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Abstract

In this paper, we introduce a new weak form of soft continuity called soft weak #-continuity in soft topo-
logical spaces and investigate the relationships between soft weak f-continuity and #-continuity (resp. soft
weak continuity and soft J-continuity). We obtain several characterizations of soft weak 6-continuity. Also,
we give sufficient conditions for the equivalence between soft weak f-continuity and soft §-continuity (resp.
soft -continuity). Moreover, we investigate the link between soft weak @-continuity and weak #-continuity
in classical topology. Furthermore, via soft weak #-continuity, we obtain preservation theorems of soft hy-
perconnectedness and soft near compactness. Finally, we obtain soft restriction, soft product, and soft graph
theorems of soft weak #-continuity.

Keywords: Soft §-continuous functions; Soft weakly-continuous functions; Soft hypreconnected spaces; Soft
nearly compact spaces

1 Introduction and Preliminaries

Traditional mathematics theories struggle to solve complex problems that involve uncertain information in var-
ious fields like engineering, the environment, economics, medicine, and social science. Theories of probability,
fuzzy sets, rough sets, intuitionistic fuzzy sets, and vague sets are ways to handle uncertain situations using
math. Molodtsov [1] explained that each of these theories has its challenges. These problems mostly arise
from the limitations of the tools used to define the theories. To handle uncertainties and challenges, Molodtsov
created the idea of soft sets. A number of researchers have introduced soft sets theory (references [2, 3]). The
authors [1, 4] used soft sets in many areas, such as Riemann integration, Perron integration, function smooth-
ness, operations research, game theory, probability, and measurement theory. Authors [5] used soft sets in
decision-making problems. In [6], Shabir and Naz presented a theory of soft topological spaces defined over
an initial universe with a predetermined set of parameters. Their work focused on theoretical explorations of
these spaces. Then several subclasses of soft topological spaces were introduced. Majumdar and Samanta [7]
explored how soft sets can be employed to enhance the process of medical diagnosis. Kharal and Ahmed [8]
presented and examined the concept of soft mapping, and [9] proposed soft continuity for soft mappings. The
literature reviews listed contain a large number of publications that are dedicated to the study of soft continuity
and its characterizations.

The authors of [10] proposed soft f-continuity. The authors in [11] presented soft weak continuity, a weaker

type of soft f-continuity. In [12], the authors defined soft strong #-continuity and soft almost strong 6-
continuity as two strong forms of soft #-continuity. The purpose of this paper is to introduce and investigate
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a new class of soft functions called soft weakly f-continuous functions. This class is contained in the class of
soft weakly continuous functions and contains the class of soft #-continuous functions.

The rest of the paper is organized as follows:

In the rest of this section, we provide some definitions that are required to understand this work.

In Section 2, we give several characterizations of weakly #-continuous functions and the basic properties
of such functions, respectively. Moreover, we investigate the relations between soft weak #-continuity and
f-continuity (resp. soft weak continuity and soft J-continuity).

In Section 3, we give soft restriction, soft product, and soft graph theorems of soft weak §-continuity.

In Section 4, we give some preservation theorems of soft hyperconnectedness and soft near compactness.

To be explicit, we shall refer to concepts and phrases from [13] throughout this paper. Topological space and
soft topological space are represented by the abbreviations TS and STS, respectively.

The following definitions will be used in the sequel:

Definition 1.1. A function g : (Y, S) — (Z,R) is called

(a) [14] O-continuous (#-c) if for every y € Y and every B € X such that g (y) € B, we find A € S such that
y € Aand g(Clg (A))SClx (B).

(b) [15] weakly continuous if for every y € Y and every B € X such that g (y) € B, we find A € S such that
y € Aand g(A)SCly (B).

(c) [16] weakly f-continuous (w-6-c) if for every y € Y and every B € N such that g (y) € B, we find A € &
such that y € A and

g(Ints (Cls (A)))EClx (B) .

Definition 1.2. A soft function f, : (Y, ¢, M) — (Z, A\, N) is called

(a) [11] soft weakly continuous if for every a,, € SP (Y, M) and every G € A such that fs, (a,) €G, we find
H € ¢ such that a,€H and fs, (H) SCl, (G).

(b) [10] soft A-continuous (soft §-c) if for every a,, € SP (Y, M) and every G € X such that f,, (a,) EG, we
find H € ¢ such that a,€H and fs, (Cly, (H)) SCIly (G).

(c) [17] soft d-continuous (soft d-¢) if for every a, € SP (Y, M) and every G € A such that fs, (a,) EG, we
find H € ¢ such that a,€H and fs, (Int, (Cly (H))) SInty (Cly (G)).

(d) [12] soft almost strongly #-continuous if for every a, € SP (Y, M) and every G € A such that fs, (a,) €G,
we find H € ¢ such that a,&€H and fs, (Cly, (H)) SInty (Cly (G)).

(e) [18] soft almost-open if fs, (Inty (Cly (H))) € A for every H € ¢.

Definition 1.3. A STS (Y, ¢, M) is called

(a) [19] soft Hausdorff if for each a,, b, € SP (Y, M) such that a,, # b, we find U,V € ¢ such that a, €U,
b,€V,and URV = 0pq.

(a) [20] soft hyperconnected if any U € ¢ — {04} is soft dense in (Y, ¢, M).
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(b) [21] soft extremally disconnected if for any U € ¢, Cly (U) € ¢.

Definition 1.4. [22] Let (Y, ¢, M) be a STS and let H € SS (Y, M). Then

(a) H is a soft regular-open set in (Y, ¢, M) if H = Inty (Clg (H)). The collection of all soft regular open
sets in (Y, ¢, M) is denoted by RO ().

(b) H is a soft regular-closed set in (Y, ¢, M) if 1oy — H € RO (¢). The collection of all soft regular closed
sets in (Y, ¢, M) is denoted by RC ().

Definition 1.5. [10, 23] Let (Y, ¢, M) be a STS and let H € SS (Y, M).

(a) The soft f-closure (resp. d-closure) of H in (Y, ¢, M) is denoted by 6Cl,, (H) (resp. 6Cl, (H)), where

ay€0C1y (H) (resp. ay€0C1y4 (H)) iff for each K € ¢ such that a, €K, HACly (K) # Opq (resp. HAIntg
(Cli (K)) # O30,

(b) H is soft f-closed (resp. soft §-closed) in (Y, ¢, M) if H = 0Cl, (H) (resp. H = 6Cl, (H)).

(c) H is soft #-open (resp. soft d-open) in (Y, ¢, M) if 1o — H is soft f-closed (resp. soft J-closed) in
(Y, 9, M).

(d) The collection of all soft 8-open (resp. soft §-open) sets in (Y, ¢, M) is denoted by ¢y (resp. ¢s).

Definition 1.6. [24] Let (Y, ¢, M) be a STS and let K € SS (Y, M). Then

(a) K is soft nearly compact relative to (Y, ¢, M) if for any ¥ < RO (¢) such that KO ey H, we find a
finite sub-collection ¥; < ¥ such that KSJ Hew, H.

(b) (Y, ¢, M) is soft nearly compact if 14 is soft nearly compact relative to (Y, ¢, M).

Definition 1.7. [25] Let (Y, ¢, M) be a STS and let K € S'S (Y, M). Then

(a) K is soft quasi H-closed relative to (Y, ¢, M) if for any ¥ < ¢ such that KE U geg H, we find a finite
sub-collection ¥y € W such that KEJ yew, Cly (H).

(b) (Y, ¢, M) is soft quasi H-closed if 14 is soft quasi H-closed relative to (Y, ¢, M).

For a soft function f, : SP (Y, M) — SP (Z,N), the soft set

v {(a7 n(a))(y.s(y)) i @ € Mandy € Y} is represented by Graph ( fs,) and is called the soft graph of fs,,.
So, (a,b), ., EGraph (fs,) iff fsn(ay) = b2 iff s(y) = zand n (a) = .
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2 Characterizations

Definition 2.1. A soft function f, : (Y, ¢, M) — (Z, \, N) is called soft weakly #-continuous (soft w-6-c,
for short) if a, € SP (Y, M) and each G € X such that f, (ay) €G, we find H € ¢ such that a,€H and
fen(Inty (Cly (H)))=Clx (G).

Theorem 2.2. Let {(Y, ¢,) : a € M} and {(Z, \) : b€ N} be two collections of TSs. Lets : Y — Z and
n : M —> N be functions where n is bijective. Then fs,, : (Y, ®aemPa, M) — (Z, Dver Ao, N) is soft
w-0-ciff s : (Y, o) — (Z, )\n(a)) is w-0-c for all a € M.

Proof. Necessity. Let fo, : (Y, ®aem Pa, M) —> (Z, Dven Mo, N) be soft w-0-c. Leta € M. Lety € Y and
let V' € Ay (q) such that s (y) € Ay (q)- Then we have fy, (ay) = (n(a)),(,) € (n(a))y € @renAo. Thus, we
find H € @uemq such that a,€H and fo,(Intae, o, (Cla,mon (H)))ECla, pn, ((n(a))y,) and hence
(fan(Unt@,cpmon (Clgaerpss (H)))) (n(a)) S (Clgyerr, (0 (a))y) (1 (a)). Since n is bijective, then

(fsn(Inl@,c pgo (Clowemo. (H)))) (n(a)) = s ((Inty, (Cly, (H))) (a)).

We have (Intg, (Cly, (H)))(a) = Inty, (Clg, (H (a))) and (Clg,cxn, ((n(a))y)) (n(a)) = Cly
((n(a))y ((n(a)))) = Cly,,, (V). Therefore, we have y € H (a) € ¢, and

s (Intg, (Cly, (H (a)))) = s((Untg,cusn (Clowms. (H)))(a))
(fsn (Int®a€/\/l¢u. (Cl®aeM¢a (H)))) (n (a)>
(Clgyenr, ((n(a))y)) (n(a))
Clx,oy (V).

—~~

Fne

It follows that s : (Y, ¢a) —> (Z, Ay(a)) is w-0-c.

Sufficiency. Let s : (Y, ¢q) — (Z, An(a)) be w-6-c forall a € M. Let a, € SP (Y, M) and let G € @pen s
such that fs (ay) = (n(a))y,)EG. Then, we have s(y) € G(n(a)) € Ay(q). Since s : (Y, ¢q) —

(Z, An(ay) is w-0-c, then we find U € ¢, such that y € U and s(Intg, (Cly, (U))) < Cly,,, (G (n(a))).

Therefore, we have ayr € @aemda such that ay€ay and fon (Inte, . bn (Cloucms. (a0)))SClg,r, (G)-
This shows that f,, is soft w-6-c.

Corollary 2.3. Let s : (Y,3) — (Z,R) and n : M — N be two functions where n is bijective. Then
5: (Y, Q) — (Z,N) is w-0-ciff fs,, : (Y, 7(]), M) — (Z,7(R),N) is soft w-6-c.

Proof. Foreverya € M andbe N, let ¢, = S and A, = N. Then 7 () = DaemAq and 7 (R) = Dpenr A
By Theorem 2.2, we get the result.

Theorem 2.4. Soft §-c functions are soft w-6-c.

Proof. Let fy, : (Y., M) — (Z,\,N) be soft -c. Let a, € SP(Y, M) and let G € A such that
fsn (ay) EG. Then, by f-continuity of fs,, we find H € ¢ such that a,€H and f5,(Cl, (H))SCly (G);

hence,

fsn(Inty (Cly (H)))E fsn(Cly (H))SCly (G) . Therefore, fs, is soft w-f-c.

Theorem 2.5. Soft w-6-c functions are soft weakly continuous.
Proof. Let fs, : (Y,p, M) — (Z,\,N) be soft w-0-c. Let a, € SP (Y, M) and let G € X such that

fsn (ay) €G. Then, by soft weak #-continuity of f,,, we find H € ¢ such that a,€H and f, (Inty (Cly (H)))
CCly (G); hence, fsn(H)S fsn(Inty (Cly (H)))SCly (G). Therefore, fs,, is soft weakly continuous.
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Theorem 2.6. Soft 6-c functions are soft w-0-c.

Proof. Let fy, : (Y,¢, M) — (Z,\,N) be soft -c. Leta, € SP(Y, M) and let G € X such that
fsn (ay) EG. Then, by d-continuity of fs,,, we find H € ¢ such that a,€H and fs,(Inty (Cly (H)))SInty
(Cly (@) ECly (GQ). Therefore, f, is soft w-0-c.

The implications of Theorems 2.4, 2.5, and 2.6 are generally irreversible, as demonstrated by the following
three examples:

Example 2.7. We utilize Example 3.3 of [16]. Let Y = R? U {j}, where j ¢ R2. Let R be the usual topology
on R2. Let

® = {Hm(}RQ—{(O,O)}Z:He%} )
{{(,2)  y? +22 < L5, 2> 0} U{(0,0)} :meN} U

4! z<0}u{j} :meN}.

m2°

{(y,z) P+ 22 <

Let < be the topology on Y generated by @ as a base. Let Z = {a,b,c} and X = {F, Z, {a},{c},{a,c}}.
Consider the functions s : Y — Z and n : Q — Q defined as follows:

a if 220
s(y,z) =< b if z2<0 andn(a)=aforallacQ.

c if (y,2)=3j
It is proved in Example 3.3 of [16] that s : (V,¥) — (Z,N) is w-6-c but not #-c. Therefore, fs, :
(Y, 7(9),Q) — (Z,7 (N), Q) is soft w-6-c but not soft H-c.

Example 2.8. Let Y = {a,b,¢,d}, M =R, and
S ={,Y,{b},{c},{b,c},{a,b},{a,b,c},{b,c,d}}.
Defines: Y — Y andn: M — M as follows: s(a) = ¢, s(b) =d,s(c) =b,s(d) =a,andn(a) =a

for all @ € M. Then as proved in Example 3.2 of [16], s : (V,J) — (Y, ) is weakly continuous but not
w-6-c. Therefore, fo, : (Y, 7(3), M) — (Y, 7 (R), M) is soft weakly continuous but not soft w-6-c.

Example 2.9. Let Y = {a,b,c}, S = {J,Y,{a},{c},{a,c},{a,b}}, X = {F,Y,{a},{c},{a,c}}, and
M = R. Consider the identity functions s : ¥ — Y and n : M — M. Then fq, : (Y, 7 (), M) —
(Y, 7 (R), M) is soft w-6-c but not soft J-c.

Theorem 2.10. If f,, : (Y, ¢, M) —> (Z, A\, N) is soft w-6-c and (Y, ¢, M) is soft extremally disconnected,
then f,, is soft f-c.

Proof. Let a, € SP (Y, M) and let G € A such that f, (a,) €G. Since fsy, is soft w-6-c, we find H € ¢ such

~

that a,€H and f, (Int, (Cly (H)))<S
Cly (G). Since (Y, ¢, M) is soft extremally disconnected, then Cly (H) € ¢, and so, Intg (Cly (H)) =
Clg (H). Therefore, fs,(Clg (H))SCly (G). Hence, fsy, is soft f-c.

Theorem 2.11. If f, : (Y, $, M) — (Z, \, N) is soft w-6-c and soft almost-open, then fs,, is soft d-c.

Proof. Let a, € SP (Y, M) and let G € X such that f,, (a,)€G. Since fs, is soft w-0-c, then we find H € ¢
such that a,€H and fs,,(Int, (Cly (H)))S

Cly (G). Since fsy, is soft almost-open, then fs, (Int, (Cly (H))) € A; hence,
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fsn(Inty (Cly (H)))SInty (Cly (G)). Therefore, fs,, is soft 6-c.

Theorem 2.12. For a soft function f, : (Y, ¢, M) — (Z, X\, N), the following are equivalent:
(a) fsn is soft w-0-c.

(b) For each a,, € SP (Y, M) and each G € X such that f, (a,) €G, we find K € RO (¢) such that a,€K
and fs, (K)SCly (G).

(c) For each a, € SP (Y, M) and each G € A such that f, (a,) €G, we find K € ¢s such that a,€K and
fsn(K)SCy (G).

Proof. (a) —> (b): Let a, € SP (Y, M) and let G € X such that fs, (a,) €G. Then by (a), we find H € ¢
such that a,€H and

Jsn(Inty (Cly (H)))ECl (G). Let K = Inty (Cly (H)). Then K € RO (¢) such that a,€K and f,(K)S
Cly (G).

(b) — (c): Leta, € SP (Y, M) and let G € A such that f,, (a,) EG. Then by (b), we find K € RO (¢) < ¢5
such that a,€K and fs,(K)SCl, (G).

(¢) — (a): Let ay € SP (Y, M) and let G € X such that fs, (ay) €G. Then by (c), we find K € ¢
that a,€K and fs,(K)SCly (G). Since a,€K € ¢s, we find H € ¢ such that a,€HSInt, (Cly (H)
hence, fsn(Inty (Cly (H)))EC (G). It follows that fs, is soft w-0-c.

s SucC
)i

Theorem 2.13. For a soft function fs,, : (Y, ¢, M) — (Z, A, N), the following are equivalent:

(@) fsn is soft w-6-c.

(1) fsn(6Cly (A)SOCI (fsn(A)) for each A € SS (Y, M).

(©) 6Cly ([ (B)) S f5,1(0C1N (B)) for each B € SS(Z,N).

() 5.1 (0Intx(B)) SéInty (f5! (B)) for each B € SS(Z,N).

(e) 6Cly (f5,(G)) SfH(CL (G)) for each G € A.

() [ (G)E6Inty (f,1(Cly (G))) foreach G € A.

(2) Cly (f (IntA(T))) Sf1(T) for each T € A°.

Proof. (a) — (b): Let A € SS (Y, M). Suppose to the contrary that we find b.€ f,, (6Cl, (A)) — 6C1
(fsn(A)). Choose a,e0Cl4 (A) such fgy, (a,) = b.. Since b.¢0C1 (fon(A)), then there is G € A such
that b.€G and Cly (G) Afsn(A) = On. Since fs, (ay) € G € A, then by Theorem 2.12 (b), there is
K = Intys(Cly (K)) € RO (¢) such that a,€K and f,(K)SCly (G). Since Cly (G) A fsn(A) = Op
and fy,(K)SCly (Q), then fu,(K)Nfsn(A) = Op. Since fon(KAA)S fon(K)Nfsn(A) = O, then
fsn(KKAA) = Op and hence KA = 0,4. Therefore, we have a,€K € ¢ and Inty (Cly (K)) NA = Opq;
hence ay%50l¢ (A), which is a contradiction.

(b) — (¢): Let B€ SS(Z,N'). Then by (b), we have

fsn(0C1y (151 (B))SOCL (fon(f5! (B))) SOCIN(B),

and so,
5Clg (f5! (B)Sfon (fn(6Cly (£, (B)))) Ef:. (0CI (B)).
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(c) — (d): Let Be SS(Z,N). Then by (c),

fon (0IntA(B)) (
Lyt = fo, (0CU (
]-M — 5Cl¢ (f;nl(

o (B)

e

(d) — (e): Let G € \. Then 6C1, (G) = Cly (G) and by (d),

5Cly (f71(G)) Ly = 0lnts (Lag — £1,(G))

1M75[nt¢( (1/\/ G)

N

]-M fsn (9Int>\(1N G)
fal (i —0Int\(1y — @)
f (0CI\ (G))

[ (O (G)).

(e) — (f): Let G € A\. Then 15r — Cl\(G) € A and by (e),
6Cly (fo (I — CIN(G))) SfH(CL (1 — CLA(G))). Now, we have

5Cly (fol (I — CIA(G))) 5Cly (L — fir) <CzA<G)>>)

Ly SInty (1 (CLA(G))
and

[ (Cly (Ly — CI\(G))) fai-(Ly — Inty (CI(G)))
Iy — fo (Inty (CIA(G)))

Ly — f5HG).

Nt

Therefore, we obtain f5,1(G)EdInt s (f51(Cly (Q))).

(f) — (2): Let T € A°. Then 15r — T € X and by (f),

fa (L = T)EInty (f,1(Clx (1x = T))). Now, we have
v =T) = 1m— f31(T)

and

5[7’Lt¢ (]-M f (ITLt)\ (T))))
T

Therefore, we obtain 1 — £} (T) E1pm — 0C1s (f5,- (Intx (T))). Hence,

8C1g (fo (IntA(T))) Ef5H(D).

(2) —> (H): Let G € A. Then 1y — G € A° and by (g),
Cly (fo! (IntA(ly — Q) Ef5 (A — G).

Now, we have

8Cly (fo(Inta(1y — G))) 5Cly (£ (A — CILA(G)))

6Cls (Im = £ (CLA(G)))
1/\/( — 5]nt¢ (f (Clx(G)))

and
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[ v =G) = 1u—f5(G).
Therefore, we obtain 1 — dInty (f5,1(CIA(G))) E1am — f5.! (G). Hence,
FGH(G)EdInty (£5H(CIN(G))).

() — (a): Leta, € SP(Y, M) and let G € ¢ such that fs, (a,)EG. Then by (f), f;,}(G)SdInt,
([ (Clx (G))). Since a,&fH(G)EdInty (f5:.H(Clx (G))), then we find H € RO () such that a,HSS

Inty (£, (CIA(G))) Ef5H(CIA (G)); hence, fun(Inty (Cly (H))) = fsn(H)E fon (£ (Cly (G))) <
Cly (G). This shows that fs, is soft w-0-c.

Theorem 2.14. If f, : (Y, $, M) — (Z, X\, N) is soft w-0-c. then

@) f5,1(T) € (¢s5) foreach T € (¢g)“.

) 3 1(G) € ¢s for each G € ¢y.

Proof. (a) Let T € (¢¢)°. Then 6C1, (T') = T and by Theorem 2.13 (c), 6Cly (5,1 (T)) S 5,1 (0CL\ (T)) =
fon (T). Hence, f3,1(T)) € (¢5)°.

(b) Let G € ¢g. Then 1y —G € (¢h9)° and by (a), f5,' (I —G) = 1y — f5,1(G) € (¢5)°. Thus, f;1(G) € ¢s.
The opposite of Theorem 2.14 is not true in general, as demonstrated by the example below.

Example 2.15. Let Y = {a,b,c}, S = {D,Y, {a}, {b},{a,b}}, X = {F,Y, {a},{a},{a,c}},and M = R.
Lets:Y — Y and n : M — M be the identity functions. Then f, : (Y, 7 (), M) — (Y, 7 (X), M)
satisfies (a) of Theorem 2.14 but it is not soft w-6-c.

3 Soft Restriction, Product, and Graph

The following two lemmas will be used in the next main result:

Lemma 3.1. Let (Y, ¢, M) be a STS and let X < Y such that C'x is soft dense in (Y, ¢, M). Then for any
KeSS (X7M), I?’Lt¢X (Cl¢X (K)) = I?’Lt¢ (Cl¢ (K)) F\CX

Proof. Let Cx be soft dense in (Y,$, M) and let K € SS (X, M). To see that Inty, (Cls, (K))S
Inty (Cly (K)) ACx, let ay€lnty, (Cly, (K)). Since Inty, (Cly, (K)) € ¢x, then we find H € ¢
such that Inty, (Cly, (K)) = HACY. Thus, we have a,€HNCxSCly, (K) = Cly (K) ACx.

Claim. HECly (K).

Proof of Claim. Suppose to the contrary that HA (1pg — Cly (K)) # Opq. Since Cx is soft dense in
(Y, ¢, M), then HA (1p — Cly (K)) ACx # Opq. Pick b.€HA (1 — Cly (K)) ACx. Then, we have
bzglM — Cl¢ (K) and bng(’y\CX = Int¢x (CZ¢X (K)) éCl(z,X (K) = Cl¢ (K) HCX§CZ¢ (K), which is

a contradiction.

Therefore, by the above Claim, we must have a,E HSCl, (K), and hence, a,&Ints (Cly (K)). Therefore,
ayélnt¢ (Cl¢ (K)) F\CX
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To see that I?’Lt¢ (CZ¢ (K)) F\CXQI’I’L%X (Cl¢x (K)), let ayélnt¢ (Cl¢ (K)) ACx. Since ayélntqs
(Cly (K)) € ¢, then there is H € ¢ such that a,eHSCl,(K), and so, a,EHACxECly(K)ACx =
Cly, (K). Since HACx € px, then a,€Inty, (Cly, (K)).

Lemma 3.2. Let (Y, ¢, M) be a STS and let X < Y such that C'x is soft dense in (Y, ¢, M). Then
() If G € RO (¢), then GACx € RO (¢x).

(b) If H € RO (¢x), then there is G € RO (¢) such that H = GAC.

Proof. (a) Since G € RO (¢) S ¢, then GACx € ¢x. Since GFwaiClqu (GACx) and GACx € ¢x,
then

GACx<lIntg, (Clsy (GACK)).
By Lemma 3.1,

Inty, (Clyy (GACx)) = Inty (Cly (GARCK)) ACx.
Thus, we have

GKN\CX Int¢x (CZ¢X (G?\Cx))

Inty (Cly (GARCx)) ACx
Inty (Cly (G)) ACx
GACx.

1N 1 1ne

Hence, Inty, (Cly, (GACx)) = GACx. It follows that GARCx € RO (¢x).

(b) Since H € RO (¢x), then H = Ints, (Cly, (H)) and by Lemma 3.1, Inty, (Cly, (H)) =
I’Ilt¢ (Cl¢ (H)) ACx.LetG = Int¢ (Cl¢ (H)) Then G € RO ((b) and H = GACx.

Theorem 3.3. If fy, : (Y,9, M) — (Z,\,N) is soft w-0-c and X < Y such that Cx is soft dense in
(Y, ¢, M), then (fsn) o * (X, ¢x, M) —> (Z, A, N) is soft w-0-c.

Proof. Let a, € SP (X, M) < SP (Y, M) and let G € X such that fg, (a;)EG. Then, by Theorem 2.8
(b), we find K € RO (¢) such that a,€K and f.,(K)SCly (G). By Lemma 3.2 (a), KACx € RO (¢x).

Moreover, (fsn) oy (KACx) = fon (KACx) E fo(K)ECIy (G). Thus, by Theorem 2.12 (b), (fsn) ¢, i
soft w-0-c.

The following lemma will be used in the next main result:
Lemma 3.4. Let (Y, ¢, M) be a STS and let X < Y such that Cx € ¢ — {Op}. If G € RO (¢), then

GACx € RO (¢X)

Proof. Let Cx € ¢ — {Or} and let G € RO (¢). Since C'x € ¢, then

Int¢x (CZ¢X (GFN\Cx)) Int¢ (Clqu (GFN\Cx)) (NWOX
Int¢ (Cl¢ (GF\CX) F\Cx) F\CX
Int¢ (Cl¢ (G)) HCX

GACx.

IHine

Since G € RO(¢) S ¢, then GACx € ¢x. Since GRCxSCly, (GARCx) and GACx € ¢x, then
GACxClInty, (Clyy (GRCx)). This shows that Inty, (Cly, (GRCx)) = GACx. Hence, GACx €
RO (¢x).
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Theorem 3.5. If f,, : (Y, 6, M) — (Z,\,N) is soft w-6-c and X < Y such that Cx € ¢ — {Orq}, then
(fsn)iox + (Vs dx, M) —> (Z, A\, N) is soft w-0-c.

Proof. Let a, € SP (X, M) < SP (Y, M) and let G € X such that f, (a,) €G. Then, by Theorem 2.12 (b),
we find K € RO (¢) such that a,€K and fs,,(K)SCl, (G). By Lemma 3.4, KACx € RO (¢x ). Moreover,
(fsn)jox (KACK) = fon (KACx) S fon(K)ECI (G). Thus, by Theorem 2.12 (b), (fsn) (¢ 1s soft w-6-c.

Theorem 3.6. Let f,,,, : (Y, 0, M) — (Z,\,N) and fq,pn, : (W, pu, L) —> (T, o, F) be two soft functions.
Lets* : Y xW — ZxT andn* : M x L — N x F be the functions defined by s*(y, w) = (s1(y), s2(w))

and n*(a,b) = (n1(a),na(b)). Then fox,x : (Y x Wpr (pxp) , M x L) — (Z x T,pr Axco) N x F)
is soft w-0-c iff fs,,, and fs,,, are soft w-6-c.

Proof. Necessity. Let fgu,» be soft w-0-c. Leta, € SP (Y, M) and b,, € SP(W,L). LetT e Aand Re o
such that f,,, (ay) €T and fs,n, (b,) ER. Then we have [y, ((a b)

)%T xR € pr(Axo). Since
[fswox is soft w-0-c, then we find O € pr (¢ x 1) such that (a, b)

(y,w)

€0 and

(y,w)
fs*n* (Intpr(¢xu) (Clpr(qﬁxu) (O)))§Clpr(>\><a') (T X R) = Cl)\ (T) X Clg (R)

Choose U € ¢ and V' € y such that (a, b) €U x VCO. Thus,

(y,w)
fsiny (Inty(Cly (U))) X foyn, (Inty (CLy (V7))
Fstnx (Inty(Cly (U)) x Int,(Cl, (V))

fsrns (Intpr(gx p) (CZPT(¢X# (U x V))

Jornx (Intpr(pxp) (C’lp,, ($x 1) O))

Ne 1Ne 1l

)
)
)
)
Clpr(xxo) (T x R)
Cly (T) x Cl, (R).

Therefore, we have a, €U € ¢, b€V € 0, fs,n, (Ints(Cly (U))) ECIN (T), and fsyn, (Int, (Cl, (V)))
CCl, (R). This shows that f,,,,, and fs,,, are soft w-f-c.

Sufficiency. Let fs, 5, and fs,,, be soft w-0-c. Let (a,b), ) € SP (Y x W, M x L) and let G € pr (Axo)

such that fo,* ((a, b)(y’w)) €G. Choose T' € A\ and R € o such that fox,x ((a,b)(y’z))

(n1 (a), n2~(b))(sl(y)}sz(z)) €T x REG. Then, we have (n, (@))s, () = fsini (ay) ET € Xand (nz (b)), () =
fson, (bw) ER € o. Since fq,n, and fs,,, are soft w-6-c, then there exist U € ¢ and V' € p such that

ay €U, b€V, fsin, (Inty(Cly (U))) SCIU (T), and fsyn, (Int,, (Cl, (V))) ECl, (R). Therefore, we have
(@,0) (y,0) EU x V € pr(¢xp) and

Forns (Intpr (g (Clpr(oxpy (U x V)
faxnx (Inty(Cly (U)) x Int,,(Cl, (V)))
)

)

Ne |l

Fsina (Intg(Cly (U))) X fozn, (It (CL, (V
Cly (T) x Cl, (R) =
Clpr()\xa) (T X R) g

Clyr(axo) (G).

It follows that fgx,,« is soft w-0-c.

Let X and Y be two non-empty sets. The projection functions h : X xY — Xandg: X xY — Y
defined by h (z,y) = x and g (z,y) = y for all (z,y) € X x Y will be denoted by 7x and 7y, respectively.

Theorem 3.7. Let (Y, ¢, M), (Z,\,N), and (W, u, L) be three STSs. If f,, : (Y, o, M) — (Z x W,
pr (>‘ X H) aN X ‘C) is soft w-6-c iff f(‘ITZo.S)(ﬂ'/\/’O’rL) : (K (ba M) - (27 )\,N) and f(ﬂ'wOS)(TrLOn) : (K o, M)
— (W, u, L) are soft w-6-c.
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Proof. Necessity. Let f, be soft w-6-c. Let a, € SP (Y, M), T € A\, and R € p such that f(r, o5)(rron) (@y)
€T and f(r,, 08)(r on) (ay) ER. Then fy, (ay) € T x R e pr (X x p). So, there is H € ¢ such that a,€H and
fsn(lnt¢ (Cl¢ (H)))QCZPT()\X#) (T X R) = CZ)\ (T) X Clﬂ (R) Thus,

f(,rzos)(ﬂNOn) (Int¢ (Cl¢, (H)))éClk (T) and f(WWOS)(TrLO’n) (Int¢, (Cl¢ (H)))iOlu (R) It follows that
.f(ﬂ'zOS)(TFNO’I’L) and f(ﬂ'wOS)(TrLOn) are soft w-6-c.

Sufficiency. Let f(r os)(mxon) @0 f(ry08)(r 0n) DE soft w-0-c. Let a, € SP (Y, M) and let G € pr (Axo)
such that f5,, (a,) EG. Choose T € A and R € i such that fs, (a,) €T x REG. Then, we have Frz08)(maron)
(ay) €T and f(ry, 08)(xzon) (Gy) ER. SiNCe f(r,08)(rrron) ANA f(ryy o5)(ron) are soft w-0-c, there exist U,V €
¢ such that ayéUﬁV, f(ﬂ.Zos)(TrNon) (I?’Lt¢(0l¢ (U))) gCl)\ (T), and f(ﬁwos)(.,rﬂon) (I’I’Lt¢(Cl¢ (V))) iCZM
(R). Thus, we have a, €UAV € ¢, and fsn, (Inty(Cly (UAV)) ECIy (T) x Cly, (R) = Clyrxxp (T x R) S
Clyr(rxxp) (G). Tt follows that f,, is soft w-0-c.

For every function p : X — Y, the function h : X — X x Y defined by h(z) = (z, h (z)) is represented
by p#.

Theorem 3.8. Let f, : (Y,0,M) — (Z,\,N) be a soft function. Then fyx,% : (Y,p, M) —
(Y x Z,pr (¢ x ), M x N) is soft w-6-c iff fs, is soft w-6-c.

Proof. Necessity. Let fo#,# be soft w-0-c. Then, by Theorem 3.7, for, = f(r,05#)(rpon#) : (Y, 0, M) —>
(Z,\, ) is soft w-6-c.

Sufficiency. Let fs, be soft w-6-c. Let a, € SP (Y, M) and let G € pr (Axo) such that f.x,# (a,)€EG.
Choose T' € Aand R € psuch that fos,# (ay) = (a,n(a)), () €T ¥ REG. Since (n (@) (y) ER € A, then
(R

we find H € RO (¢) such that a,€H and f,(H )CCZ)\ ). Let K = HAInty(Cly (T)). Then a €K €
RO <¢) and fs#n# (K) ilnt¢(Cl¢ (T)) X Cl ( CCl¢ (T) X Clu (R) = Clpr(gi)x)\) (T X R) gClpr(qu)\)
(G). It follows that fy4,# is soft w-0-c.

4 Soft Hyperconnectedness and Soft Nearly Compactness

Theorem 4.1. If (Z, A\, V) is soft hyperconnected, then every soft function fg, : (Y, ¢, M) — (Z,\,N) is
soft almost strongly 8-continuous.

Proof. Let a, € SP (Y, M) and let G € A such that f, (a,) €G. Since (Z, A\, V) is soft hyperconnected, then

Cly (G) = 1y and Inty (Cly (G)) = 1n. Take H = 1. Then ay€H € ¢ and f5,,(Cly (H))SInty (Cly (G)).
Therefore, fs, is soft almost strongly #-continuous.

Corollary 4.2. If (Z, \, \V) is soft hyperconnected, then every soft function fs, : (Y, ¢, M) — (Z,\,N) is
soft #-continuous.

Proof. We derive the proof from from Theorem 4.1 and Corollary 3.11 of [12].

Corollary 4.3. If (Z, A\, V) is soft hyperconnected, then every soft function fs,, : (Y, ¢, M) — (Z,\,N) is
soft §-continuous.

Proof. We derive the proof from from Theorem 4.1 and Theorem 3.8 of [12].

Corollary 4.4. If (Z, A\, /) is soft hyperconnected, then every soft function fs, : (Y, ¢, M) — (Z,\,N) is
soft w-0-c.
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Proof. We derive the proof from from Theorems 2.4 and 4.1, and Theorem Corollary 4.2.

Theorem 4.5. If f,,, : (Y, d, M) — (Z, A\, N) is soft w-6-c surjection and (Y, ¢, M) is soft hyperconnected,
then (Z, A\, V) is soft hyperconnected.

Proof. Let G € A — {Ox}. Since fs, is surjective, then we find a, € SP (Y, M) such that f, (a,) € G.
Since fs, is soft w-0-c, then we find H € ¢ such that a,€H and f,,(Int, (Cls (H)))SCly (G). Since
(Y, ¢, M) is soft hyperconnected, then Cly (H) = 14 and Int, (Clg (H)) = 1aq. Since f, is surjective,
then fs,(1a1) = 1. Therefore, we have 15 SC1, (G) and hence Cly (G) = 1,r. This shows that (Z, A, )
is soft hyperconnected.

Corollary 4.6. If f, : (Y, $, M) — (Z, X\, N) is soft 6-c surjection and (Y, ¢, M) is soft hyperconnected,
then (Z, A\, V) is soft hyperconnected.

Proof. We derive the proof from from Theorems 2.4 and 4.5.

Corollary 4.7. If f, : (Y, , M) — (Z,\, ) is soft §-c surjection and (Y, ¢, M) is soft hyperconnected,
then (Z, A\, V) is soft hyperconnected.

Proof. We derive the proof from from Theorems 2.6 and 4.5.

Theorem 4.8. If f, : (Y,p, M) — (Z,\,N) is soft w-6-c and K is soft nearly compact relative to
(Y, ¢, M), then f,, (K) is soft quasi H-closed relative to (Z, A, ).

Proof. Let¢) < A such that f, (K) S0y, V. Foreach a,EK, we find V (a,) € 1 such that f, (a,) €V (a,).
Since fsp, is soft w-0-c, by Theorem 2.12, we find U (a,,) € RO (¢) such that a, €U (a,,) and fs, (U (a,))SCly
(V (ay)). Since K is soft nearly compact relative to (Y, ¢, M) and KS Ua,2x U (ay), then we find a finite
subset P = SP (Y, M) such that a,€K for every a, € P and KEU,,epU (ay). Thus,

fsn (anEPU (ay))
anepfsn (U (ay))
anePClA (V (ay)) :

fsn (K)

Ne 111N

It follows that fg, (K) is soft quasi H-closed relative to (Z, A\, N).

Corollary 4.9. If fs, : (Y,¢, M) — (Z,\,N) is a soft w-6-c surjection and (Y, ¢, M) is soft nearly
compact, then (Z, A\, N) is soft quasi H-closed.

Corollary 4.10. If f,,, : (Y, ¢, M) —> (Z, \, ) is a soft 6-c surjection and (Y, ¢, M) is soft nearly compact,
then (Z, \, V) is soft quasi H-closed.

Proof. We derive the proof from from Theorem 2.4 and Corollary 4.9.

Corollary 4.11. If f,, : (Y, ¢, M) —> (Z, \, ) is a soft §-c surjection and (Y, ¢, M) is soft nearly compact,
then (Z, \, V) is soft quasi H-closed.

Proof. We derive the proof from from Theorem 2.6 and Corollary 4.9.

Lemma 4.12. If (Y, ¢, M) is soft nearly compact and T' € (¢5)° — {1}, then T is soft nearly compact
relative to (Y, ¢, M).
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Proof. Let ¢y = RO (¢) such that TS ey G. Since T € (¢s)°, then 1pq — T € ¢, and so, we find & <
RO (¢) suchthat 15 —T = Opgeq H. Since (Y, ¢, M) is soft nearly compact and 1 ps = (OgeyG) O (Ones
H), then there exist finite sub-collections 11 < ¢ and ®; < ® such that 1,y = (Tgey, &) O (O pes, H), and
thus,

T

((Ocey, G) O (Ones, H)) AT
= ((Oeey, G) AT) O ((Omes, H) AT)
((Ugewl G) ﬁT) UOM

= (Ogey, G) AT

Therefore, TS ey, G and hence, T is soft nearly compact relative to (Y, ¢, M).

Theorem 4.13. If f5,, : (Y, ¢, M) — (Z, A\, N) is soft w-0-c such that (Y, ¢, M) is soft nearly compact and
(Z,\, N) is soft Hausdorff, then f, (T) € (\s) foreach T € (¢5)“.

Proof. Let T € (¢5)°. Since (Y, ¢, M) is soft nearly compact, then by Lemma 4.12, T is soft nearly compact
relative to (Y, ¢, M). So, by Theorem 4.8, f,, (T') is soft quasi H-closed relative to (Z, \,N'). We are
going to show that 1nr — fs, (T) S1n — CU (fsn (T)). Let by€lx — fon (T). Since (Z, A\, N) is soft
Hausdorff, then for each d.€fs, (T'), there exist G (d.), H (d.) € X such that f,, (b,)€G (d.), d.€H (d.),
and G (d,) A"H (d,) = Oar; hence Inty (Cly (G (d,))) ACly (H (d,)) = Onr. Since fs, (T) is soft quasi
H-closed relative to (Z, A\, ) and f.,, (T) S0, ¢, (r)H (d.). then we find a finite subset P = SP (Z,N)
such that d,€f.,, (T) for every d, € P and fq, (T) EU4.cpCly (H (d,)). Let K = Ag.cpG (d,). Then, we
have b,€K € ¢ and

Inty (Cly (K)) A fon (T) € Inty (Cly (K)) A (Ja.epCly (H (d.)))
= Tayepr (Inty (CLy (K)) ACI, (H (d.)))
€ Tg,ep (Inty (Cly (G (d2))) RO (H (d.)))

Opr.

Therefore, by,€1pn — 6C1y (fsn (T)).

Lemma 4.14. Let f, : (Y, ¢, M) — (Z, A, N) be a soft function. Then Graph(fs,) € ((pr (pxN))s) iff
for each (b, d) ,, ) ELrmxn — Graph(fs,), there exist U € RO (¢) and V' € RO (A) such that b,€U, d.€V/,

and fs, (U) AV = Opr.

Proof. Necessity. Suppose that Graph(fs,) € ((pr(¢xN))s) . Let (b, ) y.2) Elpmxn — Graph(fsn)-
Since Graph(fsn) € ((pr(¢xA)),), then (b, d)(y’z) Elpmxn — 0C,r(gxx) (Graph(fsn)). So, we find G €
pr(¢xA) such that (b, d), .y G and Inty(gxx) (Clpr(gxa) (G)) AGraph(fe) = 0paxr. Choose H € ¢
and K € A such that (b, d), ) EH x KZG. LetU = Inty (Cly (H)) and V = Inty (Cly (K)). Then U €
RO (¢) and V € RO (\) such that b,&U, d.&V, and fs, (U) AVE fs, (Inty (Cly (H))) Nnty (Cly (K)) =
Op-

Sufficiency. We will show that 1 y(xnr — Graph(fen)S1pmxn — 8Cpr(gxn) (Graph(fsn)). Let (b, d)(y z)
Lmxn — Graph( fsrn). Then by assumption, there exist U € RO (¢) and V' € RO () such that b,€U, d.€V,
and fs, (U) AV = 0r. Then, we have (b, d)(y’z) €U x V € pr(¢x\) and

Inty, (g (C’lm oxn) (U x V)) NGraph(fsn) =
(Inty (Cly (U)) x Inty (Cly (V))) AGraph(fsn)
(U x V) AGraph(fsm,) =

OMXN

Therefore, (b,d),, ) Elpmxn — 0Cr(px ) (Graph(fen)).

Theorem 4.15. If f, : (V,¢, M) — (Z,\,N) is soft w-6-c and (Z, \, N) is soft Hausdorff, then
Graph(fsn) € ((pr (9xX))s)".
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Proof. We will show that lMXN—Gmph(fsn)ilMXN—&CZPT(WA) (Graph(fsn))- Let (b, d)(y,z) €1 px N —
Graph(fsn). Then fs, (by) # d.. Since (Z,\,N) is soft Hausdorff, then there exist G, H € A such
that fs, (by) €G, d.€H, and GARH = 0pr; hence Cly (G) AInty (Cly (H)) = Opr. Since f, is soft w-
f-c, then by Theorem 2.12, we find K € RO (¢) such that b,€K and f,(K)SCly (G). Thus, we have
byeK € RO (¢), d.€Inty (Cly (H)) € RO (N), and fs,(Inty (Cly (K)))AInty (Cly (H)) = Op. There-
fore, by Lemma 4.14, Graph(fs,) € ((pr (¢xA))s) .

Theorem 4.16. Let f, : (Y, ¢, M) — (Z, A\, N) be a soft function with Graph(fsn) € ((pr(¢xA))s) .
Then

(a) If T is soft nearly compact relative to (Z, A\, N), then f,} (T') € (¢s)°.
(b) If R is soft nearly compact relative to (Y, ¢, M), then fq, (R) € (X\s)°.

Proof. (a) We will show that 1, — f5,} (T') S1am — 6Cly (f5, (T)). Let ay€1laq — f5,' (T). Then for each
d-€T, (a,d), .y ELmxn — Graph(fs,) and by Lemma 4.14, there exist U (dz) € RO (¢) and V' (d) €
RO (X) such that a,€U (d.), d.€V (d.), and fs, (U (d2)) AV (d.) = Opr. Since T is soft nearly compact
relative to (Z,\,N') and TS0, ¢V (d.), then we find a finite subset P < SP (Z, N) such that d.€ fs,, (T)
for every d, € P and fs, (T) S0q4.cpV (d.). Let K = R4.cpU (d,). Then, we have, a,€K € RO (¢) and
KA fol (T) = 0. It follows that a, €14 — 6C1 (f5,! (T)).

sn

(b) We will show that 1y — fs, (R) Elx — 6Cly (fsn (R)). Let €1y — fsp (R). Then for each a,ER,
(a,b)(y ) Elmxn — Graph(fsn) and by Lemma 4.14, there exist U (ay) € RO (¢) and V (ay) € RO (})
such that a,€U (ay), b.€V (ay), and fs, (U (ay)) AV (a,) = 0pr. Since R is soft nearly compact relative to
(Y, ¢, M)and RET,, zrU (ay), then we find a finite subset P < SP (Y, M) such that a, &R for every a, € P
and Ri@ayepU (ay). Let H = A4,epV (ay). Then, we have, b.€H € RO (\) and HA fo,, (R) = Opr. It
follows that b,&1x — 5C1y (fsn (R)).

Theorem 4.17. Let f, : (Y, 6, M) — (Z, )\, N) be a soft function with (Z, A\, N) is soft nearly compact
and Graph(fsn) € ((pr (¢xX));)". Then fs, is soft -c.

Proof. Let 7' € RC ()). Since (Z, A\, V) is soft nearly compact, then by Lemma 4.12, T is soft nearly compact
relative to (Z, A\, ). Then by Theorem 4.16, 1 (T) € (¢5)°. Hence, fsp, is soft 5-c.

Corollary 4.18. Let (Z, A\, ) be soft nearly compact Hausdorff. For a soft function f, : (Y,¢, M) —
(Z,\,N), the following are equivalent:

(@) fsn is soft w-6-c.

(b) Graph(fen) € ((pr(¢xA))s)°.

(¢) fsn is soft 6-c.

Proof. (a) — (b): Follows from Theorem 4.15.

(b) — (c): Follows from Theorem 4.17.

(b) — (c): Follows from Theorem 2.6.
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5 Conclusion

This paper has successfully introduced and explored the concept of soft weak #-continuity in soft topological
spaces. This paper illuminates the relationships between this notion and other forms of continuity, such as
f-continuity, soft weak continuity, and soft J-continuity. A deeper understanding of soft weak #-continuity of
communication came through giving characterizations of it and studying its connections to classical topology.
Furthermore, this research provided preservation theorems for soft hyperconnectedness and near compactness,
as well as soft restriction, product, and graph theorems for soft weak 6-continuity.

These results not only advance soft topology but also provide a platform for future studies in this field. This
research highlights the promise of the soft-weak 6-continuity as a tool for exploring the features of soft topo-
logical spaces. We encourage further investigation of this concept and its applications.

Future research might look into the following topics: (1) defining soft weakly J-continuous functions; (2)
defining soft strongly J-continuous functions; and (3) finding a use for these new concepts in a decision-
making problem.
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