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Abstract

In this paper, we introduce a new weak form of soft continuity called soft weak θ-continuity in soft topo-
logical spaces and investigate the relationships between soft weak θ-continuity and θ-continuity (resp. soft
weak continuity and soft δ-continuity). We obtain several characterizations of soft weak θ-continuity. Also,
we give sufficient conditions for the equivalence between soft weak θ-continuity and soft θ-continuity (resp.
soft δ-continuity). Moreover, we investigate the link between soft weak θ-continuity and weak θ-continuity
in classical topology. Furthermore, via soft weak θ-continuity, we obtain preservation theorems of soft hy-
perconnectedness and soft near compactness. Finally, we obtain soft restriction, soft product, and soft graph
theorems of soft weak θ-continuity.

Keywords: Soft θ-continuous functions; Soft weakly-continuous functions; Soft hypreconnected spaces; Soft
nearly compact spaces

1 Introduction and Preliminaries

Traditional mathematics theories struggle to solve complex problems that involve uncertain information in var-
ious fields like engineering, the environment, economics, medicine, and social science. Theories of probability,
fuzzy sets, rough sets, intuitionistic fuzzy sets, and vague sets are ways to handle uncertain situations using
math. Molodtsov [1] explained that each of these theories has its challenges. These problems mostly arise
from the limitations of the tools used to define the theories. To handle uncertainties and challenges, Molodtsov
created the idea of soft sets. A number of researchers have introduced soft sets theory (references [2, 3]). The
authors [1, 4] used soft sets in many areas, such as Riemann integration, Perron integration, function smooth-
ness, operations research, game theory, probability, and measurement theory. Authors [5] used soft sets in
decision-making problems. In [6], Shabir and Naz presented a theory of soft topological spaces defined over
an initial universe with a predetermined set of parameters. Their work focused on theoretical explorations of
these spaces. Then several subclasses of soft topological spaces were introduced. Majumdar and Samanta [7]
explored how soft sets can be employed to enhance the process of medical diagnosis. Kharal and Ahmed [8]
presented and examined the concept of soft mapping, and [9] proposed soft continuity for soft mappings. The
literature reviews listed contain a large number of publications that are dedicated to the study of soft continuity
and its characterizations.

The authors of [10] proposed soft θ-continuity. The authors in [11] presented soft weak continuity, a weaker
type of soft θ-continuity. In [12], the authors defined soft strong θ-continuity and soft almost strong θ-
continuity as two strong forms of soft θ-continuity. The purpose of this paper is to introduce and investigate
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a new class of soft functions called soft weakly θ-continuous functions. This class is contained in the class of
soft weakly continuous functions and contains the class of soft θ-continuous functions.

The rest of the paper is organized as follows:

In the rest of this section, we provide some definitions that are required to understand this work.

In Section 2, we give several characterizations of weakly θ-continuous functions and the basic properties
of such functions, respectively. Moreover, we investigate the relations between soft weak θ-continuity and
θ-continuity (resp. soft weak continuity and soft δ-continuity).

In Section 3, we give soft restriction, soft product, and soft graph theorems of soft weak θ-continuity.

In Section 4, we give some preservation theorems of soft hyperconnectedness and soft near compactness.

To be explicit, we shall refer to concepts and phrases from [13] throughout this paper. Topological space and
soft topological space are represented by the abbreviations TS and STS, respectively.

The following definitions will be used in the sequel:

Definition 1.1. A function g : pY,ℑq ÝÑ pZ,ℵq is called

(a) [14] θ-continuous (θ-c) if for every y P Y and every B P ℵ such that g pyq P B, we find A P ℑ such that
y P A and gpClℑ pAqqrĎClℵ pBq.

(b) [15] weakly continuous if for every y P Y and every B P ℵ such that g pyq P B, we find A P ℑ such that
y P A and gpAqrĎClℵ pBq.

(c) [16] weakly θ-continuous (w-θ-c) if for every y P Y and every B P ℵ such that g pyq P B, we find A P ℑ
such that y P A and

gpIntℑ pClℑ pAqqqrĎClℵ pBq .

Definition 1.2. A soft function fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is called

(a) [11] soft weakly continuous if for every ay P SP pY,Mq and every G P λ such that fsn payqrPG, we find
H P ϕ such that ayrPH and fsn pHq rĎClλ pGq.

(b) [10] soft θ-continuous (soft θ-c) if for every ay P SP pY,Mq and every G P λ such that fsn payqrPG, we
find H P ϕ such that ayrPH and fsn pClϕ pHqq rĎClλ pGq.

(c) [17] soft δ-continuous (soft δ-c) if for every ay P SP pY,Mq and every G P λ such that fsn payqrPG, we
find H P ϕ such that ayrPH and fsn pIntϕ pClϕ pHqqq rĎIntλ pClλ pGqq.

(d) [12] soft almost strongly θ-continuous if for every ay P SP pY,Mq and everyG P λ such that fsn payqrPG,
we find H P ϕ such that ayrPH and fsn pClϕ pHqq rĎIntλ pClλ pGqq.

(e) [18] soft almost-open if fsn pIntϕ pClϕ pHqqq P λ for every H P ϕ.

Definition 1.3. A STS pY, ϕ,Mq is called

(a) [19] soft Hausdorff if for each ay, bz P SP pY,Mq such that ay ‰ bz , we find U, V P ϕ such that ayrPU ,
bzrPV , and U rXV “ 0M.

(a) [20] soft hyperconnected if any U P ϕ´ t0Mu is soft dense in pY, ϕ,Mq.
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(b) [21] soft extremally disconnected if for any U P ϕ, Clϕ pUq P ϕ.

Definition 1.4. [22] Let pY, ϕ,Mq be a STS and let H P SS pY,Mq. Then

(a) H is a soft regular-open set in pY, ϕ,Mq if H “ Intϕ pClϕ pHqq. The collection of all soft regular open
sets in pY, ϕ,Mq is denoted by RO pϕq.

(b) H is a soft regular-closed set in pY, ϕ,Mq if 1M ´ H P RO pϕq. The collection of all soft regular closed
sets in pY, ϕ,Mq is denoted by RC pϕq.

Definition 1.5. [10, 23] Let pY, ϕ,Mq be a STS and let H P SS pY,Mq.

(a) The soft θ-closure (resp. δ-closure) of H in pY, ϕ,Mq is denoted by θClϕ pHq (resp. δClϕ pHq), where

ayrPθClϕ pHq (resp. ayrPδClϕ pHq) iff for each K P ϕ such that ayrPK, H rXClϕ pKq ‰ 0M (resp. H rXIntϕ
pClϕ pKqq ‰ 0M).

(b) H is soft θ-closed (resp. soft δ-closed) in pY, ϕ,Mq if H “ θClϕ pHq (resp. H “ δClϕ pHq).

(c) H is soft θ-open (resp. soft δ-open) in pY, ϕ,Mq if 1M ´ H is soft θ-closed (resp. soft δ-closed) in
pY, ϕ,Mq.

(d) The collection of all soft θ-open (resp. soft δ-open) sets in pY, ϕ,Mq is denoted by ϕθ (resp. ϕδ).

Definition 1.6. [24] Let pY, ϕ,Mq be a STS and let K P SS pY,Mq. Then

(a) K is soft nearly compact relative to pY, ϕ,Mq if for any Ψ Ď RO pϕq such that K rĎrYHPΨH , we find a
finite sub-collection Ψ1 Ď Ψ such that K rĎrYHPΨ1

H .

(b) pY, ϕ,Mq is soft nearly compact if 1M is soft nearly compact relative to pY, ϕ,Mq.

Definition 1.7. [25] Let pY, ϕ,Mq be a STS and let K P SS pY,Mq. Then

(a) K is soft quasi H-closed relative to pY, ϕ,Mq if for any Ψ Ď ϕ such that K rĎrYHPΨH , we find a finite
sub-collection Ψ1 Ď Ψ such that K rĎrYHPΨ1

Clϕ pHq.

(b) pY, ϕ,Mq is soft quasi H-closed if 1M is soft quasi H-closed relative to pY, ϕ,Mq.

For a soft function fsn : SP pY,Mq ÝÑ SP pZ,N q, the soft set

rY

!

pa, n paqqpy,spyqq : a P M and y P Y
)

is represented byGraph pfsnq and is called the soft graph of fsn.

So, pa, bqpy,zq
rPGraph pfsnq iff fsnpayq “ bz iff spyq “ z and n paq “ b.
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2 Characterizations

Definition 2.1. A soft function fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is called soft weakly θ-continuous (soft w-θ-c,
for short) if ay P SP pY,Mq and each G P λ such that fsn payqrPG, we find H P ϕ such that ayrPH and
fsnpIntϕ pClϕ pHqqqrĎClλ pGq.

Theorem 2.2. Let tpY, ϕaq : a P Mu and tpZ, λbq : b P N u be two collections of TSs. Let s : Y ÝÑ Z and
n : M ÝÑ N be functions where n is bijective. Then fsn : pY,‘aPMϕa,Mq ÝÑ pZ,‘bPNλb,N q is soft
w-θ-c iff s : pY, ϕaq ÝÑ

`

Z, λnpaq

˘

is w-θ-c for all a P M.

Proof. Necessity. Let fsn : pY,‘aPMϕa,Mq ÝÑ pZ,‘bPNλb,N q be soft w-θ-c. Let a P M. Let y P Y and
let V P λnpaq such that s pyq P λnpaq. Then we have fsn payq “ pn paqqspyq

rP pn paqqV P ‘bPNλb. Thus, we
find H P ‘aPMϕa such that ayrPH and fsnpInt‘aPMϕa

pCl‘aPMϕa
pHqqqrĎCl‘bPNλb

ppn paqqV q and hence
pfsnpInt‘aPMϕa

pCl‘aPMϕa
pHqqqq pn paqq Ď pCl‘bPNλb

ppn paqqV qq pn paqq. Since n is bijective, then

pfsnpInt‘aPMϕa
pCl‘aPMϕa

pHqqqq pn paqq “ s ppIntϕa
pClϕa

pHqqq paqq .

We have pIntϕa
pClϕa

pHqqq paq “ Intϕa
pClϕa

pH paqqq and pCl‘bPNλb
ppn paqqV qq pn paqq “ Clλnpaq

ppn paqqV ppn paqqqq “ Clλnpaq
pV q. Therefore, we have y P H paq P ϕa and

s pIntϕa
pClϕa

pH paqqqq “ s ppInt‘aPMϕa
pCl‘aPMϕa

pHqqq paqq

“ pfsnpInt‘aPMϕa
pCl‘aPMϕa

pHqqqq pn paqq

rĎ pCl‘bPNλb
ppn paqqV qq pn paqq

“ Clλnpaq
pV q .

It follows that s : pY, ϕaq ÝÑ
`

Z, λnpaq

˘

is w-θ-c.

Sufficiency. Let s : pY, ϕaq ÝÑ
`

Z, λnpaq

˘

be w-θ-c for all a P M. Let ay P SP pY,Mq and let G P ‘bPNλb
such that fsn payq “ pn paqqspyq

rPG. Then, we have s pyq P G pn paqq P λnpaq. Since s : pY, ϕaq ÝÑ
`

Z, λnpaq

˘

is w-θ-c, then we find U P ϕa such that y P U and spIntϕa
pClϕa

pUqqq Ď Clλnpaq
pG pn paqqq.

Therefore, we have aU P ‘aPMϕa such that ayrPaU and fsnpInt‘aPMϕa
pCl‘aPMϕa

paU qqqrĎCl‘bPNλb
pGq.

This shows that fsn is soft w-θ-c.

Corollary 2.3. Let s : pY,ℑq ÝÑ pZ,ℵq and n : M ÝÑ N be two functions where n is bijective. Then
s : pY,ℑq ÝÑ pZ,ℵq is w-θ-c iff fsn : pY, τ pℑq ,Mq ÝÑ pZ, τ pℵq ,N q is soft w-θ-c.

Proof. For every a P M and b P N , let ϕa “ ℑ and λb “ ℵ. Then τ pℑq “ ‘aPMλa and τ pℵq “ ‘bPNλb.
By Theorem 2.2, we get the result.

Theorem 2.4. Soft θ-c functions are soft w-θ-c.

Proof. Let fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q be soft θ-c. Let ay P SP pY,Mq and let G P λ such that
fsn payqrPG. Then, by θ-continuity of fsn, we find H P ϕ such that ayrPH and fsnpClϕ pHqqrĎClλ pGq;
hence,

fsnpIntϕ pClϕ pHqqqrĎfsnpClϕ pHqqrĎClλ pGq . Therefore, fsn is soft w-θ-c.

Theorem 2.5. Soft w-θ-c functions are soft weakly continuous.

Proof. Let fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q be soft w-θ-c. Let ay P SP pY,Mq and let G P λ such that
fsn payqrPG. Then, by soft weak θ-continuity of fsn, we findH P ϕ such that ayrPH and fsnpIntϕ pClϕ pHqqq

rĎClλ pGq; hence, fsnpHqrĎfsnpIntϕ pClϕ pHqqqrĎClλ pGq. Therefore, fsn is soft weakly continuous.
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Theorem 2.6. Soft δ-c functions are soft w-θ-c.

Proof. Let fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q be soft δ-c. Let ay P SP pY,Mq and let G P λ such that
fsn payqrPG. Then, by δ-continuity of fsn, we find H P ϕ such that ayrPH and fsnpIntϕ pClϕ pHqqqrĎIntλ
pClλ pGqq rĎClλ pGq. Therefore, fsn is soft w-θ-c.

The implications of Theorems 2.4, 2.5, and 2.6 are generally irreversible, as demonstrated by the following
three examples:

Example 2.7. We utilize Example 3.3 of [16]. Let Y “ R2 Y tju, where j R R2. Let ℜ be the usual topology
on R2. Let

⊕ “
␣

H X
`

R2 ´ tp0, 0qu
˘

: H P ℜ
(

Y
␣␣

py, zq : y2 ` z2 ă 1
m2 , z ą 0

(

Y tp0, 0qu : m P N
(

Y
␣␣

py, zq : y2 ` z2 ă 1
m2 , z ă 0

(

Y tju : m P N
(

.

Let ℑ be the topology on Y generated by ⊕ as a base. Let Z “ ta, b, cu and ℵ “ tH, Z, tau , tcu , ta, cuu.
Consider the functions s : Y ÝÑ Z and n : Q ÝÑ Q defined as follows:

spy, zq “

$

&

%

a if z ě 0
b if z ă 0
c if py, zq “ j

and npaq “ a for all a P Q.

It is proved in Example 3.3 of [16] that s : pY,ℑq ÝÑ pZ,ℵq is w-θ-c but not θ-c. Therefore, fsn :
pY, τ pℑq ,Qq ÝÑ pZ, τ pℵq ,Qq is soft w-θ-c but not soft θ-c.

Example 2.8. Let Y “ ta, b, c, du, M “ R, and

ℑ “ tH, Y, tbu , tcu , tb, cu , ta, bu , ta, b, cu , tb, c, duu .

Define s : Y ÝÑ Y and n : M ÝÑ M as follows: s paq “ c, s pbq “ d, s pcq “ b, s pdq “ a, and n paq “ a
for all a P M. Then as proved in Example 3.2 of [16], s : pY,ℑq ÝÑ pY,ℑq is weakly continuous but not
w-θ-c. Therefore, fsn : pY, τ pℑq ,Mq ÝÑ pY, τ pℵq ,Mq is soft weakly continuous but not soft w-θ-c.

Example 2.9. Let Y “ ta, b, cu, ℑ “ tH, Y, tau , tcu , ta, cu , ta, buu, ℵ “ tH, Y, tau , tcu , ta, cuu, and
M “ R. Consider the identity functions s : Y ÝÑ Y and n : M ÝÑ M. Then fsn : pY, τ pℑq ,Mq ÝÑ

pY, τ pℵq ,Mq is soft w-θ-c but not soft δ-c.

Theorem 2.10. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is soft w-θ-c and pY, ϕ,Mq is soft extremally disconnected,
then fsn is soft θ-c.

Proof. Let ay P SP pY,Mq and let G P λ such that fsn payqrPG. Since fsn is soft w-θ-c, we find H P ϕ such
that ayrPH and fsnpIntϕ pClϕ pHqqqrĎ

Clλ pGq. Since pY, ϕ,Mq is soft extremally disconnected, then Clϕ pHq P ϕ, and so, Intϕ pClϕ pHqq “

Clϕ pHq. Therefore, fsnpClϕ pHqqrĎClλ pGq. Hence, fsn is soft θ-c.

Theorem 2.11. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is soft w-θ-c and soft almost-open, then fsn is soft δ-c.

Proof. Let ay P SP pY,Mq and let G P λ such that fsn payqrPG. Since fsn is soft w-θ-c, then we find H P ϕ
such that ayrPH and fsnpIntϕ pClϕ pHqqqrĎ

Clλ pGq. Since fsn is soft almost-open, then fsnpIntϕ pClϕ pHqqq P λ; hence,
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fsnpIntϕ pClϕ pHqqqrĎIntλ pClλ pGqq. Therefore, fsn is soft δ-c.

Theorem 2.12. For a soft function fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q, the following are equivalent:

(a) fsn is soft w-θ-c.

(b) For each ay P SP pY,Mq and each G P λ such that fsn payqrPG, we find K P RO pϕq such that ayrPK
and fsnpKqrĎClλ pGq.

(c) For each ay P SP pY,Mq and each G P λ such that fsn payqrPG, we find K P ϕδ such that ayrPK and
fsnpKqrĎClλ pGq.

Proof. (a) ÝÑ (b): Let ay P SP pY,Mq and let G P λ such that fsn payqrPG. Then by (a), we find H P ϕ
such that ayrPH and

fsnpIntϕ pClϕ pHqqqrĎClλ pGq. Let K “ Intϕ pClϕ pHqq. Then K P RO pϕq such that ayrPK and fsnpKqrĎ

Clλ pGq.

(b) ÝÑ (c): Let ay P SP pY,Mq and letG P λ such that fsn payqrPG. Then by (b), we findK P RO pϕq Ď ϕδ
such that ayrPK and fsnpKqrĎClλ pGq.

(c) ÝÑ (a): Let ay P SP pY,Mq and let G P λ such that fsn payqrPG. Then by (c), we find K P ϕδ such
that ayrPK and fsnpKqrĎClλ pGq. Since ayrPK P ϕδ , we find H P ϕ such that ayrPH rĎIntϕ pClϕ pHqq rĎK;
hence, fsnpIntϕ pClϕ pHqqqrĎClλ pGq. It follows that fsn is soft w-θ-c.

Theorem 2.13. For a soft function fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q, the following are equivalent:

(a) fsn is soft w-θ-c.

(b) fsnpδClϕ pAqqrĎθClλ pfsnpAqq for each A P SS pY,Mq.

(c) δClϕ
`

f´1
sn pBq

˘

rĎf´1
sn pθClλ pBqq for each B P SS pZ,N q.

(d) f´1
sn pθIntλpBqq rĎδIntϕ

`

f´1
sn pBq

˘

for each B P SS pZ,N q.

(e) δClϕ
`

f´1
sn pGq

˘

rĎf´1
sn pClλ pGqq for each G P λ.

(f) f´1
sn pGqrĎδIntϕ

`

f´1
sn pClλ pGqq

˘

for each G P λ.

(g) Clϕ
`

f´1
sn pIntλpT qq

˘

rĎf´1
sn pT q for each T P λc.

Proof. (a) ÝÑ (b): Let A P SS pY,Mq. Suppose to the contrary that we find bzrPfsnpδClϕ pAqq ´ θClλ
pfsnpAqq. Choose ayrPδClϕ pAq such fsn payq “ bz . Since bzrRθClλ pfsnpAqq, then there is G P λ such
that bzrPG and Clλ pGq rXfsnpAq “ 0N . Since fsn payq P G P λ, then by Theorem 2.12 (b), there is
K “ Intϕ pClϕ pKqq P RO pϕq such that ayrPK and fsnpKqrĎClλ pGq. Since Clλ pGq rXfsnpAq “ 0N
and fsnpKqrĎClλ pGq, then fsnpKqrXfsnpAq “ 0N . Since fsnpK rXAqrĎfsnpKqrXfsnpAq “ 0N , then
fsnpK rXAq “ 0N and hence K rXA “ 0M. Therefore, we have ayrPK P ϕ and Intϕ pClϕ pKqq rXA “ 0M;
hence ayrRδClϕ pAq, which is a contradiction.

(b) ÝÑ (c): Let B P SS pZ,N q. Then by (b), we have

fsnpδClϕ
`

f´1
sn pBq

˘

qrĎθClλ
`

fsnpf´1
sn pBqq

˘

rĎθClλpBq,

and so,

δClϕ
`

f´1
sn pBq

˘

qrĎf´1
sn

`

fsnpδClϕ
`

f´1
sn pBq

˘

q
˘

rĎf´1
sn pθClλ pBqq.
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(c) ÝÑ (d): Let B P SS pZ,N q. Then by (c),

f´1
sn pθIntλpBqq “ f´1

sn p1N ´ θClλ pBqq

“ 1M ´ f´1
sn pθClλ pBqq

rĎ 1M ´ δClϕ
`

f´1
sn pBq

˘

“ δIntϕ
`

f´1
sn pBq

˘

.

(d) ÝÑ (e): Let G P λ. Then θClλ pGq “ Clλ pGq and by (d),

δClϕ
`

f´1
sn pGq

˘

“ 1M ´ δIntϕ
`

1M ´ f´1
sn pGq

˘

“ 1M ´ δIntϕ
`

f´1
sn p1N ´Gq

˘

rĎ 1M ´ f´1
sn pθIntλp1N ´Gqq

“ f´1
sn p1N ´ θIntλp1N ´Gqq

“ f´1
sn pθClλ pGqq

f´1
sn pClλ pGqq.

(e) ÝÑ (f): Let G P λ. Then 1N ´ ClλpGq P λ and by (e),

δClϕ
`

f´1
sn p1N ´ ClλpGqq

˘

rĎf´1
sn pClλ p1N ´ ClλpGqqq. Now, we have

δClϕ
`

f´1
sn p1N ´ ClλpGqq

˘

“ δClϕ
`

1M ´ f´1
sn pClλpGqqq

˘

“ 1M ´ δIntϕ
`

f´1
sn pClλpGqqq

˘

and

f´1
sn pClλ p1N ´ ClλpGqqq “ f´1

sn p1N ´ Intλ pClλpGqqq

“ 1M ´ f´1
sn pIntλ pClλpGqqq

rĎ 1M ´ f´1
sn pGq.

Therefore, we obtain f´1
sn pGqrĎδIntϕ

`

f´1
sn pClλ pGqq

˘

.

(f) ÝÑ (g): Let T P λc. Then 1N ´ T P λ and by (f),

f´1
sn p1N ´ T qrĎδIntϕ

`

f´1
sn pClλ p1N ´ T qq

˘

. Now, we have

f´1
sn p1N ´ T q “ 1M ´ f´1

sn pT q

and

δIntϕ
`

f´1
sn pClλ p1N ´ T qq

˘

“ δIntϕ
`

f´1
sn p1N ´ Intλ pT qq

˘

“ δIntϕ
`

1M ´ f´1
sn pIntλ pT qq

˘

“ 1M ´ δClϕ
`

f´1
sn pIntλ pT qq

˘

.

Therefore, we obtain 1M ´ f´1
sn pT q rĎ1M ´ δClϕ

`

f´1
sn pIntλ pT qq

˘

. Hence,

δClϕ
`

f´1
sn pIntλpT qq

˘

rĎf´1
sn pT q.

(g) ÝÑ (f): Let G P λ. Then 1N ´G P λc and by (g),

Clϕ
`

f´1
sn pIntλp1N ´Gqq

˘

rĎf´1
sn p1N ´Gq.

Now, we have

δClϕ
`

f´1
sn pIntλp1N ´Gqq

˘

“ δClϕ
`

f´1
sn p1N ´ ClλpGqq

˘

“ δClϕ
`

1M ´ f´1
sn pClλpGqq

˘

1M ´ δIntϕ
`

f´1
sn pClλpGqq

˘

and
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f´1
sn p1N ´Gq “ 1M ´ f´1

sn pGq .

Therefore, we obtain 1M ´ δIntϕ
`

f´1
sn pClλpGqq

˘

rĎ1M ´ f´1
sn pGq. Hence,

f´1
sn pGqrĎδIntϕ

`

f´1
sn pClλ pGqq

˘

.

(f) ÝÑ (a): Let ay P SP pY,Mq and let G P ϕ such that fsn payqrPG. Then by (f), f´1
sn pGqrĎδIntϕ

`

f´1
sn pClλ pGqq

˘

. Since ayrPf´1
sn pGqrĎδIntϕ

`

f´1
sn pClλ pGqq

˘

, then we find H P RO pϕq such that ayrPH rĎδ

Intϕ
`

f´1
sn pClλ pGqq

˘

rĎf´1
sn pClλ pGqq; hence, fsnpIntϕ pClϕ pHqqq “ fsnpHqrĎfsn

`

f´1
sn pClλ pGqqq rĎ

Clλ pGq. This shows that fsn is soft w-θ-c.

Theorem 2.14. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is soft w-θ-c. then

(a) f´1
sn pT q P pϕδq

c for each T P pϕθq
c.

(b) f´1
sn pGq P ϕδ for each G P ϕθ.

Proof. (a) Let T P pϕθq
c. Then θClλ pT q “ T and by Theorem 2.13 (c), δClϕ

`

f´1
sn pT q

˘

rĎf´1
sn pθClλ pT qq “

f´1
sn pT q. Hence, f´1

sn pT q P pϕδq
c.

(b) LetG P ϕθ. Then 1N ´G P pϕθq
c and by (a), f´1

sn p1N ´Gq “ 1M´f´1
sn pGq P pϕδq

c. Thus, f´1
sn pGq P ϕδ .

The opposite of Theorem 2.14 is not true in general, as demonstrated by the example below.

Example 2.15. Let Y “ ta, b, cu, ℑ “ tH, Y, tau , tbu , ta, buu, ℵ “ tH, Y, tau , tau , ta, cuu, and M “ R.
Let s : Y ÝÑ Y and n : M ÝÑ M be the identity functions. Then fsn : pY, τ pℑq ,Mq ÝÑ pY, τ pℵq ,Mq

satisfies (a) of Theorem 2.14 but it is not soft w-θ-c.

3 Soft Restriction, Product, and Graph

The following two lemmas will be used in the next main result:

Lemma 3.1. Let pY, ϕ,Mq be a STS and let X Ď Y such that CX is soft dense in pY, ϕ,Mq. Then for any
K P SS pX,Mq, IntϕX

pClϕX
pKqq “ Intϕ pClϕ pKqq rXCX .

Proof. Let CX be soft dense in pY, ϕ,Mq and let K P SS pX,Mq. To see that IntϕX
pClϕX

pKqq rĎ

Intϕ pClϕ pKqq rXCX , let ayrPIntϕX
pClϕX

pKqq. Since IntϕX
pClϕX

pKqq P φX , then we find H P ϕ
such that IntϕX

pClϕX
pKqq “ H rXCX . Thus, we have ayrPH rXCX rĎClϕX

pKq “ Clϕ pKq rXCX .

Claim. H rĎClϕ pKq.

Proof of Claim. Suppose to the contrary that H rX p1M ´ Clϕ pKqq ‰ 0M. Since CX is soft dense in
pY, ϕ,Mq, then H rX p1M ´ Clϕ pKqq rXCX ‰ 0M. Pick bzrPH rX p1M ´ Clϕ pKqq rXCX . Then, we have
bzrP1M ´ Clϕ pKq and byrPH rXCX “ IntϕX

pClϕX
pKqq rĎClϕX

pKq “ Clϕ pKq rXCX rĎClϕ pKq, which is
a contradiction.

Therefore, by the above Claim, we must have ayrPH rĎClϕ pKq, and hence, ayrPIntϕ pClϕ pKqq. Therefore,
ayrPIntϕ pClϕ pKqq rXCX .
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To see that Intϕ pClϕ pKqq rXCX rĎIntϕX
pClϕX

pKqq, let ayrPIntϕ pClϕ pKqq rXCX . Since ayrPIntϕ
pClϕ pKqq P ϕ, then there is H P ϕ such that ayrPH rĎClφpKq, and so, ayrPH rXCX rĎClϕpKqrXCX “

ClϕX
pKq. Since H rXCX P φX , then ayrPIntϕX

pClϕX
pKqq.

Lemma 3.2. Let pY, ϕ,Mq be a STS and let X Ď Y such that CX is soft dense in pY, ϕ,Mq. Then

(a) If G P RO pϕq, then GrXCX P RO pϕXq.

(b) If H P RO pϕXq, then there is G P RO pϕq such that H “ GrXCX .

Proof. (a) Since G P RO pϕq Ď ϕ, then GrXCX P ϕX . Since GrXCX rĎClϕX
pGrXCXq and GrXCX P ϕX ,

then

GrXCX rĎIntϕX
pClϕX

pGrXCXqq .

By Lemma 3.1,

IntϕX
pClϕX

pGrXCXqq “ Intϕ pClϕ pGrXCXqq rXCX .

Thus, we have

GrXCX rĎ IntϕX
pClϕX

pGrXCXqq

“ Intϕ pClϕ pGrXCXqq rXCX
rĎ Intϕ pClϕ pGqq rXCX
“ GrXCX .

Hence, IntϕX
pClϕX

pGrXCXqq “ GrXCX . It follows that GrXCX P RO pϕXq.

(b) Since H P RO pϕXq, then H “ IntϕX
pClϕX

pHqq and by Lemma 3.1, IntϕX
pClϕX

pHqq “

Intϕ pClϕ pHqq rXCX . Let G “ Intϕ pClϕ pHqq. Then G P RO pϕq and H “ GrXCX .

Theorem 3.3. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is soft w-θ-c and X Ď Y such that CX is soft dense in
pY, ϕ,Mq, then pfsnq

|CX
: pX,ϕX ,Mq ÝÑ pZ, λ,N q is soft w-θ-c.

Proof. Let ax P SP pX,Mq Ď SP pY,Mq and let G P λ such that fsn paxqrPG. Then, by Theorem 2.8
(b), we find K P RO pϕq such that axrPK and fsnpKqrĎClλ pGq. By Lemma 3.2 (a), K rXCX P RO pϕXq.
Moreover, pfsnq

|CX
pK rXCXq “ fsn pK rXCXq rĎfsnpKqrĎClλ pGq. Thus, by Theorem 2.12 (b), pfsnq

|CX
is

soft w-θ-c.

The following lemma will be used in the next main result:

Lemma 3.4. Let pY, ϕ,Mq be a STS and let X Ď Y such that CX P ϕ ´ t0Mu. If G P RO pϕq, then
GrXCX P RO pϕXq.

Proof. Let CX P ϕ´ t0Mu and let G P RO pϕq. Since CX P ϕ, then

IntϕX
pClϕX

pGrXCXqq “ Intϕ pClϕX
pGrXCXqq rXCX

“ Intϕ pClϕ pGrXCXq rXCXq rXCX
rĎ Intϕ pClϕ pGqq rXCX
“ GrXCX .

Since G P RO pϕq Ď ϕ, then GrXCX P ϕX . Since GrXCX rĎClϕX
pGrXCXq and GrXCX P ϕX , then

GrXCX rĎIntϕX
pClϕX

pGrXCXqq. This shows that IntϕX
pClϕX

pGrXCXqq “ GrXCX . Hence, GrXCX P

RO pϕXq.
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Theorem 3.5. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is soft w-θ-c and X Ď Y such that CX P ϕ ´ t0Mu, then
pfsnq

|CX
: pY, ϕX ,Mq ÝÑ pZ, λ,N q is soft w-θ-c.

Proof. Let ax P SP pX,Mq Ď SP pY,Mq and let G P λ such that fsn payqrPG. Then, by Theorem 2.12 (b),
we find K P RO pϕq such that axrPK and fsnpKqrĎClλ pGq. By Lemma 3.4, K rXCX P RO pϕXq. Moreover,
pfsnq

|CX
pK rXCXq “ fsn pK rXCXq rĎfsnpKqrĎClλ pGq. Thus, by Theorem 2.12 (b), pfsnq

|CX
is soft w-θ-c.

Theorem 3.6. Let fs1n1
: pY, ϕ,Mq ÝÑ pZ, λ,N q and fs2n2

: pW,µ,Lq ÝÑ pT, σ,Fq be two soft functions.
Let s˚ : Y ˆW ÝÑ ZˆT and n˚ : MˆL ÝÑ N ˆF be the functions defined by s˚py, wq “ ps1pyq, s2pwqq

and n˚pa, bq “ pn1paq, n2pbqq. Then fs˚n˚ : pY ˆW,pr pϕˆµq ,M ˆ Lq ÝÑ pZ ˆ T, pr pλˆσq ,N ˆ Fq

is soft w-θ-c iff fs1n1
and fs2n2

are soft w-θ-c.

Proof. Necessity. Let fs˚n˚ be soft w-θ-c. Let ay P SP pY,Mq and bw P SP pW,Lq. Let T P λ and R P σ

such that fs1n1
payqrPT and fs2n2

pbwqrPR. Then we have fs˚n˚

´

pa, bq
py,wq

¯

rPT ˆR P pr pλˆσq. Since

fs˚v˚ is soft w-θ-c, then we find O P pr pϕˆµq such that pa, bq
py,wq

rPO and

fs˚n˚ pIntprpϕˆµq

`

Clprpϕˆµq pOq
˘

qrĎClprpλˆσq pT ˆRq “ Clλ pT q ˆ Clσ pRq .

Choose U P ϕ and V P µ such that pa, bq
py,wq

rPU ˆ V rĎO. Thus,

fs1n1
pIntϕpClϕ pUqqq ˆ fs2n2

pIntµ pClµ pV qqq “

fs˚n˚ pIntϕpClϕ pUqq ˆ IntµpClµ pV qqq “

fs˚n˚ pIntprpϕˆµq

`

Clprpϕˆµq pU ˆ V q
˘

q rĎ

fs˚n˚ pIntprpϕˆµq

`

Clprpϕˆµq pOq
˘

q rĎ

Clprpλˆσq pT ˆRq “

Clλ pT q ˆ Clσ pRq .

Therefore, we have ayrPU P ϕ, bwrPV P σ, fs1n1
pIntϕpClϕ pUqqq rĎClλ pT q, and fs2n2

pIntµ pClµ pV qqq

rĎClσ pRq. This shows that fs1n1
and fs2n2

are soft w-θ-c.

Sufficiency. Let fs1n1
and fs2n2

be soft w-θ-c. Let pa, bq
py,wq

P SP pY ˆW,M ˆ Lq and let G P pr pλˆσq

such that fs˚n˚

´

pa, bq
py,wq

¯

rPG. Choose T P λ and R P σ such that fs˚n˚

´

pa, bq
py,zq

¯

“

pn1 paq , n2 pbqq
ps1pyq,s2pzqq

rPTˆRrĎG. Then, we have pn1 paqqs1pyq “ fs1n1
payqrPT P λ and pn2 pbqqs2pwq “

fs2n2
pbwqrPR P σ. Since fs1n1 and fs2n2 are soft w-θ-c, then there exist U P ϕ and V P µ such that

ayrPU , bwrPV , fs1n1
pIntϕpClϕ pUqqq rĎClλ pT q, and fs2n2

pIntµ pClµ pV qqq rĎClσ pRq. Therefore, we have
pa, bq

py,wq
rPU ˆ V P pr pϕˆµq and

fs˚n˚ pIntprpϕˆµq

`

Clprpϕˆµq pU ˆ V q
˘

q “

fs˚n˚ pIntϕpClϕ pUqq ˆ IntµpClµ pV qqq “

fs1n1
pIntϕpClϕ pUqqq ˆ fs2n2

pIntµ pClµ pV qqq rĎ

Clλ pT q ˆ Clσ pRq “

Clprpλˆσq pT ˆRq rĎ

Clprpλˆσq pGq .

It follows that fs˚n˚ is soft w-θ-c.

Let X and Y be two non-empty sets. The projection functions h : X ˆ Y ÝÑ X and g : X ˆ Y ÝÑ Y
defined by h px, yq “ x and g px, yq “ y for all px, yq P X ˆ Y will be denoted by πX and πY , respectively.

Theorem 3.7. Let pY, ϕ,Mq, pZ, λ,N q, and pW,µ,Lq be three STSs. If fsn : pY, ϕ,Mq ÝÑ pZ ˆW,
pr pλˆ µq ,N ˆ Lq is soft w-θ-c iff fpπZ˝sqpπN ˝nq : pY, ϕ,Mq ÝÑ pZ, λ,N q and fpπW ˝sqpπL˝nq : pY, ϕ,Mq

ÝÑ pW,µ,Lq are soft w-θ-c.
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Proof. Necessity. Let fsn be soft w-θ-c. Let ay P SP pY,Mq, T P λ, and R P µ such that fpπZ˝sqpπN ˝nq payq

rPT and fpπW ˝sqpπL˝nq payqrPR. Then fsn payq P T ˆR P pr pλˆ µq. So, there is H P ϕ such that ayrPH and
fsnpIntϕ pClϕ pHqqqrĎClprpλˆµq pT ˆRq “ Clλ pT q ˆ Clµ pRq. Thus,

fpπZ˝sqpπN ˝nqpIntϕ pClϕ pHqqqrĎClλ pT q and fpπW ˝sqpπL˝nqpIntϕ pClϕ pHqqqrĎClµ pRq. It follows that
fpπZ˝sqpπN ˝nq and fpπW ˝sqpπL˝nq are soft w-θ-c.

Sufficiency. Let fpπZ˝sqpπN ˝nq and fpπW ˝sqpπL˝nq be soft w-θ-c. Let ay P SP pY,Mq and let G P pr pλˆσq

such that fsn payqrPG. Choose T P λ and R P µ such that fsn payqrPT ˆRrĎG. Then, we have fpπZ˝sqpπN ˝nq

payqrPT and fpπW ˝sqpπL˝nq payqrPR. Since fpπZ˝sqpπN ˝nq and fpπW ˝sqpπL˝nq are soft w-θ-c, there exist U, V P

ϕ such that ayrPU rXV , fpπZ˝sqpπN ˝nq pIntϕpClϕ pUqqq rĎClλ pT q, and fpπW ˝sqpπL˝nq pIntϕpClϕ pV qqq rĎClµ
pRq. Thus, we have ayrPU rXV P ϕ, and fsn pIntϕpClϕ pU rXV qq rĎClλ pT qˆClµ pRq “ Clprpλˆµq pT ˆRq rĎ

Clprpλˆµq pGq. It follows that fsn is soft w-θ-c.

For every function p : X ÝÑ Y , the function h : X ÝÑ X ˆ Y defined by hpxq “ px, h pxqq is represented
by p#.

Theorem 3.8. Let fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q be a soft function. Then fs#n# : pY, ϕ,Mq ÝÑ

pY ˆ Z, pr pϕˆ λq ,M ˆ N q is soft w-θ-c iff fsn is soft w-θ-c.

Proof. Necessity. Let fs#n# be soft w-θ-c. Then, by Theorem 3.7, fsn “ fpπZ˝s#qpπN ˝n#q : pY, ϕ,Mq ÝÑ

pZ, λ,N q is soft w-θ-c.

Sufficiency. Let fsn be soft w-θ-c. Let ay P SP pY,Mq and let G P pr pλˆσq such that fs#n# payqrPG.
Choose T P λ andR P µ such that fs#n# payq “ pa, n paqq

py,spyqq
rPT ˆRrĎG. Since pn paqqspyq

rPR P λ, then
we find H P RO pϕq such that ayrPH and fsnpHqrĎClλ pRq. Let K “ H rXIntϕpClϕ pT qq. Then ayrPK P

RO pϕq and fs#n# pKq rĎIntϕpClϕ pT qq ˆClµ pRq rĎClϕ pT q ˆClµ pRq “ Clprpϕˆλq pT ˆRq rĎClprpϕˆλq

pGq. It follows that fs#n# is soft w-θ-c.

4 Soft Hyperconnectedness and Soft Nearly Compactness

Theorem 4.1. If pZ, λ,N q is soft hyperconnected, then every soft function fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is
soft almost strongly θ-continuous.

Proof. Let ay P SP pY,Mq and letG P λ such that fsn payqrPG. Since pZ, λ,N q is soft hyperconnected, then
Clλ pGq “ 1N and Intλ pClλ pGqq “ 1N . TakeH “ 1M. Then ayrPH P ϕ and fsnpClϕ pHqqrĎIntλ pClλ pGqq.
Therefore, fsn is soft almost strongly θ-continuous.

Corollary 4.2. If pZ, λ,N q is soft hyperconnected, then every soft function fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is
soft θ-continuous.

Proof. We derive the proof from from Theorem 4.1 and Corollary 3.11 of [12].

Corollary 4.3. If pZ, λ,N q is soft hyperconnected, then every soft function fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is
soft δ-continuous.

Proof. We derive the proof from from Theorem 4.1 and Theorem 3.8 of [12].

Corollary 4.4. If pZ, λ,N q is soft hyperconnected, then every soft function fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is
soft w-θ-c.
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Proof. We derive the proof from from Theorems 2.4 and 4.1, and Theorem Corollary 4.2.

Theorem 4.5. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is soft w-θ-c surjection and pY, ϕ,Mq is soft hyperconnected,
then pZ, λ,N q is soft hyperconnected.

Proof. Let G P λ ´ t0N u. Since fsn is surjective, then we find ay P SP pY,Mq such that fsn payq P G.
Since fsn is soft w-θ-c, then we find H P ϕ such that ayrPH and fsnpIntϕ pClϕ pHqqqrĎClλ pGq. Since
pY, ϕ,Mq is soft hyperconnected, then Clϕ pHq “ 1M and Intϕ pClϕ pHqq “ 1M. Since fsn is surjective,
then fsnp1Mq “ 1N . Therefore, we have 1N rĎClλ pGq and hence Clλ pGq “ 1N . This shows that pZ, λ,N q

is soft hyperconnected.

Corollary 4.6. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is soft θ-c surjection and pY, ϕ,Mq is soft hyperconnected,
then pZ, λ,N q is soft hyperconnected.

Proof. We derive the proof from from Theorems 2.4 and 4.5.

Corollary 4.7. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is soft δ-c surjection and pY, ϕ,Mq is soft hyperconnected,
then pZ, λ,N q is soft hyperconnected.

Proof. We derive the proof from from Theorems 2.6 and 4.5.

Theorem 4.8. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is soft w-θ-c and K is soft nearly compact relative to
pY, ϕ,Mq, then fsn pKq is soft quasi H-closed relative to pZ, λ,N q.

Proof. Letψ Ď λ such that fsn pKq rĎrYV PψV . For each ayrPK, we find V payq P ψ such that fsn payqrPV payq.
Since fsn is soft w-θ-c, by Theorem 2.12, we findU payq P RO pϕq such that ayrPU payq and fsnpU payqqrĎClλ
pV payqq. Since K is soft nearly compact relative to pY, ϕ,Mq and K rĎrYayrPKU payq, then we find a finite
subset P Ď SP pY,Mq such that ayrPK for every ay P P and K rĎrYayPPU payq. Thus,

fsn pKq rĎ fsn
`

rYayPPU payq
˘

“ rYayPP fsn pU payqq

rĎ rYayPPClλ pV payqq .

It follows that fsn pKq is soft quasi H-closed relative to pZ, λ,N q.

Corollary 4.9. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is a soft w-θ-c surjection and pY, ϕ,Mq is soft nearly
compact, then pZ, λ,N q is soft quasi H-closed.

Corollary 4.10. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is a soft θ-c surjection and pY, ϕ,Mq is soft nearly compact,
then pZ, λ,N q is soft quasi H-closed.

Proof. We derive the proof from from Theorem 2.4 and Corollary 4.9.

Corollary 4.11. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is a soft δ-c surjection and pY, ϕ,Mq is soft nearly compact,
then pZ, λ,N q is soft quasi H-closed.

Proof. We derive the proof from from Theorem 2.6 and Corollary 4.9.

Lemma 4.12. If pY, ϕ,Mq is soft nearly compact and T P pϕδq
c

´ t1Mu, then T is soft nearly compact
relative to pY, ϕ,Mq.
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Proof. Let ψ Ď RO pϕq such that T rĎrYGPψG. Since T P pϕδq
c, then 1M ´ T P ϕδ , and so, we find Φ Ď

RO pϕq such that 1M´T “ rYHPΦH . Since pY, ϕ,Mq is soft nearly compact and 1M “ prYGPψGq rY prYHPΦ

Hq, then there exist finite sub-collections ψ1 Ď ψ and Φ1 Ď Φ such that 1M “ prYGPψ1
Gq rY prYHPΦ1

Hq, and
thus,

T “ pprYGPψ1
Gq rY prYHPΦ1

Hqq rXT
“ pprYGPψ1

Gq rXT q rY pprYHPΦ1
Hq rXT q

“ pprYGPψ1
Gq rXT q rY0M

“ prYGPψ1Gq rXT

Therefore, T rĎrYGPψ1
G and hence, T is soft nearly compact relative to pY, ϕ,Mq.

Theorem 4.13. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is soft w-θ-c such that pY, ϕ,Mq is soft nearly compact and
pZ, λ,N q is soft Hausdorff, then fsn pT q P pλδq

c for each T P pϕδq
c.

Proof. Let T P pϕδq
c. Since pY, ϕ,Mq is soft nearly compact, then by Lemma 4.12, T is soft nearly compact

relative to pY, ϕ,Mq. So, by Theorem 4.8, fsn pT q is soft quasi H-closed relative to pZ, λ,N q. We are
going to show that 1N ´ fsn pT q rĎ1N ´ δClλ pfsn pT qq. Let byrP1N ´ fsn pT q. Since pZ, λ,N q is soft
Hausdorff, then for each dzrPfsn pT q, there exist G pdzq , H pdzq P λ such that fsn pbyqrPG pdzq, dzrPH pdzq,
and G pdzq rXH pdzq “ 0N ; hence Intλ pClλ pG pdzqqq rXClλ pH pdzqq “ 0N . Since fsn pT q is soft quasi
H-closed relative to pZ, λ,N q and fsn pT q rĎrYdzrPfsnpT qH pdzq, then we find a finite subset P Ď SP pZ,N q

such that dzrPfsn pT q for every dz P P and fsn pT q rĎrYdzPPClλ pH pdzqq. Let K “ rXdzPPG pdzq. Then, we
have byrPK P ϕ and

Intλ pClλ pKqq rXfsn pT q rĎ Intλ pClλ pKqq rX prYdzPPClλ pH pdzqqq

“ rYayPP pIntλ pClλ pKqq rXClλ pH pdzqqq

rĎ rYayPP pIntλ pClλ pG pdzqqq rXClλ pH pdzqqq

“ 0N .

Therefore, byrP1N ´ δClλ pfsn pT qq.

Lemma 4.14. Let fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q be a soft function. Then Graphpfsnq P pppr pϕˆλqqδq
c iff

for each pb, dq
py,zq

rP1MˆN ´ Graphpfsnq, there exist U P RO pϕq and V P RO pλq such that byrPU , dzrPV ,
and fsn pUq rXV “ 0N .

Proof. Necessity. Suppose that Graphpfsnq P pppr pϕˆλqqδq
c. Let pb, dq

py,zq
rP1MˆN ´ Graphpfsnq.

Since Graphpfsnq P pppr pϕˆλqqδq
c, then pb, dq

py,zq
rP1MˆN ´ δClprpϕˆλq pGraphpfsnqq. So, we find G P

pr pϕˆλq such that pb, dq
py,zq

rPG and Intprpϕˆλq

`

Clprpϕˆλq pGq
˘

rXGraphpfsnq “ 0MˆN . Choose H P ϕ

and K P λ such that pb, dq
py,zq

rPH ˆ K rĎG. Let U “ Intϕ pClϕ pHqq and V “ Intλ pClλ pKqq. Then U P

RO pϕq and V P RO pλq such that byrPU , dzrPV , and fsn pUq rXV rĎfsn pIntϕ pClϕ pHqqq rXIntλ pClλ pKqq “

0N .

Sufficiency. We will show that 1MˆN ´ GraphpfsnqrĎ1MˆN ´ δClprpϕˆλq pGraphpfsnqq. Let pb, dq
py,zq

rP

1MˆN ´Graphpfsnq. Then by assumption, there exist U P RO pϕq and V P RO pλq such that byrPU , dzrPV ,
and fsn pUq rXV “ 0N . Then, we have pb, dq

py,zq
rPU ˆ V P pr pϕˆλq and

Intprpϕˆλq

`

Clprpϕˆλq pU ˆ V q
˘

rXGraphpfsnq “

pIntϕ pClϕ pUqq ˆ Intϕ pClϕ pV qqq rXGraphpfsnq “

pU ˆ V q rXGraphpfsnq “

0MˆN .

Therefore, pb, dq
py,zq

rP1MˆN ´ δClprpϕˆλq pGraphpfsnqq.

Theorem 4.15. If fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q is soft w-θ-c and pZ, λ,N q is soft Hausdorff, then
Graphpfsnq P pppr pϕˆλqqδq

c.
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Proof. We will show that 1MˆN ´GraphpfsnqrĎ1MˆN ´δClprpϕˆλq pGraphpfsnqq. Let pb, dq
py,zq

rP1MˆN ´

Graphpfsnq. Then fsn pbyq ‰ dz . Since pZ, λ,N q is soft Hausdorff, then there exist G,H P λ such
that fsn pbyqrPG, dzrPH , and GrXH “ 0N ; hence Clλ pGq rXIntλ pClλ pHqq “ 0N . Since fsn is soft w-
θ-c, then by Theorem 2.12, we find K P RO pϕq such that byrPK and fsnpKqrĎClλ pGq. Thus, we have
byrPK P RO pϕq, dzrPIntλ pClλ pHqq P RO pλq, and fsnpIntϕ pClϕ pKqqqrXIntλ pClλ pHqq “ 0N . There-
fore, by Lemma 4.14, Graphpfsnq P pppr pϕˆλqqδq

c.

Theorem 4.16. Let fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q be a soft function with Graphpfsnq P pppr pϕˆλqqδq
c.

Then

(a) If T is soft nearly compact relative to pZ, λ,N q, then f´1
sn pT q P pϕδq

c.

(b) If R is soft nearly compact relative to pY, ϕ,Mq, then fsn pRq P pλδq
c.

Proof. (a) We will show that 1M ´ f´1
sn pT q rĎ1M ´ δClϕ

`

f´1
sn pT q

˘

. Let ayrP1M ´ f´1
sn pT q. Then for each

dzrPT , pa, dq
py,zq

rP1MˆN ´ Graphpfsnq and by Lemma 4.14, there exist U pdzq P RO pϕq and V pdzq P

RO pλq such that ayrPU pdzq, dzrPV pdzq, and fsn pU pdzqq rXV pdzq “ 0N . Since T is soft nearly compact
relative to pZ, λ,N q and T rĎrYdzrPTV pdzq, then we find a finite subset P Ď SP pZ,N q such that dzrPfsn pT q

for every dz P P and fsn pT q rĎrYdzPPV pdzq. Let K “ rXdzPPU pdzq. Then, we have, ayrPK P RO pϕq and
K rXf´1

sn pT q “ 0M. It follows that ayrP1M ´ δClϕ
`

f´1
sn pT q

˘

.

(b) We will show that 1N ´ fsn pRq rĎ1N ´ δClϕ pfsn pRqq. Let bzrP1N ´ fsn pRq. Then for each ayrPR,
pa, bq

py,zq
rP1MˆN ´ Graphpfsnq and by Lemma 4.14, there exist U payq P RO pϕq and V payq P RO pλq

such that ayrPU payq, bzrPV payq, and fsn pU payqq rXV payq “ 0N . Since R is soft nearly compact relative to
pY, ϕ,Mq andRrĎrYayrPRU payq, then we find a finite subset P Ď SP pY,Mq such that ayrPR for every ay P P

and RrĎrYayPPU payq. Let H “ rXayPPV payq. Then, we have, bzrPH P RO pλq and H rXfsn pRq “ 0N . It
follows that bzrP1N ´ δClλ pfsn pRqq.

Theorem 4.17. Let fsn : pY, ϕ,Mq ÝÑ pZ, λ,N q be a soft function with pZ, λ,N q is soft nearly compact
and Graphpfsnq P pppr pϕˆλqqδq

c. Then fsn is soft δ-c.

Proof. Let T P RC pλq. Since pZ, λ,N q is soft nearly compact, then by Lemma 4.12, T is soft nearly compact
relative to pZ, λ,N q. Then by Theorem 4.16, f´1

sn pT q P pϕδq
c. Hence, fsn is soft δ-c.

Corollary 4.18. Let pZ, λ,N q be soft nearly compact Hausdorff. For a soft function fsn : pY, ϕ,Mq ÝÑ

pZ, λ,N q, the following are equivalent:

(a) fsn is soft w-θ-c.

(b) Graphpfsnq P pppr pϕˆλqqδq
c.

(c) fsn is soft δ-c.

Proof. (a) ÝÑ (b): Follows from Theorem 4.15.

(b) ÝÑ (c): Follows from Theorem 4.17.

(b) ÝÑ (c): Follows from Theorem 2.6.
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5 Conclusion

This paper has successfully introduced and explored the concept of soft weak θ-continuity in soft topological
spaces. This paper illuminates the relationships between this notion and other forms of continuity, such as
θ-continuity, soft weak continuity, and soft δ-continuity. A deeper understanding of soft weak θ-continuity of
communication came through giving characterizations of it and studying its connections to classical topology.
Furthermore, this research provided preservation theorems for soft hyperconnectedness and near compactness,
as well as soft restriction, product, and graph theorems for soft weak θ-continuity.

These results not only advance soft topology but also provide a platform for future studies in this field. This
research highlights the promise of the soft-weak θ-continuity as a tool for exploring the features of soft topo-
logical spaces. We encourage further investigation of this concept and its applications.

Future research might look into the following topics: (1) defining soft weakly δ-continuous functions; (2)
defining soft strongly δ-continuous functions; and (3) finding a use for these new concepts in a decision-
making problem.
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