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Abstract

Let G be a group with identity e and let W be a G-graded ring. In this paper, we introduce and study the
concept of Gr-2-nil ideals of W. We obtain many results concerning gr-2-nil ideals. Some characterizations
of gr-2-nil ideals and their homogeneous components are given. A proper graded ideal I of W is said to be a
gr-2-nil ideal of W if whenever rg, si,t; € h(W) with rgs,t; € I, then either 745, € Gr (0) or rgt; € I or
spt; € 1.
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1 Introduction

Throughout this article, we assume that W is a commutative G-graded ring with identity. Graded primary
ideals are widely recognized for their pivotal role in commutative ring theory. Consequently, numerous re-
searchers have extensively studied and generalized them. Below, we highlight some generalizations of graded
primary ideals. The concept of graded (weakly) prime ideal of a graded ring was introduced in/®!2 The con-
cept of graded primary ideal was introduced and studied in!' In” the authors, introduced a generalization of
graded primary ideals called graded 2-absorbing primary ideals. In 2019 the notion of graded n-ideals was first
introduced and studied”® The concept of graded 2-absorbing ideal of a commutative graded rings have been
introduced and studied in? The concept of graded strongly 1-absorbing primary ideals have been introduced
and studied in"' Recently, the authors, in* introduced and studied the concept of graded (2, n)-ideals. In this
paper, we introduce and study the concept of graded 2-nil (gr-2-nil) ideals of graded commutative rings. We
obtain many results concerning gr-2-nil ideals. For example, we give a characterization of gr-2-nil ideals
and their homogeneous components. Also, we study the relations between gr-2-nil and others that already ex-
ist, namely, the graded primary ideals, the graded 2-absorbing primary ideals, the graded n-ideals and graded
(2, n)-ideal.

2 Preliminaries

The purpose of this section is to provide the definitions and results that will be needed in the next section.
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Definition 2.1. 1. Let G be a group with identity e and W be a commutative ring with identity 1y,. Then
W is G-graded ring if there exist additive subgroups W, of W indexed by the elements g € G such

that W = @& W, and W, W), C Wy, forall g,h € G. The elements of W, are called homogeneous
geG

of degree g. The set of all homogeneous elements of W is denoted by h(W), i.e. h(W) = |J Wy,

geG

(see7'8’ 10).

2. LetW = @& W, be G-graded ring, an ideal K of W is called a graded ideal if K =), o KNW), =
geG

> onee Kn (see210),

3. The graded radical of a graded ideal K, denoted by Grad(K), is the setof all 7 = 3 -7y € W such

that for each g € G there exists n, € N with r;”‘g € K. Note that, if ¢ is a homogeneous element, then
t € Grad(K) if and only if " € K for some n € N, (seel?).

4. A proper graded ideal K of W is said to be a graded prime (briefly, gr-prime) if whenever rg, s), €
h(W) with rgsp, € K, then either ry € K or s, € K, (seel2).

5. A proper graded ideal K of W is called a graded primary (briefly, gr-primary) ideal if whenever
g, Sn € h(W) and rys, € K, then either 7, € K or s, € Grad(K), (seell).

6. A proper graded ideal K of W is said to be a graded 2-absorbing (briefly, gr-2-absorbing) ideal of W if
whenever 7¢, sp,, t; € h(W) with ryspt; € K, thenrgs, € K orryt; € K or spt; € K, (see?).

7. A proper graded ideal K of W is said to be a graded 2-absorbing primary (briefly, gr-2-absorbing
primary ) ideal of W if whenever rg, s, t; € h(W) with rgspt; € K, then rgsp, € K or rgt; €
Grad(K) or spt; € Grad(K), (see?).

8. A proper graded ideal K of W is is said to be a graded n-ideal (briefly, gr-n-ideal) of W if whenever
Tg,sn € (W) with rys, € K and ry, ¢ Grad(0), then s, € K, (see?).

9. A proper graded ideal K of W is is said to be a graded (2, n)-ideal (briefly, gr-(2,n)-ideal) of W
if whenever rgspt; € K where rg,sp,t; € h(W), then either ryt; € K or rgs, € Grad(0) or
spt; € Grad(0), (see?).

10. A G-graded ring W is called graded reduced ring if whenever r € h (W) with 72 = 0, then r = 0, i.e
Grad (0) = {0}.

11. For G-graded rings W and W', a G-graded ring homomorphism f : W — W is a ring homomorphism
with f(W,) C W] for every g € G(see'?).

3 Results

Definition 3.1. Let P be a graded ideal of . Then P is said to be a gr-2-nil ideal if whenever, a, b, c € h (W)
with abc € P then ab € Grad (0) or ac € P or bc € P.

From the definitions, we immediately obtain the following.

Theorem 3.2. gr-prime ideals and gr-n-ideals are gr-2-nil ideals are gr-2-absorbing primary.

In the following example, the first three parts show that the converse implications do not hold and the fourth
one shows that a gr-2-nil ideal is not necessarily a gr-(2,n)-ideal.

Example 3.3. 1. Let p be a prime number and G = Zs. Then W = Z is a G-graded ring with W, =
Z and Wy = {0}. The proper graded ideal P = pZ of Z is a gr-2-nil ideal, but not a gr-n-ideal since
1.p € P butneither 1 € P nor p € Grad (0).

2. Let p be a prime number and G = Zj. Then W = Z,3 is a G-graded ring with Wy, = Z,s and
Wi = {0}. Then every proper graded ideal of W is a gr-2-nil ideal. For example P = p?Z,s is a
gr-2-nil ideal which is not a gr-prime ideal.
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3. Let p and ¢ be a prime numbers and G = Z,. Then W = Z is a G-graded ring with W, = Z and
W1 = {0}. The proper graded ideal P = pqZ is a gr-2-absorbing ideal and then P is a gr-2-absorbing
primary by [13, Lemma 2.2]. However P is not gr-2-nil ideal since p.q.1 € P but neither p.q € Grad (0)
nor p.1 € Pnorgq.1 € P.

4. Let G = Zy. Then W = Z is a G-graded ring with W, = Z and W; = {0}. The proper graded
ideal P = 27 is a gr-2-nil ideal but it is not a gr-(2,n)-ideal as 1.1.2 € P but neither 1.1 € P nor
1.2 € Grad (0) .

Theorem 3.4. Let P be a gr-2-nil ideal of W. Then

1. Grad (P) is a gr-2-nil ideal of W ;
2. Grad(P) = P|JGrad(0);
3. Grad (P) = P or Grad (P) = Grad (0).

Proof. (1) Let abc € Grad (P) for some a,b,c € h (W) and ab ¢ Grad (0). Then (abc)"=a"b"c"€ P for
some n € ZT and a"b"¢ Grad (0). It follows b™c" € P or a"c¢" € P, and so bc € Grad (P) or ac €
Grad (P). Thus Grad (P) is a gr-2-nil ideal of .

(2) Clearly, P|JGrad(0) C Grad(P). Take a € Grad(P)(h(W). If a € P, then obviously a €
PUGrad (0). If a ¢ P, then there exists n > 2 such that a® € P and a®~! ¢ P. Then a” = l.a.a""! € P,
l.a ¢ Pand1.a" ! ¢ P, hence a" = a.a"~! € Grad (0) since P is a gr-2-nil ideal. Thus a € Grad (0) C
P Grad (0). This proves the converse inclusion Grad (P) C P|J Grad (0).

(3) Assume that P C Grad (P) and take b € Grad (P)(\h(W) — P. If a € P(h(W), thena + b €
Grad (P) — P. From the proof of part (ii), it follows that a + b, b€ Grad (0), hence a € Grad (0). This
proves that P C Grad (0), and part (ii) tells us that Grad (P) = P U Grad (0) = Grad (0). O

The converse of Theorem [3.4]does not hold in general, as illustrated by the following example.

Example 3.5. Let p and g be prime integers. Let G = Zo. Then W = Z,2, is a G-graded ring with Wy = W
and Wy = {0}. The graded zero ideal P satisfies the conditions (i-iii) in Theorem but it is not a gr-2-nil
ideal since p.p.q € P, p.p ¢ Grad (0) and p.q ¢ P.

If P C Grad(0), then Grad (P) = Grad(0). Comparing the definitions, we easily see that we have the
following implications.

Theorem 3.6. Let P C Grad (0) be a graded ideal of W. Then we have the following diagram of implications
between properties of P.

gr-primary  <—  gr-n-ideal
/ hY
gr-prime gr-2-nil— gr-(2,n)-ideal
N / I

gr-2-absorbing gr-2-absorbing primary

The following example shows that a gr-primary ideal P ¢ Grad (0) is not necessarily a gr-2-nil ideal.

Example 3.7. Let p be a prime number. Let G = Zs and W = Z be a G-graded ring with Wy = Z and
W1 = {0}. The graded ideal P = p?Z C Z is a gr-primary but not gr-2-nil, since p.p.1€ P, p.p ¢ Grad (0)
and p.1¢ P.
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Theorem 3.8. Let P C Grad (0) be a graded ideal of a G-graded divided ring W. If Grad (0) is a gr-prime,
then P is a gr-2-nil ideal if and only if P is a gr-primary ideal.

Proof. =) Suppose that ab € P and a ¢ Grad (0) = Grad(P) for some a,b € h (W). Since Grad (0) is a
gr-prime, ab € Grad (0) and a ¢ Grad (0) implies that b € Grad (0). Now, since W is graded divided, there
exists an element ¢ € h (W) such that b = ac. Hence ab = aac € P. Observe that a®> ¢ Grad (0). Since P is
a gr-2-nil, it follows that ac = b € P. This proves that if P is a gr-n-ideal, and therefore a gr-primary ideal.

<) See Theorem O

The set of all minimal gr-prime ideals is denoted by Min, (W).

Theorem 3.9. If W has at most two minimal gr-prime ideals or |Ming (W) | < 2, then there exists a gr-2-nil
ideal. Grad(0) is immediately gr-2-nil in this case.

Proof. Assume that W has at most two minimal gr-prime ideals. First, let’s assume W has only one minimal
gr-prime ideal say P, hence Grad (0) = P, so by Theorem [3.6] Grad (0) is gr-2-absorbing ideal and then
Grad (0) is gr-2-nil ideal by Theorem Assume that W has exactly two minimal gr-prime ideals P; and
Py, then Grad (0) = Py () Py, so by [4, Lemma 2.15], Grad (0) is gr-2-absorbing ideal, then Grad (0) is a
gr-2-nil ideal by Theorem [3.6] O

Theorem 3.10. If every gr-2-nil ideal of W is a gr-prime, then either W is a graded reduced ring or
|Ming (W)| > 3 or Grad (0) is a gr-prime ideal which is not a gr-maximal.

Proof. Assume that {0} C Grad (0) and that |Ming, (W)| < 2. If [Ming (W)| < 2, then Grad (0) is a
gr-2-nil ideal by Theorem [3.9]

We have two cases :
Casel: Suppose |Ming (W)| = 2, in this case we find that Grad (0) is a gr-2-nil ideal but not gr-prime ideal.

Case2: Suppose |Ming (W)| = 1, then Grad (0) is a gr-prime ideal, if Grad (0) is a gr-maximal ideal,
then every proper graded ideal of W is a gr-n- ideal by [4, Theorem 2.11], hence gr-2-nil ideal by Theorem
[3.2] So every proper graded ideal of W is a gr-prime by our assumption. Thus W is a graded field, and so
Grad (0) = {0} is a contradiction. Therefore, Grad (0) is not a gr-maximal. O

Theorem 3.11. Let P be a gr-2-nil ideal of W, and U = @4ccU, be a graded ideal of W. If a,b € h (W)
and g € G such that abU, C P, then ab € Grad (0) or aUy C P or bU, C P.

Proof. Assume that abU, C P but neither ab € Grad (0) or aUy € P orbU; C P. Then there exist
ug, ug € Uy such that auy ¢ P and buy ¢ P. Since abu, € P, ab ¢ Grad(0) and au, ¢ P, we have
bug € P as P is gr-2-nil ideal of . Similarly, by abu;, € P, ab ¢ Grad (0) and buy, ¢ P, we have auy, € P.

By uy + ul, € Uy, we get ab (ug + uf)) € P. Then either b (uy +u)) € P ora(ug+ul) € Pas Pis

g
gr-2-nil ideal and ab ¢ Grad (0). If a (ug + u})) = auy + au € P, then au, € P, Contradiction. If
b(ug + uj) = bug + buj, € P, then bu), € P, Contradiction. This implies that au, € P or bu/, € P. Since
bug € P or auy € P which is a contradiction. O

Theorem 3.12. Let P be a gr-2-nil ideal of W. Let U = ©4eqUy and V = ©rec Vi be two graded ideals of
W.Ifa; € h(W) and g, h € G with a;U,Vy, C P, then either U, Vi, C Grad (0) or a;V, C P ora;U,; C P.

Proof. Leta; € h(W) and g,h € G with a;U,V,, C P and U,V}, ¢ Grad (0) . We show that a;V}, C P or
a;Uy C P. Suppose that a;Vj, € P and a;U,; ¢ P. Then there are u, € U, and v;, € V}, with a;uy, ¢ P
and a;vp, ¢ P, but a;ugvy, € P so we get ugvy, € Grad(0) as P is gr-2-nil ideal of W. Now, since
UgVin € Grad (0), there exist uj, € U, and v, € V}, such that ujv, ¢ Grad(0). Since a;ujv; € P and
ugvy, ¢ Grad(0), a;uy € Pora;vy, € P as P is gr-2-nil ideal of W. We consider three cases :
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Case 1: Assume that a;u; € P but a;v;, ¢ P. Since a;uyvy, € P, ajuy ¢ P and a;v), ¢ P, we have
ugvy, € Grad(0). Since a;uy, € P but a;uy ¢ P, we get a;(uy +uy) ¢ P. By a;i(ug + ug)v, € P and
a;ivy, ¢ P, we get (ug+uy)v), = uyv, +ugvy, € Grad(0) as P is gr-2-nil ideal of W. Hence uyv;, € Grad (0),

since ugv), € Grad (0). Which is contradiction.
Case 2: Assume that a,v;, € P but a,-uiq ¢ P, similar to Case 1.

Case 3: Assume that a;uy, € P and a;v), € P. By a;v;, € P and rvy, ¢ P, we have a; (v, + v},) ¢ P. Since
a;ug (v, +v5,) € P,aug ¢ Pand a; (v, +v},) ¢ P, we have u, (v, + v;,) € Grad (0) as P is gr-2-nil ideal
of W. Since u, (vp, + v},) = ugv), + ugvn, € Grad(0) and ugvy, € Grad (0), we get ugv;, € Grad (0). By
aiuy € Pand aju, ¢ P, we get a;(uy +uy) ¢ P. Since a;(ug +uy)vn € P, ajvn ¢ Pand a;(ug +uy) ¢ P,
we have (ug + ug)vn, = ugvn + ugvp, € Grad(0) as P is gr-2-nil ideal of W. Thus ugv, € Grad(0)
since ugvy, € Grad(0). As a;(ug + uy) (vn +v},) € P, ai(ug +uy) ¢ P, and a; (vy, +vy,) ¢ P, we have
(ug +uy) (vh + v},) = ugvn + uyvp + ugvy +ugvy, € Grad(0). So uyvy, € Grad (0) , a contradiction. [

Theorem 3.13. Let P be a proper graded ideal of W. Let U = ©gcqUy V = @geqVy and L = $gecly
be graded ideals of W. Then the following statements are equivalent:

1. P is gr-2-nil ideal of W.
2. Forevery g,h, A € G, with Vi,UyLy C P, either UyLy C Grad (0) or Vi, Ly C P or VU, C P.

Proof. (1) = (2) Assume that P is gr-2-nil ideal of W. Let g,h, A € G, with V;,U,Ly C P and U,L, ¢
Grad (0). Then for all vy, € V}, either vy Ly C P or vpUy C P by Theorem If v,Ugy C P for all
vy, € V, then VU, C P, we are done. Similarly, If v, Ly C P for all v;, € V}, then V},Ly C P, we
are done. Suppose that vy, ,vs, € Vj, are such that vy, Uy, ¢ P and vy, Ly ¢ P. Since vy, U,Ly C P,
UysLx ¢ Grad(0) and vy, U, € P, by Theorem , we get v, Ly € P. Similarly we have v;,,U, C P
by vy, + vj, € Vi, we get (v, +v5,) UgLy € P. Then either (v, +v},) Uy € P or (vy, +v},) Ly € P by
Theorem By (vn, +v},) U, C P it follows that v,U, C P, which is a contradiction. Similarly, by
(vp, + v},) Ly C P, we get a contradiction. Therefore, either Vj, Ly C P or VU, C P).

(2) = (1) Let ag,bp,cx € h (W) with agbpey € P. Let U = (a4), V = (by) and L = (cy) be graded
ideals of W generated by ag, by, ¢, respectively. So, V,U,Lx C P, and hence either Uy Ly C Grad (0) or
ViLy € Por VU, C P. It follows that agcy € Grad (0) or bpey € Por agbp, € P. Thus P is gr-2-nil ideal
of W. O

Theorem 3.14. Let Wy and W5 be two G-graded rings and f: W1 — Ws be a graded ring homomorphism.
Then:

1. If f is a graded monomorphism and Py is a gr-2-nil ideal of Wy, then f~' (Py) is agr-2-nil ideal of
Wi.

2. If f is a graded epimorphism and P is a gr-2-nil ideal of W1 containing Ker(f), then f(Py) is a
gr-2-nil ideal of W.

Proof. (1) Take a,b,c € h(W;) and assume that abc € f~! (P2). Then f (abc) = f(a) f(b) f(c) € Px,
which implies f (a) f (b) = f (ab) € Grad (Ow,) or f (b) f (¢) = f (be)€ Paor f (a) f (¢) = f (ac)€ Pz as
Py is a gr-2-nil. f~1(Grad (Ow,)) € Grad(Oy, ) since f is graded ring monomorphism, and it follows that
ab € Grad(Oy,) orbc € f~1(Py) orac €f~1(Py). Thus f~1(P,) is a gr-2-nil ideal of W;.

(2) Let abe € f (Py) for some a,b,c € h(Ws). Since fisonto, a = f(z), b = f(y) and ¢ = f (2) for

some x,y,z € h(Wy). Thenf (zyz) € f(P1). Then zyz € Py as ker(f)C Py, and it follows that xy €
Grad(Ow, ) oryz € Py or zz € Py, hence ab € Grad(Ow,) orbc € f (Py) or ac € f (Py), asrequired. [

In view of Theorem 3.14] we conclude the following result
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Corollary 3.15. Let P,U be graded ideals of W such that U C P C W. Then

1. If P is a gr-2-nil ideal of W, then P/U is a gr-2-nil ideal of W/U.
2. If Ais a graded subring of W and P is a gr-2-nil ideal of W, then P N A is a gr-2-nil ideal of A.
3. If P/U is a gr-2-nil ideal of W/U and U C Grad (0), then P is a gr-2-nil ideal of W.

Proof. (1) Consider the natural graded epimorphism 7 : W — W/U, the result is clear by Theorem i).

(2) Consider the graded monomorphism i : A — W, since P is a gr-2-nil ideal of W, i~ }(P) = PN Aisa
gr-2-nil ideal of A, by Theorem 2).

(3) Suppose that a, b, c € (W) with abc € P and ab ¢ Grad(0), hence (a +U) (b+U) (¢ + U) = abc +
U € P/U and ab ¢ Grad(Oy,y) which implies that (b + U) (¢ + U) = be+U € P/Uor (a+U) (c+U) =
ac+U € P/U. Thus bc € P or ac € P, we are done.

O

Let P be a graded ideal of W. Then G-Zp (W) = {reh(W) : rs€ P for some s€ h (W) — P }. In particular,
G-Zy(W) = G-Z (W) is the set of graded zero divisors in h(W).

Theorem 3.16. Let S C h(W) be multiplicatively closed subset of W. Then:

1. If P is a gr-2-nil ideal of W and PN S = (), then S~ P is a gr-2-nil ideal of S™'W.

2. If STYP is a gr-2-nil ideal of S™'W and SN G-Z (W) = SN G-Zp (W) = 0, then P is a gr-2-nil
ideal of W.

Proof. (1) Suppose that 2 TZ? € S~'P. For some -, g, = €N(ST LW). Hence there exists u € h(S)
such that uabc € P, since P is a gr-2-nil ideal of W, then ab € Grad( ), or uac € P or ubc € P, this implies
L2 e 571 (Grad(0)) C Grad(0s-1yw) or ;44 € S~1P or 4 € §71 P, and it follows that S~' P is a

gr-2-nil ideal.

(2) If abc € P for some a,b,c € h (W), then 42¢ € S~1P and it follows that 4% € Grad (0g-1y) or 2¢
€S 'Por4¢e S7'Pas ST'Pis gr-2-nil ideal of W. If #2€ Grad (0g-1y), then there exists u € h (S)
and n € ZF with ua™b™ = 0. Since S G-Z (W) = 0, we have that a"b" = 0, and ab € Grad (0). If 2¢ €
S~1P, then vbc € P for some veh (S). Our assumption SN G-Zp (W) = () implies that bc € P. In the third
case, we conclude in a similar way that ac € P. Thus P is a gr-2-nil ideal of W. O

4 Conclusions

In this article, we introduced the concept of Gr-2-nil ideals over a commutative graded ring. Several prop-
erties, examples and characterizations of Gr-2-nil ideals, have been investigated. Moreover, we explored the
behaviour of Gr-2-nil ideals under graded ring homomorphisms and localizations. Also, we study the rela-
tions between gr-2-nil and others that already exist, namely, the graded primary ideals, the graded 2-absorbing
primary ideals, the graded n-ideals and graded (2,n)-ideal.
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