is a rotation of the Kdebe's
function. This conjecture—known as the renowned Bieberbach conjecture—was difficult to verify for roughly 70
years until Louis de Branges did it in 1985, at which point the conclusion became known as de Branges's theorem.
This preserves the function's univalence but geometrically entails reshaping and perhaps decreasing its domain and
rotating it. As a result, this raises many queries for the connection between a given coefficient sequence
a,, a,, as, ... ay, and the basic geometric properties of f (D). Consequently, New ideas, such as starlike, convex, spiral-
like, and uniformly starlike (convex), were added to the theory of univalent functions in order to address the
aforementioned queries.

The Gamma function is the well-known special function given by
It = f e Sst™'ds, R(t) > 0.
0
It has come to play a pivotal role in almost every branch of pure and applied mathematics, statistics, physics, chemistry

and engineering. It is certainly one of the major special functions [1-3]. [4] give the Taylor series expansion of the
reciprocal Gamma function
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2 7.1'.2

1 - Y

—— =t bet¥ =t +yt?+|—=———=|t3+-,t €C, 1

I +Z =Y +<2 12) * @)
k=2

where y = 0.577216...is the Euler-Mascheroni constant.

Since T'(t) is a non-zero function in the complex plane C, then its reciprocal is an entire function in C. Also, the
coefficients by, in (1) have the following integral representation (See [5])

(oo}

J- e~SIm[(logt — im)¥]ds. )
0

(-DF
b = k!

Let A denote the class of analytic functions of the form
f(t)=t+2aktk, te D:={t eC: |t] <1}, (3)
k=2

and § be the subclass of A consisting of univalent (or one-to-one) functions on D. Let T be the subclass of § consisting
of functions of the form

[ee]

f(t)=t—2akt", a, = 0. ()

k=2

The focus of this research is to introduce a linear operator to define a new subclass of analytic functions of order «
suchthat 0 < a < 1. First, it is necessary to recall the two well-known subclasses of starlike and convex functions of

order a, as given below:
~ L (tf®
ST(OK)—{fE Sm<m> > a, tED}

and
. | TR0
Cla) = {fE $§R<1+ m)>a’, t € D}.

Selectively, when a = 0, the above classes are reduced to their standard definition and are simply called the starlike
and convex functions.

Definition 1. A function f € A of the form (3) is S-uniformly starlike of order «, if
tf'(t tf'(t

ER{f()—a}zﬁ f'@®

f® f@®)

We denote by UST (a, B) the class of all such functions.

—1|, 0<a<1p =0t €D).

Definition 2. A function f € A of the form (3) is S-uniformly convex of order «, if
t n t t n t
40_4235()
fr@® fr@®)
We denote by UCV (a, B), the class of all such functions.

In particular, the classes UCV = UCV(1,0), UST:=UST(1,0) and B —UCV :=UCV(B,0), B—UST =
UST (B,0) are introduced by Goodman [6,7] (see also, William Ma and David Minda [8].

m{1+ (0<a<1,B>0t €D
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Obviously, f(£) € UCV (a, B) < tf'(¢) € UST(a, B).

By following the same pattern, this study attempts to apply the Lambert series to the theory of univalent functions.
Consequently, this may lead to relevant studies if one considers extending the Lambert series to other subclasses of
analytic functions. Hence, we can investigate various topics such as Hankel determinants, subordination properties,
and Fekete-Szegd inequalities. Furthermore, these results can be extended to multivalent functions and meromorphic
functions.

We also recall the definition of the Hadamard product (convolution): For a given function f € A of the form (3) and
g € A of the form

g(t)=t+chtk, teD, (5)
k=2

the convolution () of the two functions f and g is obtained as follows:

(fFg))=t+ Z agceth, t € D. (6)
k=2

The g-shifted factorial [See (9)] is defined for 4,q € Cand n € N, = N U {0} as follows:

2 _ {1, fork =0
LDk =11 - (1 = 4q) .. (1 = Ag*1)  fork €N

By using the g-gamma function I, (t), we get

1-FT,(A+k
(qa;q)k = ( ql)" (;; )1 (k € NO);
q

where

CHS

— _ 1-t
LO=0-9 (@5 Qo

(gl <1

Also, we note that

[oe]

E@e=] [ A-2¢90a1<D

k=0

and, the g-gamma function I (t) is known

L,(t+1) = [t], T, (D),

where [k], denotes the basic g-number defined as follows:

1-— k
(1T  rec
1—gq
[k]q;: k-1
1+Z @, keN. (7)

From (7), we get

(a) For any non-negative integer k, the g-shifted factorial is given by

348
DOI: https://doi.org/10.54216 /1]INS.250429



https://doi.org/10.54216/IJNS.250429

International Journal of Neutrosophic Science (IINS) 10l 25, No. 04, PP. 346-356, 2025

1, ifk =0,
k
[klqt: = 1_[ [nl,, ifkeN.
n=1
(b) For any positive number r, the g-generalized Pochhammer symbol is defined by
1, ifk =0,
r+k—1
[l = H [l ifk €N.
n=r

We also know that
[(t) »T(t) asq—-1".

Also, we obtain

1-qF
For 0 < g < 1, we consider the g-derivative operator [see (10)]

1 1
(L) _TO T
nNre/ T t(l-9q)

=1+ z [k]lgbet*™ ,teD,

lim {(q 9 } = e

where

1— gk .
[flgi = —— = 1+Z &, [0,q]: =
q £
j=

Now, we define a linear operator I f: A — A as follows:

I1f () =tD< ) f(t)—t+2[k lobraxtk, teD,

(o

from (2), we obtain

Y
I'f()=t+ Z {( ) f e~SIm[(logt — in)"]ds} (k] axt", t € D.

For brevity, we let

wk) = (- 1)"[ ]qf e~SIm[(logt — im)*]ds. (8)

0

The above linear operator leads us to propose a definition in the following manner.

Definition 3. A function f € A of the form (3) is said to be in the class USTT~(a) if the function f satisfies the
following condition:
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t(rif )’

IO

, 0<a<l, t €D.

t(rf (@)
”‘{r—m) - “} =

©)

Finally, we consider functions with negative coefficients f € T, similarly to (9), and we simply write I'"1(a) =
USTT Y (a)NT. Based on Definition 3 and the subclass I'"(a), the analytic characterization of the function f
reduces to the following definition.

Definition 4. A function f € A of the form (4) is said to be in the class '~ (a) if the function f satisfies the condition
(9).

New subclasses of analytic functions have been introduced for various applications, such as fractional calculus and
quantum calculus, by involving some special functions, such as the Mittag-Leffler and Faber polynomial functions
[11-17]. The most common concern in such studies is the inclusion conditions. Alternatively, it means that for a given
new subclass, ', we seek a set of useful conditions on the sequence {a,,} that are both necessary and sufficient for
f(z) to be a member of H.

Now, the question arises: under what conditions does an analytic function belong to our new subclass? Additionally,
what are the inclusion conditions for the Hadamard product of two analytic functions? What is the integral transform
of a function in the new subclass?

2. Characterization Property

In this section, we discuss the characterization properties of the members that belong to the new family of analytic
functions. The characterization properties include a couple of theorems related to the inclusion of functions,
consequent corollaries, and a closure theorem.

Theorem 1. A function f € A of the form (3) is said to be in the class I'"1(«)if and only if

Y (Yl <1, (10

1—«a
k=2

Proof. To prove the assertion (10), it is sufficient to show that
L@ | g (T @)
— 1 <SR ——
r=1f(®) I=1f(@®)
After adding and subtracting 1 from the right-hand side, we obtain
QN {O) R P G (O
r=1f(®) B =11 ()

1

— 1} +(1-0a),
that is

(T ()
2T 1|

t(C () t(Cf (1)

Ttk = D (k). a
= 1oyl al

The above expression is bounded by (1 — a), thus proving our assertion.

Conversely, let us assume that f € I'"1(a), then (9) yields
1- Y klolk). alt“ o1 Yk —1) |l (k). a |t

a - [oe] —_
1 =27 lwk). a;|tht 1 =27 lw(k). a;|tkt
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Letting z — 1 along the real axis results in the inequality

Eku—q—anw@)%|s1—m
k=2

Corollary 1. Let a function f defined (4) belong to the class T~ (a), then,
0| < 1 11—« k2
W= ol 2k—1-a’ =

Theorem 2. Let the function f € A of the form (3) be in the class I'~1(a). Then for |¢| = 7 < 1, we have

1 1—«a 1 1—«a

_|w(z)|-3_ar25|f(t)|§r+|w(2)|.mrz ”

the equality (11) is attained for the function

1—«a

f®=t- ! t? (12)
lw@)| 3-«a

att =randt =rel@tbT 5 eN.
Proof. Since for k > 2,
B -a)|w@)l. lax| = 2k —a—1D)|wk)||al,

using Theorem 1, we have

3—a)|w(2 Za SZZk—l—a wk)a|<A-a Za SV 13
( )l ( )lk:2 k k:2( )l ( ) kl ( )kzz k (3_a)|0.)(2)| ( )
From (3) and (13), we have
fnzr-rY gz
r—r a, = — =<
LT B-ole®)
and
forsrer Y g srs L
sr r a; < B
L =TT B ole@l
This completes the Proof. o
Corollary 2. Let the function f € A of the form (3) be in the class I'"*(a). Then for |t| = r < 1, we have
L F p (14)
T
w3 lw(2)| 3—«a

The result is sharp for function given by (12).

Theorem 3. Let a function f defined by (3) and g(t) = t — Y-, by t* be in the class I'"1(«) then, the function h
states that
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RO = A= PF O +Bg®) =t = ) etk (15)
k=2

where ¢, = (1 — B)ay + Bby, 0 < B < 1also belongs to the class I'"*(«)
Proof. The result follows easily upon using (10) and (15). m|

Next, we define the following functions f;(¢), (i = 1,2,3,...m) of the form

£ =t — Z aith, =0, teD. (16)

k=2

Theorem 4. Let the functions f;(t), (i = 1,2,3,...m) defined by (1) be in the classesT*(g;), then, the function h

defined by
h(t) =t ! E ( > )tk
( ) = i:1ak'i

k=2

belongs to the class I (a) for a = 1rn_in {a;}, with0 < q; < 1.
<ism

Proof. Since f; € T 1(«;), i = 1,2,3,...m), by applying Theorem 1, we observe that

i=1

[oe] m
1m 1 ©
Yol @k-1-a) (= Tay) == (3 Ik -1 - ),
= mi=1 m k=2
Theorem 1 again entails that h is a member of I'"1(a). o
3. Results Involving Convolution

This section discusses the convolutional results of two functions, f;(t) € I 1(a) and f,(t) € I"1(B). Apart from
presenting several theorems, some useful corollaries are also deduced.

Theorem 5. For two functions f;(t), (i = 1,2) defined by (16), let f;(¢) € I'"1(a) and f,(t) € T71(B). Then, f; *
f> € T"1(&)where

B 2(k - D1 - )1 - p)
@k —1- )@k - 1-Plo@l - A-)d-p)’

£<1 k> 2. 17)

Proof. In view of Theorem 1, it suffices to prove that

oo

2k—1-¢
zﬁw(k)ak_lak‘z <1 k>2

It follows from Theorem 1 and the Cauchy—Schwarz inequality that

k=2

m\/zk_l_a'\/zk—l—ﬁ
k 1 2_1. ]_8
zcz:z A-a)(1-p8) Vi (®)l/agar, < 18)

Thus, it suffices find & such that

[ee]

2k —1—¢ V2k—1—a-\2k—1-8
;?ﬂw(knamam < kz Vel a1
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or

V2k—1-a-\2k—-1-p 1-¢&
St ST RS Gp k—1-¢

By virtue of (18), it suffices to find & such that

1-a)1-p) <\/2k—1—a\/2k—1—[3 1-¢
Ven—1—a2k—1-B[lo(k)| Q-1 -p) 2k—1-¢
which concedes the assertion of our theorem. o

Corollary 3. Let the functions f;(z), (j = 1,2) defined by (16) belong to the class I'"*(a). Then, (f; * f2)(2) €
I'~1(p), where

2(k—1)(1 - a)2
C@Rk—1-a) ()| - (1 -a)?’

Proof. The result is established if we replace § = « in Theorem 5. o

k=2

p=1

Theorem 5. Let the function f defined by (3) belong to the class I'"* (), and let g(t) = t — Y%, b, t*, for |b;| < 1.
Then, (f * g)(t) € T ().

Proof. Using the convolution property and the concept defined by the left-hand side of (10), we construct the following
relation:

Z(Zk —1-a)|wl)||agh;] = Z(Zk —1-a)|w()|lay||bkl
k=2 k=2
< QCk-—1-)|w®)|lagl <1 -a.
g; ‘
Hence, it follows that (f = g)(t) € I (a).. O

Corollary 4. Let the function f defined by (3) belong to the class '™ (a).Furthermore, let g(t) =t — Y, by t* for
0 < b, < 1,then, (f * g)(t) € T (a)..

Now, we consider the following:

Theorem 6. Let the functions f;(t), (j = 1,2) defined by (16) belong to the class I'"1(a). Then, the function h, defined
by h(t) = t — %2,(aZ, + aZ,) t*, belongs to the class I'"1(¢), where

4(1 — a)?
<1- > 2. 19
¢=1 Qk—-1-a)|lw)|—2(1 —a)?’ k=2 (19)
Proof. In view of Theorem 1, it suffices to show that
2k —1—¢
Z g el +a) <1 (20)
k=2
From (10) and Theorem 1, we find that
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2k — C2k—1—a
Z[ |a)(k)|] a2, < [Z? lw)lay,| | @1)
k= k=2
which yields
C12k—1-a 2
;E[ﬁ |ﬂ)(k)|] (ai, +ai,) <1 (22)

Upon comparing (21) and (22), it is evident that the inequality (19) is satisfied if

2k—1—-¢ ; 2k . -
WW( )l_Z[T lw( )|] )
that is, if
4(1 — a)?
p<1- .
2k —1—-a)?|w(k)| —2(1 — a)?
This completes the proof. ]

4. Integral Transform of Class I' "1 (a)

To convert class '™ (a) into integral form, we define the following integral transform:

O =f 02,

where u(z) is a real valued, non-negative, and normalized weight function such that folu (z)dz = 1.

8
The special case of u(z) is u(z) = Ti

Theorem 7. Let f € I'"*(a) then, V,(f) € T (a)

5-1
z¢ (logi) , ¢ >—1,8 =0, which yields the Komatu operator.

Proof. By definition, we have,

5 r1 ©
(Cﬂ‘i('é‘l)) J(; (_1)6—1 ZC(IOgZ)6_1 (t _ kgzaktkzk—l> dz

—1)8-1 8 -
- (1)/1#)1%1 |/, 2 tog 2> (e - kgza"tkzk_1> !

By applying basic mathematical principles, we derive the following expression:

VH© =t - i (1) gy

k=2

V.(f) =

We need to prove that

1 6
k) lay] < 1. (23)

iZk—l—al i |(c+
l1-a (k) c+

k=2

Conversely, f € T"1(a) if and only if,
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C2k-1-a
> e le®@lled <1

1
k=2

This shows that ﬂ < 1, and hence, (23) holds. Thus, the proof is evident. o

Next, we derive the radii of starlikeness and convexity of V, (f)

Theorem 8. Let f € T™1(a), then, V,(f) is starlike of order 0 < ¢ < 1in [t| < Ry, where

1
e+ A-8@Qk-1-a) k-1
Ry = ‘Ef[<c T ) G-0d-a ©®l
Proof. It is sufficiently fair to confirm that M - 1‘ <1-¢.
Vu(H(©)
Considering the left-hand side of the above inequality, we write
t(n(H®) | pEa-s (5 ) gl
GG +1y°
& 1= 32, (S51) et

S — 1) (S " Jallel
- w (C+1Y\°
1-%2, (5%) laliel

The last expression is less than 1 — & as
et < <c + k>5 A-9QRk—1-a)
c+1 k-0 -a)
This completes the proof. a

lw (k).

Theorem 9. If f € T"1(a), then, V,(f) is convex of order 0 <y < 1, in |t| < R,, where

1

§ 1 _ 1 _ k-1
R2=inf[<c+k) 1-yC2k-1-0a) _

c+1) kk-pa-a @@
Proof. The proof is evident from the fact that f(¢t) is convex if and only if tf'(¢t) is starlike.

5. Conclusion

In this article, we introduce a new subclass of uniformly starlike functions by utilizing the reciprocal Gamma Function
Consequently; we explore the characteristics of the proposed subclass. Furthermore, we discussed several relevant
topics, including the Hadamard product, integral transform, and radii of starlikeness and convexity. Thus, applying
the reciprocal Gamma function to additional subclasses of analytic functions may lead to significant research
outcomes. Consequently, we can conduct research on various subjects, including Fekete-Szegd inequalities,
subordination characteristics, and the Hankel determinant. Furthermore, multivalent functions and meromorphic
functions can be included in the scope of these conclusions.
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