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Abstract
The objective of this paper is to study Neutrosophic Quadruple Hypervector Spaces and present some of their
basic definitions and properties. This paper generalizes the concept of Neutrosophic Hypervector spaces by
presenting their Neutrosophic Quadruple forms. Some notions such as Neutrosphic hypersubspaces, linear
combination, linearly dependence and linearly independence are generalized. Some interesting results and
examples to illustrate the new concepts introduced are presented.
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1 Introduction
Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of neutralities, as well as
their interactions with different ideational spectra. Neutrosophic set and neutrosophic logic were introduced
in 1995 by Smarandache as generalizations of fuzzy set and respectively intuitionistic fuzzy logic. In neutro-
sophic logic, each proposition has a degree of truth (T ), a degree of indeterminacy (I), and a degree of falsity
(F ), where T, I, F are standard or non-standard subsets of ]−0, 1+[, see [272829].
The notion of neutrosophic algebraic structures was introduced by Kandasamy and Smarandache in 2006, see
32.33 Since then, several researchers have studied the concepts and a great deal of literature has been produced.
For example, Agboola and Akinleye introduced the concept of neutrosophic hypervector spaces in1 and in2

they studied neutrosophic vector spaces. In,34 Vasantha K., Ilanthenral K. and Smarandache F. introduced
for the first time the concept of neutrosophic qudruple vector spaces over the classical fields R,C and Zp. A
comprehensive review of neutrosophy, neutrosophic triplet set, neutrosophic quadruple set and neutrosophic
algebraic structures can be found in [34910111214151718192021223031 ].

The concept of hyperstructure was first introduced by Marty16 in 1934 at the 8th congress of Scandinavian
Mathematicians and then he established the definition of hypergroup in 1935 to analyze its properties and
applied them to groups of rational algebraic functions. M. Krasner13 introduced the notions of hyperring and
hyperfield and use them as technical tools in the study of the approximation of valued fields. These concepts
have been developed and generalized by many researchers.
The notion of hypervector spaces was introduced by M. Scafati Tallini24 in 1988. Hypervector spaces have
been further expanded by other researchers. For more detailed information on hypervector spaces, the reader
should see [567823242526].
The present paper is concerned with introducing the concept of neutrosophic quadruple hypervector spaces.
Some of their elementary properties are presented.

2 Preliminaries
In this section, some basic definitions and properties that will be useful in this work are given.
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Definition 2.1. A neutrosophic quadruple number is a number of the form (a, bT, cI, dF ) where T, I, F have
their usual neutrosophic logic meanings and a, b, c, d ∈ R or C. The set NQ defined by
NQ = {(a, bT, cI, dF ) : a, b, c, d ∈ R or C} is called neutrosophic quadruple set.

Definition 2.2. 4 Suppose in an optimistic way we consider the prevalence order T > I > F . Then the
combination of the usual Neutrosophic tools T, I, F are :
TI = IT = max{T, I} = T,
TF = FT = max{T, F} = T,
IF = FI = max{I, F} = I,
TT = T 2 = T,
II = I2 = I,
FF = F 2 = F
Analogously, suppose in a pessimistic way we consider the prevalence order T < I < F. Then we have:
TI = IT = max{T, I} = I,
TF = FT = max{T, F} = F,
IF = FI = max{I, F} = F,
TT = T 2 = T,
II = I2 = I,
FF = F 2 = F
We shall adopt the pessimistic way in this work.

The following operations are defined on NQ, for x = (a, bT, cI, dF ) and y = (e, fT, gI, hF ) ∈ NQ
we have that

x+ y = (a, bT, cI, dF ) + (e, fT, gI, hF ) = (a+ e, (b+ f)T, (c+ g)I, (d+ h)F ) and

x− y = (a, bT, cI, dF )− (e, fT, gI, hF ) = (a− e, (b− f)T, (c− g)I, (d− h)F ) are in NQ.

For x = (a, bT, cI, dF ) ∈ NQ and k ∈ R where k is a scalar and x is a vector in NQ.

k.x = k.(a, bT, cI, dF ) = (ka, kbT, kcI, kdF ) ∈ NQ.

If x = 0 = (0, 0, 0, 0) ∈ NQ usually termed as zero neutrosophic quadruple vector and for any scalar k ∈ R
we have k · 0 = 0.
Further

(k + p)x = kx+ px, k(px) = (kp)x, k(x+ y) = kx+ ky.

for all k, p ∈ R and x, y ∈ NQ. −x = (−a,−bT,−cI,−dF ) which is in NQ.

Definition 2.3. Let a = (a1, a2T, a3I, a4F ), b = (b1, b2T, b3I, b4F ) ∈ NQ. Then

a · b = (a1, a2T, a3I, a4F ) · (b1, b2T, b3I, b4F )
= (a1b1, (a1b2 + a2b1 + a2b2)T, (a1b3 + a2b3 + a3b1 + a3b2 + a3b3)I,

(a1b4 + a2b4, a3b4 + a4b1 + a4b2 + a4b3 + a4b4)F ).

Theorem 2.4. 4 (NQ,+) is an abelian group.

Theorem 2.5. 4 (NQ, ·) is a commutative monoid.

Theorem 2.6. 4 (NQ, ·) is not a group.

Theorem 2.7. 4 (NQ,+, ·) is a commutative ring.

Theorem 2.8. 34 (NQ,+) = {(a, bT, cI, dF )|a, b, c, d ∈ R or C or Zp; p a prime,+} be the Neutrosophic
quadruple group. Then V = (NQ,+, o) is a Neutrosophic Quadruple vector space (NQ − vectorspace)
over R or C or Zp, where ′o′ is the special type of operation between V and R (or C or Zp) defined as scalar
multiplication.

Definition 2.9. 34 Let V = (NQ,+) be a NQ vector space over R (or C or Zp). A subset L of V is said to
be NQ linearly dependent or simply dependent, if there exists distinct vectors a1, a2, · · · , ak ∈ L and scalars
d1, d2, · · · , dk ∈ R (or C ◦ Zp) not all zero such that d1 ◦ a1 + d2 ◦ a2 + · · ·+ dk ◦ ak = 0.
We say the set of vectors a1, a2, · · · , ak is NQ linearly independent if it is not NQ linearly dependent.
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Definition 2.10. 34 Let V = (NQ,+) be a NQ vector space over R (or C or Zp) . A subset W of V is said to
be Neutrosophic Quadruple vector subspace of V if W itself is a Neutrosophic Quadruple vector space over R
(or C or Zp).

Definition 2.11. 1 Let P (V ) be the power set of a set V , P ∗(V ) = P (V )− {∅} and let K be a field.
The quadruple (V,+, •,K) is called a hypervector space over a field K if:

1. (V,+) is an abelian group.

2. • : K × V −→ P ∗(V ) is a hyperoperation such that for all k,m ∈ K and u, v ∈ V, the following
conditions hold:

(a) (k +m) • u ⊆ (k • u) + (m • u),
(b) k • (u+ v) ⊆ (k • u) + (k • v),
(c) k • (m • u) = (km) • u, where k • (m • u) = {k • v : v ∈ m • u},
(d) (−k) • u = k • (−u),
(e) u ∈ 1 • u.

A hypervector space is said to be strongly left distributive (resp. strongly right distributive) if equality holds in
(a) (resp. in (b)). (V,+, •,K) is called a strongly distributive hypervector space if it is both strongly left and
strongly right distributive.

Definition 2.12. 1 Let (V,+, •,K) be any strongly distributive hypervector space over a field K and let

V (I) =< V ∪ (I) >= {u = (a, bI) : a, b ∈ V }

be a set generated by V , and I . The quadruple (V (I),+, •,K) is called a weak neutrosophic strongly dis-
tributive hyper vector space over a field K.
For every element u = (a, bI), v = (d, eI) ∈ V (I), and k ∈ K we define

u+ v = (a+ d, (b+ e)I ∈ V (I),

k • u = {(x, yI) : x ∈ k • a, y ∈ k • b}.

If K is a neutrosophic field, that is, K = K(I), then the quadruple (V (I),+, •,K(I)) is called a strong
neutrosophic strongly distributive hyper vector space over a neutrosophic field K(I).
For every element u = (a, bI), v = (d, eI) ∈ V (I), and α = (k,mI) ∈ K(I), we define

u+ v = (a, bI) + (d, eI) = (a+ d, (b+ e)I),

α • u = {(x, yI) : (x ∈ k • a, y ∈ k • b ∪m • a ∪m • b)}.

The elements of V (I) are called neutrosophic vectors and the elements of K(I) are called neutrosophic
scalars. The zero neutrosophic vector of V (I), (0, 0I), is denoted by θ, the zero element 0 ∈ K is represented
by (0, 0I) in K(I) and 1 ∈ K is represented by (1, 0I) ∈ K(I).

Theorem 2.13. 1 Every strong neutrosophic hypervector space is a weak neutrosophic hy- pervector space

Theorem 2.14. 1 Every weak neutrosophic hypervector space is a strongly distributive hypervector space

3 Formulation of a Neutrosophic Quadruple(NQ) Hypervector Spaces
and its Subspaces

In this section, we develop the concept of neutrosophic quadruple hypervector spaces and present some of
their basic properties. Except otherwise stated, all neutrosophic quadruple numbers will be real neutrosophic
quadruple numbers of the form (a, bT, cI, dF ) where a, b, c, d ∈ R. The elements of V (T, I, F ) will be called
neutrosophic quadruple vectors and the elements of K(I) and K(T, I, F ) will be called neutrosophic scalars
and neutrosophic quadruple scalars respectively. (0, 0T, 0I, 0F ), the zero vector of V (T, I, F ) will be denoted
by θ, the zero element ofK(T, I, F ) will be denoted by 0 ∈ K while 1 ∈ K will be denoted by (1, 0T, 0I, 0F )
in K(T, I, F ).
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Definition 3.1. Let (V,+, •,K) be any strongly distributive hypervector space over a field K and let

V (T, I, F ) =< V ∪ (T, I, F ) >= {u = (a, bT, cI, dF ) : a, b, c, d ∈ V }.

be a set generated by V , T , I and F. The quadruple (V (T, I, F ),+, •,K) is called a weak neutrosophic
quadruple strongly distributive hypervector space over a field K.

For every element u = (a, bT, cI, dF ), v = (e, fT, gI, hF ) ∈ V (T, I, F ) and k ∈ K we define

u+ v = (a+ e, (b+ f)T, (c+ g)I, (d+ h)F ) ∈ V (T, I, F ),

k • u = {(r, xT, yI, zF ) : r ∈ k • a, x ∈ k • b, y ∈ k • c, z ∈ k • d}.
Definition 3.2. Let (V,+, •,K) be any strongly distributive hypervector space over a field K and let

V (T, I, F ) =< V ∪ (T, I, F ) >= {u = (a, bT, cI, dF ) : a, b, c, d ∈ V }.

be a set generated by V , T , I and F. The quadruple (V (T, I, F ),+, •,K(I)) is called a strong neutrosophic
quadruple strongly distributive hypervector space over a neutrosophic field K(I).

For every element u = (a, bT, cI, dF ), v = (e, fT, gI, hF ) ∈ V (T, I, F ) and α = (k,mI) ∈ K(I), we
define

u+ v = (a+ e, (b+ f)T, (c+ g)I, (d+ h)F ) ∈ V (T, I, F ),

α • u = {(r, xT, yI, zF ) : (r ∈ k • a, x ∈ k • b, y ∈ k • c ∪m • a ∪m • b ∪m • c, z ∈ k • d ∪m • d)}.
Definition 3.3. Let (V,+, •,K) be any strongly distributive hypervector space over a field K and let

V (T, I, F ) =< V ∪ (T, I, F ) >= {u = (a, bT, cI, dF ) : a, b, c, d ∈ V }

be a set generated by V , T , I and F.
The quadruple (V (T, I, F ),+, •,K(T, I, F )) is called a super strong neutrosophic quadruple strongly dis-
tributive hypervector space over a neutrosophic field K(T, I, F ).

For every element u = (a, bT, cI, dF ), v = (e, fT, gI, hF ) ∈ V (T, I, F ) and α = (k,mT, nI, tF ) ∈
K(T, I, F ), we define

u+ v = (a+ e, (b+ f)T, (c+ g)I, (d+ h)F ) ∈ V (T, I, F ),

α • u = {(r, xT, yI, zF ) : r ∈ k • a, x ∈ k • b ∪m • a ∪m • b, y ∈ k • c ∪m • c ∪ n • a ∪ n • b ∪ n • c,
z ∈ k • d ∪m • d ∪ n • d ∪ t • a ∪ t • b ∪ t • c ∪ t • d}.
Example 3.4. Let n be a positive integer and let V (T, I, F ) = Rn(T, I, F ) denote the neutrosophic quadruple
set of column neutrosophic quadruple vectors of length n with entries from the field R :

Rn(T, I, F ) =




(a1, b1T, c1I, d1F )
(a2, b2T, c2I, d2F )

...
(an, bnT, cnI, dnF )

 : ai, bi, ci, di ∈ R, i = 1, 2 · · ·n


For all

u =


(a1, b1T, c1I, d1F )
(a2, b2T, c2I, d2F )

...
(an, bnT, cnI, dnF )

 , v =


(e1, f1T, g1I, h1F )
(e2, f2T, g2I, h2F )

...
(en, fnT, gnI, hnF )

 ∈ V (T, I, F )

and k ∈ K define:

u+ v =


(a1, b1T, c1I, d1F )
(a2, b2T, c2I, d2F )

...
(an, bnT, cnI, dnF )

+


(e1, f1T, g1I, h1F )
(e2, f2T, g2I, h2F )

...
(en, fnT, gnI, hnF )



=


(a1 + e1, (b1 + f1)T, (c1 + g1)I, (d1 + h1)F )
(a2 + e2, (b2 + f2)T, (c2 + g2)I, (d2 + h2)F )

...
(an + en, (bn + fn)T, (cn + gn)I, (dn + hn)F )


Doi :10.5281/zenodo.3752906 23



International Journal of Neutrosophic Science (IJNS) Vol. 4, No.1 , PP.20-35 , 2020

and

k•


(a1, b1T, c1I, d1F )
(a2, b2T, c2I, d2F )

...
(an, bnT, cnI, dnF )

 =




(r1, x1T, y1I, z1F )
(r2, x2T, y2I, z2F )

...
(rn, xnT, ynI, znF )

 :

r1 ∈ k • a1, x1 ∈ k • b1, y1 ∈ k • c1, z1 ∈ k • d1
r2 ∈ k • a2, x2 ∈ k • b2, y2 ∈ k • c2, z2 ∈ k • d2

...
rn ∈ k • an, xn ∈ k • bn, yn ∈ k • cn, zn ∈ k • dn

 .

Then (V (T, I, F ),+, •,K) is a weak neutrosophic quadruple strongly distributive hypervector space over the
field K.

Example 3.5. Let V (T, I, F ) = R2(T, I, F ) and let K = R(I). For all
u = ((a1, b1T, c1I, d1F ), (e1, f1T, g1I, h1F )), v = ((a2, b2T, c2I, d2F ), (e2, f2T, g2I, h2F )) ∈ V (T, I, F )
and α = (k,mI) ∈ K(I), define:

u+ v = ((a1 + a2, (b1 + b2)T, (c1 + c2)I, (d1 + d2)F ), (e1 + e2, (f1 + f2)T, (g1 + g2)I, (h1 + h2)F )).

α • u = {((r, xT, yI, zF ), (p, qT, sI, tF )) :
(r ∈ k • a1, x ∈ k • b1, y ∈ k • c1 ∪m • a1 ∪m • b1 ∪m • c1, z ∈ k • d1 ∪m • d1)
(p ∈ k • e1, q ∈ k • f1, s ∈ k • g1 ∪m • e1 ∪m • f1 ∪m • g1, t ∈ k • h1 ∪m • h1)}.

Then (V (T, I, F ),+, •,K(I)) is an strong neutrosophic quadruple strongly distributive hypervector space
over the neutrosophic field K(I).

Example 3.6. Let V (T, I, F ) = R2(T, I, F ) and let K = R(T, I, F ). For all
u = ((a1, b1T, c1I, d1F ), (e1, f1T, g1I, h1F )), v = ((a2, b2T, c2I, d2F ), (e2, f2T, g2I, h2F )) ∈ V (T, I, F )
and α = (k,mT, nI, wF ) ∈ K(T, I, F ), define:

u+ v = ((a1 + a2, (b1 + b2)T, (c1 + c2)I, (d1 + d2)F ), (e1 + e2, (f1 + f2)T, (g1 + g2)I, (h1 + h2)F )).

α • u = {((r, xT, yI, zF ), (p, qT, sI, tF )) :
(r ∈ k • a1, x ∈ k • b1 ∪m • a1 ∪m • b1, y ∈ k • c1 ∪m • c1 ∪ n • a1 ∪ n • b1 ∪ n • c1,
z ∈ k • d1 ∪m • d1 ∪ n • d1 ∪ w • a1 ∪ w • b1 ∪ w • c1 ∪ w • d1)
(p ∈ k • e1, q ∈ k • f1 ∪m • e1 ∪m • f1, s ∈ k • g1 ∪m • g1 ∪ n • e1 ∪ n • f1 ∪ n • g1,
t ∈ k • h1 ∪m • h1 ∪ n • h1 ∪ w • e1 ∪ w • f1 ∪ w • g1 ∪ w • h1)}.

Then (V (T, I, F ),+, •,K(T, I, F )) is a super strong neutrosophic quadruple strongly distributive hyper-
vector space over the neutrosophic quadruple field K(T, I, F ).
From here on, every weak( strong [super strong]) neutrosophic quadruple strongly distributive hypervector
space will simply be called a weak( resp.(strong [super strong])) NQ-Hypervector space.

Proposition 3.7. .

1. Every super strong NQ-Hypervector space is a strong NQ-Hypervector space.

2. Every super strong NQ-Hypervector space is a weak NQ-Hypervector space.

3. Every strong NQ-Hypervector space is a weak NQ-Hypervector space.

Proof:

1. This is true, since K(I) ⊆ K(T, I, F ).

2. This is true, since K ⊆ K(T, I, F ).

3. This is true, since K ⊆ K(I).

Proposition 3.8. Every weak NQ-Hypervector space is a strongly distributive hypervector space.

Proof: Suppose that V (T, I, F ) is a weak NQ-Hypervector space over a field K.
That (NQ,+) is a vector space is seen in [4].

Let u = (a, bT, cI, dF ), v = (e, fT, gI, hF ) ∈ V (T, I, F ) and k,m ∈ K be arbitrary. Then
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(1). k • u+m • u = {(p, qT, rI, sF ) : p ∈ k • a, q ∈ k • b, r ∈ k • c, s ∈ k • d}
+ {(t, wT, xI, yF ) : t ∈ m • a,w ∈ m • b, x ∈ m • c, y ∈ m • d}

= {(p+ t, (q + w)T, (r + x)I, (s+ y)F ) : p+ t ∈ k • a+m • a, q + w ∈ k • b+m • a,
r + x ∈ k • c+m • c, s+ y ∈ k • d+m • d}.

Also

(k +m) • u = {(p′, q′T, r′I, s′F ) : p′ ∈ (k +m) • a, q′ ∈ (k +m) • b, r′ ∈ (k +m) • c, s′ ∈ (k +m) • d}
= {(p′, q′T, r′I, s′F ) : p′ ∈ k • a+m • a, q′ ∈ k • b+m • a, r′ ∈ k • c+m • c, s′ ∈ k • d+m • d}
= k • u+m • u.

(2). k • u+ k • v = {(p, qT, rI, sF ) : p ∈ k • a, q ∈ k • b, r ∈ k • c, s ∈ k • d}
+ {(t, wT, xI, yF ) : t ∈ k • e, w ∈ k • f, x ∈ k • g, y ∈ •h}

= {(p+ t, (q + w)T, (r + x)I, (s+ y)F ) : p+ t ∈ k • a+ k • e, q + w ∈ k • b+ k • f,
r + x ∈ k • c+ k • g, s+ y ∈ k • d+ k • h}.

Also,
k • (u+ v) = k • (a+ e, (b+ f)T, (c+ g)I, (d+ h)F )

= {(p′, q′T, r′Is′F ) : p′ ∈ k • (a+ e), q′ ∈ k • (b+ f), r′ ∈ k • (c+ g), s′ ∈ k • (d+ h)}
= {(p′, q′T, r′I, s′F ) : p′ ∈ k • a+ k • e, q′ ∈ k • b+ k • f, r′ ∈ k • c+ k • g,

s′ ∈ k • d+ k • h}
= k • u+ k • v.

(3). k • (m • u) = k • {(p, qT, rI, sF ) : p ∈ m • a, q ∈ m • b, r ∈ m • c, s ∈ m • d}
= {(p′, q′T, r′I, s′F ) : p′ ∈ k • p, q′ ∈ k • q, r′ ∈ k • r, s′ ∈ k • s}
= {(p′, q′T, r′I, s′F ) : p′ ∈ k • (m • a), q′ ∈ k • (m • b), r′ ∈ (m • c), s′ ∈ (m • d)}
= {(p′, q′T, r′I, s′F ) : p′ ∈ (km) • a, q′ ∈ (km) • b, r′ ∈ (km) • c, s′ ∈ (km) • d}
= (km) • (a, bT, cI, dF )
= (km) • u.

(4). (−k) • u = {(p, qT, rI, sF ) : p ∈ (−k) • a, q ∈ (−k) • b, r ∈ (−k) • c, s ∈ (−k) • d}
= {(p, qT, rI, sF ) : p ∈ k • (−a), q ∈ k • (−b), r ∈ k • (−c), s ∈ k • (−d)}
= k • (−a,−bI)
= k • (−u).

(5). 1 • u = {(p, qT, rI, sF ) : p ∈ 1 • a, q ∈ 1 • b, r ∈ 1 • c, s ∈ 1 • d}
= {(a, bT, cI, dF ) : a ∈ 1 • a, b ∈ 1 • b, c ∈ 1 • c, d ∈ 1 • d}.

Showing that u ∈ 1 • u.
Therefore we say that V (T, I, F ) is a strongly distributive hypervector space.

Proposition 3.9. Let V (T, I, F ) be a super strong(strong) NQ-Hypervector space over a neutrosophic quadru-
ple field K(T, I, F )(neutrosophic field K(I)). Then

1. V (T, I, F ) generally is not a strongly distributive hypervector space.

2. V (T, I, F ) always contain a strongly distributive hypervector space

Proposition 3.10. Let (V (T, I, F ),+1, •1) and (U(T, I, F ),+2, •2) be any two super strong NQ-Hypervector
space over a neutrosophic quadruple field K(T, I, F ). Let

V (T, I, F )× U(T, I, F ) = {((v, v1T, v2I, v3F ), (u, u1T, u2I, u3F )) :
(v, v1T, v2I, v3F ) ∈ V (T, I, F ), (u, u1T, u2I, u3F ) ∈ U(T, I, F )} .

For all

x = ((v, v1T, v2I, v3F ), (u, u1T, u2I, u3F )), y = ((v′, v′1T, v
′
2I, v

′
3F ), (u

′, u′1T, u
′
2I, u

′
3F )) ∈ V (T, I, F )×U(T, I, F )

and α = (k, k1T, k2I, k3F ) ∈ K(T, I, F )

x+ y = ((v + v′, (v1 + v′1)T, (v2 + v′2)I, (v3 + v′3)F ), (u+ u′, (u1 + u′1)T, (u2 + u′2)I, (u3 + u′3)F )).

α • x = {((p, p1T, p2I, p3F ), (q, q1T, q2I, q3F )) :
(p ∈ k • v, p1 ∈ k • v1 ∪ k1 • v ∪ k1 • v1, p2 ∈ k • v2 ∪ k1 • v2 ∪ k2 • v ∪ k2 • v1 ∪ k2 • v2,
p3 ∈ k • v3 ∪ k1 • v3 ∪ k2 • v3 ∪ k3 • v ∪ k3 • v1 ∪ k3 • v2 ∪ k3 • v3)
(q ∈ k • u, q1 ∈ k • u1 ∪ k1 • u ∪ k1 • u1, q2 ∈ k • u2 ∪ k1 • u2 ∪ k2 • u ∪ k2 • u1 ∪ k2 • u2,
q3 ∈ k • u3 ∪ k1 • u3 ∪ k2 • u3 ∪ k3 • u ∪ k3 • u1 ∪ k3 • u2 ∪ k3 • u3)}.

Then (V (T, I, F )× U(T, I, F ),+, •,K(T, I, F )) is a super strong NQ-Hypervector space.
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Proposition 3.11. Let (V (T, I, F ),+1, •1) and (U(T, I, F ),+2, •2) be any two strong NQ-Hypervector
space over a neutrosophic field K(I). Let

V (T, I, F )× U(T, I, F ) = {((v, v1T, v2I, v3F ), (u, u1T, u2I, u3F )) :
(v, v1T, v2I, v3F ) ∈ V (T, I, F ), (u, u1T, u2I, u3F ) ∈ U(T, I, F )}

for all
x = ((v, v1T, v2I, v3F ), (u, u1T, u2I, u3F )), y = ((v′, v′1T, v

′
2I, v

′
3F ), (u

′, u′1T, u
′
2I, u

′
3F )) ∈ V (T, I, F )×

U(T, I, F ) and α = (k, k1I) ∈ K(I)

x+ y = ((v + v′, (v1 + v′1)T, (v2 + v′2)I, (v3 + v′3)F ), (u+ u′, (u1 + u′1)T, (u2 + u′2)I, (u3 + u′3)F )).

α • x = {((p, p1T, p2I, p3F ), (q, q1T, q2I, q3F )) :
(p ∈ k • v, p1 ∈ k • v1, p2 ∈ k • v2 ∪ k1 • v ∪ k1 • v1 ∪ k1 • v2, p3 ∈ k • v3 ∪ k1 • v3)
(q ∈ k • u, q1 ∈ k • u1, q2 ∈ k • u2 ∪ k1 • u ∪ k1 • u1 ∪ k1 • u2, q3 ∈ k • u3 ∪ k1 • u3)}.

Then (V (T, I, F )× U(T, I, F ),+, •,K(I)) is a strong NQ-Hypervector space.

Proposition 3.12. Let (V (T, I, F ),+1, •1) and (U(T, I, F ),+2, •2) be any two weak NQ-Hypervector spaces
over a field K. Let

V (T, I, F )× U(T, I, F ) = {((v, v1T, v2I, v3F ), (u, u1T, u2I, u3F )) :
(v, v1T, v2I, v3F ) ∈ V (T, I, F ), (u, u1T, u2I, u3F ) ∈ U(T, I, F )}.

For all
x = ((v, v1T, v2I, v3F ), (u, u1T, u2I, u3F )), y = ((v′, v′1T, v

′
2I, v

′
3F ), (u

′, u′1T, u
′
2I, u

′
3F )) ∈ V (T, I, F )×

U(T, I, F ) and k ∈ K

x+ y = ((v + v′, (v1 + v′1)T, (v2 + v′2)I, (v3 + v′3)F ), (u+ u′, (u1 + u′1)T, (u2 + u′2)I, (u3 + u′3)F )).

k • x = {((p, p1T, p2I, p3F ), (q, q1T, q2I, q3F )) : (p ∈ k • v, p1 ∈ k • v1, p2 ∈ k • v2, p3 ∈ k • v3)
(q ∈ k • u, q1 ∈ k • u1, q2 ∈ k • u2, q3 ∈ k • u3)}.

Then (V (T, I, F )× U(T, I, F ),+, •,K) is a weak NQ-Hypervector space.

Proposition 3.13. Let V (T, I, F ) be any super strong NQ-Hypervector space over a neutrosophic quadruple
field K(T, I, F ), let U(T, I, F ) be any strong NQ-Hypervector space over a neutrosophic field K(I) and let
W (T, I, F ) be any weak NQ-Hypervector space over a field K . Then

1. (V (T, I, F )× U(T, I, F ),+, •,K(I)) is a strong NQ-Hypervector space.

2. (V (T, I, F )×W (T, I, F ),+, •,K) is a weak NQ-Hypervector space.

3. (U(T, I, F )×W (T, I, F ),+, •,K) is a weak NQ-Hypervector space.

Proof:

1. From 1 of 3.7, we know that every super strong NQ-Hypervector space is a strong NQ-Hypervector
space. Then by applying 3.11 to this, we obtained the required result.

2. From 2 of 3.7, we know that every super strong NQ-Hypervector space is a weak NQ-Hypervector space.
Then by 3.12 the proof follows .

3. From 3 of 3.7, we know that every strong NQ-Hypervector space is a weak NQ-Hypervector space.
Then by 3.12 the proof follows .

Definition 3.14. A nonempty subset N(T, I, F ) of a super strong NQ-Hypervector space
(V (T, I, F ),+, •,K(T, I, F )) over a neutrosophic quadruple field K(T, I, F ) is called a super strong NQ-
Hypersubspace of V (T, I, F ) if (N(T, I, F ),+, •,K(T, I, F )) is itself a super strong NQ-Hypervector space
over K(T, I, F ). It is essential that N(T, I, F ) contains a proper subset which is a Hypervector space over K.

Definition 3.15. A nonempty subset N(T, I, F ) of a strong NQ-Hypervector space
(V (T, I, F ),+, •,K(I)) over a neutrosophic field K(I) is called a strong NQ-Hypersubspace of V (T, I, F )
if (N(T, I, F ),+, •,K(I)) is itself a strong NQ-Hypervector space over K(I). It is essential that N(T, I, F )
contains a proper subset which is a Hypervector space over K.
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Proposition 3.16. Let N [T, I, F ] be a subset of a super strong NQ-Hypervector space
(V (T, I, F ),+, •,K(T, I, F )) over a neutrosophic quadruple field K(T, I, F ). Then N(I, T, F ) is a super
strong NQ-Hypersubspace of V (T, I, F ) if and only if for all u = (a, bT, cI, dF ), v = (e, fT, gI, hF ) ∈
V (T, I, F ) and α = (k,mT, nI, tF ) ∈ K(T, I, F ) the following conditions hold:

1. N [T, I, F ] 6= ∅,

2. u+ v ∈ N [T, I, F ],

3. α • v ⊆ N [T, I, F ],

4. N [T, I, F ] contains a proper subset which is a hypervector space over K.

Proof:
If N(T, I, F ) is a super strong NQ-Hypersubspace of V (T, I, F ), then obviously conditions 1 , 2, 3 and 4
hold.
Conversely, let N [T, I, F ] be a subset of V (T, I, F ) such that N(T, I, F ) satisfies the four conditions 1, 2,3
and 4.
To proof that N(T, I, F ) is a NQ-Hypersubspace of V (T, I, F ). It is enough to prove that

1. N(T, I, F ) has a zero NQ-vector.

2. Each NQ-vector in N(T, I, F ) has an additive inverse.

Since N(T, I, F ) is non-empty, let u = (a, bT, cI, dF ) ∈ N(T, I, F ).
Now for (0, 0T, 0I, 0F ) ∈ K(T, I, F ) and by condition 3 we have that

(0, 0T, 0I, 0F ) • u = (0, 0T, 0I, 0F ) • (a, bT, cI, dF ) ⊆ N(T, I, F ) =⇒ θ ∈ N(I, T, F ).

Therefore N(T, I, F ) has a zero vector. Again, since −(1, 0T, 0I, 0F ) ∈ K(T, I, F ) then
−(1, 0T, 0I, 0F ) • u = −(1, 0T, 0I, 0F ) • (a, bT, cI, dF ) ⊆ N =⇒ −u ∈ N(T, I, F ).
Hence each NQ-vector in N(T, I, F ) has an additive inverse.

Proposition 3.17. Let N [T, I, F ] be a subset of a strong NQ-Hypervector space
(V (T, I, F ),+, •,K(I)) over a neutrosophic field K(I). Then N(I, T, F ) is a strong NQ-hypersubspace of
V (T, I, F ) if and only if for all u = (a, bT, cI, dF ), v = (e, fT, gI, hF ) ∈ V (T, I, F ) and α = (k,mI) ∈
K(I) the following conditions hold:

1. N [T, I, F ] 6= ∅,

2. u+ v ∈ N [T, I, F ]

3. α • v ⊆ N [T, I, F ]

4. N [T, I, F ] contains a proper subset which is a hypervector space over K

Proof : Follow similar approach as the proof of 3.16, above.

Corollary 3.18. Let N [T, I, F ] be a NQ-hypersubspace of a NQ-hypervector space V (T, I, F ) if and only if

1. N [T, I, F ] is non-empty.

2. α • u+ β • v ⊆ N [T, I, F ], for all α = (k1,m1T, n1I, r1F ), β = (k2,m2T, n2I, r2F ) ∈ K(T, I, F )
and u = (a, bT, cI, dF ), v = (e, fT, gI, hF ) ∈ N [T, I, F ].

3. N [T, I, F ] contains a proper subset which is a hypervector space over K.

Example 3.19. Let V (T, I, F ) be a super strong NQ-Hypervector space defined in Example 3.6.
Let N(T, I, F ) = K(T, I, F )× {(0, 0T, 0I, 0F )} ⊆ V (T, I, F )
Then N(T, I, F ) is a super strong NQ-Hypersubspace

Proof: Since θ = ((0, 0T, 0I, 0F ), (0, 0T, 0I, 0F )) ∈ N(T, I, F ). Then N(T, I, F ) 6= ∅
Now let
u = ((a1, b1T, c1I, d1F ), (0, 0T, 0I, 0F )), v = ((a2, b2T, c2I, d2F ), (0, 0T, 0I, 0F )) ∈ N(T, I, F ) and
α = (k,mT, nI, wF ), β = (k′,m′T, n′I, w′F ) ∈ K(T, I, F ), with a1, b1, c1, d1, a2, b2, c2, d2 ∈ N and
k,m, n,w, k′,m′, n′, w′ ∈ K
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Then α • u+ β • v
= (k,mT, nI, wF )•[(a1, b1T, c1I, d1F ), (0, 0T, 0I, 0F )]+(k′,m′T, n′I, w′F )•[(a2, b2T, c2I, d2F ), (0, 0T, 0I, 0F )]

⊆{((x, yT, zI, tF ), (p, qT, rI, sF )) : x ∈ k • a1, y ∈ k • b1 ∪m • a1 ∪m • b1, z ∈ k • c1 ∪m •
c1 ∪ n • a1 ∪ n • b1 ∪ n • c1, t ∈ k • d1 ∪m • d1 ∪ n • d1 ∪w • a1 ∪w • b1 ∪w • c1 ∪w • d1, p ∈ k • 0, q ∈
k•0∪m•0∪m•0, r ∈ k•0∪m•0∪n•0∪n•0∪n•0, s ∈ k•0∪m•0∪n•0∪w•0∪w•0∪w•0∪w•0}
+ {((x′, y′T, , z′I, t′F ), (p′, q′T, r′I, s′F )) : x′ ∈ k′ • a2, y′ ∈ k′ • b2 ∪m′ • a2 ∪m′ • b2, z′ ∈ k′ • c2 ∪m′ •
c2∪n′ •a2∪n′ •b2∪n′ •c2, t′ ∈ k′ •d2∪m′ •d2∪n′ •d2∪w′ •a2∪w′ •b2∪w′ •c2∪w′ •d2, p′ ∈ k′ •0, q′ ∈
k′•0∪m′•0∪m′•0, r′ ∈ k′•0∪m′•0∪n′•0∪n′•0∪n′•0, s′ ∈ k•0∪m′•0∪n′•0∪w′•0∪w′•0∪w′•0∪w′•0}
= {((x1, y1T, z1I, t1F ), (x′1, y′1T, z′1I, t′1F )) : x1 ∈ k • a1 + k′ • a2,
y1 ∈ k • b1 + k′ • b2 ∪m • a1 +m′ • a2 ∪m • b1 +m′ • b2, z1 ∈ k • c1 + k′ • c2 ∪m • c1 +m′ • c2 ∪n • a1 +
n′ •a2 ∪n • b1+n′ • b2 ∪n • c1+n′ • c2, t ∈ k • d1+ k′ • d2 ∪m • d1+m′ • d2 ∪n • d1+n′ • d2 ∪w •a1+
w′ • a2 ∪w • b1 +w′ • b2 ∪w • c1 +w′ • c2 ∪w • d1 +w′ • d2, x′1 ∈ 0, y′1 ∈ 0, z′1 ∈ 0, t′1 ∈ 0} ⊆ N(T, I, F ).
=⇒ α • u+ β • v ⊆ N(T, I, F ).
Lastly, we can see from the definition of N(T, I, F ) that N(T, I, F ) contains a proper subset which is a hy-
pervector space over K.
To this end we can conclude that N(T, I, F ) is a super strong NQ-Hypervector space.

Proposition 3.20. The intersection of any two

1. super strong NQ-Hypersubspaces of a super strong NQ-Hypervector space V (T, I, F ) over a neutro-
sophic quadruple field (K, I, F ) is again a super strong NQ-Hypersubspace of V (T, I, F ).

2. strong NQ-Hypersubspaces of a strong NQ-Hypervector space V (T, I, F ) over a neutrosophic field
K(I) is again a strong NQ-Hypersubspace of V (T, I, F ).

3. weak NQ-Hypersubspaces of a weak NQ-Hypervector space V (T, I, F ) over a field K is again a weak
NQ-Hypersubspace of V (T, I, F ).

Proof: Same as in classical case.

Proposition 3.21. Let S(T, I, F ) be a super strong NQ-Hypersubspace,U(T, I, F ) be a strong NQ-Hypersubspace
andW (T, I, F ) be weak NQ-Hypersubspace of a super strong NQ-Hypervector space (V (T, I, F ),+, •,K(T, I, F )),
strong NQ-Hypervector space (V (T, I, F ),+, •,K(I)) and weak NQ-Hypervector space (V (T, I, F ),+, •,K)
respectively. Then

1. S(T, I, F )∩U(T, I, F ) is a strong NQ-Hypersubspace of strong NQ-Hypersubspace (V (T, I, F ),+, •,K(I)).

2. S(T, I, F )∩W (T, I, F ) is a weak NQ-Hypersubspace of weak NQ-Hypersubspace (V (T, I, F ),+, •,K).

3. U(T, I, F )∩W (T, I, F ) is a weak NQ-Hypersubspace of weak NQ-Hypersubspace (V (T, I, F ),+, •,K).

Proof:

1. By 1 of 3.7 we have that every super strong NQ-Hypervector space is a strong NQ-Hypervector space.
Then by 2 of 3.20 the proof follows.

2. By applying 2 of 3.7 and 3 of 3.20 the proof follows easily.

3. By 3 of 3.7 we have that every strong NQ-Hypervector space is a weak NQ-Hypervector space. Then
by applying 3 of 3.20 the proof follows.

Proposition 3.22. Let U1[T, I, F ], U2[T, I, F ], · · · , Un[T, I, F ] be NQ-Hypersubspace of a
super strong[strong] NQ-Hypervector space V (T, I, F ) over a neutrosophic field K(T, I, F )(resp.[K(I)]).
Then

⋂n
i=1 Ui is a NQ-Hypersubspace of V (T, I,K).

Proof: Same as in classical case.

Example 3.23. Let M1[T, I, F ] = K(T, I, F )× {(0, 0T, 0I, 0F )} ⊆ V (T, I, F ) and
M2[T, I, F ] = {(0, 0T, 0I, 0F )} ×K(T, I, F ) ⊆ V (T, I, F ).
Following the approach in Example 3.19, we can establish that M1[T, I, F ] and M2[T, I, F ] are
NQ-Hypersubspaces of V (T, I, F ).
Let ((a, bT, cI, dF ), (0, 0T, 0I, 0F )) ∈M1[T, I, F ] and ((0, 0T, 0I, 0F ), (e, fT, gI, hF )) ∈M2[T, I, F ].
Then
((a, bT, cI, dF ), (0, 0T, 0I, 0F )) + ((0, 0T, 0I, 0F ), (e, fT, gI, hF )) = (((a + 0), (b + 0)T, (c + 0)I, (d +
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0)F ), ((0 + e), (0 + f)T, (0 + g)I, (0 + h)F )) = ((a, bT, cI, dF ), (e, fT, gI, hF ))
But {((a, bT, cI, dF ), (e, fT, gI, hF ))} is not a NQ-subset of M1[T, I, F ] ∪M2[T, I, F ].
Therefore M1[T, I, F ] ∪M2[T, I, F ] is not a NQ-Hypersubspace of V (T, I, F ).
This observation is recorded in the following remark.

Remark 3.24. Let M1[T, I, F ] and M2[T, I, F ] be NQ-Hypersubspaces of a super strong NQ-Hypervector
space V (T, I, F ) over a NQ fieldK(T, I, F ), then generally, The union of two NQ-Hypersubspaces of a super
strong NQ-Hypervector space V (T, I, F ) is not necessarily a NQ-Hypersubspace of V (T, I, F ).

Definition 3.25. Let N1[T, I, F ] and N2[T, I, F ] be any two NQ-Hypersubspaces of a super strong NQ-
Hypervector space V (T, I, F ) over a NQ fieldK(T, I, F ) then the sum ofN1[T, I, F ] andN2[T, I, F ] denoted
by N1[T, I, F ] + N2[T, I, F ] is called NQ Hyperlinear sum or NQ linear sum of the NQ-Hypersubspaces
N1[T, I, F ] and N2[T, I, F ]. And it is defined by the set⋃

{n1 + n2 : n1 = (a1, b1T, c1I, d1F ) ∈ N1[T, I, F ], n2 = (a2, b2T, c2I, d2F ) ∈ N2[T, I, F ]}

The NQ Hyperlinear sum ofN1[T, I, F ] andN2[T, I, F ] is called the direct sum of the NQ-Hypersubspaces
N1[T, I, F ] and N2[T, I, F ] if N1[T, I, F ] ∩N2[T, I, F ] = {θ}.

Proposition 3.26. Let N1[T, I, F ] and N2[T, I, F ] be any two NQ-Hypersubspaces of a super strong NQ-
Hypervector space V (T, I, F ) over a NQ field K(T, I, F ). Then

1. NQ Hyperlinear sum of N1[T, I, F ] and N2[T, I, F ] is a NQ-Hypersubspace of V (T, I, F ).

2. NQ Hyperlinear sum of N1[T, I, F ] and N2[T, I, F ] is the least NQ-Hypersubspace of V (T, I, F ) con-
taining N1[T, I, F ] and N2[T, I, F ].

Proof:

1. Since θ = (0, 0T, 0I, 0F ) ∈ N1[T, I, F ] and θ = (0, 0T, 0I, 0F ) ∈ N2[T, I, F ],
then {θ + θ} ⊆ N1[T, I, F ] +N2[T, I, F ]
=⇒ {θ} ⊆ N1[T, I, F ] +N2[T, I, F ] =⇒ θ ∈ N1[T, I, F ] +N2[T, F, I],
therefore N1[T, I, F ] +N2[T, I, F ] is non-empty.
Let u = (a, bT, cI, dF ), v = (e, fT, gI, hF ) ∈ N1[T, I, F ] +N2[T, I, F ] , then ∃
u1 = (a1, b1T, c1I, d1F ), u2 = (a2, b2T, c2I, d2F ) ∈ N1[I1, I2] and v1 = (e1, f1T, g1I, h1F )
v2 = (e1, f1T, g1I, h1F ) ∈ N2[I1, I2] such that u ∈ u1 + v1 and v ∈ u2 + v2.
Let α = (p, qT, rI, sF ), β = (p′, q′T, r′I, s′F ) ∈ K(T, I, F ).

Then α • u+ β • v ⊆ α • (u1 + v1) + β • (u2 + v2)
= (p, qT, rI, sF )•((a1+e1), (b1+f1)T, (c1+g1)I, (d1+h1)F )+(p′, q′T, r′I, s′F )•((a2+e2), (b2+
f2)T, (c2 + g2)I, (d2 + h2)F )
⊆ {(x1, y1T, z1I, w1F ) : x1 ∈ p • (a1 + e1), y1 ∈ p • (b1 + f1) ∪ q • (a1 + e1) ∪ q • (b1 + f1), z1 ∈
p • (c1 + g1) ∪ q • (c1 + g1) ∪ r • (a1 + e1) ∪ r • (b1 + f1) ∪ r • (c1 + g1), w1 ∈ p • (d1 + h1) ∪ q •
(d1 + h1) ∪ r • (d1 + h1) ∪ s • (a1 + e1) ∪ s • (b1 + f1) ∪ s • (c1 + g1) ∪ s • (d1 + h1)}
+ {(x2, y2T, z2I, w2F ) : x2 ∈ p′ • (a2 + e2), y2 ∈ p′ • (b2 + f2)∪ q′ • (a2 + e2)∪ q′ • (b2 + f2), z2 ∈
p′ • (c2 + g2) ∪ q′ • (c2 + g2) ∪ r′ • (a2 + e2) ∪ r′ • (b2 + f2) ∪ r′ • (c2 + g2), w2 ∈ p′ • (d2 + h2) ∪
q′ • (d2 + h2) ∪ r′ • (d2 + h2) ∪ s′ • (a2 + e2) ∪ s′ • (b2 + f2) ∪ s′ • (c2 + g2) ∪ s′ • (d2 + h2)}
= {(x, yT, zI, wF ) : x ∈ (p • a1 + p • e1 + p′ • a2 + p′ • e2), y ∈ (p • b1 + p • f1 + p′ • b2 + p′ • f2)∪
(q • a1 + q • e1 + q′ • a2 + q′ • e2) ∪ (q • b1 + q • f1 + q′ • b2 + q′ • f2),
z ∈ (p • c1 + p • g1 + p′ • c2 + p′ • g2) ∪ (q • c1 + q • g1 + q′ • c2 + q′ • g2) ∪ (r • a1 + r • e1 + r′ •
a2 + r′ • e2) ∪ (r • b1 + r • f1 + r′ • b2 + r′ • f2) ∪ (r • c1 + r • g1 + r′ • c2 + r′ • g2)
w ∈ (p • d1 + p • h1 + p′ • d2 + p′ • h2)∪ (q • d1 + q • h1 + q′ • d2 + q′ • h2)∪ (r • d1 + r • h1 + r′ •
d2 + r′ • h2)∪ (s • a1 + s • e1 + s′ • a2 + s′ • e2)∪ (s • b1 + s • f1 + s′ • b2 + s′ • f2)∪ (s • c1 + s •
g1 + s′ • c2 + s′ • g2) ∪ (s • d1 + s • h1 + s′ • d2 + s′ • h2)}
= {(k1,m1T, n1I, j1F ) : k1 ∈ (p • a1+ p′ • a2),m1 ∈ (p • b1+ p′ • b2)∪ (q • a1+ q′ • a2)∪ (q • b1+
q′ •b2), n1 ∈ (p•c1+p′ •c2)∪ (q •c1+q′ •c2)∪ (r •a1+r′ •a2)∪ (r •b1+r′ •b2)∪ (r •c1+r′ •c2),
j1 ∈ (p • d1 + p′ • d2)∪ (q • d1 + q′ • d2)∪ (r • d1 + r′ • d2)∪ (s • a1 + s′ • a2)∪ (s • b1 + s′ • b2)∪
(s • c1 + s′ • c2) ∪ (s • d1 + s′ • d2)}
+ {(k2,m2T, n2I, j2F ) : k2 ∈ (p • e1 + p′ • e2),m2 ∈ (p • f1 + p′ • f2)∪ (q • e1 + q′ • e2)∪ (q • f1 +
q′ •f2), n2 ∈ (p•g1+p′ •g2)∪ (q •g1+q′ •g2)∪ (r •e1+r′ •e2)∪ (r •f1+r′ •f2)∪ (r •g1+r′ •g2)
j2 ∈ (p • h1 + p′ • h2)∪ (q • h1 + q′ • h2)∪ (r • h1 + r′ • h2)∪ (s • e1 + s′ • e2)∪ (s • f1 + s′ • f2)∪
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(s • g1 + s′ • g2) ∪ (s • h1 + s′ • h2)} ⊆ N1[T, I, F ] +N2[T, I, F ].
Hence α • u+ β • v ⊆ N1[T, I, F ] +N2[T, I, F ].
Now since N1, N2 are proper subsets of N1[T, I, F ] and N2[T, I, F ] respectively, with both N1 and
N2 being hypervector spaces. Then N1 + N2 is a hypervector space which is properly contained in
N1[T, I, F ]+N2[T, I, F ]. Then we can conclude thatN1[T, I, F ]+N2[T, I, F ] is a NQ-Hypersubspace.

2. Let N [T, I, F ] be NQ-Hypersubspace of V (T, I, F ) such that N1[T, I, F ] ⊆ N [T, I, F ] and
N2[T, I, F ] ⊆ N [T, I, F ].
Let u = (a, bT, cI, dF ) ∈ N1[T, I, F ] + N2[T, I, F ], then ∃u1 = (a1, b1T, c1I, d2F ) ∈ N1[T, I, F ]
and u2 = (a2, b2T, , c2I, d2F ) ∈ N2[T, I, F ] such that u ∈ u1 + u2.
Since N1[T, I, F ] ⊆ N [T, I, F ] and N2[T, I, F ] ⊆ N [T, I, F ], then u1, u2 ∈ N [T, I, F ].
Again since N [T, I, F ] is a NQ-Hypersubspace of V (T, I, F ), then we have that
u1 + u2 ⊆ N [T, I, F ] =⇒ u ∈ N [T, I, F ].
Hence N1[T, I, F ] +N2[T, I, F ] ⊆ N [T, I, F ] and the proof follows.

Proposition 3.27. Let V (T, I, F ) be a super strong NQ-Hypervector space over a NQ-field K(T, I, F ),
let u1 = (a1, b1T, c1I, d1F ), u2 = (a2, b2T, c2I, d2F ), · · · , un = (an, bnT, cnI, d2F ) ∈ V (T, I, F ) and
α1 = (k1,m1T, r1I, t1F ), α2 = (k2,m2T, r2I, t2F ) · · · , αn = (kn,mnT, rnI, tnF ) ∈ K(T, I, F ). Then

1. N(T, I, F ) =
⋃
{α1 • u1 + α2 • u2 + · · · + αn • un : α1, α2, · · · , αn ∈ K(T, I, F )} is a NQ-

Hypersubspace of V (T, I, F ).

2. N(T, I, F ) is the smallest NQ-Hypersubspace of V (T, I, F ) containing u1, u2, · · · , un.

Proof:

1. Follow similar approach as that of proposition 3.26 above.

2. Suppose that H(T, I, F ) is a super strong NQ-Hypersubspace of V (T, I, F ) containing
u1 = (a1, b1T, c1I, d1F ), u2 = (a2, b2T, c2I, d2F ), · · · , un = (an, bnT, cnI, dnF ).
Let t ∈ N(T, I, F ), then there exists α1 = (k1,m1T, p1I, q1F ), α2 = (k2,m2T, p2I, q2F ), · · · ,
αn = (kn,m1T, p1I, q1F ) ∈ K(T, I, F ) such that

t ∈ α1 • (a1, b1T, c1I, d1F )+α2 • (a2, b2T, c2I, d2F )+ · · ·+αn • (an, bnT, cnI, dnF ) ⊆ H(T, I, F )

Therefore t ∈ H(T, I, F ) =⇒ N(T, I, F ) ⊆ H(T, I, F ).
Hence N(T, I, F ) is the smallest NQ-Hypersubspace of V (T, I, F ) containing u1, u2, · · · , un.

Note: The NQ-Hypersubspace N(T, I, F ) of the super strong NQ-Hypervector space V (T, I, F ) over a NQ
fieldK(T, I, F ) of proposition 3.27 is said to be generated or spanned by the NQ-Hypervectors u1, u2, · · · , un
and we write N(T, I, F ) = span{u1, u2, · · · , un}.

Definition 3.28. LetN1[T, I, F ] andN2[T, I, F ] be two NQ-Hypersubspaces of a super strong NQ-Hypervector
space (V (T, I, F ),+, •,K(T, I, F )) over a NQ field K(T, I, F ). V (T, I, F ) is said to be the direct sum of
N1[T, I, F ] and N2[T, I, F ] written V (T, I, F ) = N1[T, I, F ]⊕N2[T, I, F ] if every element v ∈ V (T, I, F )
can be written uniquely as v = n1 + n2 where n1 ∈ N1[T, I, F ] and n2 ∈ N2[T, I, F ].

Proposition 3.29. LetN1[T, I, F ] andN2[T, I, F ] be two NQ-Hypersubspaces of a super strong NQ-Hypervector
space (V (T, I, F ),+, •,K(T, I, F )) over a NQ field K(T, I, F ). V (T, I, F ) = N1[T, I, F ]⊕N2[T, I, F ] if
and only if the following conditions hold:

1. V (T, I, F ) = N1[T, I, F ] +N2[T, I, F ].

2. N1[T, I, F ] ∩N2[T, I, F ] = {θ}.

Proof : Same as in classical case.

Example 3.30. Let V (T, I, F ) = R3(T, I, F ) be a super strong NQ-Hypervector space over a NQ-field
R(T, I, F ) and let
N1(T, I, F ) = {(u, θ, w) : u = (a, bT, cI, dF ), w = (k,mT, nI, pF ) ∈ R(T, I, F )} and
N2(T, I, F ) = {(θ, v, θ) : v = (e, fT, gI, hF ) ∈ R(T, I, F )}, be super strong NQ-Hypersubspaces of
V (T, I, F ). Then V (T, I, F ) = N1(T, I, F )⊕N2(T, I, F ).
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To see this, let x = (u, v, w) ∈ V (T, I, F ), then x = (u, θ, w) + (θ, v, θ), so
x ∈ N1(T, I, F ) +N2(T, I, F ). Hence V (T, I, F ) = N1(T, I, F ) +N2(T, I, F ).
To show that N1(T, I, F ) ∩N2(T, I, F ) = {θ}, let x = (u, v, w) ∈ N1(T, I, F ) ∩N2(T, I, F ).
Then v = θ, i.e (e, fT, gI, hF ) = (0, 0T, 0I, 0F ) because x lies in N1(T, I, F ), and u = w = θ i.e
(a, bT, cI, dF ) = (k,mT, nI, pF ) = (0, 0T, 0I, 0F ) because x lies in N2(T, I, F ). Thus x = (θ, θ, θ) = θ,
so θ = (0, 0T, 0I, 0F ) is the only NQ-Hypervector in N1(T, I, F ) ∩N2(T, I, F ).
Hence N1(T, I, F ) ∩N2(T, I, F ) = {0, 0T, 0I, 0F} = {θ}.
=⇒ V (T, I, F ) = N1(T, I, F )⊕N2(T, I, F ).

Definition 3.31. Let N [T, I, F ] be a NQ-Hypersubspace of a super strong NQ-Hypervector space
(V (T, I, F ),+, •,K(T, I, F )) over a NQ-fieldK(T, I, F ). The quotient V (T, I, F )/N [T, I, F ] is defined by
the set

{[v] = v +N [T, I, F ] : v ∈ V (T, I, F )}.

If for every [u], [v] ∈ V (T, I, F )/N [T, I, F ] and α ∈ K(T, I, F ), we define:

[u]⊕ [v] = (u+ v) +N [T, I, F ]

and
α� [u] = [α • u] = {[x] : x ∈ α • u},

it can be shown that (V (T, I, F )/N [T, I, F ],⊕,�,K(T, I, F )) is a super strong NQ-Hypervector space over
NQ-field K(T, I, F ) called a super strong NQ quotient hypervector space.

4 Linear Dependence, Independence, Bases and Dimensions of NQ-
Hypervector Space

Definition 4.1. Let (V (T, I, F ),+, •,K(T, I, F )) be a super strong NQ-Hypervector space over a NQ field
K(T, I, F ) and let
B(T, I, F ) = {u1 = (a1, b1T, c1I, d1F ), u2 = (a2, b2T, c2I, d2F ), · · · , un = (an, bnT, cnI, dnF )} be a
subset of V (T, I, F ). B(T, I, F ) is said to generate or span V (T, I, F ) if V (T, I, F ) = span(B(T, I, F )).

Example 4.2. Let V (T, I, F ) = R4(T, I,K) be a super strong NQ-Hypervector space over a NQ field
R(T, I, F ) and let B(T, I, F ) = {u1 = ((1, 0T, 0I, 0F ), (0, 0T, 0I, 0F ), (0, 0T, 0I, 0F ), (0, 0T, 0I, 0F )),
u2 = ((0, 0T, 0I, 0F ), (1, 0T, 0I, 0F ), (0, 0T, 0I, 0F ), (0, 0T, 0I, 0F )),
u3 = ((0, 0T, 0I, 0F ), (0, 0T, 0I, 0F ), (1, 0T, 0I, 0F ), (0, 0T, 0I, 0F )),
u4 = ((0, 0T, 0I, 0F ), (0, 0T, 0I, 0F ), (0, 0T, 0I, 0F ), (1, 0T, 0I, 0F ))}.
Then B(T, I, F ) spans V (T, I, F ).

Definition 4.3. Let (V (T, I, F ),+, •,K(T, I, F )) be a super strong NQ-Hypervector space over NQ-field
K(T, I, F ). The NQ vector u = (a, bT, cI, dF ) ∈ V (T, I, F ) is said to be a linear combination of the NQ
vectors u1 = (a1, b1T, c1I, d1F ), u2 = (a2, b2T, c2I, d2F ), · · · , un = (an, bnT, cnI, dnF ) ∈ V (I1, I2) if
there exists NQ-scalarsα1 = (k1,m1T, s1I, t1F ), α2 = (k2,m2T, s2I, t2F ), · · · , αn = (kn,mnT, snI, tnF ) ∈
K(T, I, F ) such that

u ∈ α1 • u1 + α2 • u2 + · · ·+ αn • un.

Example 4.4. Let V (T, I, F ) = R(T, I, F ) be a weak NQ-Hypervector space over a field K = R. An
element v = (1, 1T, 4I, 7F ) ∈ V (T, I, F ) is a linear combination of the elements v1 = (1, 2T,−1I,−2F ),
v2 = (3, 5T, 2I, 3F ) ∈ V (T, I, F )
Since

(1, 1T, 4I, 7F ) ∈ −2 • (1, 2T,−1I,−2F ) + 1 • (3, 5T, 2I, 3F ).

Definition 4.5. Let (V (T, I, F ),+, •,K(T, I, F )) be a super strong NQ-Hypervector space over a NQ field
K(T, I, F ) and let
B(T, I, F ) = {u1 = (a1, b1T, c1I, d1F ), u2 = (a2, b2T, c2I, d2F ), · · · , un = (an, bnT, cnI, dnF )} be a
subset of V (T, I, F ).

1. B(T, I, F ) is called a linearly dependent set if there exists NQ scalars α1 = (k1,m1T, s1I, t1F ), α2 =
(k2,m2T, s2I, t2F ), · · · , αn = (kn,mnT, snI, tnF ) (not all zero) such that

θ ∈ α1 • u1 + α2 • u2 + · · ·+ αn • un.
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2. B(T, I, F ) is called a linearly independent set if

θ ∈ α1 • u1 + α2 • u2 + · · ·+ αn • un

implies that α1 = α2 = · · · = αn = (0, 0T, 0I, 0F ) = θ

Example 4.6. Let V (T, I, F ) = R(T, I, F ) be a weak NQ-Hypervector space over a field K = R. The sub-
set B(T, I, F ) = {(5,−7T, 5I, 4F ), (3,−4T, 2I, 2F ), (−2, 3T,−3T,−2T )} of V (T, I, F ) is NQ linearly
dependent set since

θ ∈ 1 • (5,−7T, 5I, 4F ) + (−1) • (3,−4T, 2I, 2F ) + 1 • (−2, 3T,−3T,−2T )

Example 4.7. Let V (T, I, F ) = R(T, I, F ) be a weak NQ-Hypervector space over a fieldK = R. The subset
B(T, I, F ) = {(7, 0T, 0I, 0F ), (0, 3T, 5I, 0F ), (0, 0T, 0T,−8T )} of V (T, I, F ) is NQ linearly independent
set over R because we can not find a, b, c ∈ R such that

θ ∈ a • (7, 0T, 0I, 0F ) + b • (0, 3T, 5I, 0F ) + c • (0, 0T, 0T,−8T )

If possible then θ ∈ a • (7, 0T, 0I, 0F ) + b • (0, 3T, 5I, 0F ) + c • (0, 0T, 0T,−8T ) implies that;
0 ∈ a • 7 + b • 0 + c • 0 which forces a = 0,
0 ∈ a • 0 + b • 3 + c • 0 which forces b = 0,
0 ∈ a • 0 + b • 5 + c • 0 which forces b = 0 and
0 ∈ a • 0 + b • 0 + c • −8 which forces c = 0.
Thus the equations are consistent and a = b = c = 0.

Proposition 4.8. Let (V (T, I, F ),+, •,K) be a weak NQ-Hypervector space over a field K. Any singleton set
of non-null NQ vector of the weak NQ-Hypervector space V (T, I, F ) is linearly independent.

Proof: Suppose that θ 6= v = (a, bT, cI, dF ) ∈ V (T, I, F ). Let θ ∈ k • v and suppose that θ 6= k ∈ K.
Then k−1 ∈ K and therefore, k−1 • θ ⊆ k−1 • (k • v) so that

θ ∈ (k−1k) • v
= 1 • v
= {(x, yT, zI, wF ) : x ∈ 1 • a, y ∈ 1 • b, z ∈ 1 • c, w ∈ 1 • d}
= {(x, yT, zI, wF ) : x ∈ {a}, y ∈ {b}, z ∈ {c}, w ∈ {d}}
= {(a, bT, cI, dF )}
= {v}

This shows that v = θ which is a contradiction. Hence, k = θ and thus, the singleton {v} is a linearly
independent set.
We note that the singleton set will be linearly dependent if it contains a null NQ-vector and θ 6= k ∈ K. This
observation is recorded in the next proposition.

Proposition 4.9. Let (V (T, I, F ),+, •,K) be a weak NQ-Hypervector space over a field K. Any set of NQ-
vectors of the weak NQ-Hypervector space V (T, I, F ) containing the null NQ-vector is always linearly de-
pendent.

Proof: Follows from Proposition 4.8

Proposition 4.10. Let (V (T, I, F ),+, •,K) be a weak NQ-Hypervector space over a field K and let

B(I1, I2) = {u1 = (a1, b1T, c1I, d1F ), u2 = (a2, b2T, c2I, d2F ), · · · , un = (an, bnT, cnI, dnF )}

be a subset of V (T, I, F ). Then B(T, I, F ) is a linearly dependent set if and only if at least one element of
B(T, I, F ) can be expressed as a linear combination of the remaining elements of B(T, I, F ).

Proof : Suppose that B(T, I, F ) is a linearly dependent set. Then there exists scalars k1, k2, · · · , kn not
all zero in K such that

θ ∈ k1 • u1 + k2 • u2 + · · ·+ kn • un.

Suppose that k1 6= 0, then k−11 ∈ K and therefore

k−11 • θ ⊆ k−11 • (k1 • u1 + k2 • u2 + · · ·+ kn • un)
= (k−11 k1) • u1 + (k−12 k2) • u2 + · · ·+ (k−1n kn) • un
= 1 • u1 + (k−11 k2) • u2 + · · ·+ (k−11 kn) • un
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This implies that

−u1 ∈ (k−11 k2) • u2 + · · ·+ (k−11 kn) • un
(u1) ∈ (−1) • [(k−11 k2) • u2 + · · ·+ (k−11 kn) • un]

⊆ (−1) • ((k−11 k2) • u2 + · · ·+ (−1) • (k−1n kn) • un)
⊆ (−k−11 k2) • u2 + (−k−11 k3) • u3 + · · ·+ (−k−11 kn) • un.

This shows that u1 ∈ span{u2, u3, · · · , un}.
Conversely, suppose that u1 ∈ span{u2, u3, · · · , un} and suppose that 0 6= −1 ∈ K. Then there exists
k2, k3, · · · , kn ∈ K such that

u1 ∈ k2 • u2 + k3 • u3 + · · ·+ kn • un
and we have

u1 + (−u1) ∈ (−1) • u1 + k2 • u2 + k3 • u3 + •+ kn • un.

from which we have
θ ∈ (−1) • u1 + k2 • u2 + k3 • u3 + · · ·+ kn • un.

Since −1 6= 0 ∈ K, it follows that B(T, I, F ) is a linearly dependent set.

Proposition 4.11. Let (V (T, I, F ),+, •,K(T, I, F )) be a super strong NQ-Hypervector space over a NQ-
fieldK(T, I, F ) and letM(T, I, F ) andN(T, I, F ) be subsets of V (T, I, F ) such thatM(T, I, F ) ⊆ N(T, I, F ).

1. If M(T, I, F ) is linearly dependent, then N(T, I, F ) is linearly dependent.

2. If N(T, I, F ) is linearly independent, then M(T, I, F ) is linearly independent.

Proof: Same as in classical case.

Definition 4.12. Let V (T, I, F ) be a super strong(strong) NQ-Hypervector space over a NQ field K(T, I, F )
(resp. neutrosophic field K(I)) and let
B(T, I, F ) = {u1 = (a1, b1T, c1I, d1F ), u2 = (a2, b2T, c2I, d2F ), · · · , un = (an, bnT, cnI, dnF )} be a
subset of V (T, I, F ). B(T, I, F ) is said to be a basis for V (T, I, F ) if the following conditions hold:

1. B(T, I, F ) is a linearly independent set

2. V (T, I, F ) = span(B(T, I, F )).

IfB(T, I, F ) is finite and its cardinality is n, then V (T, I, F ) is called an n-dimensional super strong(strong)
NQ-Hypervector space and we write dimss(V (T, I, F ))(resp.(dimsV (T, I, F ))) = n. If B(T, I, F ) is not
finite, then V (T, I, F ) is called an infinite-dimensional super strong(strong) NQ-Hypervector space.

Example 4.13. In 4.2, B(T, I, F ) is a basis for V (T, I, F ) and dimssV (T, I, F ) = 4

Proposition 4.14. Let (V (T, I, F ),+, •,K(T, I, F )) be a finite dimensional super strong NQ-Hypervector
space over a NQ field K(T, I, F ) and let
B(T, I, F ) = {x1 = (a1, b1T, c1I, d1F ), x2 = (a2, b2T, c2I, d2F ), · · · , un = xn = (an, bnT, cnI, dnF )}
be a basis for V (T, I, F ) . Then every non null NQ-Hypevector x = (a, bT, cI, dF ) ∈ V (T, I,K) has a
unique representation.

Proof: SinceB(T, I, F ) is a basis for V (T, I, F ) and x ∈ V (T, I,K), there existα1 = (k1,m1T, n1I, t1F ),
α2 = (k2,m2T, n2I, t2F ), · · · , αn = (kn,mnT, nnI, tnF ) such that

x ∈ α1 • x1 + α2 • x2 + · · ·+ αn • xn (1).

Suppose we also let x ∈ β1 • x1 + β2 • x2 + · · ·+ βn • xn, for some β1 = (p1, q1T, r1I, s1F ),
β2 = (p2, q2T, r2I, s2F ), · · · , βn = (pn, qnT, rnI, snF ) ∈ K(T, I, F ).
Therefore, −x ∈ (−1) • x ⊆ (−1) • (β1 • x1 + β2 • x2 + · · ·+ βn • xn)

=⇒ −x ∈ ((−1) • (β1 • x1)) + ((−1) • (β2 • x2)) + · · ·+ ((−1) • (βn • xn))
= ((−1 • β1) • x1) + ((−1 • β2) • x2) + · · ·+ ((−1 • βn) • xn))
= (−β1) • x1 + (−β2) • x2 + · · ·+ (−βn) • xn.

Therefore
−x ∈ (−β1) • x1 + (−β2) • x2 + · · ·+ (−βn) • xn (2).
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From (1) and (2) we obtain

x+ (−x) ⊆ (α1 • x1 + α2 • x2 + · · ·+ αn • xn) + ((−β1) • x1 + (−β2) • x2 + · · ·+ (−βn) • xn).

Therefore θ ∈ x+ (−x) ⊆ (α1 + (−β1)) • x1 + (α2 + (−β2)) • x2 + · · ·+ (αn + (−βn)) • xn.
Since {x1, x2, · · · , xn} is a basis for V (T, I, F ) and

θ ∈ (α1 − β1) • x1 + (α2 − β2) • x2 + · · ·+ (αn − βn) • xn.

Then it follows that θ ∈ αi − βi, for all i = 1, 2, · · · , n. Hence ai = bi , for all i = 1, 2, · · · , n.

5 Conclusion
In this paper, we have studied Hypervector Space in the Neutrosophic Quadruple (NQ) environment. Their
basic properties have been extended and established in the Neutrosophic Quadruple (NQ) environment. We
hope to study the homomorphsms and establish more advanced properties of this structure in our future work.
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