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Abstract 

This study, aims to consider the coefficients of the reciprocal Gamma function in order introduce a linear operator by 

the means of Hadamard product. Thus, we define a new subclass of uniformly starlike functions of order 𝛼,  
Γ−1(𝛼).  Further, we obtain coefficient estimates, distortion theorems, convex linear combinations and radii of close-

to-convexity, starlikeness and convexity for functions 𝑓 ∈ Γ−1(𝛼). In addition, we investigate the inclusion conditions 

for the Hadamard product and the Integral transform. 
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1. Introduction  

In the early phases of the theory of univalent functions, the significance of the coefficients provided by the power 

series 𝑓(𝑡) =  𝑡 +  ∑ 𝑎𝑘𝑡
𝑘∞

𝑘=2 became apparent. Bieberbach demonstrated earlier in 1916 that the second 

coefficient|𝑎2| ≤ 2, and that equality holds if and only if f is a rotation of the Köebe's function, which is defined as 

follows: 𝑓(𝑡) =  𝑡 + ∑ 𝑎𝑘𝑡
𝑘∞

𝑘=2 . Furthermore, The universal coefficient bound that |𝑎𝑘| ≤ 2 = 𝑘, 𝑘 ≥ 2was 

conjectured by Bieberbach in the same study. The equality is only valid if and only if f is a rotation of the Köebe's 

function. This conjecture—known as the renowned Bieberbach conjecture—was difficult to verify for roughly 70 

years until Louis de Branges did it in 1985, at which point the conclusion became known as de Branges's theorem. 

This preserves the function's univalence but geometrically entails reshaping and perhaps decreasing its domain and 

rotating it. As a result, this raises many queries for the connection between a given coefficient sequence 

𝑎1, 𝑎2, 𝑎3, … 𝑎𝑘, and the basic geometric properties of 𝑓(𝔻). Consequently, New ideas, such as starlike, convex, spiral-

like, and uniformly starlike (convex), were added to the theory of univalent functions in order to address the 

aforementioned queries. 

The Gamma function is the well-known special function given by 

Γ(𝑡) = ∫ 𝑒−𝑠𝑠𝑡−1𝑑𝑠,     ℜ(𝑡) > 0.

∞

0

 

It has come to play a pivotal role in almost every branch of pure and applied mathematics, statistics, physics, chemistry 

and engineering. It is certainly one of the major special functions [1-3]. [4] give the Taylor series expansion of the 

reciprocal Gamma function 
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1

Γ(𝑡)
= 𝑡 +∑𝑏𝑘𝑡

𝑘 =

∞

𝑘=2

𝑡 + 𝛾𝑡2 + (
𝛾2

2
−
𝜋2

12
) 𝑡3 +⋯ , 𝑡 ∈ ℂ, (1) 

where 𝛾 = 0.577216. ..is the Euler-Mascheroni constant. 

Since Γ(𝑡) is a non-zero function in the complex plane ℂ, then its reciprocal is an entire function in ℂ. Also, the 

coefficients 𝑏𝑘 in (1) have the following integral representation (See [5]) 

𝑏𝑘 = 
(−1)𝑘

𝜋𝑘!
∫ 𝑒−𝑠Im[(log 𝑡 − 𝑖𝜋)𝑘]𝑑𝑠

∞

0

. (2) 

Let 𝒜 denote the class of analytic functions of the form 

𝑓(𝑡) = 𝑡 +∑𝑎𝑘

∞

𝑘=2

𝑡𝑘,    𝑡 ∈  𝔻 ∶= {𝑡 ∈ ℂ ∶  |𝑡| < 1}, (3) 

and 𝒮 be the subclass of 𝒜 consisting of univalent (or one-to-one) functions on 𝔻. Let Τ be the subclass of 𝒮 consisting 

of functions of the form 

𝑓(𝑡) = 𝑡 −∑𝑎𝑘

∞

𝑘=2

𝑡𝑘,  𝑎𝑘 ≥ 0. (4) 

The focus of this research is to introduce a linear operator to define a new subclass of analytic functions of order 𝛼 

such that 0 ≤ 𝛼 < 1. First, it is necessary to recall the two well-known subclasses of starlike and convex functions of 

order 𝛼, as given below: 

𝒮𝒯(𝛼) =  {𝑓 ∈  𝒮: ℜ ( 
𝑡𝑓′(𝑡)

𝑓(𝑡)
 )   >  𝛼, 𝑡 ∈  𝔻  } 

and  

𝒞(𝛼) =   {𝑓 ∈  𝒮: ℜ (1 + 
𝑡𝑓′′(𝑡)

𝑓′(𝑡)
) > 𝛼,     𝑡 ∈  𝔻}. 

Selectively, when 𝛼 = 0, the above classes are reduced to their standard definition and are simply called the starlike 

and convex functions.  

Definition 1.  A function 𝑓 ∈ 𝒜 of the form (3) is 𝛽-uniformly starlike of order 𝛼, if 

ℜ{
𝑡𝑓′(𝑡)

𝑓(𝑡)
− 𝛼} ≥ 𝛽 |

𝑡𝑓′(𝑡)

𝑓(𝑡)
− 1| ,  (0 ≤ 𝛼 < 1, 𝛽 ≥ 0; 𝑡 ∈ 𝔻).  

We denote by 𝒰𝒮𝒯(𝛼, 𝛽)  the class of all such functions. 

 

Definition 2. A function 𝑓 ∈ 𝒜 of the form (3) is  𝛽-uniformly convex of order 𝛼, if 

ℜ{1 +
𝑡𝑓″(𝑡)

𝑓′(𝑡)
− 𝛼} ≥ 𝛽 |

𝑡𝑓″(𝑡)

𝑓′(𝑡)
| , (0 ≤ 𝛼 < 1, 𝛽 ≥ 0; 𝑡 ∈ 𝔻). 

We denote by 𝒰𝐶𝑉(𝛼, 𝛽), the class of all such functions. 

In particular, the classes 𝒰𝐶𝑉 ≔ 𝒰𝐶𝑉(1,0), 𝒰𝒮𝒯:= 𝒰𝒮𝒯(1, 0) and 𝛽 − 𝒰𝐶𝑉 ≔ 𝒰𝐶𝑉(𝛽, 0), 𝛽 − 𝒰𝒮𝒯 ≔
𝒰𝒮𝒯(𝛽, 0)   are introduced by Goodman [6,7] (see also, William Ma and David Minda [8].  
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Obviously, 𝑓(𝑡) ∈ 𝒰𝐶𝑉(𝛼, 𝛽) ⟺ 𝑡𝑓′(𝑡) ∈ 𝒰𝒮𝒯(𝛼, 𝛽). 

By following the same pattern, this study attempts to apply the Lambert series to the theory of univalent functions. 

Consequently, this may lead to relevant studies if one considers extending the Lambert series to other subclasses of 

analytic functions. Hence, we can investigate various topics such as Hankel determinants, subordination properties, 

and Fekete-Szegö inequalities. Furthermore, these results can be extended to multivalent functions and meromorphic 

functions. 

We also recall the definition of the Hadamard product (convolution): For a given function 𝑓 ∈ 𝒜 of the form (3) and 

𝑔 ∈ 𝒜 of the form 

𝑔(𝑡) = 𝑡 +∑𝑐𝑘

∞

𝑘=2

𝑡𝑘,        𝑡 ∈ 𝔻, (5) 

the convolution (∗) of the two functions 𝑓 and 𝑔 is obtained as follows: 

(𝑓 ∗ 𝑔)(𝑡) ≔ 𝑡 + ∑𝑎𝑘𝑐𝑘𝑡
𝑘 ,    𝑡 ∈  𝔻

∞

𝑘=2

. (6) 

 

The 𝑞-shifted factorial [See (9)] is defined for 𝜆, 𝑞 ∈ ℂ and 𝑛 ∈ ℕ0 = ℕ ∪ {0} as follows: 

(𝜆; 𝑞)𝑘 = {
1,  for 𝑘 = 0

(1 − 𝜆)(1 − 𝜆𝑞)… (1 − 𝜆𝑞𝑘−1)  for 𝑘 ∈ ℕ
 

By using the 𝑞-gamma function Γ𝑞(𝑡), we get 

(𝑞𝜆; 𝑞)
𝑘
=
(1 − 𝑞)𝑘Γ𝑞(𝜆 + 𝑘)

Γ𝑞(𝜆)
, (𝑘 ∈ ℕ0), 

where  

Γ𝑞(𝑡) = (1 − 𝑞)
1−𝑡

(𝑞; 𝑞)∞
(𝑞𝑡; 𝑞)∞

 (|𝑞| < 1) 

Also, we note that 

(𝜆; 𝑞)∞ =∏ 

∞

𝑘=0

(1 − 𝜆𝑞𝑘) (|𝑞| < 1) 

and, the 𝑞-gamma function Γ𝑞(𝑡) is known 

Γ𝑞(𝑡 + 1) = [𝑡]𝑞Γ𝑞(𝑡), 

where [𝑘]𝑞 denotes the basic 𝑞-number defined as follows: 

[𝑘]𝑞: =

{
 
 

 
 
1 − 𝑞𝑘

1 − 𝑞
, 𝑘 ∈ ℂ,

1 +∑  

𝑘−1

𝑗=1

 𝑞𝑗, 𝑘 ∈ ℕ.

 

 

(7) 

From (7), we get 

(a) For any non-negative integer 𝑘, the 𝑞-shifted factorial is given by 
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[𝑘]𝑞!: = {

1,  if 𝑘 = 0,

∏  

𝑘

𝑛=1

  [𝑛]𝑞 ,  if 𝑘 ∈ ℕ.
 

(b) For any positive number 𝑟, the q-generalized Pochhammer symbol is defined by 

[𝑟]𝑞,𝑘: = {

1,  if 𝑘 = 0,

∏  

𝑟+𝑘−1

𝑛=𝑟

  [𝑛]𝑞 ,  if 𝑘 ∈ ℕ.
 

We also know that  

Γ𝑞(𝑡) → Γ(𝑡)  as 𝑞 → 1−. 

Also, we obtain 

lim
𝑞→1−

  {
(𝑞𝜆; 𝑞)

𝑘

(1 − 𝑞)𝑘
} = (𝜆)𝑘. 

For 0 < 𝑞 < 1, we consider the 𝑞-derivative operator [see (10)]  

𝐷𝑞 (
1

Γ(𝑡)
) ∶=

1
Γ(𝑡)

−
1

Γ(𝑞𝑡)
)

𝑡(1 − 𝑞)

 = 1 +∑  

∞

𝑘=2

  [𝑘]𝑞𝑏𝑘𝑡
𝑘−1     , 𝑡 ∈ 𝔻,

 

where 

[𝑘]𝑞: =
1 − 𝑞𝑘

1 − 𝑞
= 1 +∑  

𝑘−1

𝑗=1

𝑞𝑗,  [0, 𝑞]: = 0. 

Now, we define a linear operator Γ−1𝑓:𝒜 → 𝒜 as follows: 

Γ−1𝑓(𝑡)  = t 𝐷𝑞 (
1

Γ(𝑡)
) ∗ 𝑓(𝑡) = t +∑[𝑘]𝑞𝑏𝑘𝑎𝑘𝑡

𝑘,    𝑡 ∈ 𝔻,

∞

𝑘=2
 

from (2), we obtain 

Γ−1𝑓(𝑡) = t +∑{
(−1)𝑘

𝜋𝑘!
∫ 𝑒−𝑠Im[(log 𝑡 − 𝑖𝜋)𝑘]𝑑𝑠

∞

0

} [𝑘]𝑞𝑎𝑘𝑡
𝑘, 𝑡 ∈ 𝔻

∞

𝑘=2

. 

For brevity, we let  

 

ω(k) = (−1)𝑘
[𝑘]𝑞

𝜋𝑘!
∫ 𝑒−𝑠Im[(log 𝑡 − 𝑖𝜋)𝑘]𝑑𝑠

∞

0

.  (8) 

 

The above linear operator leads us to propose a definition in the following manner. 

Definition 3. A function 𝑓 ∈ 𝒜 of the form (3) is said to be in the class 𝒰𝒮𝒯Γ−1(𝛼) if the function 𝑓 satisfies the 

following condition: 
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ℜ{
𝑡(Γ−1𝑓(𝑡))

′

Γ−1𝑓(𝑡)
− 𝛼} ≥ |

𝑡(Γ−1𝑓(𝑡))
′

Γ−1𝑓(𝑡)
− 1| , 0 ≤ 𝛼 < 1, 𝑡 ∈ 𝔻.  

(9) 

Finally, we consider functions with negative coefficients 𝑓 ∈ Τ, similarly to (9), and we simply write Γ−1(𝛼) =
 𝒰𝒮𝒯Γ−1(𝛼)⋂Τ. Based on Definition 3 and the subclass Γ−1(𝛼), the analytic characterization of the function 𝑓 

reduces to the following definition. 

Definition 4. A function 𝑓 ∈ 𝒜 of the form (4) is said to be in the class Γ−1(𝛼) if the function 𝑓 satisfies the condition 

(9). 

New subclasses of analytic functions have been introduced for various applications, such as fractional calculus and 

quantum calculus, by involving some special functions, such as the Mittag-Leffler and Faber polynomial functions 

[11–17]. The most common concern in such studies is the inclusion conditions. Alternatively, it means that for a given 

new subclass, ℋ, we seek a set of useful conditions on the sequence {𝑎𝑛} that are both necessary and sufficient for 

𝑓(𝑧) to be a member of ℋ. 

Now, the question arises: under what conditions does an analytic function belong to our new subclass? Additionally, 

what are the inclusion conditions for the Hadamard product of two analytic functions? What is the integral transform 

of a function in the new subclass?  

2. Characterization Property 

In this section, we discuss the characterization properties of the members that belong to the new family of analytic 

functions. The characterization properties include a couple of theorems related to the inclusion of functions, 

consequent corollaries, and a closure theorem. 

Theorem 1. A function 𝑓 ∈ 𝒜 of the form (3) is said to be in the class Γ−1(𝛼)if and only if 

∑ 

∞

𝑘=2

(
2𝑘 − 1 − 𝛼

1 − 𝛼
) |𝜔(𝑘)||𝑎𝑘| ≤ 1,    (10) 

  

Proof. To prove the assertion (10), it is sufficient to show that 

|
𝑡(Γ−1𝑓(𝑡))′

Γ−1𝑓(𝑡)
− 1| ≤ ℜ{

𝑡(Γ−1𝑓(𝑡))′

Γ−1𝑓(𝑡)
− 𝛼}. 

After adding and subtracting 1 from the right-hand side, we obtain 

|
𝑡(Γ−1𝑓(𝑡))′

Γ−1𝑓(𝑡)
− 1| ≤ ℜ{

𝑡(Γ−1𝑓(𝑡))′

Γ−1𝑓(𝑡)
− 1} + (1 − 𝛼), 

that is 

|
𝑡(Γ−1𝑓(𝑡))′

Γ−1𝑓(𝑡)
− 1| − ℜ{

𝑡(Γ−1𝑓(𝑡))′

Γ−1𝑓(𝑡)
− 1} ≤ 2 |

𝑡(Γ−1𝑓(𝑡))′

Γ−1𝑓(𝑡)
− 1|

≤
∑ (𝑘 − 1)∞
𝑘=2 |𝜔(𝑘). 𝑎𝑘|

1 − ∑ |𝜔(𝑘). 𝑎𝑘|
∞
𝑘=2

.

 

The above expression is bounded by (1 − 𝛼), thus proving our assertion. 

Conversely, let us assume that 𝑓 ∈ Γ−1(𝛼), then (9) yields 

1 − ∑ 𝑘∞
𝑘=2 |𝜔(𝑘). 𝑎𝑘|𝑡

𝑘−1

1 − ∑ |𝜔(𝑘). 𝑎𝑘|𝑡
𝑘−1∞

𝑘=2

− 𝛼 ≥
1 − ∑ (𝑘 − 1)∞

𝑘=2 |𝜔(𝑘). 𝑎𝑘|𝑡
𝑘−1

1 − ∑ |𝜔(𝑘). 𝑎𝑘|𝑡
𝑘−1∞

𝑘=2

. 
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Letting 𝑧 → 1 along the real axis results in the inequality 

∑(2𝑘 − 1 − 𝛼)

∞

𝑘=2

|𝜔(𝑘). 𝑎𝑘| ≤ 1 − 𝛼. 

                                                                                                                                                                                                           

Corollary 1. Let a function 𝑓 defined (4) belong to the class Γ−1(𝛼), then, 

|𝑎𝑘| ≤
1

|𝜔(𝑘)|
⋅

1 − 𝛼

2𝑘 − 1 − 𝛼
,  𝑘 ≥ 2. 

Theorem 2. Let the function 𝑓 ∈ 𝒜 of the form (3) be in the class Γ−1(𝛼). Then for |𝑡| = 𝑟 < 1, we have 

𝑟 −
1

|𝜔(2)|
⋅
1 − 𝛼

3 − 𝛼
 𝑟2 ≤ |𝑓(𝑡)| ≤ 𝑟 +

1

|𝜔(2)|
⋅
1 − 𝛼

3 − 𝛼
 𝑟2  (11) 

 

the equality (11) is attained for the function 

𝑓(𝑡) = 𝑡 −
1

|𝜔(2)|
⋅
1 − 𝛼

3 − 𝛼
 𝑡2    (12) 

at 𝑡 = 𝑟 and 𝑡 = 𝑟𝑒𝑖(2𝑛+1)𝜋 , 𝑛 ∈ ℕ. 

Proof. Since for 𝑘 ≥ 2, 

(3 − 𝛼)|𝜔(2)|. |𝑎𝑘|  ≤ (2𝑘 − 𝛼 − 1)|𝜔(𝑘)||𝑎𝑘|, 

using Theorem 1, we have 

(3 − 𝛼)|𝜔(2)|∑𝑎𝑘 ≤∑(2𝑘 − 1 − 𝛼)

∞

𝑘=2

|𝜔(𝑘). 𝑎𝑘| ≤ (1 − 𝛼)∑𝑎𝑘

∞

𝑘=2

 

∞

𝑘=2

≤
1 − 𝛼

(3 − 𝛼)|𝜔(2)|
    (13) 

From (3) and (13), we have 

|𝑓(𝑡)| ≥ 𝑟 − 𝑟2∑𝑎𝑘

∞

𝑘=2

≥ 𝑟 −
1 − 𝛼

(3 − 𝛼)|𝜔(2)|
 , 

and  

|𝑓(𝑡)| ≤ 𝑟 + 𝑟2∑𝑎𝑘

∞

𝑘=2

≤ 𝑟 +
1 − 𝛼

(3 − 𝛼)|𝜔(2)|
 . 

This completes the Proof.                                                                                                                                               □ 

Corollary 2. Let the function 𝑓 ∈ 𝒜 of the form (3) be in the class Γ−1(𝛼). Then for |𝑡| = 𝑟 < 1, we have 

1 −
2

|𝜔(2)|
⋅
1 − 𝛼

3 − 𝛼
𝑟 ≤ |𝑓′(𝑡)| ≤ 1 +

2

|𝜔(2)|
⋅
1 − 𝛼

3 − 𝛼
 𝑟.    (14) 

 

The result is sharp for function given by (12). 

Theorem 3. Let a function 𝑓 defined by (3) and 𝑔(𝑡) = 𝑡 − ∑ 𝑏𝑘
∞
𝑘=2 𝑡𝑘 be in the class Γ−1(𝛼) then, the function ℎ 

states that 
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ℎ(𝑡) = (1 − 𝛽)𝑓(𝑡) + 𝛽𝑔(𝑡) = 𝑡 −∑𝑐𝑘

∞

𝑘=2

𝑡𝑘 , (15) 

where 𝑐𝑘 = (1 − 𝛽)𝑎𝑘 + 𝛽𝑏𝑘,    0 ≤ 𝛽 ≤ 1 also belongs to the class Γ−1(𝛼) 

Proof. The result follows easily upon using (10) and (15).                                                                                           □ 

 

Next, we define the following functions 𝑓𝑖(𝑡), (𝑖 = 1,2,3, . . . 𝑚) of the form 

𝑓𝑖(𝑡) = 𝑡 −∑𝑎𝑘,𝑖

∞

𝑘=2

𝑡𝑘,  𝑎𝑘,𝑖 ≥ 0,  𝑡 ∈ 𝔻. (16) 

Theorem 4. Let the functions 𝑓𝑖(𝑡), (𝑖 = 1,2,3, . . . 𝑚) defined by (1) be in the classesΓ−1(𝛼𝑖), then, the function ℎ 

defined by 

ℎ(𝑡) = 𝑡 −
1

𝑚
∑( ∑

𝑚

𝑖=1
𝑎𝑘,𝑖)

∞

𝑘=2

𝑡𝑘 

belongs to the class Γ−1(𝛼) for 𝛼 = min
1≤𝑖≤𝑚

{𝛼𝑖}, with 0 ≤ 𝛼𝑖 < 1. 

Proof. Since 𝑓𝑖 ∈ Γ
−1(𝛼𝑖), 𝑖 = 1,2,3, . . . 𝑚), by applying Theorem 1, we observe that 

∑|𝜔(𝑘)|

∞

𝑘=2

(2𝑘 − 1 − 𝛼) (
1

𝑚
∑
𝑚

𝑖=1
𝑎𝑘,𝑖) =

1

𝑚
∑( ∑

∞

𝑘=2
|𝜔(𝑘)|(2𝑘 − 1 − 𝛼)𝑎𝑘,𝑖)

𝑚

𝑖=1

. 

Theorem 1 again entails that ℎ is a member of Γ−1(𝛼).                                                                                                      □ 

3. Results Involving Convolution 

This section discusses the convolutional results of two functions, 𝑓1(𝑡) ∈ Γ
−1(𝛼) and 𝑓2(𝑡) ∈ Γ

−1(𝛽). Apart from 

presenting several theorems, some useful corollaries are also deduced. 

Theorem 5. For two functions 𝑓𝑖(𝑡), (𝑖 = 1,2) defined by (16), let 𝑓1(𝑡) ∈ Γ
−1(𝛼) and 𝑓2(𝑡) ∈ Γ

−1(𝛽). Then, 𝑓1 ∗
𝑓2 ∈ Γ

−1(𝜉)where  

𝜉 ≤ 1 −
2(𝑘 − 1)(1 − 𝛼)(1 − 𝛽)

(2𝑘 − 1 − 𝛼)(2𝑘 − 1 − 𝛽)|𝜔(𝑘)| − (1 − 𝛼)(1 − 𝛽)
, 𝑘 ≥ 2. (17) 

Proof. In view of Theorem 1, it suffices to prove that 

∑
2𝑘 − 1 − 𝜉

1 − 𝜉

∞

𝑘=2

𝜔(𝑘)𝑎𝑘,1𝑎𝑘,2 ≤ 1.        𝑘 ≥ 2 

It follows from Theorem 1 and the Cauchy–Schwarz inequality that 

∑
√2𝑘 − 1 − 𝛼 ⋅ √2𝑘 − 1 − 𝛽

√(1 − 𝛼)(1 − 𝛽)

∞

𝑘=2

√|𝜔(𝑘)|√𝑎𝑘,1𝑎𝑘,2 ≤ 1.   (18) 

Thus, it suffices find 𝜉 such that 

∑
2𝑘 − 1 − 𝜉

1 − 𝜉

∞

𝑘=2

√|𝜔(𝑘)|𝑎𝑘,1𝑎𝑘,2 ≤∑
√2𝑘 − 1 − 𝛼 ⋅ √2𝑘 − 1 − 𝛽

√(1 − 𝛼)(1 − 𝛽)

∞

𝑘=2

√|𝜔(𝑘)|√𝑎𝑘,1𝑎𝑘,2 ≤ 1, 
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or 

√𝑎𝑘,1𝑎𝑘,2 ≤
√2𝑘 − 1 − 𝛼 ⋅ √2𝑘 − 1 − 𝛽

√(1 − 𝛼)(1 − 𝛽)
⋅

1 − 𝜉

2𝑘 − 1 − 𝜉
. 

By virtue of (18), it suffices to find 𝜉 such that 

√(1 − 𝛼)(1 − 𝛽)

√2𝑛 − 1 − 𝛼√2𝑘 − 1 − 𝛽√|𝜔(𝑘)|
≤
√2𝑘 − 1 − 𝛼√2𝑘 − 1 − 𝛽

√(1 − 𝛼)(1 − 𝛽)
⋅

1 − 𝜉

2𝑘 − 1 − 𝜉
, 

which concedes the assertion of our theorem.                                                                                                                  □ 

 

Corollary 3. Let the functions 𝑓𝑗(𝑧), (𝑗 = 1,2) defined by (16) belong to the class Γ−1(𝛼). Then, (𝑓1 ∗ 𝑓2)(𝑧) ∈

Γ−1(𝜌), where  

𝜌 ≤ 1 −
2(𝑘 − 1)(1 − 𝛼)2

(2𝑘 − 1 − 𝛼)2|𝜔(𝑘)| − (1 − 𝛼)2
,   𝑘 ≥ 2. 

Proof. The result is established if we replace 𝛽 = 𝛼 in Theorem 5.                                                                                 □ 

 

Theorem 5. Let the function 𝑓 defined by (3) belong to the class Γ−1(𝛼), and let 𝑔(𝑡) = 𝑡 − ∑ 𝑏𝑘
∞
𝑘=2 𝑡𝑘, for |𝑏𝑘| ≤ 1. 

Then, (𝑓 ∗ 𝑔)(𝑡) ∈ Γ−1(𝛼). 

Proof. Using the convolution property and the concept defined by the left-hand side of (10), we construct the following 

relation:  

∑(2𝑘 − 1 − 𝛼)|𝜔(𝑘)||𝑎𝑘𝑏𝑘|

∞

𝑘=2

= ∑(2𝑘 − 1 − 𝛼)|𝜔(𝑘)||𝑎𝑘||𝑏𝑘|

∞

𝑘=2

≤ ∑(2𝑘 − 1 − 𝛼)|𝜔(𝑘)||𝑎𝑘|

∞

𝑘=2

≤ 1 − 𝛼.

 

Hence, it follows that (𝑓 ∗ 𝑔)(𝑡) ∈ Γ−1(𝛼)..                                                                                                                         □ 

Corollary 4. Let the function 𝑓 defined by (3) belong to the class Γ−1(𝛼).Furthermore, let 𝑔(𝑡) = 𝑡 − ∑ 𝑏𝑘
∞
𝑘=2 𝑡𝑘 for 

0 ≤ 𝑏𝑘 ≤ 1, then, (𝑓 ∗ 𝑔)(𝑡) ∈ Γ−1(𝛼)..  

Now, we consider the following: 

Theorem 6. Let the functions 𝑓𝑗(𝑡), (𝑗 = 1,2) defined by (16) belong to the class Γ−1(𝛼). Then, the function ℎ, defined 

by ℎ(𝑡) = 𝑡 − ∑ (𝑎𝑘,1
2 + 𝑎𝑘,2

2 )∞
𝑡=2 𝑡𝑘, belongs to the class Γ−1(𝜙), where 

𝜙 ≤ 1 −
4(1 − 𝛼)2

(2𝑘 − 1 − 𝛼)2|𝜔(𝑘)| − 2(1 − 𝛼)2
,  𝑘 ≥ 2. (19) 

Proof. In view of Theorem 1, it suffices to show that 

∑
2𝑘 − 1 − 𝜙

1 − 𝜙
|𝜔(𝑘)|(𝑎𝑘,1

2 + 𝑎𝑘,2
2 )

∞

𝑘=2

≤ 1.  (20) 

From (10) and Theorem 1, we find that 
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∑[
2𝑘 − 1 − 𝛼

1 − 𝛼
 |𝜔(𝑘)|]

2∞

𝑘=2

𝑎𝑘,𝑗
2 ≤ [∑

2𝑘 − 1 − 𝛼

1 − 𝛼

∞

𝑘=2

 |𝜔(𝑘)|𝑎𝑘,𝑗]

2

, (21) 

which yields 

∑
1

2
[
2𝑘 − 1 − 𝛼

1 − 𝛼
 |𝜔(𝑘)|]

2

(𝑎𝑘,1
2 + 𝑎𝑘,2

2 )

∞

𝑘=2

≤ 1. (22) 

Upon comparing (21) and (22), it is evident that the inequality (19) is satisfied if 

2𝑘 − 1 − 𝜙

1 − 𝜙
 |𝜔(𝑘)| ≤

1

2
[
2𝑘 − 1 − 𝛼

1 − 𝛼
 |𝜔(𝑘)|]

2

,     𝑘 ≥ 2, 

that is, if 

𝜙 ≤ 1 −
4(1 − 𝛼)2

(2𝑘 − 1 − 𝛼)2|𝜔(𝑘)| − 2(1 − 𝛼)2
 . 

This completes the proof.                                                                                                                                                  □ 

 

4. Integral Transform of Class 𝚪−𝟏(𝜶)  

To convert class Γ−1(𝛼) into integral form, we define the following integral transform: 

𝑉𝜇(𝑓)(𝑡) = ∫ 𝜇
1

0

(𝑧)
𝑓(𝑡𝑧)

𝑧
𝑑𝑧, 

where 𝜇(𝑧) is a real valued, non-negative, and normalized weight function such that ∫ 𝜇
1

0
(𝑧)𝑑𝑧 = 1. 

The special case of 𝜇(𝑧) is 𝜇(𝑧) =
(𝑐+1)𝛿

𝜇(𝛿)
𝑧𝑐 (log

1

𝑧
)
𝛿−1

,   𝑐 > −1, 𝛿 ≥ 0, which yields the Komatu operator. 

Theorem 7. Let 𝑓 ∈ Γ−1(𝛼) then, 𝑉𝜇(𝑓) ∈ Γ
−1(𝛼)  

Proof. By definition, we have, 

𝑉𝜇(𝑓) =
(𝑐 + 1)𝛿

𝜇(𝛿)
∫ (−1)𝛿−1
1

0

𝑧𝑐(log 𝑧)𝛿−1 (𝑡 − ∑
∞

𝑘=2
𝑎𝑘𝑡

𝑘𝑧𝑘−1) 𝑑𝑧 

                      =
(−1)𝛿−1(𝑐 + 1)𝛿

𝜇(𝛿)
lim
𝑟→0+

[∫
𝑟

1
𝑧𝑐(log 𝑧)𝛿−1 (𝑡 − ∑

∞

𝑘=2
𝑎𝑘𝑡

𝑘𝑧𝑘−1) 𝑑𝑧]. 

By applying basic mathematical principles, we derive the following expression: 

𝑉𝜇(𝑓)(𝑡) = 𝑡 −∑(
𝑐 + 1

𝑐 + 𝑘
)
𝛿∞

𝑘=2

𝑎𝑘𝑡
𝑘. 

We need to prove that 

∑
2𝑘 − 1 − 𝛼

1 − 𝛼
 |𝜔(𝑘)| (

𝑐 + 1

𝑐 + 𝑘
)
𝛿

|𝑎𝑘|

∞

𝑘=2

 ≤ 1. (23) 

Conversely, 𝑓 ∈ Γ−1(𝛼)  if and only if, 
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∑
2𝑘 − 1 − 𝛼

1 − 𝛼
 |𝜔(𝑘)||𝑎𝑘|

∞

𝑘=2

 ≤ 1. 

This shows that 
𝑐+1

𝑐+𝑘
< 1, and hence, (23) holds. Thus, the proof is evident.                                                                 □ 

Next, we derive the radii of starlikeness and convexity of 𝑉𝜇(𝑓) 

Theorem 8. Let 𝑓 ∈ Γ−1(𝛼), then, 𝑉𝜇(𝑓) is starlike of order 0 ≤ 𝜉 < 1 in |𝑡| < 𝑅1, where 

𝑅1 = inf
𝑘
[(
𝑐 + 𝑘

𝑐 + 1
)
𝛿

⋅
(1 − 𝜉)(2𝑘 − 1 − 𝛼)

(𝑘 − 𝜉)(1 − 𝛼)
 |𝜔(𝑘)|]

1
𝑘−1

. 

Proof. It is sufficiently fair to confirm that |
𝑡(𝑉𝜇(𝑓)(𝑡))

′

𝑉𝜇(𝑓)(𝑡)
− 1| < 1 − 𝜉. 

Considering the left-hand side of the above inequality, we write 

|
𝑡 (𝑉𝜇(𝑓)(𝑡))

′

𝑉𝜇(𝑓)(𝑡)
− 1| = |

∑ (1 − 𝑘)∞
𝑘=2 (

𝑐 + 1
𝑐 + 𝑘

)
𝛿

|𝑎𝑘|𝑡
𝑘−1

1 − ∑ (
𝑐 + 1
𝑐 + 𝑘

)
𝛿

∞
𝑘=2 |𝑎𝑘|𝑡

𝑘−1

|

≤
∑ (𝑘 − 1)∞
𝑘=2 (

𝑐 + 1
𝑐 + 𝑘

)
𝛿

|𝑎𝑘||𝑡|
𝑘−1

1 − ∑ (
𝑐 + 1
𝑐 + 𝑘

)
𝛿

∞
𝑘=2 |𝑎𝑘||𝑡|

𝑘−1

.

 

The last expression is less than 1 − 𝜉 as 

|𝑡|𝑘−1 < (
𝑐 + 𝑘

𝑐 + 1
)
𝛿 (1 − 𝜉)(2𝑘 − 1 − 𝛼)

(𝑘 − 𝜉)(1 − 𝛼)
 |𝜔(𝑘)|. 

This completes the proof.                                                                                                                                                     □ 

 

Theorem 9. If 𝑓 ∈ Γ−1(𝛼), then, 𝑉𝜇(𝑓) is convex of order 0 ≤ 𝛾 < 1, in |𝑡| < 𝑅2, where 

𝑅2 = inf
𝑘
[(
𝑐 + 𝑘

𝑐 + 1
)
𝛿 (1 − 𝛾)(2𝑘 − 1 − 𝛼)

𝑘(𝑘 − 𝛾)(1 − 𝛼)
|𝜔(𝑘)|]

1
𝑘−1

. 

Proof. The proof is evident from the fact that 𝑓(𝑡) is convex if and only if 𝑡𝑓′(𝑡) is starlike.     

5. Conclusion 

In this article, we introduce a new subclass of uniformly starlike functions by utilizing the reciprocal Gamma Function 

Consequently; we explore the characteristics of the proposed subclass. Furthermore, we discussed several relevant 

topics, including the Hadamard product, integral transform, and radii of starlikeness and convexity. Thus, applying 

the reciprocal Gamma function to additional subclasses of analytic functions may lead to significant research 

outcomes. Consequently, we can conduct research on various subjects, including Fekete-Szegö inequalities, 

subordination characteristics, and the Hankel determinant. Furthermore, multivalent functions and meromorphic 

functions can be included in the scope of these conclusions.  
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