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Abstract

This article introduces the idea of neutrosophic ideal of a near algebra and provides a definition and example. A
few fundamental features related to this approach are also explored. We also present the topics neutrosophic near
algebra homomorphism, kernel of a neutrosophic near algebra and coset of a neutrosophic ideal of a near algebra.
It is been briefed with the appropriate definitions and theorems on it. It is been proved that sum of the right
neutrosophic ideal of a near algebra is also a right neutrosophic ideal of a near algebra over a neutrosophic field.
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1. Introduction

G. Pilz[11] introduced the idea of a near ring. Additionally known as a near ring is the algebraic system with two
binary operations gratifying the axioms of the ring and the suitable anomaly of a single distributive law. Field is
admitted as a right operator domain by a near ring, which is called a near algebra. H. Brown [6] introduced near
algebra. In P. Jordan's quantum mechanical theory, the operators only exactly form a near algebra. In this study of
near algebra, it is so fascinating as an axiomatic question and for concrete reasons. L.A. Zadeh [15] first
conceptualized fuzzy sets in 1965. Neutrosophic set is the supplement of fuzzy set theory. The new branch of
philosophy called neutrosophy is devoted to the study of neutralities and their nature, extent, and interactions with
extra ideational spectrum. By giving full credit to the notions of neutrosophic logic and neutrosophic set (NS) in
1995, F. Smarandache [12] paved the way for the entire world. F. Smarandache embodied all sets, which included
interval fuzzy sets, intuitionist fuzzy sets, normal fuzzy sets, and classical sets respectively. The fuzzy logic
extension familiar as neutrosophic logic incorporates indeterminacy. Neutrosophic logic awaits the consumption
of all three quantities: the rate of falsity in a subset (F), the degree of uncertainty in a subset (I), and the amount of
authenticity in a set of which all the essentials are enclosed in an alternative set (T). Here, T, I, and F are
authenticated or non-authenticate subsets of the non-standard unit interlude]- 0,1+ [. Neutrosophic logic is used in
many fields, including operations research, engineering, science, game theory, information technology, law, and
politics. Kandaswamy and F. Smarandache, in 2006, introduced themselves to neutrosophic algebraic structures.
Kandaswamy and F. Smarandache [13,14] were investigated fuzzy algebra and basic neutrosophic algebraic
structures and their applications to fuzzy and neutrosophic models. A prearranged algebraic syntax (Y,*) and a
innovative algebraic syntax (Y (I),x) =<Y,I > were fashioned by carrying the indeterminate piece I with the
elements of the pre-arranged syntax. Smarandache and Kandaswamy jointly constructed few of the neutrosophic
algebraic syntaxes because of the indeterminant quality I, which is that I.1 = I? = I. A.A.A. Agboola [1,2,3,4]
investigated the concepts of neutrosophic groups (NG) and semigroups, neutrosophic ring (NR), neutrosophic field
(NF), neutrosophic linear space (NLS), and neutrosophic near ring. Neutrosophic sets have numerous applications
in quantum mechanics, neural networks, developmental programming, artificial intelligence, and neutrosophic
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evolving systems. There are numerous uses for neutrosophic logic in the fields of science, engineering, IT, law,
politics, and economics, among others. T. Nagaiah et al. [10] were investigated neutrosophic algebra. Bhurgula
Harika et al. [7,8] were investigated neutrosophic near algebra and hybrid near algebra. P. Narasimha Swamy et
al. [9] were developed hybrid coset of a near ring. L. Bhaskar et al. [5] were developed Vague I'-Near Algebra
over Vague Field. The idea of a neutrosophic ideal of a near algebra over a neutrosophic field is included in the
current inquiry. Complete paper, Y means a (right) near algebra (NA) over a field X.

2. Preliminaries

We revisit few of the fundamental definitions of NS in this part.

Definition 2.1: [2] Let (G,*) be any group. The NG is generated by I and G under = defined by

N(G) = {{G U I),*}. It is being noted that in general, a NG (N(G),*) is not a group. Yet, every additive NG
(N(G),+) isagroup.

Definition 2.2: [2] Let (X, +,.) be any field and let X(I) = (X U I) be a NS created by X and I.

Then (X(I),+,.) is entitled a NF. The zero element 0 € X is denoted by 0 + 0/ in X(I) and 1 € X is denoted by
14 0IinX(D).

Definition 2.3: [1] Let (N, +,.) be any near ring. The triple (N(I), +,.) is called a NNR.
Forallo+p=(g, D)+ (,ml)=(g+r,(d+m))

—0=-(g,l)=(=g,—1D

o.p = (g,l).(r,ml) = (gr,(gm+ lr + Im)I).

Definition 2.4: [2] Let V be any linear space over a field X and let V(I) = (V U I) be a NS generated by V and I.
The set V(I) is called a weak NLS over a field X. If V(I) is a NLS over a NF X(I), then V(1) is called a strong
neutrosophic linear space. The elements of V(I are called neutrosophic vectors and elements of X(I) are called
neutrosophic scalars.

If y=h+1U,¢=1r+ml where h,l,r,m are vectors in V and d = d; + d,I where d,, d, are scalars in X, and
x+ec=@+WD+@T+ml)=(g+r)+{+m),

d¢=(d,+d,D(g+U)=d,g+ (dl+dyg+d,DI.
Definition 2.5: A NA Y over a field X is a linear space Y over X on which multiplication is defined as
(i) (Y,.) is a semi group
(iD(s+D.v=sv+lLvVsLveY
@A =@s)LvAreX,sleyY.

Definition 2.6: [7] ANNA Y (I) overa N F X(I) is a linear space Y (I) over NF X (I) on which multiplication is
defined as

(&) (Y(I),.) is a semi group
(iDs+D.v=sv+lvVs lLveY()

(DA =As)LvAe X)), s, leY().
The elements of Y (I) are called neutrosophic vectors and the elements of X(I) are called neutrosophic scalars.
3. Main Results

Neutrosophic ideal of a near algebra (NINA), neutrosophic near algebra homomorphism (NNAH) and Kernal of a
NNA are revealed in this section.

Definition 3.1: A non-empty subset S(I) of a NNA Y (I) over a NF X(I) is called NINA if
(i) &) isaNLS of Y(I),

(ipsec)vpes), ey,

({i) o€ +p)—0s €SV 0eY()p €S

If (1) satisfies (i) and (i) then G(I) is called a right NINA over a NF X (1).

If S(I) satisfies (i) and (iii) then S(I) is called a left NINA over a NF X(I).
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Example 3.2: Let X(I) = {0,1}g, &, be a NF and let Y(I) = {0,7,, 54, t,} be a set with two binary operations
"+ "and’.” as follows:

+ |0 Ty | Sy | tg 0 Ta | Sa | la
0 |0 Ty | Sq | ta 0o (0 (0 |0 |O

Ty | Ty | O te | Sa Ta | Ta | Ta | Ta | Ta
Se | S¢ | ta | O Ty Sa | Sa | Sa | Sa | Sa
te | ta | S¢ | T2 | O lg | ta | ta | ta | la

Clearly, Y (I) forms a NNA over the NF X(I). Let &(I) = {0,7,} € Y(I). This implies that S(I) is NINA of Y (I)
over the NF.

Theorem 3.3: If S, (1) and S, (1) are NINA Y (1) over a NF X(1), then S,(I) n &,(I) is also a NINA Y (I) over
the NF X (1).

Proof: Given &, (1) and S, (I) are NINA Y (1) over the NF X (I). Then &; (1) and &, (I) are subspaces of the NLS
of Y(I). So &,(I) N G,(I) isaNLS of Y(I) over the NF X(I).Leté, o e Y(I)andp € S,(I) N S,(I). Thenp €
S;(I) andp € &,(I). Since G, (I)and S, (1) are NINA of Y(I), we get pé € &,(I),0(¢ +p) —0é € S;(I) and
p§ € G;(D, 0§ +p) —0§ € G,(I).Thus,  pSe & (HN &) and o(§ +p) —0f € G (DN
S,(I). Hence &, (I) n S,(I) isa NINA Y (1) over the NF X(I).

Theorem 3.4: Let &, (I) and &,(I) be right NINAs Y (I) over a NF X(I). Then &,(I) + &,(I) is a right NINA
of Y(I).

Proof: Let &, (I) and S,(I) be right NINAs Y (I) over the NF X(I). Then &,(I) + &,(I) € Y(I). Let p,n €
S (I) +6&,(I). Thenp = p; + p, andn = n, + n, forevery p;,n, € S, (I),p,,n, € S,(I). If g, d € X(I), then
gpy +dny € 6,(I) and gp, +dn; € S;(I). Now gp +dn = g(p, +p,) +d(n, +ny) = (gp, +dny) +
(gp, +dn,) € &,(I) + S,(I). Therefore forevery g,d € X(I) and p,n € S,(I) + S,(I), we have gp + dn €
S, (D) +6&,(I). Thus &,(I) + S,(I) is a neutrosophic linear subspace of Y(I) over the NF X(I). Let & €
Y(I),p € 6,(I) + S,(I). Then for p = p; + p,, where p; € G,(I),p, € S,(I), we have pé = (p; +p;)¢ =
P& +p¢ € S,(I)+6,(I). Thus &, (1) + S,(I) isaright NINA of Y (I).

Remark 3.5: Let &, (1) and &, (1) be right NINA Y (I) over a NF X(I). If p, € &,(I) and 0 € &,(1), then p; +
0=p, €S,(I) +S,(I). Therefore &, (I) € &, (I) + &, (I). Similarly S,(I) € &,(I) + S,(I). Hence &, (1) U
S, (D) e () +6,(.

Theorem 3.6: Let T(S(I)) be the set such that T(S(I)) = {& € Y(I)| &I = 0} for any non-empty subset S(I) of
aNNAY () overaNF X(I). Then T(&S(I)) is a left NINA Y (1) over the NF X (1).

Proof: Given that T(G()) = {eY(D|éI=0}= {EeY(D|ép=0,for anyp e S()}. Let g, de
X(I) and&,0 € T(S()). Then ép = 0 and gp = 0, for every p € S(I). Since Y (1) itself is a NLS, we get (g€ +
de) € Y(I). For eachp € &(I), consider (g + de)p = (9§)p + (de)p = g(€p) + d(ep) = g(0) +d(0) =
0+0=0. Therefore (g€ +do) € T(S(I)). Thus T(S(I)) is a NLS of Y(I). Letg,2€Y(l)and¢ €
T(&(1)). Then &p = 0 for every p € G(I). It is clear that2(p + &) — 2 € S(I). For each p € &(I), (A +
§)—2P)p = Q@+ Hp — QP)p = 2P +$p — (20)p =2(pp + ép) —2p =2(Pp +0) —pp =
2(pp) — pp = (Ap)p — 2pp = 0. S0 (2 + &) — I € T(S(D)). Thus T(S(I)) is a left NINA Y(I) over the
NF X (I).

Remark 3.7: In the above theorem, it is clear that T(S(I)) is not a right NINA Y (I) over the NF X(I). In this
T(S(D)) is satisfying only left NINA. It will not satisfy the right NINA. Because, in the set itself we are defined
&p=0.

Definition 3.8: Let Y(I) and Y'(I) be two NNAs over a NF X(I). A mapping T : Y(I) - Y'(I) is called a
neutrosophic near algebra homomorphism (NNAH) if

() T(p +2) =T(p) + T,
(i) T(p3) = T(P)T(),
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({i) TAp) = AT () Vp,2eYI)and 2 € X(I).
If T is one-to-one, onto and homomorphism, we say that T is a NNA isomorphism.

Definition 3.9: Let Y(I) and Y'(I) be two NNAs over a NF X(I). Let T:Y(I) - Y'(I) be a NNAH. Then the
Kernel of T is denoted by KerT and is defined by KerT={eY)/IT(¢)=
0’,0'is the additive identity in Y'(I)}.

Theorem 3.10: If T: Y(I) - Y'(I) isa NNAH, then Ker T is an ideal of Y (I) over a NF X (I).

Proof: Given T: Y(I) — Y'(I) be aNNAH. Since £(0) = 0’, we get 0 € Ker . Thus Ker T is a non-empty subset
of Y(I). Let g, d € X(I),é,0 € Y(I),p,n € Ker T. Then p,n € Y(I) and T(p) = 0,

I(n) = 0. Since Y(I) itself isa NLS, then gp + dn € Y(I). Consider (gp + dn) = T(gp) + T(dn)

=g3(p) +dI(n) = g0’ +d0’' =0"+ 0" = 0. Therefore gp + dn € Ker . Thus Ker T isa NLS of Y (I). Now
p € KerT implies T(p) =0,p € Y(I). Then for any éeY() and IT(pé) =IT(p)IT(§) =0'T(¢) =0".
Therefore pé € Ker . Thus Ker T is a right NINA of Y (I).

Let £,0€ Y(I) and Y(I) is a NNA, we get o(¢ + p),0é € Y(I). This implies that o(¢ +p) — 0 € Y(I).
Consider, T(e(§ +p) — 0§) = T(e(§ +p)) — T(e$)
= Z(ATE +p) —T(DE()
= T((TE) +TM) - T(IT(E)
= Z()(T() +0) — T(E()
T(@)Z(§) + (o) 0" = T()T(S)
T(@)ET(E) + 0" = T(ZT(D)
= T(OT(E) - T(@T(H) = 0".
Therefore o(& + p) — 0 € Ker I. Thus ker T is a left NINA of Y (1).
Hence Ker ¥ is an ideal of Y (I) over the NF X(I).

Theorem 3.11: Let Y(I) and Y’ (I) be two NNAs over aNF X(I). Let Z: Y(I) — Y'(I) be aNNAH. If (I) isan
ideal of Y(I), then T(S(I)) is an ideal of T(Y(1)).

Proof: We know that 1(Y(I)) ={&eY'):IT(&) = ¢, Eev(}and

T(6) ={I(@:0ec()cYU),T() =00 €X(Y(D)}. Then (&) <I(Y()). Let gde
X(; p',n' € T(S()). Then p’,n' € (Y (1)) and there exists p,n € S(I) such that T(p) =p’, T(n) =n'.
Since &(I) is an ideal in Y(I), we get gp + dn € S(I) for every g,d € X(I); p,n € S(I). Now gp' +dn’ =
9IT(p) +dI(n) = I(gp) + T(dn) = I(gp +dn) € 1(6(1)). Therefore for every g,d € X(I); p',n’' €
(D), gp' +dn’ € T(S(D)). Thus T(S()) is a neutrosophic linear subspace of T(Y(I)). Let p' €
(&), & € T(Y()). Then p’ € I(Y (1)) and there exists p € &(I), & € Y(I) such that T(p) = p’, T(¢) = &'.
Since &(I) is an ideal in Y(I), we get p&é € S(I) for every p € (1), € Y(I). Now p'. &' = T(p) . T(¢) =
T(p.&) € T(S(N) . Thus T(S(1)) is aright NINA of T(Y (D). Letp’ € T(S(1)), &', 0" € T(Y()). Thenp’ €
(Y (D)) and there exists p € S(1),&,0 € Y(I) suchthat T(&) = &, () = o', T(p) = p’. Since S(I) isan ideal
inY(I), weget o( & +p) —oé € S(I) foreveryp € (1), &,0 € Y(I). Now

o'(5"+p) —e'$" = T()(T(H) + T(p)) — TIT(S)
= T()T(§ +p) —T(e§) = T(e($ +p)) — Te$)
=T((§+p) —ed € Z(GW).

Thus T(S(D)) is a left NINA of (Y (1)). Hence T(&(1)) is an ideal of T(Y (1)).

Theorem 3.12: Let Y(I) and Y'(I) be NNAs over a NF X(I), and : Y(I) —» Y'(I) be a NNAH. If &,(I) is an
ideal of Y'(I), then T~1(&,(I)) is an ideal of Y ().

Proof: Put S(I) = I71(S,(1) = {E e Y(U): ZI(&) € S,(D}

(i) Let &,0€6,(1) and g,d € X(I). Then T(§),ZT(0) € S,(I). This implies that gT(&),dT (o) € S, (D).
Now G,(I) is an ideal, then gT (&) +dT(p) € S,(I). Thus T(gé) +I(do) € S,(I),so T(gé +dp) €
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S,(I), thus g& + do € T71(S,(I)) = &,(I). Therefore, for every &0 € I71(S,(I)), g,d € X(I), we get
g€ +do € T7H(S,(I). Thus T~1(S, (1)) is a neutrosophic linear subspace of Y (1).

(ii) Let E€Y(),p €S (). Then T(p) € S,(I),T(§) eY'(I). Now S,(I) is an ideal in Y'(I), then
I(p).T(€) € &,(I). Thus T(p.&) € G,(I) and p. &€ € &, (I). Therefore, for every & € Y(I),p € S, (1), we get
p.& € S, (). Thus T~1(S, (D)) is a right NINA of Y (I).

(iii) Let &, 0 € Y(I),p € &, (). Now T(p) € &,(1), T(§),T(e) € Y'(D).
Then T(e) (T(E) + T(M) — T(@)-T(Y) € S (D). Thus T(e) - T(§ +p) — T(e.§) € S, (D). So

T +p) —0.§) € S,(I). Therefore (¢ + p) — 0.&§ € S, (I). Thus T~1(S, (1)) isaleft NINA of Y (I). Hence
I71(&, (1)) is an ideal of Y (I).

Theorem 3.13: If T: Y(I) - Y'(I) isa NNAH, then T is one-one iff Ker T = {0}.
Proof: Suppose that I is one-one. Now, we have to prove that Ker T = {0}.

Let £ € Ker T. Then by the definition, we have T (&) = 0’,where 0’is the additive identity in Y'(I). Now, T(¢) =
0’ implies T(¢) = T(0), so é = 0. Hence Ker I = {0}.

Conversely, suppose that Ker T = {0}. Now we have to prove that T is one-one.
Let T(&) = T(p), forevery &,0 € Y(I). Then (&) = (o). Thus (¢ — ) = 0'. So
& — 0 € Ker T. Therefore £ — o = 0. Hence & = p. Therefore T is one-one.

Definition 3.14: Let (1) be a NINA Y (I) over a NF X(I). Then for any element & € Y(I) the set £ + G(I) =
{& +p/p € S(I)}is called a coset of G(I) in Y (I), generated by ¢.

Definition 3.15: Let S(I) be a NINA Y (1) over a NF X (I). Then the set of all cosets of S(I) in Y (I) is denoted
by Y(I)/S(I) and is defined by Y(I)/&S(I) = {¢ + &)/ for every & € Y(I)}.

Theorem 3.16: Let S(1) be NINA Y (1) over a NF X(I). Then the set Y'(1)/S(I) is a NNA over a NF X (I) with
respect to the operations defined by

(E+ed) +(e+6(M) = (E+0)+8(),
g(E+8W) =gs+sW),
(E+6W) (e +8WM) = (o) +8()
forevery &, 0 € Y(),g € X(I).

Proof: First two operations are well defined. Suppose that £ + S(I) = &' + &(1),0 + S(I) = ¢’ + S(I) ; where
§,§,00 €Y().Then§ —¢',0—0' € S(I).Put§ —¢" =by, 0 — 0" =Dby; by, b €S(1).S0 § =¢" +by,0 =
o' + b,. This implies that ¢&o = (&' + by)(0' + by) =& (0’ + by) + b1 (0" + by). Now &p—&'0' =&'(o' +
b)) + b (0" +by)—&0 =& +by)— &0 +by(0" +by) ES(I). Therefore &p— &' € S(I). Which
implies éo + &(I) = &'0' + &(I), and so

(E+6)(e+6WM) = (& +&M)(e" +S(D)). Therefore, product of cosets is well defined.

A direct verification demonstration that Y (I)/&(I) isaNLS overaNF X(I). Leté + &(I),0 + &),z + S(I) €
Y(1)/S(), where &,0,z € Y(I),g € X(I). Then

(€ +em)(e+8)) (z+8D) = (o) + M) (z + &) = (§0)z + &) = §(02) + &)
= (g +8M)(ez+6M) = (£ + M) (e +&M))(z +&M)).
Now [(§ +&(D) + (e + SD)](z + (D)) = [ +0) + SD](z + (1))

= +oz+6W0)
=(z+02)+6()

=(&z+6WM)+ (oz + (D)
=[(E+6D)(z+eW)]+[(e+6WM)(z+&WD)]
(g(f + 6(1))) (e+6M) =(g¢+e)(e+6WM) = (gde + () = g(e) +6()
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=g(so+6M) = g((¢ + ) (e +8D)).
Hence Y (I)/S(I) is a NNA over the NF X (I).
Definition 3.17: Let S(I) be a NINA Y (1) over a NF X (I). Then the set
Y(I)/6() = {& + &) /¢ € Y(I)} with respect to the usual induced operations of addition, scalar multiplication
and product of cosets defined by

(+eM) +(e+6D))=(E+0) +6WD,
g(§+eW) = gs +e),
(¢ +6W) (e +6WD) = (o) + 6D

forevery& + &(I), 0+ S(I) € Y(I)/S(), g € X(I) isa NNA. This NNA is called a neutrosophic quotient near
algebra.

Theorem 3.18: If S(1) isa NINA Y (I) over a NF X (I), then the neutrosophic quotient near algebra Y (1)/S(1) is
a homomorphic image of Y ().
Proof: Let 3:Y(I) = Y(I)/S(I) be a mapping defined by T(¢) = &+ S(I) forall £ € Y(I).

Leté,0€Y(I),g € X(I). Suppose that ¢ = . Then & + G(I) = ¢ + S(I) implies that T(&) = (o). Therefore
T is well defined. Now,

T¢E+=CE++6() =(E+6D)+ (e +6(D) =IO + (o),
T(0) = o)+ =(E+6M)(e + () =T(O)Z(0),

T(g8) = g§ +6(D) = g(§ + (D) = g T(D).

Therefore TisaNNAH. Leté + G(1) € Y(I)/S(). Then & € Y(I). For this & € Y(I) we have T(¢) = & + &(I).
That is for each ¢ + S(I) € Y(I)/S(I) there exists & € Y(I) such that T(§) = & + S(I). Therefore T is an onto
mapping. Thus T:Y () —» Y(I)/S() is an onto homomorphism. Hence Y (I)/S(I) is a homomorphic image of
Y (D).

Theorem 3.19: Let Y(I), Y’ (I) be two NNAs over a NF X (I). Let T: Y(I) — Y'(I) be a NNAH with Kernal &(I).
Then (Y (1)) is isomorphic to Y (1)/S(I).

Proof: Suppose that S(I) isa NINA of Y(I). Then Y (I)/S(I) = {¢ + G(I)/& € S(I)} is a neutrosophic quotient
near algebra. Define a mapping W:Y(I)/S() » (YD) by ¥(£+ &) =I(§) for each é+6(I) €
Y(D/S). Let E+6D),0+6U) € YI)/S(). Now §+6() = o+6U). Then (£+6())—(o+
6(1)) =0+ &(). Thus (£ — o) +S(I) =&(). Hence § —p € &(I). Thus Z(¢ — ) = 0'. Which gives
T(E) — (o) = 0'. Thus (&) = T(p). Hence ¥(¢ + &) = ¥(o + &(I)). Therefore ¥ is well defined and
one-one. Let T(&) € T(Y(I)). Then & € Y(). For this £ €Y() we have &+G&(I) € Y(I)/SU) and
Y(E+6W) =3(&). That is for each W(&) € W(Y (1)) there exists &+ &(I) € Y(I)/S(I) such that
Y(E+6(D)) =%(&). Thus ¥ is onto. Let & + &(1),0 + (1) € Y(I)/S() and g € X(I), where 0 € Y(I).
Then

w((E+6M) +(e+6M)) =P(E +0) + &) = T(E +0) = T + (o)
=¥(E+6)+¥(e+6)
¥ (£ +8)(e+6M)) = ¥((o) +6() = T(¢e) = L)
= Y(E+e))¥(e +6WM),
Wy (g(f + 6(1))) =¥(g&+6W) = T(gé) = gI(&) = g¥(¢ + &(I)). Thus ¥ is a homomorphism.
Hence Y (1)/&(1) is isomorphic to (Y (I)).
4. Conclusion

In this paper, we have presented NINA, NNAH and Kernal of a NNA. There have been introduced several
outcomes and examples pertaining to the NINA. Neutrosophic Gamma near algebra, neutrosophic ideal of a
gamma near algebra and neutrosophic fuzzy near algebra nearby modules can be included in the scope of
neutrosophic theory.
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