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Abstract

We provide a neutrosophic approach to the Pareto model, which is widely used to model survival data. In this
paper, the neutrosophic Pareto model (NPM) is constructed under the framework of neutrosophic statistics, that
can manage uncertain nature of data, commonly occur in many real word problems. This formulation generalizes
the classical model and is a useful method for dealing with fuzzy or uncertain data typically encountered in many
applications in survival data. Using neutrosophic statistical framework, few key mathematic qualities of the
proposed model such as its moments, survival function, and hazard rate are presented in the study. These properties
are motivated and rigorously established to ensure theoretical soundness of the proposed model. Moreover, the
maximum likelihood estimation (MLE) is used to estimate the neutrosophic parameters of the distribution. This
approach is essential for deriving accurate parameter estimates from the data available, especially in cases where
uncertainty or imprecision is present within the data as it is usually the case for any real-world situation. Based on
the simulation experiment, we display the adequate performance of the suggested model. The simulations allow
us to evaluate the performance of the routine as well as the stability of the model parameters across different
settings. At the end, the real data analysis is conducted to show the applicability of proposed approach. The
proposed model processes such a dataset filled with a range of uncertain values and presents its possibilities to be
applied for information extraction from real world data sets that are abundant in uncertainty. Our results open a
new avenue for neutrosophic statistical model approaches to the analysis of survival data in subsequent studies.

Keywords: Survival model; Estimation; Simulation; Neutrosophic logic; Neutrosophic distribution

1. Introduction

Probability distributions are pertinent in theoretical as well as application based statistics. They explain the
probabilities of various results in an experiment or process, enabling researchers and practitioners to make
informed choices, forecast future occurrences, and evaluate risks [1]. Knowing the mean, variance, and shape of
a probability distribution already provides us with a lot of information about the underlying data or process.
Probability distributions find applications in almost every domain such as finance, engineering, healthcare, and
quality control, where risk management, process optimization, and decision-making under uncertainty are critical

2.

The Pareto distribution is a power-law probability distribution named after Vilfredo Pareto that describes the
distribution of wealth among individuals, but it also manifests in many cases of real world well studied phenomena
and such almost always involve skewed data [3]. It is significant because it can be used to represent systems in
which a few events are responsible foremost of the overall effect, often referred as the "80/20 rule" [4]. The Pareto
distribution is commonly used in the study of survival and healthcare data, where the distribution is applied to
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model heavy-tailed events, which may include lifetimes or failure times of some specific medical devices, health
conditions, or treatment effects [5]. In healthcare, for example, the distribution can be used to describe the survival
times of patients with a chronic disease, where a small percentage of patients may utilize most of the available
resources, providing insight for managing healthcare and resources efficiently [6]. In survival analysis, the Pareto
distribution can help us in understanding survival data of individual or machine, where the hazard rate (the
likelihood of failure) could be decreasing over time such as aging population or machine wear [7]. Additionally,
it is used in healthcare in modeling the distribution of medical costs, where a small number of patients might incur
an outsized amount of these costs, which helps identify high-risk patients and design cost-efficient interventions
[8]. It is widely used to analyze healthcare data involving epidemics where a small number of individuals carry
the majority of the infection burden, and in modeling waiting times in healthcare systems or emergency services,
assisting in the optimization of healthcare delivery systems [9]. Moreover, in financial modeling, the Pareto
distribution is commonly applied in modeling wealth or income distribution, where a relatively small group of
people owns a disproportionately large share of total wealth [10]. Then, the system is trained to detect patterns,
validating statistically, and modeling things such as insurance risk, customer behavior, ecology, and business
management. In summary, the usefulness of the Pareto distribution lies in its capacity to accurately represent
uneven distributions, rendering it critical in many fields, especially in the analysis of survival and healthcare data.

Fuzzy theory, which was pioneered by Lotfi Zadeh in the 1960s, is an extension of classical set theory in which
an element is permitted to have partial membership in a set rather than being completely in or out of it [11].
Examples demonstrate that this flexibility suggests possible relations of fuzziness in theory that can be helpful
about vagueness and uncertainty that are normally available. They use membership functions which map [0, 1] to
represent the degree of membership [12-13]. Because of its inherent uncertainty, fuzzy theory has been widely
used in related domains including artificial intelligence (Al), decision-making, control systems, and pattern
recognition. Fuzzy logic in statistics: Fuzzy theory is an extension to apply fuzzy logic in statistical analysis for
uncertain, ambiguous, or incomplete data [14]. For classical approach, the statistics tool such as average, variance,
and standard deviation are used to analyze data, while in fuzzy statistics these concepts are generalized which can
be used under fuzziness. This idea has been useful in a variety of domains (e.g., medical diagnostics,
environmental modeling, economic forecasting), where data may be noisy, subjective, or ambiguous. Fuzzy
statistics is a combination of fuzzy logic and statistical techniques that provides a powerful tool for modeling and
analyzing uncertainty in complex, real-world systems [15]. The neutrosophic theory, proposed by Florentin
Smarandache in the late 20th century, is an extension of classical set theory, which defines a new degree of truth
that includes indeterminate truth [16-17]. In neutrosophy, unlike binary logic where an element is true or false, an
element can have indeterminate or neutral truth values represented by three components where T = truth, | =
indeterminate and F = falsity. This is a more flexible framework to handle vagueness and uncertainty, which allows
it to be particularly suited to applications in Artificial Intelligence, Decision Making, and Fuzzy Logic systems,
where real-world complexity often do not allow for precise reasoning. Neutrosophic statistics is an extension of
classical statistics, which is applied to statistical analysis to deal with indeterminacy, incomplete information, and
contradictions in data [18-20]. Traditional statistics assumes well-defined data, but in most real-life scenarios, the
data can be ambiguous, uncertain or subject to perception. Neutrosophic statistics extends classical statistical
notions (mean, variance, probability distributions, and so on) to accommodate the three components (truth,
indeterminate, falsity) and hence provides a more realistic model for the associated phenomena [21]. It allows us
to analyze data that does not comply with classical structures and offers strong solutions when working with
uncertain or incomplete data. Neutrosophic statistics are applied in many fields such as medical diagnosis,
environmental monitoring, social sciences, etc., since there is often inherent uncertainty or ambiguity in data [22-
24].

The probabilistic models in neutrosophic distributions extend neutrosophic theory into the domain of probability
distributions by introducing truth, indeterminacy, and falsity into the framework of these models. These
distributions are used for modelling systems whereby the outcomes cannot only be true or false but can also “not
fully determined” [25]. Neutrosophic distributions are used in real-world situations where traditional distributions
are unable to accurately model complex uncertain phenomena, e.g., neutrosophic normal distribution, neutrosophic
exponential distribution names a few. Models of indeterminate probability distributions based on possibility theory
have been proposed and utilized in different fields such as reliability analysis, risk assessment, and decision
making where uncertainty and indeterminacy play a crucial role [26]. Neutrosophic theory, statistics, and
distributions are strong methods for examining complex, uncertain, and imprecise data, especially by adding truth,
indeterminacy, and falsity to statistical models [27-30].
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In this study, we investigate the neutrosophical characteristics of the Pareto model and its relation to survival and
health care data. In this context, we are using the three parts of the neutrosophic logic (truth, indeterminacy, and
falsity) in the Pareto distribution to encapsulate the reality of uncertainty and imprecision that is often involved in
healthcare and survival modeling in real life. While standard model may lack the capacity to model ambiguous or
missing data. This approach can hinder more flexible modeling of patient survival times, treatment outcomes, and
healthcare costs. For more accurate and comprehensive analyses in these realms, the neutrosophic Pareto model
represents a reasonable model.

The outline of the paper is as follows: In Section 2, we introduce the neutrosophic generalization of the Pareto
model. The mathematical approach to estimate the unknown distributional parameters is elaborated in Section 3.
A Monte Carlo simulation to test the theoretical results of the neutrosophic model is introduced in Section 4. The
proposed model is applied on real-world data in Section 5. Section 6 concludes with some key findings from the
study.

2. Preliminaries

In this section, some statistical properties of the classical Pareto model including its probability density function
(PDF), cumulative distribution function (CDF) and related shape parameters are discussed so we can understand
the proposed model under neutrosophic framework.

A random variable Z is said to follow Pareto model if it has the following PDF and CDF:
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Figure 1. PDF and CDF plot of the Pareto Model with various parameter values

The PDF and CDF of the Pareto distribution are plotted in the first and second subplots respectively as shown in
Figure 1 for three sets of parameter a and S. The left panel shows the PDF, illustrating the change of the tail
behaviour of the distribution with different a. The right panel shows the corresponding CDF, where the cumulative
probabilities can be observed as xx rises. Different colors represent the different curves, where legends providing
the values of a and g are included for better understanding.

The hazard function is related concept of any probability distribution with major applications in reliability and
survival studies. The hazard function of the Pareto model is defined as:

h(z) = :fu : 1_(13)a, z >0 ©)

z
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The hazard function is important in survival analysis because it describes the instantaneous risk that an event will
occur at a given time, given that the event has not yet occurred until that time. It assists researchers in determining
how probable it is to experience failure, death, or other significant moments, allowing for comparative analyses
between groups, evaluations of treatment impacts, and proficient models of time-to-event data for better decision-
making.

Reliability function of the Pareto model can also be found by using the expression as given below:

R(z)=1—F(z)=(5)“, 220 )

z

In reliability and survival studies, the reliability function represents the probability that a system or component
will perform its intended function for a specified period; hence, it is of utmost importance. This is useful to assess
how long product(s) lives, predict when they fail, when to service them, all of which allow for proper functioning
of the system and helps maximize their usefulness.

Similarly, other essential properties of the Pareto model can be outlined as:

Mean
n=La>1 (5)
Variance
2 _ ap?
= aviaD a>2 (6)

Skewness Coefficient

200+a) [a-2
n=m >3 )

Kurtosis Coefficient

_ 6(aP+a?-6a-2)

Y2 = a(a—3)(a—4) x> 4 (8)

These are some basic properties are essential to see for understanding before fitting of Pareto model to real-word
scenario. Now in the following section, we will study the structure of Pareto model under neutrosophic framework.

3. Neutrosophic structure

A neutrosophic PDF is the generalization of the classical PDF, taking into consideration the neutrosophic truth
(T), indeterminacy (1), and falsity (F) components to capture uncertainty of data and imprecision. In classical
statistics, PDF is the function that shows us how likely it is for a random variable to take on certain values,
assuming that there is no uncertainty or imprecision in the data. It is well defined through deterministic
parameters, i.e. exact probabilities in a fixed framework. On the other hand, the neutrosophic pdf is defined in the
context of neutrosophic statistics, where its parameters and the function itself can be intervals or neutrosophic
numbers. It allows the model to reflect the uncertainty, imprecision, or incompleteness often seen in real-world
datasets.

The PDF of the proposed NMP for uncertain parameters 3, and «,, is given by:

Bn
h(t, By @ ) = 2220 for 0 < £ < 005 Bty t >0 9)

Notably, the primary difference resides in the manner uncertainty is treated; where the classical PDF assumes
perfect knowledge, the neutrosophic pdf thrives on uncertainty providing an approach to quantify and incorporate
it to model real-life data cases. The PDF of the NPM with different values of g,, and fixed «, = [1.5,1.5] are
shown in Figure 2.
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Figure 2. PDF curves of the proposed model with (a) 8, = [0.5,1.5] (b)) B, = [1,1.8] (C) ) B, = [2.5,4.2] (d) )
Brn =1[3.5,5.4]

The influence of unknown neutrosophic parameters on the shape of the Neutrosophic Pareto Distribution is
highlighted in figure 1. The figure illustrates the fact that the distribution represents and embraces uncertainty in
the form of intervals or ranges for the parameters, reflecting the truth (T), indeterminacy (1), and falsity (F) that
characterize the data. In contrast with classical Pareto distribution, where parameters are definite and known, the
neutrosophic contribution facilitates a better description of uncertainty and ambiguity. This Norman adaption
emphasizes and shows the use of Neutrosophic Pareto Distribution, as a mean of express variables in real life
situations, where the exact values of the various parameters are not known, or are not very clearly defined.

The other related function of PDF is the CDF function. The classical CDF is generalized as neutrosophic CDF,
which comprises neutrosophic components: truth , indeterminacy and falsity to reflect uncertainty and vagueness
in data. It represents the likelihood that a neutrosophic random variable is no greater than a specified value.
Neutrosophic CDF has multiple significances: it is not limited to a classical interaction to events as it allows its
probabilities and parameters to be given in the form of intervals or neutrosophic numbers. T

HCt o) = 1 (%) (10)

t

The CDF of the NPM with different values of 8, and fixed «,, = [1.5,1.5] are shown in Figure 3.
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Figure 3. CDF curves of the proposed model with (a) 8,, = [0.5,1.5] (b)) 8, = [1,1.8] (¢) ) B, = [2.5,4.2] (d) )
Bn = [3.5,5.4]

In Figure 3, we demonstrate the cumulative distribution function (CDF) of the Neutrosophic Pareto Model,
illustrating how uncertain parameter values can affect model behavior. To proper identify the uncertainty in
parameter estimates, neutrosophic components (truth (T), indeterminacy (I) and falsity (F)) were incorporated into
the CDF, we can observe the range or band of CDF instead of a single curve. The complementary cumulative
distribution function (CDF) adapts to a broad range of possibilities, showcasing the versatility of the neutrosophic
methodology in interpreting data vagueness. The imprecise description of parameters in this problem is inevitable
in the real world, so such representation makes the Neutrosophic Pareto Model the best approach to extract the
cumulative probabilities than we can do using Survival Data Models, thereby making the Neutrosophic Pareto
Model an ideal choice for modeling cumulative probabilities of survival data in a realistic way

The Hazard function of the NPM can be defined as:

9(t) = _ Bnagt (11)

eonri(a-()")

The hazard function (also referred to as the failure rate or hazard rate) is a core concept in survival analysis, which
describes the instantaneous rate of failure at a given time if the subject has survived until that time. From a
mathematical point of view, it is defined by the ratio of the pdf with respect to survival function (1 - CDF). The
hazard function is especially useful in the context of time-to-event data in highlighting how the hazard of an event
changes over time. This can also reveal qualitative aspects, such as whether the risk levels are increasing or
decreasing or remain constant, and is essential in applications such as medicine, engineering, and reliability
analysis. Thus, by offering insights into the underlying failure mechanisms, the hazard function assists in devising
strategies for enhancing survival rates, optimizing maintenance schedules, and assessing interventions, rendering
it an invaluable component of survival analysis.
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Reliability function is another important function in the reliability and survival studies. The reliability of the
proposed model can be written as:

ay\Pn
R(t) =1— (1 - (%) ) (12)
Reliability function is also known as the survival function in reliability engineering and survival analysis. It is the
likelihood of a system, component or individual will perform its intended function without failure for a specified
period of time. The reliability function is a rich source of information, which tells us how much longer the system,
on average, will stay alive so we can assess the performance over time. It is a widely used approach in product
design and testing, maintenance prediction, and risk assessment. Recognizing the most mix-up point with the
system, the decision uses dependability capacity to improve framework plans, shape appropriate upkeep plans,
and lessen operational hazards.

Other essential properties of the NPM can be established easily under neutrosophic calculus. For example,
neutrosophic mean of NPM can be derived as:

8 t t 8 t t 8 t t
E(t) = Bnann f tBn—Hdt = [Blal L J- B dt, Buocuu f tﬁu—ﬂ-dt]
(<% 1 Ay

o

Bray Buoy Bnon
= |— = 1
Bi-1’ Bu_l] Bn—1 ( 3)

which is the required mean of the NPM.

Likewise, the variance of NPM can be defined as:

var(t) = E(t*) — [E@®)]? (14
where

n t 2 t t? A B Buoy Bnan
E(t?) = Bpa® Jy, e dt = [Bzafl [ dt, B,ab o T dt] [ﬁ&t—fz] = F‘jz (15)

Utilizing Eq (13), Eq (14) and Eq (15) , the following expression can be obtained:

Brof Buad _ Bnod
(61-1)2(61—2)'(Bu-l)Z(Bu-Z)] T (Bn-12(Bn-2) (16)

which is required variance of the NPM.

var(t) =

The rth moment can be established with expression given below:

tr

t
on = [Buo™ [ e dt] (17)

t t
=g, . B, ol g
Pt thi+1 T U tBu+l

1 Oy

o

Further simplification of Eq (17) provided:

_ Bla{ Buaﬁ _ Bnaﬁ
Hrn = 106r) " Bu=r)] ~ Bn-r) (18)

Now putting different values of r = 1, 2,3,4...,we can obtain different moments about origin. For example first
moment can be obtained using r = 1 as:

U’ =y, = Bnan
RN )

which is mean of the NPM.

Similarly other origin moments and their relation with moments about mean, we can derive importance properties
as:

1 _ _ 2 _ Bna%
Hon = Hon — (M1p)” = Bo-D?Br-2) (19)
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r _ 3 _ an(Bn+1)a731
u3n = Uzn 3|>12n|>11n + 2(“111) - (Bn—1)3(ﬁn—2)(5n—3) (20)

' _ 2 4 _ 3Bn(3B5+Bn+3)as
Han = Moy — 4HanHipn + 612y (Hiy) 3(un)* = Br—D*(Bn-DBn—3)Br—2) (21)

The shape coefficients can be defined as:

Skewness
!
o3 = 22 (22)
(hn)?
o ZBn(Bn+1)0(131
where  Wsn = G B2 (Ba3) (23)
2
and |, = —onin 24
2n

Br-12(Bn-2)
Simplification of Eq (23) and Eq (24) yielded:

_ 2(Bnt1) [Bn—2
% = 503\ Bn (25)

Kurtosis coefficient of the model can be defined as:

ay = (26)
(“Zn)
3Bn(3B3+Bn+3)an
Brn-D*Br-1)Br-3)(Br—4) 27)

where Wy, =
and |, = —Pn%n (28)
Hon = (5 m1)2(Ba-2)
Putting Eq (27) and Eq (28) in Eq (26) resulted:

_ 6(B3+B3-6Bn—2)
4 = (B3 B (29)

These are some essential properties of the proposed model.
4. Estimation Method

Maximum Likelihood Estimation (MLE) is a statistical method for estimating parameters of a probability
distribution, which maximizes the likelihood function. In this approach, the parameter values are chosen that
maximize the likelihood of the observed data. MLE is very popular, as it possesses some nice property such as
consistency, efficiency and asymptotic normality. It is a key component of many fields; e.g., economics, machine
learning, biostatistics, to name a few, that enables a robust parameter estimation of complex models. MLE is a
simple yet very general point estimation method that can be used to derive a direct measurement from data for
complex models via numerical optimization methods.

The likelihood function of the proposed model with uncertainty parameters is given as:

DMy, ap |t) = ?:1 h(t;|Bn, otr) (30)
Including the value of PDF in Eq (30) yielded:

I8, afn
(M, ap|t) = 1_[ [tgnr1
i=1

1
= By [T s (31)

Taking the log of Eq (31) provided

[
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1
o (TN, ) = 10g B 1 o] (32)

Simplification of Eq (32) yielded:

k
(T, ) = Klog(By) + ke = (B +1) ) logt,

i=1

[8171 (ti' nn) Swn (ti' an)

86, ' oa, ]Z[O‘ 0]

Finally maximization of Eq (32) provided:

0, = mint;

— k
Bn =

k¥ logt; — klog(ay,)

Thus, the estimators for unknown itself are imprecise because of uncertainty in the underlying data. Now we can
use the Monte Carlo technique to create random numbers which should approximately follow the NPM. In
general, the Monte Carlo method includes any technique that makes use of random results in order to solve a
problem. The main objective of this work is to validate the theoretical results shown in previous section by
simulating random samples from the NPM with a known setting of parameters via the Monte Carlo approach. The
inverse CDF method can be used as a direct method for generating random samples from the proposed model.
This approach takes advantage of a computer's native pseudo-random number generator to generate random
numbers. The inverse CDF of the proposed model can be written as:

-1

R = a,[1— P (33)

Here, P indicates random numbers of points taken from the uniform distribution, and R is a desired percentile
value of proposed model. Total 40 random samples are generated from the proposed model using the inverse CDF
method with parameters setting «,, = [1.5,1.5] and 3,, = [2.5, 3.5].For selected values.

These 40 random samples with specific seed setting are given in Table 1.

Table 1: Random sample generated from the proposed model

Random samples

[1.96, 2.40] [1.58, 1.64] [1.76, 1.99] [2.28,3.12] [1.65, 1.78]
[1.57, 1.62] [1.51,1.52] [1.75, 1.97] [1.62, 1.71] [1.68, 1.84]
[5.71, 15.56] [1.62, 1.71] [1.53, 1.56] [2.05, 2.60] [1.97,2.43]
[1.64,1.76] [1.79, 2.05] [1.55, 1.59] [1.53, 1.55] [2.90, 4.76]
[2.35, 3.30] [2.53,3.75] [2.43,3.48] [5.75, 15.77] [1.91,2.30]
[2.42, 3.47] [1.75,1.97] [1.51,1.52] [1.78, 2.03] [1.54, 1.58]
[2.43,3.50] [2.11,2.72] [1.90,2.27] [1.64, 1.76] [9.56, 38.39]
[1.56,1.61] [1.97,2.41] [1.81,2.09] [1.73, 1.94] [2.17,2.87]

Table 1 shows neutrosophic random samples from the NPM with specific parameters settings and random seed.
All the samples are in interval form due to imprecision assumed in the model parameter. If we assume zero
indeterminacy in the model parameters, these results would converge to results obtained from the classic model.
Likewise, if we randomly select 20000 random samples from the model with already mentioned parameters we
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obtain analytical solutions as a function of the baseline parameter values, based on the theoretical results from
Section 3. Table 2 lists the estimated values of the different distribution characteristics.

Table 2: Simulated data based statistical properties of the NPM

Basic Properties of NPM Simulated Results
Mean [2.10, 3.01]

var [0.89, 28.64]
Skewness [9.38, 35.64]
Kurtosis [205.69, 1733.61]

Table 2 shows the descriptive statistics of the proposed model for the given distributional parameter values. The
descriptive metrics for the simulated data are provided as ranges to illustrate uncertainties assumed in the
parameter definitions. It is clear from the numerical findings that classical model of the Pareto distribution is not
capable of analyzing data involving uncertainty.

5. Conclusion

This study presents the neutrosophic Pareto model (NPM), a new survival model used to tackle uncertainty in the
survival data. The proposed model extends the classical Pareto distribution by means of a neutrosophic statistical
framework that is used to deal with fuzzy or imprecise data typically arising in practice. Rigorous derivation of
key mathematical properties such as moments, survival function and hazard rate ensured theoretical validity of the
model. We have used the maximum likelihood estimation (MLE) method to estimate the neutrosophic parameters,
showing that with the use of MLE, we can obtain good estimates of parameters even when data is uncertain. The
experiments with simulation proved the stability and those resulted performance of the model in different settings,
demonstrating the reliability of the model for practical usage. Moreover, the simulated data experimentation
demonstrated the feasibility of using the developed model to retrieve useful knowledge from datasets with
uncertainty. This indicates the model can be applied to real world data in survival studies.
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