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Abstract

The objective of this paper is to study Neutrosophic Quadruple Hypervector Spaces and present some of their
basic definitions and properties. This paper generalizes the concept of Neutrosophic Hypervector spaces by
presenting their Neutrosophic Quadruple forms. Some notions such as Neutrosphic hypersubspaces, linear
combination, linearly dependence and linearly independence are generalized. Some interesting results and
examples to illustrate the new concepts introduced are presented.
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1 Introduction

Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of neutralities, as well as
their interactions with different ideational spectra. Neutrosophic set and neutrosophic logic were introduced
in 1995 by Smarandache as generalizations of fuzzy set and respectively intuitionistic fuzzy logic. In neutro-
sophic logic, each proposition has a degree of truth (T"), a degree of indeterminacy (I), and a degree of falsity
(F), where T, I, F are standard or non-standard subsets of ] =0, 1, see [#/2529],

The notion of neutrosophic algebraic structures was introduced by Kandasamy and Smarandache in 2006, see
32133l Since then, several researchers have studied the concepts and a great deal of literature has been produced.
For example, Agboola and Akinleye introduced the concept of neutrosophic hypervector spaces in! and in?
they studied neutrosophic vector spaces. In”* Vasantha K., Ilanthenral K. and Smarandache F. introduced
for the first time the concept of neutrosophic qudruple vector spaces over the classical fields R, C and Z,. A
comprehensive review of neutrosophy, neutrosophic triplet set, neutrosophic quadruple set and neutrosophic
algebraic structures can be found in [FA2IOHIZIAINIZISIOU2I225051

The concept of hyperstructure was first introduced by Marty'® in 1934 at the 8th congress of Scandinavian
Mathematicians and then he established the definition of hypergroup in 1935 to analyze its properties and
applied them to groups of rational algebraic functions. M. Krasner! introduced the notions of hyperring and
hyperfield and use them as technical tools in the study of the approximation of valued fields. These concepts
have been developed and generalized by many researchers.

The notion of hypervector spaces was introduced by M. Scafati Tallini?* in 1988. Hypervector spaces have
been further expanded by other researchers. For more detailed information on hypervector spaces, the reader
should see [567823242526].

The present paper is concerned with introducing the concept of neutrosophic quadruple hypervector spaces.
Some of their elementary properties are presented.

2 Preliminaries

In this section, some basic definitions and properties that will be useful in this work are given.
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Definition 2.1. A neutrosophic quadruple number is a number of the form (a, bT, cI, dF’) where T', I, F' have
their usual neutrosophic logic meanings and a, b, ¢, d € R or C. The set N defined by
NQ = {(a,bT,cl,dF) : a,b,c,d € R or C} is called neutrosophic quadruple set.

Definition 2.2. % Suppose in an optimistic way we consider the prevalence order T > I > F. Then the
combination of the usual Neutrosophic tools T, I, F' are :

TI =1IT = mazx{T,I} =T,

TF =FT =maz{T,F} =T,

IF =FI =max{I,F} =1,

TT=T2=T,
IT=12=1,
FF=F2=F

Analogously, suppose in a pessimistic way we consider the prevalence order 7' < I < F. Then we have:
TI=IT =max{T,I} =1,

TF =FT =mazx{T,F} = F,

IF =FI =maz{I,F} =F,

TT =T2 =T,
IT=12=1,
FF=F*=F

We shall adopt the pessimistic way in this work.

The following operations are defined on NQ, for « = (a,bT,cl,dF) and y = (e, fT,gI,hF) € NQ
we have that

z+y=(a,bT,cl,dF) + (e, fT,g1,hF) = (a + e, (b+ f)T, (c + g)I,(d + h)F) and

x—y=(a,bT,cl,dF)— (e, fT,9I,hF) = (a—e,(b— f)T,(c—g)I,(d — h)F) arein NQ.
For z = (a,bT,cI,dF) € NQ and k € R where k is a scalar and z is a vector in NQ.

kx = k. (a,bT,cl,dF) = (ka,kbT, keI, kdF) € NQ.

If £ =0=(0,0,0,0) € NQ usually termed as zero neutrosophic quadruple vector and for any scalar &k € R
we have k-0 = 0.
Further

(k+p)z = kz + px, k(px) = (kp)x, k(z +y) = kx + ky.

forallk,pe Randx,y € NQ. —x = (—a, —bT, —cI, —dF') which is in NQ.

Definition 2.3. Leta = (al, (ZQT, a3], CL4F‘)7 b= (bl, bQT, ng, b4F) S NQ Then

a - b = ((ll,(lQT, ag[, a4F) . (blabZTv b3[? b4F)
= (albl, (a1b2 + a2b1 + a2b2)T7 (a‘le + a2b3 + a3b1 + a3b2 + GBbS)I’
(a1bg + asby, asby + asby + asbs + asbs + a4b4)F)'

Theorem 2.4. * (NQ, +) is an abelian group.

7
Theorem 2.5. # (NQ, -) is a commutative monoid.
7

Theorem 2.6. “ (NQ, -) is not a group.

(
(
(
Theorem 2.7. # (NQ, +, ) is a commutative ring.

Theorem 2.8. ** (NQ,+) = {(a,bT,cl,dF)|a,b,c,d € R or C or Zy;p a prime,+} be the Neutrosophic
quadruple group. Then V. = (NQ,+,0) is a Neutrosophic Quadruple vector space (NQ — vectorspace)
over R or C or Z,,, where 'd’ is the special type of operation between V and R (or C or Z,,) defined as scalar
multiplication.

Definition 2.9. Y Let V = (NQ, +) be a NQ vector space over R (or C or Z,,). A subset L of V' is said to

be NQ linearly dependent or simply dependent, if there exists distinct vectors a1, ag, - - - ,ar € L and scalars
di,da, -+ ,dy € R (or CoZ,)not all zero such that dy ocay +daocas + -+ dpoar =0.
We say the set of vectors aq, as, - - -, ay is NQ linearly independent if it is not N linearly dependent.
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Definition 2.10. “*Let V = (NQ, +) be a NQ vector space over R (or C or Z,,) . A subset W of V is said to
be Neutrosophic Quadruple vector subspace of V' if W itself is a Neutrosophic Quadruple vector space over R
(or C or Zy).

Definition 2.11. "' Let P(V') be the power set of a set V, P*(V) = P(V) — {0} and let K be a field.
The quadruple (V, +, e, K) is called a hypervector space over a field K if:

1. (V,+) is an abelian group.

2. ¢ : K xV — P*(V) is a hyperoperation such that for all kK, m € K and u,v € V, the following
conditions hold:
(@ (k+m)euC (keu)+ (meu),
(b) ke(u+v)C(keu)+ (kev),
(c) ke(mewu)=(km)eu, whereke (meu)={kev:vemeu},
@) (—k)eu==Fe(—u),
&) ueleu.
A hypervector space is said to be strongly left distributive (resp. strongly right distributive) if equality holds in

(a) (resp. in (b)). (V,+, e, K) is called a strongly distributive hypervector space if it is both strongly left and
strongly right distributive.

Definition 2.12. ' Let (V, +, o, K) be any strongly distributive hypervector space over a field K and let
V() =<Vu()>={u=(a,bl):a,beV}

be a set generated by V, and I. The quadruple (V(I),+, e, K) is called a weak neutrosophic strongly dis-
tributive hyper vector space over a field K.
For every element u = (a,bl),v = (d,el) € V(I),and k € K we define
ut+v=(a+d,(b+e)l e V(I),
keu={(z,yl):x €kea,y €keb}.

If K is a neutrosophic field, that is, K = K(I), then the quadruple (V(I),+, e, K(I)) is called a strong
neutrosophic strongly distributive hyper vector space over a neutrosophic field K (7).
For every element u = (a,bl),v = (d,el) € V(I), and a = (k,mI) € K(I), we define

u+v=(a,bl)+ (d,el) = (a+d,(b+e)l),
aeu={(z,yl): (x €kea,yckebUmealmebd)}.

The elements of V(I) are called neutrosophic vectors and the elements of K (I) are called neutrosophic
scalars. The zero neutrosophic vector of V' (I), (0,0I), is denoted by 6, the zero element 0 € K is represented
by (0,0I)in K(I) and 1 € K is represented by (1,0I) € K(I).

Theorem 2.13. U Every strong neutrosophic hypervector space is a weak neutrosophic hy- pervector space

Theorem 2.14. U Every weak neutrosophic hypervector space is a strongly distributive hypervector space

3 Formulation of a Neutrosophic Quadruple(NQ) Hypervector Spaces
and its Subspaces

In this section, we develop the concept of neutrosophic quadruple hypervector spaces and present some of
their basic properties. Except otherwise stated, all neutrosophic quadruple numbers will be real neutrosophic
quadruple numbers of the form (a, bT, cI,dF’) where a, b, ¢,d € R. The elements of V (T, I, F') will be called
neutrosophic quadruple vectors and the elements of K (I) and K (T, I, F') will be called neutrosophic scalars
and neutrosophic quadruple scalars respectively. (0,07, 0, 0F), the zero vector of V (T, I, F') will be denoted
by 6, the zero element of K (7', I, F') will be denoted by 0 € K while 1 € K will be denoted by (1,07,0I,0F)
in K(T,1,F).
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Definition 3.1. Let (V, +, e, K) be any strongly distributive hypervector space over a field K and let
V(T,I,F) =<V U(T,I,F) >={u= (a,bT,cl,dF) : a,b,c,d € V'}.

be a set generated by V, T, I and F. The quadruple (V(T,I,F),+,e, K) is called a weak neutrosophic
quadruple strongly distributive hypervector space over a field K.

For every element v = (a,bT, cI,dF),v = (e, fT,gI,hF) € V(T,I,F) and k € K we define

ut+v=_(a+e (b+ T, (c+9)I,(d+h)F)eV(T,I,F),
keu={(r,aT,yl,zF):r ckea,x € kebyckec zcked}.
Definition 3.2. Let (V, +, o, i) be any strongly distributive hypervector space over a field K and let
V(T,1,F)=<VU(T,I,F) >={u= (a,bT,cl,dF) : a,b,c,d € V}.

be a set generated by V', T, I and F. The quadruple (V(T, I, F'),+,e, K(I)) is called a strong neutrosophic
quadruple strongly distributive hypervector space over a neutrosophic field K (I).

For every element u = (a,bT,cl,dF),v = (e, fT,gI,hF) € V(T,I,F) and o = (k,mI) € K(I), we
define
utv=(a+e (b+ T, (c+g)I,(d+h)F) e V(T,I,F),

aeu={(raT,yl,zF): (rekea,x ckebyckecUmealUmebUmec,z€kedUmed)}.
Definition 3.3. Let (V, +, e, K) be any strongly distributive hypervector space over a field K and let
V(T,I,F) =<V U(T,I,F) >={u=(a,bT,cl,dF) : a,b,c,d € V}

be a set generated by V, T, I and F.
The quadruple (V(T,1,F),+,e, K(T,1I,F)) is called a super strong neutrosophic quadruple strongly dis-
tributive hypervector space over a neutrosophic field K (7', I, F').

For every element v = (a,bT,cl,dF),v = (e, fT,gI,hF) € V(T,I,F) and o = (k,mT,nl,tF) €
K(T,1,F),we define
utv=(a+e 0+ f)T (ct+g)l,(d+h)F)ecV(TIF),
aeu={(raT,yl,zF):r€kea,x ckebUmeaUmebyckecUmecUnealUnebUnec,
z€kedUmedUnedUteaUtebUtecUted}.

Example 3.4. Let n be a positive integer and let V (T, I, F') = R™(T, I, F') denote the neutrosophic quadruple
set of column neutrosophic quadruple vectors of length n with entries from the field R :

(a1, b1T, 01[, le)
(ag, bQT, CQI, dgF)

R™(T,I,F) = caj, b, e, d; € R, i=1,2---n
(ana bnTa enl, an)
For all
(a1,0:T,c11,dy F) (er, LT, g1, F)
(a2,b2T, col, do F') (€2, foT', gol, ho F')
u= . JU = . eV(T,I,F)
(an7 bnT, CnI7 an) (en7 f7lT7 gnI7 h’",F)
and k € K define:
(a1,01T,c11,d1 F) (er, LT, g1, F)

(a2, 2T, col, do F) (€2, foT', oI, ho F')

+
(en7 fﬂT7 gn[a hﬂF)

)
(a1 +e1, (b1 + f1)T, (e1 + g1)1, (di + 1) F)
(a2 + ez, (ba + f2)T), (c2 + g2)1, (d2 + ha) F)

(an + én, (bn + fn)Tv (Cn + gn)Iv (dn + hn)F)
Doi :10.5281/zenodo.3752906 23
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and
(a1,01T,c11,d1 F) (ri,z1Tyy1 L, 21 F) rr€keay,r1 €Ekeb,y Ekecy,z1 €Eked
(ag,bgT,Cgl,dgF) (’I“g,.’L‘QT,yQI,ZQF) ’I“QEk'.ag,xgEk.b27y2€k002,22€]€0d2
ke . = . : .
(an, bn T, eI, d, F) (rny 2y Ty ynl, zn F) rnEkeay,x, Ckeb, y, €kecy,z, Cked,

Then (V(T,1,F),+,e, K) is a weak neutrosophic quadruple strongly distributive hypervector space over the
field K.

Example 3.5. Let V(T,1,F) = R*(T,I,F) a
u = ((ar, 01T, crl,di F), (er, 1T, g1 1, ha F)),
and a = (k,mI) € K(I), define:

nd let K = R(I). For all
v = ((GQ,bQTa CZIadQF)v (627f2TagQI7 hQF)) S V(TaIaF)

u+v = ((ar +ag, (b1 +b2)T, (c1 + c2)I, (d1 + d2)F), (e1 + ez, (f1 + f2)T, (g1 + g2)1, (h1 + h2)F')).

aou = {((r,aT,yl,zF),(p,qT,sI,tF)):
(rekeaj,rckeb,yckeciUmea; UmebUmeci,zckedy Umed)
(pekee,gckefi,sckeggUmee,UmefiUmeg ,tEkeh;Umehi)}.

Then (V(T,1,F),+,e, K(I))is an strong neutrosophic quadruple strongly distributive hypervector space
over the neutrosophic field K ().

Example 3.6. Let V(T,I,F) = R*(T,I,F) andlet K = R(T, I, F). For all
u = ((a1,01T,c1I,di F), (er, (T, g1 I, i F)),v = ((az,b2T, col, doF), (€2, foT', g1, ho F)) € V(T, I, F)
and « = (k,mT,nl,wF) € K(T,I,F), define:

u+v = ((a1 +ag, (b1 +02)T, (c1 + c2)I, (dy + d2)F), (e1 + ez, (f1 + f2)T, (g1 + g2) I, (h1 + h2) F')).

aeu = {((r,zT,yl,zF),(p,qT, sI,tF)):
(rekeaj,rekebyUmearUmeb,yckeciUmeciUnea; Uneb Unecy,
z€kediUmediUnediUwea; Uweby Uwec; Uwed)
(pekeej,gckefifUmeeciUme fi,sckegUmeg  Unee;UnefiUneg,
tekehiUmehiUnehiUwee;Uwe frUweg Uwehy)}.

Then (V(T,1,F),+,e, K(T, I, F)) is a super strong neutrosophic quadruple strongly distributive hyper-
vector space over the neutrosophic quadruple field K (7,1, F).
From here on, every weak( strong [super strong]) neutrosophic quadruple strongly distributive hypervector
space will simply be called a weak( resp.(strong [super strong])) NQ-Hypervector space.

Proposition 3.7. .
1. Every super strong NQ-Hypervector space is a strong NQ-Hypervector space.
2. Every super strong NQ-Hypervector space is a weak NQ-Hypervector space.
3. Every strong NQ-Hypervector space is a weak NQ-Hypervector space.
Proof:
1. This is true, since K(I) C K(T,1,F).
2. Thisis true, since K C K(T,I, F).
3. This is true, since K C K(I).
Proposition 3.8. Every weak NQ-Hypervector space is a strongly distributive hypervector space.

Proof: Suppose that V (T, I, F') is a weak N Q-Hypervector space over a field K.
That (NQ, +) is a vector space is seen in [4].

Letu = (a,bT,cl,dF),v = (e, fT,gI,hF) € V(T,I,F) and k, m € K be arbitrary. Then
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(1). keu+meu = {(p,¢T,rl,sF):pekea,qckebrckecscked}
+ {(t,2wT,zI,yF):t € mea,w E meb,x Emec,y € med}
= {(p+t,(g+w)T,(r+x2),(s+y)F):p+t€kea+mea,q+wekeb+mea,
r+reckect+mec,s+ycked+med}.
Also

(k+m)eu = {@,{T,7"1,sF):p€(k+m)ea,¢ € (k+m)eb,r' € (k+m)ec,s € (k+m)ed}
= {(,{T,""I,sF):p'€kea+mea,qd ckeb+mea,r' ckec+mec,s’cked+med}
= keu+t+meu.

(2). keu+kev = {(pql,rI,sF):pEkea,qckebrckec,scked}
+ {(t,wT,zl,yF):tckec,wcke fxckegyc oh}
= {(p+t,(¢g+w)T,(r+2),(s+y)F):p+tckea+kec,gtweckebtkef
r+xckectkegs+ycked+keh}.

Also,
ke(utv) = ke(ate, (b+ f)T,(c+g)l,(d+h)F)

= {(,dT,"'ISF):p €ke(a+te),d cke(b+ [),r cke(c+g),scke(d+h)}

= {,{T,""I,sF):pekea+keeqd ckebt+kefr'ckec+keg,

se€ked+keh}

= keu+keun.
ke{(p,qT,rI,sF):pEmea,qE mebrcmec,scmed}
= {@,{T,7'[,sF):pckep,qd ckeq,r' cker s ckes}
= {@,dT,"'[,sF):p' €ke(mea),qd cke(med),r € (mec),s € (med)}
= {,dT,r'I,s'F):p' € (km)ea,q € (km)eb,r' € (km)ec,s' € (km)ed}
= (km)e (a,bT,cl,dF)
= (km)eu.

—
w

=
ol
[}

El
[ ]
<

~
|

4). (-k)eu = {(p,qT,rI,sF):pc(—k)ea,qc (—k)eb,rec(—k)ec,sc (—k)ed}
= {(p,qT,rl,sF):pcke(—a),gcke(=b),rcke(—c),scke(—d)}
= ke(—a,—bl)
= ke (—u).

(5). 1leu = {(p,¢T,rl,sF):pclea,gqclebreclec,scled}

= {(a,bT,cl,dF):a€lea,bclebcclec,decled}.
Showing that u € 1 e w.
Therefore we say that V (T, I, F') is a strongly distributive hypervector space.

Proposition 3.9. Let V(T I, F) be a super strong(strong) NQ-Hypervector space over a neutrosophic quadru-
ple field K (T, I, F)(neutrosophic field K (I)). Then

1. V(T,1,F) generally is not a strongly distributive hypervector space.
2. V(T,1, F) always contain a strongly distributive hypervector space

Proposition 3.10. Let (V(T,I,F),+1, 1) and (U(T, I, F),+2, ®3) be any two super strong NQ-Hypervector
space over a neutrosophic quadruple field K(T, 1, F). Let

V(T,I,F)xUT,I,F) = {((v,niT,vol,vsF), (u,uiT,usl,usF)):
(’U,’UlT,’UQI,’UgF) S V(T,I,F),(u,ulT,UQI,UgF) S U(T,I,F)} ’

For all
z = ((v,01T,v2l,v3F), (u,ur1 T, usl,usF)),y = (v, 01T, v5I, 05 F), (', u T upl, us F)) € V(T,1,F)xU(T,I,F)
and o = (k, k1T, kol , ksF) € K(T,I, F)
r+y= v+, (v1+ )T, (va +v5)I, (v + v3)F), (u+ v, (ug + u))T, (ug + us) 1, (ug + us)F)).
aer = {((paplT7p2Iap3F)7 (Qaq1T7 QQI7Q3F)) :
(pekoev,p EkovyUkievUkiev,po Ekevg Uk evyUkyevUkyeuvy Uk e,
psEkovsUk;evsUkyevsUksevUksev; UksewvyUkseus)

(gckeu,grckouUkioulUkiou,ga€kousUkyouy Uks@ulUkyeu Ukyeus,
g3 EkousUkiousUkseusUkseuUkzeuy UkseusUkseus)t.

Then (V(T,1,F) x U(T,I,F),+,e, K(T,1,F)) is a super strong NQ-Hypervector space.
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Proposition 3.11. Let (V(T,I,F),+1,1) and (U(T,I,F),~+2,3) be any two strong NQ-Hypervector
space over a neutrosophic field K (I). Let

V(T,I,F)xU(T,I,F) = {((v,nT,vol,vsF), (u,uiT,usl,uzF)):
(v,n1T,vol,v3F) € V(T, I, F), (u,u1T,usl,usF) € U(T,I,F)}

for all
x = ((v,nT,vel,v3F), (u,u1 T, uzl,usF)),y = (v, 0] T, v4I, s F), (v, ui T, ubI, us F)) € V(T, I, F)x
U(T,I,F)and o = (k, k1) € K(I)

z4y = ((v+0, (1 + )T, (v2 +05)1, (v3 +v3)F), (u+ v, (ur +u))T, (ug +usp) I, (uz + u3) F)).

aexr = {((p7p1Tap21,p3F)a(Q7q1TaQZIaQ3F)):
(pekoev,pr Ekovy,ps ckoevaUk;evUk;ev; Uk euvy,ps €kevsUky evs)
(gekou,qgg €koup,goEkousUkyoeulUkyeu; Uk @us, g3 €keusUky euz)}.

Then (V(T,I,F) x U(T,1,F),+,e, K(I)) is a strong NO-Hypervector space.

Proposition 3.12. Let (V(T,1,F),+1,e1) and (U(T, I, F), +2, ®3) be any two weak NQ-Hypervector spaces
over a field K. Let

V(T,I,F)xUT,I,F) = {((v,niT,v2l,vsF), (u,uiT,uzsl,usF)) :
(v,01T,val,v3F) € V(T, I, F), (u,u1T,usl,usF) € U(T, 1, F)}.

For all
x = ((v,nT,vel,v3F), (u,ur1 T, uzl,usF)),y = (v, i T, 51,05 F), (v, ui T, ubI, us F)) € V(T, I, F)x
UT,I,F)andk € K

z+y= v+, (v1+ )T, (va +v5)I, (v + v3)F), (u+ v, (ug + u))T, (ug + us) I, (ug + us)F)).

kex = {((p,;iT,p2l,p3F), (¢, 1T, q21,q3F)) : (p € kov,p1 €keovy,ps € kevy,p3 € kou3)
(gekeou,quchkeuy,gpchkeouyqgsckeous)t.

Then (V(T,I,F) x U(T,1,F),+,e, K) is a weak NQ-Hypervector space.

Proposition 3.13. Let V(T, I, F) be any super strong NQ-Hypervector space over a neutrosophic quadruple
field K(T,I,F), let U(T, 1, F) be any strong NQ-Hypervector space over a neutrosophic field K (I) and let
W (T, 1, F) be any weak NQ-Hypervector space over a field K . Then

1. (V(T,1,F)xU(T,I,F),+,e,K(I)) is a strong NQ-Hypervector space.
2. (V(T,I,F) x W(T,I,F),+,e, K) is a weak NQ-Hypervector space.

3. (U, I,F) x W(T,I,F),+,e, K) is a weak NQ-Hypervector space.
Proof:

1. From 1 of 3.7, we know that every super strong NQ-Hypervector space is a strong NQ-Hypervector
space. Then by applying to this, we obtained the required result.

2. From 2 of we know that every super strong NQ-Hypervector space is a weak NQ-Hypervector space.
Then by [3.12]the proof follows .

3. From 3 of 3.7} we know that every strong NQ-Hypervector space is a weak NQ-Hypervector space.
Then by the proof follows .

Definition 3.14. A nonempty subset N (7, I, F') of a super strong NQ-Hypervector space

(V(T,I,F),+,e, K(T,I,F)) over a neutrosophic quadruple field K (7T, I, F) is called a super strong NQ-
Hypersubspace of V(T, I, F)if (N(T,I,F),+,e, K(T, I, F)) is itself a super strong NQ-Hypervector space
over K(T,1,F). Itis essential that N (T, I, F') contains a proper subset which is a Hypervector space over K.

Definition 3.15. A nonempty subset N (T, I, F') of a strong NQ-Hypervector space

(V(T,1,F),+,e, K(I)) over a neutrosophic field K (1) is called a strong NQ-Hypersubspace of V (T, I, F)
if (N(T,I,F),+,e,K(I)) is itself a strong NQ-Hypervector space over K (I). It is essential that N (7', I, F)
contains a proper subset which is a Hypervector space over K.
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Proposition 3.16. Let N[T, I, F| be a subset of a super strong NO-Hypervector space

(V(T,1,F),+,e, K(T,I,F)) over a neutrosophic quadruple field K(T,1,F). Then N(I,T,F) is a super
strong NQ-Hypersubspace of V (T, I, F) if and only if for all w = (a,bT,cl,dF),v = (e, fT,gI,hF) €
V(T,I,F)and a = (k,mT,nl tF) € K(T, I, F) the following conditions hold:

1. NIT,1,F] 90,

2. u+v € N[T,I, F],

3. aev C N[T,I, F],

4. N[T, I, F| contains a proper subset which is a hypervector space over K.

Proof:

If N(T,1,F) is a super strong NQ-Hypersubspace of V (T, I, F), then obviously conditions 1, 2, 3 and 4
hold.

Conversely, let N[T, I, F'] be a subset of V(T I, F') such that N (T, I, F) satisfies the four conditions 1, 2,3
and 4.

To proof that N (7', I, F') is a NQ-Hypersubspace of V (T, I, F'). It is enough to prove that

1. N(T,I,F) has a zero NQ-vector.
2. Each NQ-vector in N (T, I, F) has an additive inverse.

Since N(T, I, F') is non-empty, let u = (a,bT,cI,dF) € N(T,I, F).
Now for (0,07,01,0F) € K(T,I, F) and by condition 3 we have that

(0,0T,01,0F) e uw = (0,0T,01,0F) e (a,bT,cI,dF) C N(T,I,F) = 60 € N(I,T, F).

Therefore N (T, I, F’) has a zero vector. Again, since —(1,07,0I,0F) € K(T,1, F) then
—(1,07,0I,0F) e u = —(1,07,01,0F") ® (a,bT,cl,dF) C N = —u e N(T,I,F).
Hence each NQ-vector in N (7, I, F') has an additive inverse.

Proposition 3.17. Let N[T, I, F| be a subset of a strong NQ-Hypervector space

(V(T,I,F),+,e, K(I)) over a neutrosophic field K(I). Then N(I, T, F) is a strong NQ-hypersubspace of
V(T,I,F) if and only if for all w = (a,bT,cI,dF),v = (e, fT,gI,hF) € V(T,I,F) and o = (k,mlI) €
K (I) the following conditions hold:

1. N[T,I,F] #0,
2. u+veN[T,I,F]
3. aev C N[T,I,F]
4. N|T,I, F) contains a proper subset which is a hypervector space over K
Proof : Follow similar approach as the proof of [3.16] above.
Corollary 3.18. Let N[T, I, F| be a NQ-hypersubspace of a NQ-hypervector space V (T, I, F) if and only if
1. N[T,1, F] is non-empty.

2. aeu+pfevC N[T, I, Fl,foral o = (ky,miT,nI,rF),B = (kaymoT,nol,roF) € K(T,I,F)
and v = (a,bT,cl,dF),v = (e, fT,gl,hF) € N[T,I,F).

3. NI[T, I, F) contains a proper subset which is a hypervector space over K.

Example 3.19. Let V (7, I, F)) be a super strong NQ-Hypervector space defined in Example
Let N(T,I,F)=K(T,I,F) x {(0,0T,0I,0F)} CV(T,I, F)
Then N(T, 1, F) is a super strong NQ-Hypersubspace

Proof: Since 6 = ((0,07,01,0F), (0,07,0I,0F)) € N(T,I,F). Then N(T,I,F)# 0
Now let
u = ((al,blT,Cll,le),(0,0T,OI,OF)),U = ((ag,bgT,Cgl,dgF),(0,0T,OI,OF)) € N(T,I,F) and
a = (k,mT,nl,wF),8 = (K',m'T,n'[,w'F) € K(T,I,F), with ay,by,c1,d1,az2,b3,c2,dy € N and
k,m,n,w,k',m',n/,w € K
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Thenaeu+ Sev

= (k/’,’I’I’LT‘7 TLI,U)F).[(ahb]_T, 01[7 le), (0,0T, OI, OF)]—i—(k’,m’T, n'], w’F)o[(a27b2T, CQI, dgF), (0,0T, OI, OF)]
CH(x,yT, 21, tF), (p,qT,rI,sF)):x € keaj,y € kebiUmea; Umeb;,zE kec;Ume

citUneaiUnebiUneci,t ckediUmediUnediUweaUwebyUweciUwed|,pE kel qgc

keOUme0Ume0,r € ke0Ume0UneO0UneOlUne0,s € keOUmeOUnelUwe0UwelUwelUwe0}

+{((«" YT, 2’ [,LV'F),(p/,dT,r'I,s'F)): 2’ € K eas,y € k' eboUm'easUm' eby, 2’ €k ecoUm’e

coUn' easUn’ ebaUn’eco, t’ € K'edyUm’ edaUn'edyUw' eas Uw' @by Uw' ecoUw' ody,p’ € k'00,q €

k' e0Um e0UmM’ 00,1’ € k'e0Um’e0Un'e0Un’e0Un’'e0, s’ € keOUm' e0Un’e0Uw’e0Uw’ e0Uw’'e0Uw’ o0}

={((x1, 1T, 211,01 F), (2}, T, 2, 1,1 F)) 1 € ke ay + k' e ag,

y1 €Ekebi+k'ebyUmea; +m'easUmeb; +m' eby,z1 €kecy+k ecoUmecy +m'ecoUneay +

n'eayUneby+n'ebyUneci+n'eco,t cked;+k edyUmed; +m'edyUned; +n'edyUwear +

w eayUweb; +w ebyUwecs +w ecoUwed; +w eds,x) €0,y; €0,21 €0,¢; €0} CN(T,I,F).

— aeu+SevC N(T,I,F).

Lastly, we can see from the definition of N (7, I, F') that N(T, I, F') contains a proper subset which is a hy-

pervector space over K.

To this end we can conclude that N(T', I, F') is a super strong NQ-Hypervector space.

Proposition 3.20. The intersection of any two

1. super strong NQ-Hypersubspaces of a super strong NQ-Hypervector space V (T, I, F) over a neutro-
sophic quadruple field (K, I, F') is again a super strong NQ-Hypersubspace of V (T, I, F).

2. strong NQ-Hypersubspaces of a strong NQ-Hypervector space V (T, I, F) over a neutrosophic field
K(I) is again a strong NQ-Hypersubspace of V (T, I, F).

3. weak NQ-Hypersubspaces of a weak NQ-Hypervector space V (T, I, F') over a field K is again a weak
NQ-Hypersubspace of V(T,1, F).

Proof: Same as in classical case.

Proposition 3.21. Let S(T, I, F') be a super strong NQ-Hypersubspace, U(T, I, F') be a strong NQ-Hypersubspace
and W (T, I, F') be weak NQ-Hypersubspace of a super strong NQ-Hypervector space (V (T, 1, F),+,e, K(T,1, F)),
strong NQ-Hypervector space (V (T, I, F), +, e, K(I)) and weak NQ-Hypervector space (V (T, I, F),+, e, K)
respectively. Then

1. S(T, I, F)NU(T, I, F) is a strong NQ-Hypersubspace of strong NQ-Hypersubspace (V (T, I, F),+,e K(I)).
2. S(T,1, F)NW(T, I, F) is a weak NQ-Hypersubspace of weak NQ-Hypersubspace (V (T, I, F),+,e, K).

3. U(T, I, F)NW(T, 1, F) is a weak NQ-Hypersubspace of weak NQ-Hypersubspace (V (T, I, F),+, e, K).
Proof:

1. By 1 of 3.7 we have that every super strong NQ-Hypervector space is a strong NQ-Hypervector space.
Then by 2 of the proof follows.

2. By applying 2 of[3.7]and 3 of the proof follows easily.

3. By 3 of we have that every strong NQ-Hypervector space is a weak NQ-Hypervector space. Then
by applying 3 of 3.20| the proof follows.

Proposition 3.22. Let Uy [T, I, F|,Us[T,I,F),--- ,U,[T, I, F| be NO-Hypersubspace of a
super strong[strong] NQ-Hypervector space V (T, I, F) over a neutrosophic field K (T, I, F)(resp.[K(I)]).
Then (;_, U; is a NO-Hypersubspace of V (T, I, K).

Proof: Same as in classical case.

Example 3.23. Let M, [T,I, F] = K(T,1,F) x {(0,07,0I,0F)} C V(T,I,F) and

My[T, 1, F] = {(0,0T,01,0F)} x K(T,I,F) C V(T,I,F).

Following the approach in Example [3.19] we can establish that M, [T, I, F'| and M,[T, I, F] are
NQ-Hypersubspaces of V(T, I, F).

Let ((a, bT, cI,dF), (0,0T,01,0F)) € My [T, I, F] and ((0,0T,0I,0F), (e, T, gI, hF)) € Ms|T, I, F).
Then

((a,bT, cI,dF), (0,0T,0I,0F)) + ((0,0T,01,0F), (e, fT, gI, hF)) = (((a + 0), (b + 0)T, (c + 0)I, (d +
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0)F), ((0+€), (0+ f)T, (0 +g)1, (0 + h)F)) = ((a, T, cl,dF), (e, fT, gI, hF))

But {((a, T, cI,dF), (e, fT,gI,hF))} is not a NQ-subset of M [T, I, F|U M[T, I, F].
Therefore M, [T, I, F| U M3[T, I, F] is not a NQ-Hypersubspace of V (T, I, F).

This observation is recorded in the following remark.

Remark 3.24. Let M{[T, I, F| and M,[T, I, F] be NQ-Hypersubspaces of a super strong NQ-Hypervector
space V(T, 1, F) overaNQ field K (T, I, F'), then generally, The union of two NQ-Hypersubspaces of a super
strong NQ-Hypervector space V (T, I, F') is not necessarily a NQ-Hypersubspace of V(T I, F).

Definition 3.25. Let N, [T, I, F] and N»[T, I, F] be any two NQ-Hypersubspaces of a super strong NQ-
Hypervector space V (T, I, F') over aNQ field K (T, I, F') then the sum of N1 [T, I, F| and N5[T, I, F'] denoted
by N1[T,I,F] + No[T, I, F] is called NQ Hyperlinear sum or NQ linear sum of the NQ-Hypersubspaces
N;[T,1,F]and N»[T, I, F]. And it is defined by the set

U{m +no:np = (ahblT,clI,le) e Nl[T,I,F},TLQ = (az,bQT,CQI7d2F) € NQ[T,I,F]}

The NQ Hyperlinear sum of N1 [T, I, F'] and N5 [T, I, F] is called the direct sum of the NQ-Hypersubspaces
Ni[T, I, F]and No[T, I, F| if N1[T, I, F] N No[T, I, F] = {6}.

Proposition 3.26. Let N1[T, I, F] and N5|T, I, F| be any two NQ-Hypersubspaces of a super strong NQ-
Hypervector space V (T, I, F) over a NQ field K(T,1, F). Then

1. NQ Hyperlinear sum of N1[T, I, F] and N5[T, I, F| is a NQ-Hypersubspace of V (T, 1, F).

2. NQ Hyperlinear sum of N1[T, 1, F]| and N3[T I, F] is the least NQ-Hypersubspace of V (T, 1, F') con-
taining N1[T, 1, F] and N5[T, I, F).

Proof:

1. Since 8 = (0,07, 01,0F) € N,[T, I, F] and 6 = (0,07, 0I,0F) € No[T, I, F],
then {6 + 0} C N, [T, 1, F] + No|T, I, F)
— {0} C N\[T,I,F| + No|T, I, F] = 6 € Ni[T, I, F] + No[T, F, ],
therefore N1[T, I, F| + N»[T, I, F) is non-empty.
Letu = (a,bT,cl,dF),v = (e, fT,gI,hF) € N7\[T,I,F|+ N5[T, I, F],then 3
Uy = (al,blT, Clj,le),’LLQ = (a,2,b2T, CQI,dgF) € Nl[Il,Ig] and v = (61,f1T, glj,th)
Vg = (61, f1T7gth1F) S NQ[Il,IQ] such that v € u; + v and v € us + vs.
Leta = (p,qT,rI,sF),8 = (p',¢T,r"I,s'F) e K(T,I, F).

Thenaeu+ SBev Cae(uy+vy)+ 3e(us+ vo)

= (p, qT,TI, SF)O((a1+61),(b1+f1)T7 (614’91)1, (d1+h1)F)+(p',q'T,r’I, S/F)O(((l2+62),(b2+
f2)T, (c2 + g2)1, (d2 + h2)F)

C{(z1, T, z1l,w F):x1 €Epe(ar+e1),y1 Epe(by+ fi)Uge(ar+e)Uqge(by+ f1),21 €
pe(ci+gi)Uqge(ci+gi)Ure(a;+e)Ure(by+ fi)Ure(ci+g1),ws €Epe(di+hi)Uqe
(di+hi)Ure(di+hi)Use(a;+e;)Use(by+ fi)Use(ci+g1)Use(dy+hi)}
+{(@2, YT, 2ol , woF) : w3 € p' @ (az +e2),y2 €p' @ (ba+ fo) Uq @ (a2 +e2) Uq @ (b2 + f2),22 €
pe(catg)Uqg e(ca+go)Ur’ e(as+ex)Ur (b + fo)Ur e (co+ go),ws € p' e (dy+ ho)U
q ®(dy+ ho)Ur e (da+hy)Us e@(az+ea)Us @ (byg+ fo)Us e(ca+ga)Us e (dy+ ha)}
={(z,yT,zI,wF):x € (pea;+pee;+p eas+p' ees),y € (peby+pefi+p eby+p efy)U
(gear+geer+q eaz+q ee)U(qobi+qgefi+q eby+q efo),

z€ (pecitpegitpecatpeg)U(qgeci+qgoegitqecatqeg)U(rear+ree+r'e
ag+1'eex)U(reby+refi+r eby+r efo)U(reci+reg +1r eco+1 egy)

w e (pedy+pehy+p edy+p ehy)U(qedi+qehi+q edy+q ehy)U(red+rehy+r'e
dy+ 1" ehg)U(sea;+see;+s eay+s ee)U(seby+sefi+s eby+s efo)U(seci+se
grtsecot+s eg)U(sed +sehy+s edy+ s ehy)}

={(kr,miT,n1 I, j1F) : ki € (pea;+p'eaz),m; € (peby+p'eby)U(qgear+q eaz)U(qeby +
q' eb3),ny € (peci+p eca)U(qeci+q eco)U(rear+r'eaz)U(reby+1'eby)U(recy+1'ecy),
J1E€(pedi+pedy)U(qed; +q edr)U(red; +r'edy)U(seay+s eaz)U(seby +s eby)U
(seci+ s ecy)U(sed; + 5 eds)}

+{(k2,moT,n21,joF) : ky € (poer +p ®ex),my € (po fi+p o for)U(qeer+q oea)U(qge f1+
q,.f2)5n2 € (p.gl—|—p/0g2)U(q.gl—Fq/Ogg)U(T.€1—|—’IJ.62)U(’/‘.JC1+T/.f2)U(T.gl+T/.gg)
jo € (pehy+p ehy)U(qgehyi+q ehy)U(reh;+r ehy)U(see;+s eex)U(sef)+s efy)U
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(segi+s eg)U(sehy+s ehy)} CN{T,I,F]+ No[T, 1, F).

Hence oo u+ 3o v C Ny[T, I, F] + No[T, I, F.

Now since Ny, No are proper subsets of N1[T, I, F| and Nz[T, I, F] respectively, with both N; and
Ny being hypervector spaces. Then N; + N is a hypervector space which is properly contained in
N [T, I, F]+N[T, I, F]. Then we can conclude that N1 [T, I, F]+ N»[T, I, F] is a NQ-Hypersubspace.

2. Let N[T, I, F] be NQ-Hypersubspace of V(T I, F’) such that N1[T, I, F| C N[T, 1, F] and
No[T,I,F] C N[T,I,F).
Letw = (a,bT,cl,dF) € N1[T,I,F]|+ No[T, 1, F], then Ju; = (a1, T,c11,doF) € N1[T, 1, F]
and uz = (ag, b2T,,c2l,daF) € No[T, I, F] such that u € uy + us.
Since N,[T, I, F] C N[T, I, F] and No[T, I, F] C NI[T, I, F], then uy, us € N[T, I, F].
Again since N[T, I, F] is a NQ-Hypersubspace of V(T I, F'), then we have that
w1 +us € N[T, I, F] = u € N|T, I, F).
Hence N1[T, I, F| + N2o[T,I,F] C N[T,I, F] and the proof follows.

Proposition 3.27. Let V(T, I, F) be a super strong NQ-Hypervector space over a NQ-field K(T, 1, F),
let uy = (a1, 01T, 11, d1 F),uz = (ag,b2T,col,doF), -+ yup = (an,byTycnl,doF) € V(T,1,F) and
ar = (ki,miT, I, 61 F),as = (ka,moT,rol, toF) - apn = (kp, mpT,rn I, t, F) € K(T,1,F). Then

1. NT,ILF) = U{ox eus +az@us + -+ ap ®u, : ay,00,-++ o, € K(T,1,F)} is a NO-
Hypersubspace of V(T, I, F).

2. N(T,I,F) is the smallest NO-Hypersubspace of V (T, I, F') containing uy,ug, - - , Uy,
Proof:
1. Follow similar approach as that of proposition above.

2. Suppose that H(T, I, F') is a super strong NQ-Hypersubspace of V (T, I, F') containing
Uy = (ah blTa 61]7 le)a U2 = (a27 b2T7 02I7 dZF)a oy Up = (ana bnT7 CnIa an)
Lett € N(T,1, F), then there exists a1 = (k1,m1T,p1l, 1 F'), s = (ka,maT, pal, g2 F), -+ ,
oy = (kn,m1T,p1 I, F) € K(T, I, F) such that

tEOqO(al,blT,le,le)+a20(QQ,bQT,CQI,dQF)+~-~+an0(an,bnT,0n1,an) QH(T,I,F)

Therefore t € H(T, I, F) = N(T,I,F) C H(T, I, F).
Hence N(T, 1, F) is the smallest NQ-Hypersubspace of V (T, I, F') containing w1, ug, - - , Up,.

Note: The NQ-Hypersubspace N (T, I, F) of the super strong NQ-Hypervector space V (T, I, F') over a NQ
field K (T, 1, F') of proposition is said to be generated or spanned by the NQ-Hypervectors uy, ug, - - - , Uy,
and we write N (T, I, F) = span{uy,ug, - ,u,}.

Definition 3.28. Let N, [T, I, F) and No[T, I, F] be two NQ-Hypersubspaces of a super strong NQ-Hypervector
space (V(T,I,F),+,e, K(T,I,F)) over aNQ field K(T,I,F). V(T,I,F) is said to be the direct sum of
Ni[T, 1, F) and N»[T, I, F) written V (T, I, F) = N1[T, I, F| & Na[T, I, F] if every element v € V (T, I, F)
can be written uniquely as v = ny + ng where ny € Ni[T, 1, F] and ng € No[T, I, F].

Proposition 3.29. Let N1 [T, I, F| and No[T, I, F] be two NQ-Hypersubspaces of a super strong NQ-Hypervector
space (V(T,1,F),+,e¢, K(T,1,F)) over a NQ field K(T,I,F).V(T,I,F)= N,[T,I,F|® Ny[T, I, F]if
and only if the following conditions hold:

1. V(T,1,F)= Ny[T,1,F] + No[T,1, F].
2. Mq[T, I, F]N No[T, I, F] = {6}.
Proof : Same as in classical case.

Example 3.30. Let V(T,I,F) = R3*(T,I,F) be a super strong NQ-Hypervector space over a NQ-field
R(T,I,F) and let

N(T,I,F) ={(u,0,w) : uw = (a,bT,cl,dF),w = (k,mT,nl,pF) € R(T,1,F)} and

No(T,I,F) = {(6,v,0) : v = (e, fT,g9I,hF) € R(T,I,F)}, be super strong NQ-Hypersubspaces of
V(T,I,F). Then V(T,I,F) = Ni(T,1,F) ® No(T, I, F).
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To see this, let z = (u,v,w) € V(T,I, F), then x = (u, 0, w) + (0, v,0), so
@ € Ni(T,I,F) + No(T, I, F). Hence V(T, I, F) = Ny(T, I, F) + No(T, I, F).
To show that Ny (T, I, F) N No(T, I, F) = {0}, let z = (u,v,w) € Ny(T, I, F) N No(T, 1, F).
Then v = 0, ie (e, fT,9I,hF) = (0,07,0I,0F) because x lies in N1(T,I,F), and u = w = 0 i.e
(a,0T,cl,dF) = (k,mT,nl,pF) = (0,07,0I,0F) because x lies in No(T, I, F). Thus x = (6,0,0) = 0,
so § = (0,07,01,0F) is the only NQ-Hypervector in N1 (T, I, F') N No(T, 1, F).
Hence N1 (T, I, F) N No(T, I, F) = {0,07,0I,0F} = {6}.
— V(T,I,F) = N\(T,1,F) & No(T, I, F).

Definition 3.31. Let N [T, I, F] be a NQ-Hypersubspace of a super strong NQ-Hypervector space
(V(T,1,F),+,e, K(T,I,F))overaNQ-field K(T, 1, F). The quotient V (T, I, F)/N|[T, I, F|] is defined by
the set

{lv] =v+ N[T,I,F]:veV(T,I,F)}.

If for every [u], [v] € V(T,1,F)/N[T,I,F)and o € K(T,I, F), we define:
[u] © [v] = (u+v) + N[T, I, F]

and
a®ul=[aeu]={[z]:z € aeu},

it can be shown that (V(7, I, F)/N[T,1, F|,®,®, K(T,I, F)) is a super strong NQ-Hypervector space over
NQ-field K (T, I, F') called a super strong NQ quotient hypervector space.

4 Linear Dependence, Independence, Bases and Dimensions of NQ-
Hypervector Space

Definition 4.1. Let (V(T,I,F),+,e, K(T, I, F)) be a super strong NQ-Hypervector space over a NQ field
K(T,I,F) and let

B(T,I,F) = {u1 = (a1,0iT,c11,d1 F),us = (as,boT,col,doF), -+ jup = (an,bpyT,cnl,d, F)} be a
subset of V(T, I, F). B(T, I, F) is said to generate or span V (T, I, F) if V(T,1,F) = span(B(T, I, F)).

Example 4.2. Let V(T,1,F) = R*(T,I,K) be a super strong NQ-Hypervector space over a NQ field
R(T,1I,F)andlet B(T,I,F) = {u; = ((1,07,0I,0F),(0,07,01,0F),(0,07,0I,0F), (0,07,0I,0F)),
us = ((0,07,0I,0F), (1,07, 01,0F), (0,07, 0I,0F), (0,07, 01,0F)),

us = ((0,07,0I,0F), (0,0T,0I,0F), (1,07, 0I,0F), (0,07, 0I,0F)),

ug = ((0,07,0I,0F), (0,07,0I,0F), (0,07,0I,0F),(1,07,0I,0F))}.

Then B(T,1,F) spans V(T, I, F).

Definition 4.3. Let (V(T,1,F),+,e, K(T,I,F)) be a super strong NQ-Hypervector space over NQ-field
K(T,I,F). The NQ vector u = (a,bT,cl,dF) € V(T,I,F) is said to be a linear combination of the NQ
vectors u; = (al, blT, cal, le)7 Uy = ((IQ, bQT, col, d2F), e Uy = (an, bnT, cnl, an) S V(Il, 12) if
there exists NQ-scalars ai; = (k1,m1 T, 511,61 F), g = (ko, moT, sol, toF), -+ o = (kn,m,T, 8,1, t, F) €
K(T,1, F) such that

UEC L OU + 20Uy + -+ Oy ® Uy

Example 4.4. Let V(T,I,F) = R(T,I,F) be a weak NQ-Hypervector space over a field KX = R. An
element v = (1,17,41,7F) € V(T,1, F) is a linear combination of the elements v; = (1,27, —1I, —2F),
vy = (3,57,21,3F) e V(T,1,F)
Since

(1,1T,41,7F) € —2 o (1,2T, 11, —2F) + 1 o (3, 5T, 2I, 3F).

Definition 4.5. Let (V(T,1,F),+,e, K(T,1,F)) be a super strong NQ-Hypervector space over a NQ field
K(T,I,F) and let

B(T7 I, F) = {U1 = (al, blT7 01], le), Ug = (CLQ, bQT, CQI, dgF), e, Uy = (an, bnT, CnI, an)} be a
subset of V(T, 1, F).

1. B(T, I, F) is called a linearly dependent set if there exists NQ scalars ay = (k1,m1T, 811,81 F), g =
(ko,moT, sol,taF), -+ ,ap = (kp,mnT, s, 1,1, F) (not all zero) such that

0€aiou +as@us+ -+ ay ® Uy.
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2. B(T,I,F) is called a linearly independent set if
earou +aseus + -+, ®uy,
implies that &1 = ag = -+ = a, = (0,07,0,0F) = 6

Example 4.6. Let V(T I, F) = R(T, I, F') be a weak NQ-Hypervector space over a field K = R. The sub-
set B(T,I,F) = {(5,-7T,51,4F),(3,—4T,21,2F),(—2,3T,—3T, —2T)} of V(T,I, F) is NQ linearly
dependent set since

0c1e(5 —TT,5I,4F) + (—1) e (3, —AT,2I,2F) + 1 e (—2,3T, —3T, —2T)

Example 4.7. Let V(T,1,F) = R(T, I, F) be a weak NQ-Hypervector space over a field X = R. The subset
B(T,I,F) ={(7,0T,0I,0F),(0,3T,5I,0F), (0,0T,0T,—8T)} of V(T, I, F) is NQ linearly independent
set over R because we can not find a, b, ¢ € R such that

0 cae(7,0T,0I,0F) +be (0,3T,5I,0F) + ce (0,07, 0T, —8T)

If possible then § € a o (7,07,01,0F) + be (0,37,5I,0F) 4+ ce (0,07,0T, —8T) implies that;
0Ocae7+be0+ ce0 which forcesa =0,

0Eae0+be3 -+ ce0 which forces b =0,

0cae0+0beb+ ce0 whichforces b =0 and

0cae0+be0+ ce—8which forces ¢ = 0.

Thus the equations are consistentand a = b = ¢ = 0.

Proposition 4.8. Let (V(T,1,F),+,e, K) be a weak NQ-Hypervector space over a field K. Any singleton set
of non-null NQ vector of the weak NQ-Hypervector space V (T, 1, F) is linearly independent.

Proof: Suppose that 0 # v = (a,bT,cl,dF) € V(T,I,F).Let 6 € k e v and suppose that § # k € K.
Then k! € K and therefore, k1 @ 0 C k= o (k @ v) so that

0 € (k7'k)ew
= lew
= {(z,yT,zI,wF):x€lea,yclebzclecwecled}
{(z, 9T, 21, wF) : x € {a},y € {b}, 2 € {c},w € {d}}
= {(a,bT,cl,dF)}

= {v}

This shows that v = 6§ which is a contradiction. Hence, k& = 6 and thus, the singleton {v} is a linearly
independent set.

We note that the singleton set will be linearly dependent if it contains a null NQ-vector and 6 # k € K. This
observation is recorded in the next proposition.

Proposition 4.9. Let (V(T,1,F),+,e, K) be a weak NQ-Hypervector space over a field K. Any set of NQ-
vectors of the weak NQ-Hypervector space V (T, I, F) containing the null NQ-vector is always linearly de-
pendent.

Proof: Follows from Proposition 4.§]
Proposition 4.10. Let (V(T,1,F),+, e, K) be a weak NQ-Hypervector space over a field K and let

B(I1,I5) = {u1 = (a1, 0T, 11, d1 F), ug = (a2, 02T, col, doF), - -+ ,up = (an, b T, 1, dn F)}

be a subset of V(T, I, F). Then B(T, I, F) is a linearly dependent set if and only if at least one element of
B(T, 1, F) can be expressed as a linear combination of the remaining elements of B(T, I, F).

Proof : Suppose that B(T', I, F') is a linearly dependent set. Then there exists scalars ki, ko, - - - , ky, not
all zero in K such that
Dekiou +koous+---+k,eu,.

Suppose that k1 # 0, then k; ! ¢ K and therefore
kited C kite(kieu; +hyous+---+k,ouy,)

= (ky'ky) ous + (ky ko) @ ug + -+ + (K tky) @y
Leuy + (ky ko) oug + -+ + (k7 'kyp) @ up,
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This implies that

—uy € (ky'ko)eug + -+ (ki tky) @ uy,
(w1) € (=1)o[(ky ko) oug + -+ (ky 'kn) o uy]
C (=1 e ((ky ko) oug + -+ (=1) o (ky 'kn) @ uy)
C (—ky ko) eug + (—ky k) eug+ -+ (—ky k) @ up.
This shows that u; € span{us,ug, - , U}
Conversely, suppose that u; € span{us,us, - ,u,} and suppose that 0 # —1 € K. Then there exists

ko, k3, -+, k, € K such that
u Ekoougs +ksouz+---+k, eu,

and we have
ur + (—u1) € (1) euys +koous + kzous + o+ ky ®u,.

from which we have
0e(—1)ou; +koous+ksous—+---+k,eou,.

Since —1 # 0 € K, it follows that B(T, I, F') is a linearly dependent set.

Proposition 4.11. Let (V(T,1,F),+,e, K(T,1,F)) be a super strong NQ-Hypervector space over a NQ-
field K(T,1,F)andlet M(T,I,F)and N(T,I,F) be subsets of V(T, I, F) suchthat M(T,I,F) C N(T,I, F).

1. If M(T, I, F) is linearly dependent, then N (T, I, F) is linearly dependent.
2. If N(T,1,F) is linearly independent, then M (T, I, F) is linearly independent.
Proof: Same as in classical case.

Definition 4.12. Let V (T, I, F') be a super strong(strong) NQ-Hypervector space over a NQ field K (7', I, F')
(resp. neutrosophic field K (7)) and let

B(T7 I, F) = {ul = (al, blT7 Cll, le), Uy = (ag, bQT, CQI, dgF), Uy = (an, bnT, CnI, an)} be a
subset of V(T, 1, F). B(T, I, F) is said to be a basis for V(T I, F) if the following conditions hold:

1. B(T,I,F) is alinearly independent set
2. V(T,I,F) = span(B(T, I, F)).

If B(T, I, F) is finite and its cardinality is n, then V(7T I, F') is called an n-dimensional super strong(strong)
NQ-Hypervector space and we write dims(V (T, I, F))(resp.(dimsV (T, 1, F))) = n. If B(T, I, F) is not
finite, then V' (T, I, F) is called an infinite-dimensional super strong(strong) NQ-Hypervector space.

Example 4.13. In B(T,I,F)isabasis for V(T,I, F) and dimsV(T,I,F) =4

Proposition 4.14. Let (V(T,1,F),+,e, K(T,1,F)) be a finite dimensional super strong NQ-Hypervector
space over a NQ field K(T, 1, F) and let

B(T,I,F) = {x1 = (a1,0iT,c11,d1 F), 29 = (a2, 02T, col,doF), -+ juy, = Ty = (an, b T, crl,d, F)}
be a basis for V(T,1,F) . Then every non null NQ-Hypevector x = (a,bT,cl,dF) € V(T,I,K) has a
unique representation.

Proof: Since B(T, I, F) isabasis for V(T,I, F)andx € V(T, I, K), thereexist ay = (k1,m1T,n1 1,41 F),
ag = (ko,moT,nol toF), -, an = (kn, mpT,ny,I, t, F) such that

TEQ oL +asexs+ -+, ex, (1).

Suppose we also let z € 31 @ x1 + o @ z2 + - - - + [3,, ® z,, for some 51 = (p1, 1 T, 11,51 F),
52 = (pg,(]gT,’I”gI,SgF),-n 7ﬁ’n = (pn,anmnI,snF) € K(T7[7F)
Therefore, —x € (—1)ex C (—1) o (B1 0z + Boexo+ - -+ [, 0x,)

= —zE€((-1)e(Brex))+((—1)e(B20x2))+ -+ ((—1) 0 (Brezn))

=  ((-lepr)ex)+((~1ef2)exz)+ -+ ((—1ep,)ex,))

= (=B1)ex1 + (—P2)@x2 + -+ (—fp) ® zp.
Therefore

—z € (—pr)exi+ (—P2)exa+ -+ (—fn)exy (2).
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From (1) and (2) we obtain
x4+ (—z) C(arex1tasexos+ - +a,ex,)+ (—f1)exs+(—F2)exa+ -+ (—Fn) @ x,).

Therefore 0 € z + (—z) C (a1 + (—=B1)) @ x1 + (a2 + (—B2)) @ xa + -+ + (an + (=Bn)) ® Ty
Since {x1,x9, - ,x,} is a basis for V(T I, F) and

(o —pPr)ex+ (ag—P2)oxa+ -+ (ay — frn) @ y.

Then it follows that 8 € ; — §;, foralli =1,2,--- ,n. Hence a; = b; ,foralli =1,2,--- ,n.

5 Conclusion

In this paper, we have studied Hypervector Space in the Neutrosophic Quadruple (NQ) environment. Their
basic properties have been extended and established in the Neutrosophic Quadruple (NQ) environment. We
hope to study the homomorphsms and establish more advanced properties of this structure in our future work.
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