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ABSTRACT

homomorphism and isomorphism in classical ring.

The objective of this paper is to present and study elementary properties for concept a neutrosophic ring homo-
morphism and isomorphism which introduced by Florentine Smarandache in 2006. We will use a concept ring
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1. INTRODUCTION

In 2006 [1], the concept of neutrosophic rings was defined
by Kandasamy and Smarandache, as an extension of a clas-
sical ring R. Also, they introduced neutrosophic algebra
structure, N-algebra structure, and neutrosophic ring in their
works. They studied the structure of Neutrosophic Groups,
Neutrosophic N-Groups structure, Neutrosophic rings, and
Neutrosophic group rings in [1] and [2]. Moreover, Kan-
dasamy has written a book about Smarandache neutrosophic
algebraic structure, he showed it through neutrosophic groups
(semigroups), Bi-groups, and N-groups in [2]. Previous work
has motivated other researchers such Agboola, Adeleke, and
Oyebola, they introduced some elementary properties of neu-
trosophic rings with neutrosophic polynomial rings in [3]. In
2012, they studied ideals of neutrosophic rings and Neutro-
sophic quotient rings in [4]. More recent studies examine al-
gebraic properties of neutrosophic square matrices, including
invertibility, eigenvalues, and diagonalization [5], as well as
AH-ideals and AHS-ideals in neutrosophic rings [6]. Through
this paper, we present the properties of Neutrosophic Ring
Homomorphism, Neutrosophic Ring Isomorphism and their

properties.

2. PRELIMINARIES

In this section, we introduce a review of the neutrosophic ring,
neutrosophic subring, neutrosophic ideal, and neutrosophic
quotient ring which will be used in the next sections.

Definition 2.1 [1] Let R be any ring. The neutrosophic ring
is also a ring generated by R and 7 under the operations of R
and denoted by N(R), such that:

N(R)=(RUI)={a+bl:a,bcR}.

Definition 2.2 [1, 3, 4] Let R be any commutative ring, such
that for all a,b € R is ab = ba, then (RUI) is a commutative
neutrosophic ring such for all x,y € (RUI) is xy = yx.

Theorem 2.1 [12] Let (RUI) be a neutrosophic ring and
x,y € (RUI). Then:

1. x-:0=0-x=0,
2. x-(=y) =(—x)-y=—(xy), and
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3. (=x) - (=y) = xp.

Definition 2.3 [1, 3, 4] Let (RUI) be a neutrosophic ring.
A proper subset P of (RUI) is said to be a neutrosophic
subring if P itself is a neutrosophic ring under the operations
of (RUI). It is essential that P = (SUnI), n a positive integer
where S is a subring of R, i.e. P is generated by the subring
S with nl, (n € Z*). Note: Even if P is a ring and cannot be
represented as (SUnl) where S is a subring of R, then we do
not call P a neutrosophic subring of (RUI).

Theorem 2.2 [12] Let (RUI) be a neutrosophic ring and
N(S) C N(R), then N(S) is called a neutrosophic subring of
N(R) iff:

1. Ya,b € N(S) = a—b e N(S).

2. Va,b € N(S) = ab € N(5).

Definition 2.4 [1] Let (RUI) be any neutrosophic ring. A
non-empty neutrosophic subset P of (RUI) is called a neu-
trosophic left ideal of (RUI), if the following conditions are
satisfied:

1. P is a neutrosophic subring of (RUT), and
2. rpe Pforevery pe P,and r € (RUI).

Also, P is called a neutrosophic right ideal of (RUI), if the
following conditions are satisfied:

3. P is a neutrosophic subring of (RUI), and
4. pre Pforevery pe P,and r € (RUI).

Definition 2.5 [1] Let (RUI) be any neutrosophic ring. A
non-empty neutrosophic subset P of (RUI) is defined to be
a neutrosophic ideal (two sided) of (RUI) if the following
conditions are satisfied:

1. P is a neutrosophic subring of (RUI).
2. Forall pe Pand r € (RUI), then rp and pr € P.

Theorem 2.3 Let R be any ring, S is ideal of R. If (RUI)
is a neutrosophic ring, then (SUI) is a neutrosophic ideal of
(RUI).

Proposition 2.1 If H is a neutrosophic ideal (neutrosophic
left ideal/neutrosophic right ideal/neutrosophic two-sided)
of (RUI) and J is a neutrosophic ideal (neutrosophic
left ideal/neutrosophic right ideal/neutrosophic two-sided)
of H, then not necessarily J is ideal (neutrosophic left
ideal/neutrosophic right ideal/neutrosophic two-sided) of
(RUI).

Proposition 2.2 Let P and J be neutrosophic ideals of a
neutrosophic ring (RUT). Then:

1. P+J is a neutrosophic ideal of a neutrosophic ring (RUT).
2. PJ is a neutrosophic ideal of a neutrosophic ring (RUI).
3. PNJ is a neutrosophic ideal of a neutrosophic ring (RUT).

Definition 2.6 Let (RUI) be a neutrosophic ring, P a pseudo
neutrosophic subring of (RUI). If forall p € Pand r € (RUI)
is rp and pr € P, then P is called a pseudo neutrosophic ideal
of (RUI).

Definition 2.7 Let (RUI) be a neutrosophic ring, let P be a
neutrosophic ideal of (RUJT). The neutrosophic quotient ring

is defined to be the following:
(RUD)/P={r+P:re(RUI},
such that for all | +P,rp+P € (RUI)/Pis

(n+P)+(rn+P)=(r1+nrn)+P,
(ri+P)(ra+P)=(rir) +P.

Definition 2.8 Let (RUI) be a neutrosophic ring, P be a

pseudo neutrosophic ideal of (RUI). The pseudo neutro-
sophic quotient ring is defined to be the following:

(RUI)/JP={r+P:re (RUI)}.

3. NEUTROSOPHIC RING HOMOMORPHISM

In this section, we introduce neutrosophic ring homomor-
phism with properties, and some important examples.
Related work studies AH-homomorphisms in neutrosophic
rings and refined neutrosophic rings [10].

Definition 3.1 [1] Let R[/] and S[/] be two neutrosophic rings.
A map ¢ : (RUI) — (SUI) is said to be a neutrosophic ring
homomorphism if the following conditions are satisfied:

1. ¢(x+y)=0(x)+¢(y) forx,y € (RUI).

2. ¢(xy) =9 (x)¢(y) forx,y € (RUI), and

3. ¢(I) =1 for I the neutrosophic element of (RUI).

Example 3.1 We have a neutrosophic ring of integers (ZUT).
The mapping
¢: (ZUIl) — (ZUI)

via ¢ (x) = x, for all x € Z][I], is neutrosophic ring homomor-
phism where:

1.

9(x+y) = ¢((a+bl)+ (c+dl))
=¢((atc)+(b+d))
=(a+c)+(b+d)l
=a+c+bl+dI
= (a+bl)+ (c+dI)
=x+y=0(x)+9().

0(xy) = 9((a-+bI) (c+dI))
= ¢ (ac+ (ad+bc+bd)I)
=ac+ (ad+ bc+bd)I
= ac+adl +bcl + bdl
= (a+bl)c+ (a+bl)dl
= (a+bl)(c+dI)
=0(x)(y).

3. ¢(I)=1Iforl € Z[l].
Example 3.2 Let R be the real numbers set. Define

¢ (RUI) — (May2(R)UI)
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such as for all x € (RUI) is:

, ifx #1,
¢(x) =

, ifx=1.

S ~N O =R
~ O O O

Let x1,x; € (RUI) such thatx; = a+bl, x, =c+dl; a,b,c,d
are real numbers with a # 0, ¢ # 0, then:

1.

¢ (x1+x2)
o |attt O] fetdl O
B 0 0 0 0
Y A A EL
B o o/ | o ol
where e, f are real numbers, and
o (x1) + 9 (x2)
a+bl 0 c+dl 0
1o o 0 0
e+ flI 0O
o ol
then ¢(X] —I—XQ) = (P()q)—‘r(P(XQ).
2.
[ |a+bl O||c+dl O
Mxm)( o o|| o OD

(3

gtk 0|
1o ol

g,k are real numbers, and

a+bl 0| |c+dl O

O(x1)9(x2) = o 0 0 0]
_|gt+kl O
1 o ol

hence ¢ (x1x2) = ¢ (x1)@(x2), and
3. When x = I, we have

o) = L’) ?]

implies that ¢ is a neutrosophic ring homomorphism.

Proposition 3.1 A map ¢ : (RUI) — (RUI) via ¢(x) =x
and x € (RUI) is neutrosophic ring homomorphism, for all

R e {Q,R,C}.

Proof. Clear that ¢ () =1, and for all x,y € (RUI) is

o(x+y)=9¢((a+bl)+ (c+dI))
=d(e+fI)=e+fI,

where a,b,c,d,e, f € R, and

¢(x)+¢(y) = (a+bl)+
=e+ fl,

(c+dI)

where a,b,c,d, e, f € R, implies that ¢ (x+y) =
Also

O (x)+(y).
¢(xy) = ¢((a+bI)(c+dI))
=¢(g+kl)=g—+kl,
d(a+bl)p(c+dl)
=(a+bl)(c+dl)=g+kl,

P(x)9(»)

g,k € R, implies that ¢ (xy) = ¢ (x)¢(y). This means that ¢ is
a neutrosophic ring homomorphism.

Definition 3.2 Let ¢ : (RUI) — (SUT) be a neutrosophic
ring homomorphism. The kernel of ¢ is

ker(¢p) = {x € (RUI): ¢(x) =0}.

Example 3.3 Let (RUI),(SUI) be neutrosophic rings, let
the mapping ¢ : (RUI) — (SUI) be defined by:

ifx#0,
ifx=1.

It is clear, ¢ (1) = 1, and for all x,y € (RUI) is

O(x+y)=0((a+bl)+ (c+dl)) =0,
¢(x)+¢(y) = ¢(a+bl)+¢(c+dI)
=0+0=0.
And
¢(xy) = ¢((a+0bI)(c+dI)) =0,
¢(x)9(y) = ¢ (a+bl)¢(a+b)
=(0)(0) =0=9(x)0(y),
then ¢ is a neutrosophic ring homomorphism and ker(¢) =
(RUI)/{1}.

Proposition 3.2 For any neutrosophic ring homomorphism
¢, if the kernel of ¢ is ker(¢), then I ¢ ker(¢).

Proposition 3.3 [3] Let ¢ : (RUI) —
the kernel of ¢. Then:

1. ker(¢) is subring of (RUT).

2. ker(¢) cannot be a neutrosophic subring of (RUT).
3. ker(¢) is an ideal of (RUI).

4. ker(

(SUT), and ker(¢) is

¢) cannot be a neutrosophic ideal of (RUT).
Proof. Firstly, ker(¢) is not empty set (because 0 € ker(¢)).
1. Let (a+bI),(c+dI) € ker(¢), so ¢p(a+bl) =0, ¢(c+
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dI) =0, then

o ((a+bl)— (c+dI))
=¢(a+bl)—¢(c+dl)=0-0=0,

and

o((a+bl)(c+dI))

— (a+bI)p(c+dI) = (0)(0) =0,
implies that (a+bI) — (c+dI) € ker(¢) and (a+bI)(c+
dI) € ker(¢). So ker(¢) is subring of (RUI).

2. It is clear, because ker(¢) cannot be written as ker(¢) =
(SUI) for some S a subring of R.

3. We want to prove that xr,rx € ker(¢) for all x € ker(¢),
re (RUI). Letx = (a+bl) €ker(9), r=(e+ fI) €
(RUI), then ¢(a+bl) =0, and

¢((a+bl)(e+f1))
=¢(a+bl)¢(e+ fI) =00 (e+ fI).
Since Ox = x0 = 0 for all x € (RUI), then 0¢ (e + f1) = 0.

This means that xr € ker(¢). Also, by a similar way rx €
ker(¢), then ker(¢) is an ideal of (RUI).

4. It is clear, by a similar way to number (2).
Definition 3.3 Let ¢ : (RUI) — (SUI) be a neutrosophic

ring homomorphism. The image of ¢ is

im(¢) ={y € (SUl):y=9(x)
for some x € (RUI)}.

Proposition 3.4 Let ¢ : (RUI) — (SUI) be a neutrosophic
ring homomorphism, and im(¢) is the image of ¢, then:

1. im(¢) is subring of (SUT).
2. im(¢) cannot be a neutrosophic subring of (SUI).
3. im(¢) cannot be a neutrosophic ideal of (SUT).

Proof. Firstly, since ¢(0) = 0, im(¢) is a nonempty set.
Now:

1. We want to prove that

d(x=a+bl)—¢(y=c+dI),
d(x=a+bl)¢(y=c+dI) €im(¢)

for all ¢(x),¢(y) € im(¢). Let p(x =a+bl),¢(y =c+
dI) € im(¢). This means that

(a+0bl),(c+dI),((a+bl)— (c+dI)),
(a+bl)(c+dI) € (RUI),

then

O((a+bl)— (c+dI)),
o((a+DdI)(c+dl)) €im(9),

but

O ((a+bI)— (c+dI))
=¢(a+bl)—@(c+dI),

¢((a+bl)(c+dD))
=¢(a+bl)p(c+dI).

This means that ¢(x) — ¢(y) € im(¢), and ¢(x)9(y) €
im(¢), then im(¢) is subring of (SUT).

2. Tt is clear, because im(¢) cannot be written as im(¢) =
(HUI), for some subring H of S.

3. By a similar way to (2).

Proposition 3.5 If ¢ : (RUI) — (SUI) is a neutrosophic
ring homomorphism, then for all x € (RUI):

1. ¢(0)=0.

2. 9(=x) = —(9(x))

3. ¢(nx) = n¢(x) for all integer n > 1.
4. ¢(x") = (¢(x))" for all integer n > 1.

Proof.

1. $(0)=¢(0+0) = ¢(0)+ ¢(0) (because ¢ is a homomor-
phism), so ¢(0) = ¢(0) + ¢(0) implies ¢(0) = 0.
2. Letx € (RUI), since

x+(—x)=x—x=—x+x=0=¢(0).
Also ¢(—x+x) = ¢(—x)+¢(x) =0, so

o(—(a+0dl)+ (a+bl))
=¢(—(a+bl))+¢(a+bl)=0.
Then ¢(—(a+bl)) + ¢(a+ bl) = 0 implies ¢(—(a +
bl)) = —¢(a+ bI). This means that ¢(—x) = —¢(x).
3. Foranyx=a+bl € (RUI);n>1is

¢(nx) = ¢(n(a+bl))
= ¢((a+bl)+(a+bl)+---+ (a+bl))
=¢(a+bl)+¢(a+bl)+--+¢(a+bl)

n times

=nd(a+bl) =ng(x).

¢(x") =¢((a+bl)")
=¢((a+bl)(a+bl)---(a+bl))
=@¢(a+bl)p(a+Dbl)---¢p(a+DbI)

n times

= (9(a+bD))" = (¢(x))".

Proposition 3.6 Let (RUI) be a neutrosophic ring with an
identity element 1, (SUI) is a neutrosophic ring with an
identity element 1. If ¢ : (RUI) — (SUI) is a neutrosophic
ring homomorphism, then

o) =(9p(x) !

for all x € (RUT) such that x is a unit.
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4. NEUTROSOPHIC RING ISOMORPHISM

In this section, we introduce neutrosophic ring isomorphism
with its three theories.

Definition 4.1 Let ¢ : (RUI) — (SUI) be a neutrosophic
ring homomorphism. It is said that ¢ is a neutrosophic ring
isomorphism if ¢ is injective and surjective, implies that ¢ is
bijective, and is denoted by (RUI) =~ (SUI).

Proposition 4.1 A neutrosophic ring homomorphism ¢ :
(RUI) — (SUI) is injective (one-to-one) if and only if

ker(¢) = {0}.

Proposition 4.2 A neutrosophic ring homomorphism ¢ :
(RUIYy — (SUI) is surjective (onto) if and only if im(¢) =
(SUTI).

Example 4.1 In neutrosophic rings (ZUI), (QUI), (RUI)
and (CUI) of integer, rational, real and complex numbers
respectively, the maps:

¢ :(ZUI) — (ZUI),
¢ : (QUI) — (QUI),
¢ (RUI) — (RUI),
¢ : (CUl) — (CUI),

with ¢ (x) = x are neutrosophic ring homomorphisms, injec-
tive and surjective, implies that ¢ is bijective.

Example 4.2 The mapping ¢ : (Z4UI) — (Z1oUI) via:

) 5x, x#1
mm{L 7

is neutrosophic ring homomorphism. We write (Z4 UI) as
follows:

(Z40I) ={0,1,2,3,1,21,31, 1 +1,
1420, 14+30,2+1,2 421,
2431,3+1,3+21,3+3I},

then for all x,y € (Z4 UI), x #1 is

P(x+y) =P (xDay) =5(x+y)
=5xD105y =0 (x) +¢(y),
P(xy) = (x®4y) = 5(xy).

Also

()9 (y) = ¢(x) @100 (y)
= (5x®105y) = 5(xy) = ¢ (xy).
We take (3+21),(3+31) € (Z4UI):

O((3+21)+(3+3I))
=0((3+2I) D4 (3+31))
=0(2+1)=52+1)=5I,

and

0(3+21)+9(3+3I)
=¢(3+20)®109(3+31)

5(3+21) ®105(3+31)
5(5+51) =51
O((3421)+ (3+3I)).

Also

¢((34+20)(3431))
=¢((3+21)®4(3+30))
=¢(1+1)=501+1)=5+5I,

and

O(3+2I) @10 ¢(3+31)
=5(3421)®105(3+3I)
=5(5+51)=5+5I
=o((3+21)(3+31)).

This means that ¢ is a neutrosophic ring homomorphism.

Example 4.3 Let R be the real numbers ring. The mapping
¢ : (RUI) — (M2 (R)UI)

such that for all x € (RUI):

, ifx#1,

o (x) =
, ifx=1

SO~ O O
~ O O O

is neutrosophic ring homomorphism.

Proposition 4.3 Let ¢ : (RUI) — (SUI) be a neutrosophic
ring homomorphism.

1. If (RUI) is a commutative ring, then im(¢) is a commuta-
tive subring of (SUI).

2. Let (RUI) and (SUI) be two neutrosophic rings with
identities. If ¢ is onto, then ¢ (1) = 1.

Proof.

1. Clear that im(¢) is subring of (SUJI). Now we want
to prove that im(¢) is commutative. Let ¢(x = (a+
bl)),p(y = c+dI) € im(¢9), then (a+bl),(c+dI) €
(RUI). Since (RUI) is commutative, then

(a+bl)(c+dI) = (c+dI)(a+bI).
Since
o((a+bl)(c+bI)) = ¢(a+bl)o(c+dl),
then
o((a+bI)(c+dD)) = ¢((c+dI)(a+bl)),
implies that
o(a+blo(c+dl) = ¢(c+dl)¢(a+bl).

Then im(¢) is a commutative subring of (SUT).
2. Forallx € (RUI) isx1 = lx =x, and for all ¢ (x) € (SUI)

41



Prospects for Applied Mathematics and Data Analysis (PAMDA)

Vol. 03, No. 01 - 2023

is

SO

implies that ¢ (1) = 1.

Proposition 4.4 Let ¢ be a neutrosophic ring homomorphism
of (RUI) into (SUI), and let P be a nonempty subset of
(RUI). Then:

1. If P is a subring of (RUI), then ¢(P) is a subring of
(Sul).

2. If P is a neutrosophic subring of (RUI), then ¢ (P) cannot
be a neutrosophic subring of (SUT).

3. If Pis an ideal of (RUI), then ¢ (P) is an ideal of (SUT).

4. If P is a neutrosophic ideal of (RUI), then ¢(P) cannot
be a neutrosophic ideal of (SUT).

Proof. 2 and 4 are clear, we want just to prove 1 and 3.

1. ¢(P) is not empty, because ¢ is a homomorphism. Let
o(x=a+bl),¢p(y=c+dI) € ¢§(P), so (a+bl),(c+
dl) € P, and

((a+bI) — (c+dI)), (a+bl)(c+dI) € P
(because P is a subring), then

¢((a+bl)— (c+dl)),
9 ((a+bl)(c+dl)) € 9(P),

but

o((a+bI)— (c+dl))
=¢(a+bl)—¢(c+dI),
o((a+0bI)(c+dD))
=¢(a+bl)p(c+dl),

implies that

d(a+bl)—d(c+dl) € ¢(P),
dla+bl)¢(c+dI) € ¢(P),

then ¢ (P) is subring of (SUT).
3. We want to prove that for all ¢ (a+ bI) € ¢(P) and for all
Ole+fI) € (SUI) is

¢(a+bl)o(e+f1),
dle+ fI)p(a+DbI) € §(P).

Let ¢(a+bI) € ¢(P), ¢(e+ fI) € (SUI), then (a+bl) €
P, (e+ fI) € (RUI), and

(a+bI)(e+ fI),(e+ fI)(a+bI) P
(because P is ideal). So

¢((a+bl)(e+ f1)),

¢((e+sD)(a+bl)) € ¢(P),

but

¢((a+bl)(e+ f1))
=¢(a+bl)p(e+ 1),
¢((e+ fI)(a+bl))
=¢(e+ fI)p(a+bI).

This means that ¢(a + bI)d(e + fI) € ¢(P), ¢(e +
fD¢(a+bl) € ¢(P), then ¢(P) is an ideal of (SUI).

Theorem 4.1 [12, 11, 14] (First Isomorphism Theorem for
a neutrosophic) Let ¢ : (RUI) — (SUI) be a neutrosophic
ring homomorphism, then the mapping y from quotient ring
(RUI)/ker(¢) to ring im(¢) is isomorphism, and is denoted
by

(RUI)/ker(¢) ~im(¢).

Proof. We define a map y as follows:

v (RUI)/ker(¢) — im(¢)

via y(u) = v where u € (RUI)/ker(¢), v € im(¢), such that
u=r+ker(¢),r=a+bl € (RUI),andv=c+d € im(¢),
then v is defined as follows:

w((a+bl)+K) = ¢(a+bl),

where K = ker(¢), ¢(a+bl) = c+dlI.

Firstly: We want to prove that v is a ring homomorphism.
Let

(a1 +b11)+K= (a2+b21)+K
= (a1 +b1I)—(aa+b2l) €K
= ¢((a1 +b11)— (ap+b21)) =0
= ¢(a; +b11) = ¢(az + byl)
= y((a1 +b1)+K) = y((ar +byI) +K),

implies that y is a mapping. Also

V(a1 +b11) +K) + ((a2 + b2I) +K))
l[/(((al +b11) + (az +b21)) +K)

O ((a1 +Db11) + (ar + bol))

¢(ar +bil) + ¢(az +bol).

And

v(((a1 +b11) + K)((a2 + baI) + K))
=y (((a1 +b11)(ar +b21)) +K)
=¢((a1 +b11)(az+bal))

=@ (a1 +b11)9(az + byl).

Also y(I+K) = ¢(I) = 1. This means that ¥ is a ring homo-
morphism.

Now: We want to prove that y is bijective. Let

v((a1 +b1l) +K) = y((ay +bal) +K),
O(ay +b11) = ¢(ay + bal)
= ¢(a1+bil) — ¢(az+byI) =0
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= ¢((a1 +b1) — (a2 +b2l)) =0
= (a1 +b1I)— (ay+byI) €K
= (a1 +b11)+K = (ay+bI)+K,
implies that y is injective. Also y is surjective, because if

(¢+dI) € im(¢), then there is (a+ bI) € (RUI) such that
¢(a+bl)=c+dl, and

(a+bI)+K € (RUI)/ker(¢).

This means that ¢ +dI = y((a+bI) + K). Hence
(RUI)/ker(¢) ~im(¢).

Theorem 4.2 (Second Isomorphism Theorem for neutro-
sophic) Let (RUI) be a neutrosophic ring, and let P;, P,
be ideals of (RUI). Then a map y from a quotient ring
P, /(P NP,) into a quotient ring (P; + P,)/P; is isomorphism,
and is denoted by

Pz/(Pl ﬂPz) ~ (P] +P2)/P1.

Proof. Clear that P, + P, Py NP, are ideals of (RUI). Firstly,
we define y as follows:

y:P/(PANP) — (P+P)/P

via y(u) =vwhereu € P/(PLNP),v € (P +P)/P, such
that
u=(a+bl)+(PNP)

such that (a+ bI) € P;, and v = (¢ +dI) + P, such that (¢ +
dI) € P, implies that
v((a+bl)+ (Pi+P)) = (c+dl)+P.

To prove that y is a ring isomorphism, define a map ¢ as
follows:
O:P— (PL+P)/P

via ¢ (a+bl) = (a+ bl) + Py such that (a+bl) € P.

Now: We want to prove that ¢ is a ring homomorphism and
surjective. Let (a; + bil),(az + baI) € P, such that (a; +
biI) = (az + byI). Then

O (a1 +b1I) = (ay +bil)+ Py,
¢(a2+b21) = (a2+b21)—|—P1.

Since (a; +b1I) = (ap + byI) implies
((11 +b11)—|—P] = (a2+b21)—|—P1,
then ¢(a; +b11) = ¢(a + bal), so ¢ is a mapping. Also

¢ ((ar+b11) + (az +bal))
= (b((al +a2)+ (b] +b2)1)
=¢(e+fI) = (e+ fI)+ P,

and

O(a1+bil)+¢(ar+bol)
= ((a1 +b11) +P) + ((a2 +bal) + 1)

= ((a1+a2)+ (b1 +b2)I) + P,
= (e+f1)+Pla

then

¢ ((ar+b11) + (az + bal))
= ¢(a1+bil)+ ¢(ar +bal).

And

¢ ((a1 +b11) (a2 +bal))
= ¢(ara1 + (a1by +biay + b1by)I)
=¢(k+ml) = (k+ml)+P,

and

O(ay +b11)¢ (azr + bol)

= ((a1 +b11)+P)((ar+ b))+ P)
= (a1a2 + (a1by +braz +b1b2)I) + Py
= (k+ml)+ P,

then

o ((a; +b11)(az+byl))

= ¢(ar +bil)¢(az+bol).
Also ¢(I) = (I+ Py), since P; is the zero element of (P +
P)/P;. Then ¢(I) =1, and for all (a+bl)+ P, € (P, +

P,)/P; is (a+bI) € P>, implies that ¢ is surjective. Then ¢
is a ring homomorphism and onto.

Now: We want to prove that the kernel of ¢ is P; N P,. Let

a+bl eker(¢p) = ¢(a+bl) =P
= (a+bl) e Py
= (a+bl) ePINP,
= ker(¢) C P NPs.

Since (P, NP,) C Py, then ker(¢) = P, N P,. Hence, by the
First Isomorphism Theorem, Y is an isomorphism.

Theorem 4.3 (Third Isomorphism Theorem of neutro-
sophic) Let (RUI) be a neutrosophic ring, and let P, P, be
ideals of (RUI) such that P, C P,. Then a map y of quo-
tient ring ((RUI)/Py)/(P./Py) into quotient ring (RUI) /P,
is isomorphism, and denoted by

((RUI)/P1)/(Py/Pr) = (RUI)/P,.

Proof. Firstly, we define y as follows:
v:((RUD/P)/(Py/P1) — (RUL)/Py

via y(u) =v, whereu € ((RUI)/Py)/(P2/P1),v € (RUI) /P>,
such that

u=(r+P)+(p+h)=(r+p)+h;

re(RUN, pePy,andv=r+P;re (RUI.

Now: Define a map ¢ as follows:

¢ : (RUI)/P, — (RUI)/Py
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via §(r+P) =r+Py; r € (RUI). To prove that ¥ is an
isomorphism, we must prove that ¢ is a surjective ring homo-
morphism and the kernel of ¢ is P»/P;.

Letri+P,rn+P € <RUI>/P1 such that ri + P = rp + Py.
So

O(ri+P)=ri+pP,
¢(r2+P)=r2+P.
Sinceri+Pi=rn+Pi=ri=rn,sor+Ph=rn+hP, im-

plies that ¢ is well-defined. Also, let (a+bI) + Py, (c+dI) +
P, € (RUI)/Py, then

O(((a+bI)+P)+ ((c+dl)+P))
=¢(((a+c)+(b+d))+P)
=((a+c)+(b+d))+P,

and

o0((a+b)+P)+¢((c+dl)+P)
=((a+bI)+P)+ ((c+dI)+P)
=((a+c)+ (b+d))+ P,

then

o(((a+bl)+P)+ ((c+dl)+P))
=¢((a+b)+P)+¢((c+dD)+P).

Also

¢(((a+bl)+P)((c+dl)+P))

o((a+bl)(c+dl)+P)
((ac+ (ad +bc+bd)I) + Py)

= (ac+ (ad+bc+bd)l)+ P,

and

¢ ((a+DbI) +P1)¢((C+d1) +P)
=((a+b)+P)((c+dl)+P,)
= (ac+ (ad + bc+bd)I) + P,

then

9(((a+bl)+Pr)((c+dl) + 1))
= ¢((a+bl)+P)¢((c+dl)+Pp).

Since ¢(I+P) =1+ Py, ie. ¢(I) =1, and for all (a+bI) +
P, € (RUI)/P, there is (a+bl) + P, € (RUI)/P;, implies
that ¢ is surjective. Hence ¢ is a neutrosophic ring homomor-
phism and onto.

Now we want to prove that the kernel of ¢ is P,/P;. Let
(a+bI)+P € P,/Pi; (a+bl) € Py, (a+bI) ¢ Py. Itis clear
that (a+b1)+P1 S (RUI)/Pl,then

o((a+bl)+P)=(a+bl)+P,
=P

(because (a+bl) € Py), since the zero element of (RUI) /P, is
P>. Then (a+bl)+ P, € ker(¢), implies that P, /P C ker(¢).
Also, for all (a+bI)+ P, € ker(@) is ¢((a+bI) +P) = P,

but Py C P, and the zero element of (RUI)/P is P and
for all (a+0bI)+ P, € (RUI)/P; such that (a+bl) € P, is
(a+bI)+ P = Py, implies that ker(¢) C P,/P;. So

ker((])) = PQ/P] .

Hence, by the First neutrosophic ring Isomorphism Theorem,
amap y of quotient ring ((RUI)/Py)/(P»/P1) into quotient
ring (RUI)/P, is isomorphism.

5. CONCLUSION

In this paper we have studied the neutrosophic ring homo-
morphism, Isomorphism and Isomorphism theories for neu-
trosophic Rings by using classical methods in Ring Theory.
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