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Abstract

The main objective of this paper is to present a review study with more information on the
neutrosophic Ideal, Principle Ideal, Prim ldeal, Pseudo Neutrosophic lIdeal, Quotient ring, and
Pseudo Quotient ring. Neutrosophic ring theory is a branch of neutrosophic Algebra which
introduced by Florentin Smarandache in 2006.
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1. Introduction

In 2006, Kandasamy and Smarandache introduced neutrosophic algebra structure, N-algebra structure, and
neutrosophic ring in their works. They studied the structure of Neutrosophic Groups, Neutrosophic N-
Groups structure, Neutrosophic rings, and Neutrosophic group rings [10,12], Moreover, Kandasamy has
written a book about Smarandache neutrosophic algebraic structure, he showed it through neutrosophic
groups (semigroups), Bi-groups, and N-groups in [9]. Previous work has motivated other researchers such
Agboola, Adeleke, and Oyebola, they introduced some elementary properties of neutrosophic rings with
neutrosophic polynomial rings in [2]. In 2012, they studied ideals of neutrosophic rings and Neutrosophic
quotient rings in [1]. Later on, in 2023, Al-Odhari presented a review of the neutrosophic ring and
neutrosophic subring with properties of neutrosophic elements of the neutrosophic ring in [3] and some
algebraic structure of neutrosophic matrices in [4]. In 2024, Al-Odhari presented a neutrosophic set from
the classical set and studied more properties of neutrosophic set theory in [6,8,9] with some works in the
structure of neutrosophic group theory in [5,7]. In this article, we present a review and expansion of the
Neutrosophic Ideal, Types of Neutrosophic Ideal, Neutrosophic Quotient Rings, and Pseudo Neutrosophic
Quotient Rings.

2. Preliminaries

In this section, we introduce a review of the neutrosophic ring, and neutrosophic subring, which will
be used in the next sections.

Definition 2.1 [10] Let R be any ring. The neutrosophic ring is also a ring generated by R and I
under the operations of R, and denoted by N(R) , such that:
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N(R) = (RUI) = {a + bl:a,b € R).

Theorem 2.1 [10] Let (R U I) be Neutrosophic ring. Then (R U I} isring.

Definition 2.2 [3,10] Let R be a nonempty set and the triple (R, +,¢) be aring, and consider

the neutrosophic set N(R) = R[I] = (RUI) = {a+bl: a,b € R}. then the neutrosophic
algebra structure (NAS): N(R) = (RUI) = (R[I],+,+) is called the neutrosophic ring which is a
generated by I and R under operations addition "+ and multiplications " respectively, if
satisfy the following axiomatic conditions of ring:

NRi1. Forall x,yand z € N(R), N(R) = (R[I],+) isaneutrosophic an abelian group under
addition;

NR2. Forall x,y and z € N(R*), N(R*) = (R*[I],*) isa mathematical associative neutrosophic
system under multiplications, that is, N(R*) = (R*[I],) is neutrosophic semi group, and

NRs: x(y + 2) = (x.y) + (x.2), and (y + z)x = (y.x) + (z.x) " leftand right distribution
laws"

Theorem 2.2 [4] Let (R U I) be a neutrosophic ring and x,y € (R U I). then:
1. x.0=0x=0.
2. x.(=y) = (=x).y = =(xy).
3. (=x).(=y) = xy.

Definition 2.3 [10] Let (R U I) be a neutrosophic ring. A proper subset P of (R U I) is said to be
a neutrosophic subring if P itself is a neutrosophic ring under the operations of (R U I). Itis
essential that P = (S U nl), n apositive integer where S is a subring of R .i.e. { P is generated
by the subring S with nl,(n € Z*)}. Note: Even if P is a ring and cannot be represented as

(S U nl), where S is a subring of R. Then we do not call P a neutrosophic subring of (RUI).

Theorem 2.3 [3] Let (R U I) be a neutrosophic ring and N(S§) S N(R), then N(S) is called a
neutrosophic subring of N(R) iff:

1. Vab e NS) = a—b € N(S).

2. Vab € N(S) = ab € N(S).

3. Neutrosophic Ideals and Pseudo Neutrosophic Ideals

In this section, we introduce the neutrosophic ideal, neutrosophic principle ideal, neutrosophic prime
ideal, neutrosophic maximal ideal, and pseudo neutrosophic ideal.

Definition 3.1 [10] Let (R Ul) be any neutrosophic ring. A non-empty neutrosophic subset P of
(R U ) is called a neutrosophic left ideal of (R U I), if the following conditions are satisfied
1. P isaneutrosophic subring (R U I), and
2. Foreveryp € P,and r €(RUI),rp € P. Also, P iscalled a neutrosophic right
ideal of (R U I), if the following conditions are satisfied
1. P isaneutrosophic subring (R U I), and
2. Foreveryp € P,and r €{(R UI),pr € P.

Definition 3.2 Let (R U I) be any neutrosophic ring. A none-empty neutrosophic subset P of
(R UI) isdefined to be a neutrosophic ideal (two sided) of (R U I) if the following conditions are
satisfied;

1. Pisaneutrosophic subring of (RUI).

2. ForallpePand re(RUI), then rp e P and pr € P.

Example 3.1 We have (Z,+,¢) is integers ring, (2Z,+,s) is subring of (Z, +, ), (Z U 1) is
neutrosophic ring of integers. clear that (2Z U I) is neutrosophic subring of (Z U I). Also,
forall p = 2a + 2bI € 2Z U I) and r = a + bl € (Z U I), then

rp = (a+ bl)(2a + 2bI)
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= (2aa + (2ab + 2ba + 2bb)I)
= (2aa + 2(ab + ba + bb)I),and
pr = (2a + 2bI)(a + bI)
= (2aa + (2ab + 2ba + 2bb)I)
= ( 2aa+2(ab + ba + bb)I) € (2Z U I).S0,(2Z U I) is neutrosophic ideal of (Z U I).

Proposition 3.1 Every neutrosophic ideal P of (R U I) is a neutrosophic subring of (R U I),
but the converse may not be true.

Proposition 3.2 In aring of integers Z,every nZ isideal, vne Z* . Thenevery (nZ UI) isa
neutrosophic ideal of (Z U I), v ne Z*.

Proof. Firstly, nZ issubringof Z foralln € Z*. So, (nZ U I) is a neutrosophic subring of
(Z U 1). Now, consider x € (nZ U I) and r € (Z U I), thenthereare a,,b;€NZ, a,b € Z
suchthatx =a; + b1, r=a+bl, then rx = (a + bl)(a, + b,I)

= (aa; + (aby + ba, + bby)I). Itis clear that,
aa, ,(ab; + ba, + bb;) € n Z (because nZ ideal of Z), implies that
(aay + (by + bay + bby )I) € (nZ U I). Also, by the similar way, xr = (a; + byI) (a + bl) €
(nZ U I).(nZ U I) is neutrosophic ideal of (Z U I).

Example 3.2 In aring of integers (Z, +,¢). (5Z,+,¢) is an ideal, then (5Z U I) is a neutrosophic
ideal of (Z U I), where (5Z U I) is a neutrosophic subring of (Z U I}, and for all
(5a+5bI) €(5Zul),(a’ +b'1)E(Z U I),(a,b,a',b'€Z) is
(5a +5b)(a’ +b'l1) = (5aa’ + (5ab’ + 5ba’ + 5bb' )I)
= (5aa’+5(ab’ + ba' + bb' ))E (5Z U I), also,
(@' +b'1) (5a+5bl)e(Bzul).

Theorem 3.1 Let R beanyring, S isideal of R. If (R UI) neutrosophic ring. Then (S UI)
is a neutrosophic ideal of (RUT) .

Proof. Firstly, since S is ideal of R, then S is a subring of R, hence P = (S U I) is a neutrosophic
subring of (R U I). Now, For any p € P there is a, ,b; €S, suchthatp = a, + b/, and
forallre(RUI) thereisa,b € R, suchthatr=a+bl. Then

rp =r(ay + b 1) =r(a)) +r(bl) = (a+bl)a, + (a + bl)b,I =aa, + (ba, + ab; + bby)I,
butaa,, (ba, + ab; + bb;) € S (because S is an ideal of R), then

aa, + (ba, + ab, + bb, )I € P, this mean that, rp € P. Also by similar method, we have pr € P.

Example 3.3 Let (Z,,D,©) be aring of integers modulo n, H = {0, 2} is ideal of (Z,,,©). Then
(Z, U I)isaneutrosophic ring, and (H U I) = {0,2,21,2 + 2I} is a neutrosophic subring of

(Z, U I),and forall (a + bl) € (Z, U I), (ay+byI) € (H U I), then

(a + bI) (ay+b,1) = (aa, + (aby + ba, + bby)I) € (H U I), also, (a;+b,1I) (a + bl) €
(HuUlI).

Proposition 3.3 If H is a neutrosophic ideal (neutrosophic left ideal/ neutrosophic right ideal/
neutrosophic- two —sided) of (R U I) and J isa neutrosophic ideal (neutrosophic left ideal/
neutrosophic right ideal/ neutrosophic- two —sided) of H. Then not necessarily J is an ideal
(neutrosophic left ideal/ neutrosophic right ideal/ neutrosophic- two —sided) of (R U I).

Definition 3.3 Let P be neutrosophic ideal of (R U I), P is generated by an element
r =a+ bl € (RUI); a,b # 0. Then P is called a neutrosophic principal ideal of (R U I).
denoted by (r) .

Definition 3.4 Let R be any commutative ring,a € R. Anideal H = aR = {ar : r € R} iscalled

a principal ideal of R. A neutrosophic ideal P = a(RUI) = {ax: x € (RU I)}iscalled
neutrosophic principal ideal of (R U I).
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Proposition 3.4 Let (Z U I) be a neutrosophic ring of integers, if S is an ideal of integers ring Z.
Then P = (S U I)isa principal ideal of (Z U I).

Proof. Since S is an ideal of Z, then S is a principal ideal of Z, and S = nZ (n € Z%).

Firstly, If P = {0}=> S ={0}=0Z = n = 0,S0o P = (0Z U I) = {0}, thismean that, P
isa principal ideal, P = {Or: r € (Z U I)}, P = (0). Secondly,

If P+ {0}=S5S+ {0}=>n=+ 0,505 =nZ,n € ZtandP = (nZ U I). Now, suppose that
n is smallest positive number in S, thenn, nl, n + nl € P. Also, forall m € S, we have
m,ml,m + ml €P suchthatm = gqn; q € Z, thenn(q),n(ql),n(q + qI) € P ,such
thatq,ql,q + ql € (Z U l),soP = {nr:r € (Z U )}

Proposition 3.5 Let R be any ring, H is a principal ideal of R. Then P = (H U I} is a neutrosophic
principal ideal of (R U I).

Definition 3.5 Let P be a neutrosophic ideal of (R U I). if for any neutrosophic ideal J of (RuUl)
iseither] € PorJ = P, then P is called a neutrosophic maximal ideal.

Example 3.4 (3Z U I) is a neutrosophic maximal ideal of (Z U I).

Example 3.5 Consider (Z,,®,0) isaring, H = {0, 2} is ideal of (Z,,8,©). The neutrosophic ring
(Z,uly={0,1,2,3, 121,31, 1+ 1,1 +21,1+31,2+1,2+21,2+31,3+1,3+2l,3+3I}.

(H U 1) is a neutrosophic ideal of (Z, U I), where (H U I) = {0, 2, 21, 2 + 21}, we note that, there is
no neutrosophic ideal P of (Z, U I) contains (H U I), implies that (H U I} is a neutrosophic
maximal ideal of (Z, U I).

Proposition 3.6 Let R be any ring, S is a maximal ideal of R, then P = (S U I) is a neutrosophic
maximal ideal of (R U I).

Definition 3.6 Let P be neutrosophic ideal of (R U I). If for any two neutrosophic ideals J, Q
of (RU l)suchthatJQ < P iseitherJ < PorQ < P. Then P is called a neutrosophic prime
ideal.

Definition 3.7 Let P be neutrosophic ideal of (R U I). Ifforanyx,y € (R U I), xy € P is
eitherx € P or y € P. Then P is called a neutrosophic prime ideal.

Example 3.7 Consider (Z,,D,©) is ring, H = {0, 2, 4} is ideal of (Z4,D,0), (Zg UI)isa
neutrosophic ring, where

0,1,2,3,4,5,1,21,31,41,5I,
1+ 1,1+ 21,1+ 31,1+ 41,15],
2+ 1,2 + 21,2+4+31,2+ 41,2+ 5],
3+1,3+21,3+31,3+41,3+5I, [’
4+1,44+21,44+31,4+41,4+5I,
5+1,5+21,5+31,5+41,5+5I,
(H U I) is neutrosophic ideal of (Z4 U I), where
0,2,4,21,41,

}, and

(ZsUl) =

(HUly=1{2+ 21,2 +4lI,
44+ 21,4+ 41
forany x,y € (Z4,UlI) suchthat xy € (H U I) iseitherx € (HUI) or y € (HUI). This

means that (H U I) is neutrosophic prime ideal of (Z,Ul).

Proposition 3.7 Let R be any ring, S is a prime ideal of R. Then P = (S U I) is a neutrosophic
prime ideal of (R U I).

Theorem 3.2 Let (R U 1) be a neutrosophic ring, let P be a subset of (R U I). Then P is an ideal of
(R U I), if and only if:

1. 0€P,

2. x —y € pforall x,y € P.

3. rp,preP forall r eR, p €P.
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Proof. Firstly. if P isideal of (R U I),since P isideal. Then P issubringof (R U I),so 0 € P
andforall x,y € P is x — y, xy € P.Letr € R,p € P.Then rp,pr € P (because

P ideal). Secondly, we assume that all three conditions are satisfies, then from (3) it is clear that P
is ideal of (R U I).

Proposition 3.8 Let P and J are neutrosophic ideals of a neutrosophic ring {R U I). Then:
1. P + ] isaneutrosophic ideal of a neutrosophic ring (R U I).
2. PJ isaneutrosophic ideal of a neutrosophic ring (R U I).
3. P n ] isaneutrosophic ideal of a neutrosophic ring (R U I).

Proof.
1. WedefineP +JasfollowingP+/] = {u = x + y:x€P,y€jJ}, s0o P+ ] *+0.
Since0 e P,0ejJ,S00+0=0€ P+ ], alsoLet u,v € P+J. Thenthereare x; =
a;+bil, x,=a,+b,ePand y, =c; +d,l , y,=c,+d,] €] ,S0
u=x,+y, =@ +bl)+ (¢, +d,I),andv=x, +y, = (a, + byI) + (c, +d,I) , then
u—v=_(a, +b )+ (c; +diD)) — ((az + bI) + (c; + dyD))
= ((ay + byI) = (ay + by1) ) + ((c1 + di]) = (c; + dyD)). Note that,

(ay + by 1) — (ay, + b,I) € P (because P is an ideal), also (¢; + d,I) — (¢, + d,I) €] (because J
ideal ) ,then ((a; + byl) + (c; +dyI) ) — (( a, +b,1)+ (cy + dzl)) € P + ], implies that
u—v €P+]. Inaddition,let r=a+bl €(RUI), u€ P +],then
ru= (a+bl) ((a1 +byl)+ (c; + dll))

=((a+bI)(a, +b,D)+ ((a+bl)(c +dyD)), since (a+ bI) (a, + byI) € P (because P
isan ideal), and (a + bl ) (c; + d;I) €] (because J isan ideal), then
ru= (a+bl)((a, +bI)+ (c; +dyD)) € P+, by similar way
ur = ((ay + byI) + (¢; + di1)) (a+ bI) € P +]. This means that P + ] neutrosophic ideal of
(R U I).
2. We define PJ as following,
PJ=%" (xy;) (wherex;eP,y;€],1<i<n, neN)

={0y + 9, + -+ X,y x; €EP[I],y; €J[I,1<i<n, neN}
(e + 24Dy +y1'D
_|_
(x3 +x, Dz +¥2' D)
= + )
+
Cen + 27 D (yn + ' D
(g +y1) + (egyr +x1'y1 +x1'y1)1
+

) (3 +y2) + (x2y2 +x5'y7 + x5'y5)1
= +

+
(xn + yn) + Gy’ + X0 Yo + X5 yn )1

=30 (G + y)) + (xiyl" + x{'yl + x{'y{DI), (where :x{,x{'€P,y,,y{' €], 1<i<n, n€
N), then Let p;,p, € P J, then we have
p1 = X, (xy;) where x; EP,y; €],1<i<n, neN,andp, =¥7_,(zw;), where z; €
P,wj€],1<j<n, neN.Then

n n
P1—p2 = Z(xiyi) - Z(Z;W;)
i=1 j=1

= (Y1 + Xy, + o+ X, ¥0) — (Zwy + Zowy + o0+ Zywy,)
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(1 +x/' Dy +yi'D (z1 + z'D(wy + wy'D)
+ +
(e +x, Dy, + ¥, D (zz + z3 D) (wy +wy'I)
= + — + )
+ +
Gen +x7/ D + ' D (zn + z) D (wy, + wy'I)
(1 +y1) + Oyt +x1'y1 + x4y (z1 + wy) + (ziwy' + zi'wy + z7'wy)I
+ +
(2 +y3) + Cey2 + x5y, + x5y, (zz + wy) + (z3wy + z)'wy + z'wy)I
= + - + .
+ +
Oen + yn) + Cenyy + x5 yn + X7 901 (zn +wp) + (Zpwy, + zwy + z)wy)I1
(Geg +y1) = (21 +wi)) + (et +x1'yi + x1'y1) — (ziwy’ + z1'wy + zi'wi))]
+
(Geg +95) = (z5 +wp)) + ((gys + x3'ys + x3'yy) — (zywy + zywh + zywi))I
= +
+
(G +y) = (@ +wh)) + (G + x5y + x5 y7) — (Zhwy + 2wy, + z}wi))I

(G = 21) + 1 = wD) + (Ceayt’ = ziw) + (ed'yi = z'wi) + (e'yy' = z'wi))I

+

((a=2) + (v = wp) + (Cezys’ — zaw3) + (3'yz — z3'w3) + (x3'y3' — 2 wy))I
+

(G = 2z0) + G = wa)) + (G’ — zaw) + Ceilyp = ziwp) + (erlyn = zwi))1

n
D Gxi—)
i=1
+
n
- > Gi—wh
j=1

+

n
Z ((xl-’y]f' — ZL-’W]-”) + (xi”y]f — zi"wj') + (x{’y}' — Zi’,Wj”)I) EP].
ij=1

If p=Xi,(xy;), where x; P ,y;€],1<i<n, neNand re(RUI).Then
0 =71 X () =10y + Xy, + o+ X))
(g +x'D1 +y1'D
+
(x2 +x'D(yz +¥2' D
=r +

+
(xn + 2, D + 30D
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(o1 +y1) + Oayr’ + x1'y1 +x'yi)I
+

(x +y2) + (xzy3 + x3'y; + x3'y3)1
+

I
<

+
(n + yn) + (nyn’ + x3 v + x5y

(rxi +ry1) + (rxgyr’ +rxg'y; +rxg'yi)l
+

(rxz +1y2) + (rxays + X'y, +rxyy;)l
= +
+

(rxn +1yn) + (rxyy + 120 yn + 120yl

1.1 I ..

= ?zl((rx{ +ry)) + (rxjy]" +rxi'y; + rxi'y; )1), where
xi,x;' €P,y,,y;' €],1 <i<mn, n€Nandindeterminacy I. Hence rp € P J. By the similar
method pr € PJ . This means that P J is a neutrosophic ideal of (R U I).
3. wedefine PnjasfollowingPnj] ={x=(a+bl): x€P,x€]}s0,0 EPN]J.
Let (a; + bI),(a, + by1) € P nJ, then
(ay + b 1), (a, + by1) € P,(a; + byI), and (a, + by1) ,(a, + byI) €].S0
(a; + byI) — (a, + byI) € P ,and (a; + by 1) — (a, + b,I) €] , then
(a; + b)) —(a,+b,]) ePnJ. Let (a+bl)e(R U I), (a; +bI)€Pn],then
(a+bD)(a, + by I) € PnJ (because (a + bl)(a, + by 1) € P,(a+ bl)(a, +b,1) €]) ,and
(a; + by)(a+ bl) € PnJ. (because (a, + b;I)(a+ bl) € P,(a; + by1)(a + bl) €]),
Hence P nJ is aneutrosophic ideal of (R U I).

Example 3.8 Let (M, (R) U I) be a neutrosophic matrix ring of real numbers with addition,
multiplication of matrix, let M be a neutrosophic ring has the form:

m={[§ J]:xy.ze®unli P={[a-l(-)b1 CJE)dI]

VA
0 1 ..
andJ = {[0 Z 121 te,f,h,g arereal numbers} are two neutrosophic ideals of M.Then for

ta,b,c,d are real numbers}

_[a+bl c+dl . [0 e+ fI
all p_[ 0 0 ]Epand]_[o h+g1 EJIWEQEL
. _[a+bl c+dI 0 e+fl
p+]_[ 0 0 ]+[0 h+ gl
={[a4(_)b1 }Iii;II ta,b,k,r,h,g arerealnumbers},

hence P + ] is a neutrosophic ideal of M. Furthermore,
Pnj= {[8 k -Eﬂ] 1k ,rare real numbers}, it is clear that P n J is a neutrosophic subring, and

foranyx e Pnj,m € M we have, xm = {[8 S -i(—)tl] : s,t arereal numbers } and
xm = {[g n -I(; ”] :n,l arereal numbers}, therefore P N J is a neutrosophic ideal of M.
Definition 3.8 Let (R U I) be a neutrosophic ring, P is a pseudo neutrosophic subring of (R U I).

Ifforall p € P andr e{(RUI) are rp and pr € P .Then P iscalled a pseudo neutrosophic
ideal of (R U I).

Example 3.9 In a neutrosophic ring ((Z, U I),®,,®,)={0,1,1,1 + I}.P = {0,1} is a
pseudo neutrosophic subring of (Z, U I) , to construct the neutrosophic algebra structure (NAS):
(P, ®,) by the visualizing table as shown in table.3.1 , and, to construct the neutrosophic algebra
structure (NAS): (P, ®,) by the visualizing table as shown in table.3.2 respectively,
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Table 3.1 for (P, ®,).

@ |01

0|01

| 1[0

Table 3.2 for (P, ®,)

® | g
0o |o]o
I ol

Also,1 ®,0=0 €P,10,] =1 €P,and1+1)®,0=0€P, 1+)®,[=0 €P,
P is a pseudo neutrosophic ideal of (Z, U I).

Example 3.10 Let (T, +,¢) be a pseudo neutrosophic ring, where
T ={-,—41,-31,-21,-1,0,1,21,31,41,--- }.
Then P ={.--,61,—41,— 21,0,21,41,61,---} is pseudo neutrosophic ideal of T.

Example 3.11 Let (T, +,¢) be a pseudo neutrosophic ring, where
T = {-,—81,—61,—41,-21,0,21,41,61,81,---}.
Then P = {---,— 161,—-121,-81,—-41,0,41,81,121,161,--- } is a pseudo neutrosophic ideal of T.

Definition 3.9 Let P be a pseudo neutrosophic ideal of (R U I), if P is generated by an element
r=al €E(RUI),a=+ 0.Then P iscalled a pseudo neutrosophic principal ideal, denoted by (r).

Example 3.12 Let (T, +,¢) be a pseudo neutrosophic ring, where

T ={-,—41,-31,-21,-1,0,1,21,31,41,-- }.
ThenP = {---,—61,—41,—-21,0,21,41,61,---} is a pseudo neutrosophic ideal generated by element
21, s0 P is a pseudo neutrosophic principal ideal of T.

Example 3.13 Let (T, +,¢) be a pseudo neutrosophic ring, where

T = {-,—81,—61,—41,—2I,0,21,41,61,81,--}.
Then P = {---,—161,—121,—81,—41,0,41,81,121,161,--- } is a pseudo neutrosophic ideal
generated by element 2/, so P is a pseudo neutrosophic principal ideal of T.

Definition 3.10 Let P be pseudo neutrosophic ideal of (R U I). If for any pseudo neutrosophic
ideal Jof (RUI),iseither] € P or J = P ,then P is called a pseudo neutrosophic maximal
ideal.

Example 3.14 In example 4.3 P is a pseudo neutrosophic maximal ideal of T.

Definition 3.11 Let P be a pseudo neutrosophic ideal of (R U I). If for any two pseudos'
neutrosophic ideals /,Q of (RUI), JQ S P iseitherJ] < P or Q < P.Then P iscalleda
pseudo neutrosophic prime ideal.

Example 3.15 Let (T, +,+) be a pseudo neutrosophic ring, where

T ={-,—41,-31,-21,-1,0,1,21,31,41,-- }.
ThenP = {---,—61,—41,—-21,0,21,41,61,---} is a pseudo neutrosophic prime ideal of T.

4. Neutrosophic Quotient Rings and Pseudo Neutrosophic Quotient Rings
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In this section, we introduce a neutrosophic quotient ring and pseudo neutrosophic with some
examples.

Definition 4.1 Let (R U [) be a neutrosophic ring, let P be a neutrosophic ideal of (R U I). The
neutrosophic quotient ring is defined to be the following:

(Rul)/)P ={r+P:1r € (RUI}suchthatforall r,+P, r,+P €(R U I)/P is
n+P)+(rp+P) =(r+r)+P,and(y +P)(r,+P)= () +P. .

Example 4.1 Inring (Z, ,®,, ®,) ={0,1,2,3}, we have H = {0, 2} is ideal of Z, and
P = (HUI) = {0,2,21,2 + 2I} is neutrosophic ideal of (Z, U I), where

0,1,2,3,1,21,31,
)1+ 1,14 21,1 + 31, : . o o
(Z,ul)= 2412+ 202 +3l . We define neutrosophic quotient ring on P as following:
3+1,3+ 21,3 + 3],

( 0O+P,1+P,2+P3+P, \
I +P,2I +P,3I +P,
(Z, UVI)/(HUI)=(Z, UI)/P:{(1+I)+P,(1+21)+P,(1+31)+P,}, Note that
Q+D+P,2+2D)+P,(3+3D+P,
k(3+I)+P,(3+21)+P,(3+31)+P,

04+P=2+P=2[+P=2+2)+P=P (because 0,2,2],(2+2I) € P),s0
P,1+ P3+ PI+ P33l +P,
A+D+pP, 1 +2D+P,1A+ 3D+ P,
@Q+D+P2+3)+P,B3+1D+P,
B+D+PB+2D+PB+3)+P

(Z,ul)/ P = , and the zero element is P, to

construct then the neutrosophic algebra structure (NAS): ({(Z, U I)/P ,®,) by the visualizing table
as shown in Table.4.1.

Table 4.1 for ((Z,UI)/P,®,)

5 b 1er | 3ep | 1ep | 3 (L) | @2 | @ | @) | @ | @) | @) | @)

I O T s T el I B e Bl e Bl
14p | 1P | 2ep [ op | (L)) (D @) @) ) @330 G ]G | o | aiee
3+4P | 3+P P 2+P (?j;') (313 Dl e | amep | 3iep ({:;') (115,’ ') (?P') 214P (2:30
e | e [P B e | o [C O [P ee B3| O | o
S| ame @S| @30 o | awe | e | WD) g | 2D g | G| (312D
G| O] @D e | 20 g | @RID @D gup | GED L aep | aiep | 3 | P
(1:50 (1:F2>|) (2:50 214p (1:§I) (1:;!) (2:F3)I) o4p (2;;!) (3:§l) (?:;l) 314P P [+P
() (s | @30 1 op | aup | 2D ) gep | @O0 (22D | gp | GRAD 1 p 4P | 21+P
@y [T @ [ [ @R | [ @2 @R [y [ | p | 2D [ [y
@30 [ @30 [ G [ W30 [ | @20 | gpp |G G2 [ o | e [ pp | @) [@20
(3;,')+ (3+P')+ 1+P (2;,')+ (3:F2,') 3P | 214P | 314P P (1J|;')+ 1+P (Z:IE') (Z:S') 24P
@2 [@2) | pp | @20 [0 | @ [ gp | wp | @30 [ @ [T [, [ @
(3:5,") (3:§') 31+P (2:3') 3+pP (3:5') P P | 24P | 14P a:s') 24P (2;')* (2++P2'
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Table 4.2 of inverse element.

g | P | 14P | 3+P | I4+P | 31+P | (1+D)+P | (1+20)+P | (1+31)+P | (2+1)+P | (2+31)+P | (B+)+P | (3+21)+P | (3+3I)+P
g | P | 3+tP | 1+P | 31+P | 1+P | (31+31)+P | (3+21)+P | (B+D)+P | (2+31)+P | (2+)+P | (1+3)+P | (1+20)+P | (1+I)+P
And, to construct then the neutrosophic algebra structure (NAS) ((Z, U I)/P ,®,) by the visualizing
table as shown in Table.4.3
Table 4.3

®, 1+P o [ e | 3| epep | IO 30% | opip | (H30% | (ayep | (BH20F ) (343D

1+P 1+P 3o [ e | 3 e | WD @30 op | (0% giep | (20T ) (43D

3+p 3+p 14p 3||3+ |+P (3+g|)+ (3+§|)+ (3+1)+P (2+|:33|)+ @+1)+P (1+§|)+ (1+P2|)+ (1+1)+P

I+P I+P 3I+P I+P 3;:' 21+P 31+P P 31+P 1+P P 1+P 21+P

3I+P 31+P 1+P 3||3+ 1+P 1+P 3I+P P 1+P 31+P P 3I+P 2+P
@b | ey | B30T 2k 2l S gy | (230 g 20 | @rpp | G0 @apep
(1+§I)+ (1+§I)+ (3+§I)+ 3||3+ 3||3+ (1+1)+P 14p (1+|:33|)+ (2+|:33|)+ @+)+P | (3+1)+P | (3+31)P (3+§|)+
(1+SI)+ (1+§|)+ (3+)+P p p (1+SI)+ (1+§|)+ (1+§|)+ (2+|§|)+ (2+|:2’|)+ @+H)+P | (3+H)+P | (3+I)+P
@+)+P | (2+1)+P (2+§')+ 3F',+ +P | 24P (2+F3,')+ (2+F2,')+ [+P 31+P (2+F2,')+ @+)+P | 2+P
(2+§')+ (2+§')+ @+)+P | 1+P 3|',+ 24P | (2+1)+P (2+§')+ 31+P [+P (2+§')+ @+)+P |  2+P
@GH)+P | B+)+P (1+§I)+ P p @+)4P | @+)+P | (3+1)+P (2+§|)+ (2+P2|)+ (1+§|)+ (1+§|)+ (1+§|)+
(3+§I)+ (3+§I)+ (1+§I)+ 1+P 3||3+ (3+|133|)+ 34p @B+)+P | (2+1)+P (2+|:3’I)+ (1+§|)+ 14P (1+1)+P
(3+F?,")+ (3+§')+ 21+P ZF',+ ZI';' @+)+P (3+g')+ @+)+P | 24P | 24P (1+F‘,°")+ (1+1)+P (1+§ D+

Example 4.2 Fromexample 2.2.1(R U I) = (Z U I) andP = (2Z U I). Then:
(RUD/P =(ZuD/R2ZUIy={r+2Zul): r € (ZUI}

Example 4.3 Consider a neutrosophic ring

(ZgUI) =

0,1,2,3,4,5,1,21,31,41,51,

,1+1L,1+21,1+31,1+41,1+5],

2+1,2+21,2+31,2+ 41,2+ 5],
3+1,3+21,3+31,3+41,3+5I,

4+1,4+21,4+31,4+41,4+5],
5+1,5+21,5+31,5+41,5+5I

, and

P =1{0,2,4,21,41,2 + 21,2 + 41,4 + 21,4 + 41} is a neutrosophic ideal of (Zg U I ), then

(Zs UD)/P =}

DOI: https:

p

0+P,1+P,2+P,3+P,4+P,5+P,
I +P,2I +P,3] +P,4l +P,5] +P,

doi.org/10.54216/PAMDA.040101

(1+D+P,(1+20)+P,(1+31)+P,(1+4I)+P,(1+5I) +P,
+D+P,(2+20)+P,(2+31)+P,(2+4I)+P,(2+5I) +P,
B+D+P,3+2)+P,(3+3)+P,(3+4)+P,(3+5)+P,
(4+1)+P,(4+20)+P,(4+30)+P,(4+41) +P,(4+5) + P,
G+D+P,(5+2)+P,(5+3)+P,(5+41)+P,(5+5I) +P,
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P,1+P,3+P,5+P,

I +P,31+P, 51 +P,
A+D+P,(1+2D)+P,(1+3)+P,(1+4)+P,(1+5)+P,
= 2+D+P, 2+30)+P,(2+5I) +P,
B+D+P,3+2D)+P,(3+3)+P,(3+4)+P,(3+5I)+P,

(4+D+P, (4+30)+P,(4+5I) +P,
G+D+P,(5+20)+P,(5+30)+P,(5+4)+P,(5+5I)+P,

is a neutrosophic quotient ring. Also P = {0, 3,31, 3 + 31} is a neutrosophic ideal of (Z, U1 ). So

0+P,1+P,2+P,3+P,4+P,5+P,

I +P,21 +P,31 +P,4 +P,5] +P,
(A+D+P,(1+2)+P,(1+3)+P,(1+41) +P,(1+5I)+P
Q@+D+P,(2+2)+P,(2+30) +P,(2+4I) +P,(2+5) + P
B+D+P,3+2D)+P,(3+3)+P,(3+4) +P,(3+5I)+P
G+D+P,(5+2)+P,(5+3)+P,(5+41) +P,(5+5])+P

(Zsu D)/ P =

P,1+ P,2 + P,4 + P,5 + P,
I + P2 + P,4l + P,5I + P,
1+ +P 1 +2)+P(+3)+P, (1 +4l) + P,(1 +5I)+P,
—l@+D+P@+2)+P2+3)+P,2+4) +P,(2+5)+P}
B+ +P @3+2)+P(2+4) +P,(3 + 5I) + P,
(4+D+P,(4+20)+P,(4+30)+P,(4+4) + P,(4 + 5I) +P,
\ @+D+P,(4+2D)+P,(4+30)+P,(4+4]) + P,(4 + 5 +P )

is a neutrosophic quotient ring.

Definition 4.2 Let (R U I) be a neutrosophic ring, P be a pseudo neutrosophic ideal of (R U I).
The pseudo neutrosophic quotient ring is defined to be the following:
(RUD/P={r+P:re(RuUl)}.

Example 4.4 In a pseudo neutrosophic ring T where

T = {,—41,-31,-21,-1,0,1,21,31,41,---},and P = {---,—61,—41,—21,0,21,41,61,---}isa
pseudo neutrosophic ideal of T . then

T/p=4{-,-41 + P,-31 + P,-2] + P,—I + P,P,1 + P,2 + P, 31 + P, 41 + P,---} is
a pseudo neutrosophic quotient ring.

Example 4.5 Consider a pseudo neutrosophic ring T where
T={-,—-81,—-6I,—41,—-21,0,21,41,61,81,---}, and

P = {..,—-161,-121,—-81,—41,0,41,81,121,161,--- } is a pseudo neutrosophic ideal of T. So
T/P= {+,-8] +P,—6] +P,—4 +P,—2] +P, P, 21 +P, 41 +P, 6] +P, 8] +P,}
is a pseudo neutrosophic quotient ring.

Example 4.6 In a neutrosophicring (Z, ul)= {0,1, I, 1 + I}. P = {0,1}is pseudo
neutrosophic ideal of (Z, U I ). Then

(Z, ul)yp = {0+P,1+PI+P(1+1)+P}={P1+P(1+1I+P}isa
pseudo neutrosophic quotient ring.

0,1,2,3,
I, 21, 31,
Example 4.7 Let (Z, U I} be a neutrosophic ring, where (Z, U I) =<1 + I, 1 + 21, 1 +3I, ¢,
2+1, 2+ 21 2+ 3],
34+1,3+4+2I 3+ 3]
the neutrosophic subset P = { 0, 21 } of (Z, U I) is a pseudo neutrosophic id aI, hence
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0+P1+P2+0P3+P,

I +P2l+P 3 +P,
Z,uly/P={ A+ D+P,(1L+2)+ P, (1+30)+ P,
Q2+ D+P,2+ 2D+ P, (2 + 3D+ P,
\3+ D+ P,(3+20) +P,(3+3I) +P)

P,14+ P,2 +P,3+ P,

I+ P3I+P,
Z,uly/P={ A+ D+P,(1L+2)+ P, (1+30)+ P,
Q+ D+P,2+ 2D+ P, (2 + 3D+ P,
\3+ D+ P,(3+20) +P,(3+3I) + P)

is a pseudo neutrosophic quotient ring.

Example 4.8 From a neutrosophic ring (Z¢ U I'), the neutrosophic subset P = {0,3I} isa
pseudo neutrosophic ideal of (Z, U ). So

(ZeulyyP={ @+D+P, 2+20)+P, 2+30)+P, 2+4)+P, (2+5I)+P,

P,1+P,2+P,3+P, 4+P, 5+P,
I+ P, 21 +P, 4 + P, 5] + P,
A+D+P (L+2)+P, (1 +3D)+P, (1+4)+P, (1+5)+P,

B+D+P, B+2D)+P, B+3D)+P, B+4)+P, B+5I)+P,
(4+D+P,(4+2D)+P, (4+3D)+P, (4+4)+P, (4+5I)+P,
G+D+P, 5+2D)+P, 5+30)+P, (5+4)+P, (5+5)+P

is a pseudo neutrosophic quotient ring.
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